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Abstract

In this paper, we discuss the replenishment decision of seasonal products in a two-echelon distribution
system consisting of a supplier and multiple retailers. Due to long manufacturing lead time, the supplier
orders its entire stock for the season well in advance. The retailers, on the other hand, can replenish their
inventory from the supplier throughout the season as demand realizes. Demand at each retailer follows a
Poisson process. Each retailer order incurs a fixed cost, and the usual understocking and overstocking
costs occur. When retailer lead time is negligible, we show that it is optimal for the retailer to follow a
time-based, order-up-to policy and order only when inventory is depleted. We also characterize the
structure of the optimal policy and propose a number of heuristics for easier computation. For the
supplier, we express the distribution of total demand. This allows the supplier to solve a classic
newsvendor problem to determine the total stock for the season. We find that the optimal retailer policy
can sometimes cause large demand variation for the supplier, resulting in lower supplier profit. In
centralized settings, this may even result in lower system profit than some na'we retailer heuristics,

creating inefficiency in the supply chain. We offer insights on potential causes and managerial
implications.

1. Introduction and Literature Review

We develop a supplier-retailer inventory model for a single-season, random-demand product. At the end
of the season, overstocking costs are charged on leftover inventory and understocking costs are charged
on lost sales. Typically, the retailer’s replenishment decision in such a setting is modeled as a newsvendor
decision, with only one ordering opportunity at the beginning of the season. In our model, however, the
retailer can place a replenishment order at any point during the season at a fixed ordering cost. With these
continuous ordering opportunities, we determine the retailer’s optimal ordering policy and study its

implications for the supplier and the system.

The context of single-season, random-demand, and understocking and overstocking costs applies to a
wide range of industries, such as fashion retailing, computer and consumer electronics, and

pharmaceutical manufacturing. Typically, the product involved in these situations has a short life cycle



(one season), and exhibits long manufacturing lead time. The combination of short season and long lead
time usually leads to the assumption of a single beginning-of-season ordering opportunity and the
application of the newsvendor model. We observe that while this may be true for the manufacturer of the
item (called the “supplier” in our model), downstream retailers are free to replenish stocks from the
supplier any time during the season. The retailer has to incur a fixed ordering cost for these
replenishments. For other relevant costs, we simply follow the newsvendor model convention and charge
the retailer overstocking cost on end-of-season leftover inventory and understocking cost on lost sales.
Similar costs apply at the supplier echelon. Given that the supplier experiences a long lead time, we take

the traditional approach of analyzing the supplier’s ordering decision as a newsvendor model.

The fashion apparel industry provides a good example of the situation described here. Manufacturing lead
times are long because most manufacturers are located in Asia (see Skinner 1992, Hammond 1991).
Demand during the season is highly unpredictable. Orders are received (by the supplier in our model) at
the beginning of the season and then used to satisfy retail orders placed (by the retailer in our model)
during the season. The transportation lead time from supplier to retailer is short. Retailers incur ordering
costs (e.g., shipping). Overstocking and understocking costs faced by retailers in such situations are
severe; they are estimated to be around 35% of the sales (Frazier, 1986). Distribution of flu vaccines in
the United States provides another example. Each year, the Centers for Disease Control and Prevention
identifies the most likely flu strain for the upcoming flu season. Manufacturing the flu vaccine can take
six months (Russell 2004), so the stock of vaccine doses is ordered well in advance of the season.
Vaccines are received by suppliers at the beginning of the season and then are shipped during the season

to health care providers (retailers) as they place orders.

The literature on the newsvendor model is vast. This paper differs from that literature in our modeling of
multiple ordering opportunities in a single season. We provide a quick summary of papers that model at

least one more ordering opportunity in the context of a seasonal product. Lau and Lau (1997) model a



newsvendor problem with an opportunity to replenish in the middle of the period. In Gallego and Moon
(1993), the second replenishment opportunity occurs at the end of the season. In our model, the retailer

can order at any time. Thus, there are unlimited ordering opportunities.

Much of the literature that allows more than one ordering opportunity in a single season is motivated by
Quick Response (QR) in the apparel industry (Hammond 1990). QR is a strategy under which
manufacturing lead times can be shortened through better use of information. As a result, supply chains
may benefit by more accurate forecasts. The modeling of QR and related contracting mechanisms
naturally calls for more than one ordering opportunity. In their model of QR, lyer and Bergen (1997)
allow a second order in the season. In the time between the first and second orders, however, the model
only captures the sales of “related” items. Fisher and Raman (1996) apply the notion of QR and examine
the manufacturing, replenishment, and forecasting decisions in the fashion skiwear industry. Gurnani and
Tang (1999) model a retailer who has two opportunities to order a product from the manufacturer, but the
unit cost at the second opportunity is uncertain. A sub-problem in Donohue (2000) also models two-
opportunity ordering with the cost at the second opportunity higher than the cost at the first. Tsay (1999)
models a quantity flexibility contract in which the retailer is allowed to change the order size in the
second period based on the demand signal received in the first period. More recent literature, such as
Cachon and Swinney (2011), continues to model QR as another opportunity to place an order before the
start of the selling season. None of these papers, however, explicitly model the sales of items between the
first and second opportunities. In our model, sales may continuously occur between any two orders. Some
other papers in this stream of research, such as Eppen and lyer (1997) and Barnes-Schuster et al. (2002),
do capture sales of items between two ordering opportunities. The motivation that drives these models —
availability of updated demand signal in the second period — is not the same as ours. At the time retailers
decide on the size of their first period order, models in these papers must take into account the possibility

of a better demand signal later. In our model, there is no new demand signal, but earlier order size



decisions must take into account the possibility that orders at any later time are allowed. We remove the

restriction of only two ordering opportunities, allow orders at any time, and derive the optimal policy.

There are two other areas of inventory modeling research that may be interpreted as offering more than
one ordering opportunity: emergency ordering and transshipment. When inventory obtained from the
regular source runs out, the retailer can order replenishment from an alternative emergency source or
request transshipment from an internal source. In a continuous-time, infinite-horizon setting, Moinzadeh
and Schmidt (1991) and Axsater (2007) present models with emergency orders and Axsater (1990)
considers transshipment. It is difficult to find optimal policies in this setting, and these papers propose
and analyze heuristic policies. In a single-season, finite-horizon setting, Khouja (1996) develops an
example of an emergency ordering model, but the size of the emergency order is limited to a fixed
percentage of unsatisfied demand. For an example of a single-season transshipment model, see Rudi,
Kapur and Pyke (2001) in which, after the initial order, there may be one opportunity of transshipment
between the two firms. Recent research in this area, such as Shao et al. (2011) has focused on analyzing
pricing policies for transshipment. The additional orders in these types of models are driven by the cost
and lead time differences between different sources. In our single-season, continuous-time model, we
focus on multiple orders from the same source. We put no constraints on the size of the order or the

number of ordering opportunities.

The models that come closest in spirit to our retailer’s model are the finite-horizon, periodic-review
models. The classic dynamic formulation goes back to Arrow et al. (1951) and Scarf (1960) who proved
the optimality of (s,S) policy for models with fixed ordering cost. For infinite-horizon models, these
optimality results can be translated to continuous-review settings like ours (see Stidham 1986). Based on
the similarity of cost functions in the infinite-horizon periodic and continuous settings, the efficient
algorithms developed for the periodic settings can be applied to continuous models as well. See, for

example, Federgruen and Zipkin (1985), Zheng and Federgruen (1991), and Zipkin (2000). We are not



aware of similar correspondence results for computation of optimal policies in finite-horizon continuous
models. Joint optimization of period-length and order-up-to level in such settings continues to be of
interest; see, for example, Liu and Song (2011). The finite-horizon problem described in this paper can be
viewed as a periodic inventory model with infinite periods, each with an infinitesimal period length but
with end-of-horizon costs only. It is not clear how the existing periodic results can be translated to such a
setting. In this paper, we work directly with the continuous-time, finite-horizon formulation. The
literature on proving optimality of inventory policies directly within a continuous-time framework is

scant. In our specific continuous-time setting, our paper offers a method to find the optimal policy.

Our model first addresses the stocking and replenishment decision of a retailer who experiences Poisson
demand in a single season of finite length. (Our model also allows the possibility of a nonhomogeneous
Poisson demand; that is, demand rate may change over time.) At the end of the season, an overstocking
cost is charged on each unit of leftover inventory. An understocking cost is charged on each unit of sales
that is lost due to lack of inventory. The differentiating feature of our model is that, unlike other single-
season models cited above, we allow the retailer to place a replenishment order at any point during the
season. The retailer incurs a fixed ordering cost for each order. We assume that the supplier has ample
supply of the product or can instantly make up for any shortage with a unit penalty cost. Furthermore,
lead time for the retailer’s orders is assumed to be negligible. Without a fixed shipping cost, the problem
would be trivial since the retailer will employ an order-for-order policy. However, the fixed per-order
shipping cost is present in most real-world applications. This complicates the problem because the
retailer’s order quantity is not of unit size anymore and can vary from order to order, depending on when
the order is placed. In addition, while making a decision on order size, the retailer must incorporate the
possibility of placing future orders. The question of when to place a replenishment order is also open: Is it
ever optimal to forego placing an order and incur lost sales? We contribute to the literature by
characterizing the optimal ordering policy in such situations, which minimizes the retailer’s average total

cost during the season. Our method is somewhat unusual because we convert the continuous-time



problem to a discrete framework by identifying discrete points at which optimal decisions change. We
devise an exact procedure for computing the optimal policy parameters and propose a number of
heuristics for computing the policy parameters. We then evaluate the performance of such heuristics

through a numerical experiment, which shows that some of our heuristics deliver near-optimal results.

Next, after solving the retailer’s problem, we consider a distribution system consisting of one supplier and
multiple retailers. We assume that the supplier replenishes stock only once at the beginning of the season
and supplies the retailer's orders during the season. If the supplier runs out of stock during the season, the
excess demand will be satisfied through a third party at some penalty to the supplier. We find the optimal
order quantity for the supplier by expressing the exact distribution of the supplier’s demand over the
season. Our numerical results provide interesting managerial insights, such as the observation that as the
retailer changes its policy to take advantage of multiple ordering opportunities, the supplier profit

decreases in general.

The rest of the paper is organized as follows. In the next section, we consider the retailer's problem in
isolation, derive the optimal policy, and present heuristics. In 8, we extend our model to a distribution
system with one supplier and multiple retailers. Using the results developed in 8, we derive a method for
computing the exact distribution of the supplier’s demand and propose an approximation for it. Section 4
uses a numerical experiment to evaluate the retailer's policy and the effectiveness of the heuristics
suggested in 8. We close this section by outlining some of the managerial implications resulting from
operating such models in a distribution setting. Finally, in &, we summarize our findings and suggest a

number of possible extensions for future work.



2. The Retailer’s Problem

Consider a single-season inventory system of a product. Let the length of the finite season be T. Since we
will use backwards induction in our derivations, we follow the convention to let & denote the time till the

end of the season. So #=T indicates the beginning of the season while £=0 indicates the end. Using this
terminology, an interval of [¢,,0,] refersto o, <o < o, . Inreal time, o, happens before ¢, . The retailer

experiences unit-size demands for a product that occur randomly during the season, following a Poisson
process with rate A. The retailer can order at any time from a supplier. The fixed ordering and shipping
cost is K for each order placed by the retailer. We assume that lead time is zero, and the supplier is always
able to meet the order. As a result, an order placed at time ¢ can be used to satisfy a demand that
occurred at time ¢ . At the end of the season, a per-unit overstocking cost w is charged on leftover
inventory. All demands during the season that are not met from the retailer’s inventory are lost and
charged a per-unit understocking cost of z. As in a traditional newsvendor model, any end-of-season per-
unit holding and salvage costs can be directly captured in the overstocking cost (see Nahmias 2009, pages
301-302). The retailer’s objective function is to minimize the total expected cost, which is comprised of

the fixed ordering cost and the overstocking and understocking costs.

It is a standard result (e.g., see Law and Kelton 2000, pages 486-489) that a nonhomogeneous Poisson

process with rate A(6), 0 < 6 < T, can be generated from a homogeneous Poisson process as follows:

First, generate a homogeneous Poisson process with rate 1.Then, for any arrival in the homogeneous

Poisson process at time ¢ , invert the expectation function T - 0 = AT -0) = '[TTigi(s)ds to find the

corresponding arrival time @ in the nonhomogeneous Poisson process. Essentially, by scaling time with

the expectation function A (-) , we have a one-to-one mapping between the two processes. Moreover, any

ordering action taken in the homogeneous case at time ¢ can be taken in the nonhomogeneous case at

time @, and vice versa. The resulting system dynamics are identical. Hence, there is also a one-to-one



mapping between the policies that can be employed between the two processes. Finally, because all the
costs (ordering, overstocking, and understocking) are not time dependent, the corresponding policies will
have identical costs. As a result of this one-to-one correspondence, in this paper we will focus only on the
homogeneous Poisson process. All the major results of this paper continue to hold if the demand follows

a nonhomogeneous Poisson process.

To gain insight into the structure of an optimal ordering policy, we first study the newsvendor optimal
order quantity — which is derived under the condition that only one order is allowed — and analyze how it
changes with the duration of time it covers. Denote by D(6) the random Poisson demand during a period
of length 6. Following the notation in Hadley and Whitin (1963), we denote the PDF and the
complementary CDF of D(6) as:

p(n,g):M and P(n,0) = z p(m,8).
n!

m=n

Let TC(s,6) be the expected newsvendor cost; that is, the costs incurred at the end of the time horizon, if
inventory at ¢ , after any demand and ordering, is s and no orders are placed during [0,6) . Since

np(n,8) = A0 p(n-1,0), we have:

TC(S,0)=w(S - 40)+ W+ 7)E(D(0)-S) )

=w(S-16)+(W+7z)[A6P(5,0)-SP(S +1,6)].
Let g(9) = minTC(S,0) be the optimal newsvendor cost for the period [0,6) , and s (9) bethe

corresponding optimal newsvendor stocking level (the largest s that minimizes Tc(s,#) ). Next, we

present some preliminaries. All the proofs in this paper are shown in the Appendix.

Lemma 1 There exist time points 0 = 6 , < 0, < 0, < ...< 0, <6, =T forsome 1 > 0 such that

s@)=0on[a,0,),s@=non[e,, 0)vi<n<l ands@)=1on[o,,,01.



Lemma 2 g (#) isincreasing in 6.

Lemmas 1 and 2 show that in a newsvendor setting, as the end of the season draws near (i.e., & decreases),
there is less future demand to cover and both the optimal newsvendor quantity and the optimal cost
decrease accordingly. In particular, Lemma 1 shows that in the newsvendor setting, where only one order
is placed, the optimal order quantity is an increasing (in 8) step function. We will show that this pattern

continues to hold in the multiple-order setting, though the parameters will change.

Returning to the multi-order setting, we introduce some additional notation first (a summary is provided
below). Let 1(8) represent on-hand inventory at 6 before any demand occurrence or possible order, and
1" (0) represent on-hand inventory after any demand and ordering at 6. Define an ordering policy ¢ to be
a mapping from [0, T] x [0, ) X {0,1} to [0, %) such that, given the inventory at time 8 € [0, T] is

1(0) € [0, ) and whether there is a demand arrival at that time (A(8) = 1 indicates an arrival at time 6
and A(@) = 0 otherwise), policy ¢ determines whether and how much to order. This results in I*(8) €
[0, 0). For every ¢, there is a corresponding cost function c¢¥ (0, 1(6), A(0)) that is a mapping from
[0,T] x [0,0) % {0,1} to [0, 0). It represents the sum of lost sales and fixed ordering costs under ¢ if
(8,1(08),A(0)) occurs. We say policy ¢ is feasible if c?(0,1(8), A(0)) is a measureable function on

[0, T] X [0, %) x {0,1}.

Further, for any policy ¢ let v * (17 (¢),6) be the expected total cost incurred during the interval [0,6). To

derive V¥ (I* (), 6) we note that f09+ dc? (t,1(t),A(t)) is the cost of applying policy ¢ under one
sample path,{A(t)}¢_,, on [0, 8). Let £X0, ) be the set of all possible sample paths on [0, 6) and P its

corresponding probability measure, then we have

Ve (0,0 = f, [ dc? (t,1(t), A(t)) dP.



Define the optimal value function at time #as v (1 (0),0) =inf {vV "(17(6),0): ¢ € ®} Where O is the set

of all non-anticipatory policies such that v * (17 (¢),0) exists forall 6, 17(¢),and ¢ € ® . To simplify

exposition we use i, instead of 17(9), in the rest of the paper. A summary of additional notations is

provided below:

® Ordering policy, [0,T] X [0,) X {0,1} = [0, )
c¥ Cost function corresponding to ¢, [0,T] X [0, ) X {0,1} - [0, )
V(17 (8),0) The expected total cost incurred under ¢ during [0, 6)
@ {@ | is non — anticipatory and V¥ (I*(0), 6) exists for all 6,1t (6)}
0, 6) {all demand sample paths on [0, 6)}
P probability measure corresponding to £X0, 0)

Let N denote the set of non-negative integers and I be any subset of [0,T].

Definition A policy ¢ e® is called optimal on Ic[0,T] if it satisfies v  (i,6) =v "(i,#) for all 6l
and ieN. A policy ¢ is called optimal if it is optimal on [0,T]. Moreover, we call any ordering action that
minimizes v "(i,o) the optimal action at time ¢ , and denote s(#) = argmin,_ Vv (i,0) . If multiple

minimizers exist, the largest value is chosen for s (@) .

The above definition focuses on the value function and the uniquely determined action. In terms of the
policies that may correspond to the same value function, we note that multiple optimal polices may exist.
For example, changing an ordering policy on an event with a measure of zero (e.g. that a demand occurs
at a specific time) does not change the system cost, but it will result in a different policy. These policies
all have the same value function for all time epochs and inventory levels. We say that any two policies ¢
and ¢’ are equivalent if V% (I*(8), 0) = V' (1*(6), 0) forall (I*(8), ). Henceforth, the optimal policy
¢ we discuss below represents all the policies that are equivalent to it. We begin with narrowing the set of

policies that we must consider.



Proposition 1 Suppose that under policy ¢ there is a positive probability that an order is placed when

inventory is positive. Then, policy ¢ is not optimal.

The next step is to further narrow the set of policies to those that only order when a demand occurs.
Proposition 2 Suppose that under policy ¢ there is a positive probability that an order is placed at a time

when no demand occurs. Then, policy ¢ is not optimal.

We note that Proposition 2 is consistent with the result for infinite time horizon, where it is optimal to
place orders only at demand epochs when the demand follows a Poisson process and lead time is zero (see

Moinzadeh and Zhou 2008).

Propositions 1 and 2 imply that we need to only consider policies that order only when inventory is zero
and a demand takes place. Next, we build on Propositions 1 and 2 to characterize the optimal action at
any time. The expression for value function at time ¢ should include: (a) expected ordering cost for all

the orders placed in [0,6) , (b) expected understocking cost for all the demands lost in [0,8) , and ()

expected overstocking cost for leftover inventory at 0. We accomplish this in two steps.

First, we show in Section 2.1 that there exists a point ¢, after which it is optimal to not place an order.
This determines the optimal actions for ¢ < ¢, and defines the value function at ¢, as the newsvendor
cost function. Next, in Section 2.2 we define the backwards value function induction for ¢ > ¢, and use it

to show the structure of the optimal action for the entire [0,T]. In Section 2.3, we show how to compute

the optimal order quantities and develop heuristics.



2.1. Existence of 6,
Lemma 1 shows that in the single-order, newsvendor setting, it is optimal not to order near the end of the

time horizon. The next proposition will show that a similar result holds for our multiple-order setting.

We note that when = (AT +1) < K , it is optimal never to place any order. Thus, from now on, we will

only consider the cases where k < z (4T +1) . We start the analysis at the end of the season (¢ = 0). If the

ordering cost is reasonably high, then when there is relatively little time left in the season, it should be

optimal not to place another order because the fixed ordering cost could outweigh the expected
understocking cost. Therefore, there should exist a point in time, call it ¢,, after which the optimal action

is to never place any order. On the other hand, when K < z, it’s optimal to never lose any sale.

Proposition 3 formalizes this idea.

Since we will always be focusing on the optimal policy, for the sake of convenience, we drop the *

superscript from the value function. Consequently, the value function is expressed as Vv (i,#) in the rest of
the paper.

Proposition 3 Assume = < K <z (4T +1) . Let ¢, be the unique non-negative solution to the equation
9(0,)+K =xn(26,+1),and S, = s_(eo) .Then ¢, >0,V (i,0) =TC(i,0) for O[0,min{h,T}], and any
policy is optimal on [0, &)] if it never orders at time €<[0, &) and orders up to S, when inventory is zero

and a demand occurs at &. For K <z, we have ¢, =0and S, =0.

Recall that the value function v (i,#) is the expected total cost in [0,6) with 17(9) =i (i>0). Itincludes
the ordering cost of all the orders placed in [0,6) , the understocking cost in [0,0) and the overstocking

cost incurred at 0. With the benefit of Proposition 3, we know that it is optimal to not place an order at



0 <6,,50V(i,0) for 6 <6, is just the newsvendor cost function. Thatis: v (i,6) = TC (i,¢) for 6 <9, .

Moreover, for 7 < K <z (2T +1), we show, in the proof of Proposition 3, that

V(S,.6,)+ K =V (0,6,) + = . This implies that when the on-hand inventory is zero and a demand occurs
at ¢,, an optimal policy on [0,6,] is indifferent between not ordering and ordering up to s, . We choose

to order up to S, to be consistent with the assumption throughout the paper that in such cases the retailer

will choose the largest order-up-to level.

2.2. Characterization of Optimal Policy
We are now ready to examine the optimal ordering quantities for ¢ > 6, . From Propositions 1 and 2, we
know that an optimal policy orders only when inventory is zero and a demand occurs; thus the next
question is natural: when an order is placed at ¢ > ¢, , how much should be ordered? To answer this
question, we let 1" (¢) =i and define, for any sample path o, L, (i,6,,0) and N_(i,d,,0) to be the units
of lost sales and the number of orders placed in [¢,,6) respectively. Moreover, let the ending inventory at
time ¢, be j . Then,

V(i,0)=KE_ [N, (i,6,,0)]+7E_[L,(i.0,,0)]+E_ [V (i.0,)]. (2

(The w subscript will be suppressed later in the paper when there is no confusion.) By definition,

S(0) =argmin,V (i,0) denotes the optimal order-up-to level, if inventory is zero and a demand occurs at

time ¢ . Again, if multiple optima exist, s () is the largest one.

In the rest of this section, we will simplify the value function (2) and prove its properties. This will allow

us to characterize s(¢) forall 6 >4, .



Define ¢, = sup{ @ | 0, <6 <T, and if ademand occurs on [¢,,6) and inventory is zero, the optimal
action is to order up to S }. The following proposition first shows that the set is non-empty and o, > ¢, .
Moreover, at ¢, both order-up-to levels s, and S, +1 minimize the value function. By choosing the
larger value as always, we then know the optimal order-up-to level at ¢, is S, + 1. That is,
S,=5(6,)=S,+1.

Proposition 4

G 6,0

0

(ii) For ¢, < 6 < 6., the value function can be written recursively as:

s i

V(i,0) = KZJ P(n(SO+1)+i+1,9—90)+iz p(n(S,+1)+i- j,H—HO)V(j,00)+Z p(j.0—-0,)V(i-jb,)

h-0 i=0 n-1 [
©)
(iii)  Any policy is optimal on [0,6,] if it satisfies the following: When a demand occurs at timeo,
o ifo, <6 <6 and 1(s)=0,0rderupto s,
e ifo=0 and 1(0)=0,0rderupto S, =S, +1,
e otherwise, do not order.
(iv) V(S,,6,)=V(S,.6,).
The first term on the right hand side of (3) represents the total expected ordering cost between ¢ and ¢,
and the last two terms represent all the future expected cost starting from time ¢, (starting inventory is i
attime ¢ and ending inventory is j at time ¢,). The difference is that in the second term at least one order

is placed between ¢ and ¢,, and in the last term no order is placed.

We can now characterize the optimal order-up-to levels on the entire [0,T].



Theorem 1 There exist an integer n > 0 and time points 0< 64, <---< 6, , <6, =T such that the
following policy is optimal on [0,4], 0 < k < n :

1) it orders only when inventory is zero and a demand occurs,

2) it never orders at time 6<[0, &),

3) itordersupto S, ., =S,+(i-1) attime <[, ,.0,) for1<i<k <n,and

4) itordersupto S, =S, +n attime ¢=0,=T for k =n.
Moreover, V (i,6) is quasi-convex iniforall ¢ ,and v (s,.0,) =V (0,6,) + = - K and

V(S,.6)=V (s, ,.6,) forall 1<k <n-1.

There may exist other policies that achieve the same value function as the policy in Theorem 1, but in the
rest of the paper, we will refer to this policy as the optimal policy. As Theorem 1 shows, both s, and s, ,

minimize the value function at time ¢, , 1< k < n-1. Again, we choose to order up to the larger value,

$,. to be consistent with the convention in the rest of the paper.

2.3 Computations of Retailer’s Optimal Policy and Heuristics

Similar to (3), we have, for 1<k <n-1:

Sy o

V(i,0,)=KE[N(i,0,.0, )]+ Z ZV (i.0, )p(n(S, ,+)+i-j,0, -0, ,)+ ZV (i-jo,,)p(i.0,-06,.),

where E[N(i,0,.0, ,)] is the expected number of orders (of size s, , +1) between ¢, and ¢, ,, and can

be calculated as:

E[N(i,0,.0, )]= Z Pr[N (i,6,.6, ,)>n]= Z Pr[D(0, -0, ,) >n(S, , +1)+i]

n=0 n=0

= i P((n-1)(S,,+1)+i+1,0,-6,,)

n=1



These expressions allow us to recursively calculate the value function by going back in time starting with

0, . We now present a formal procedure for computing the optimal policy:
1. If K>z (2T +1), optimal policy is to never order. Go to end.
2. If K<z ,seto,=0,S,=0;

Else, set o, as the unique solutionto g(6,) + K =z (16, +1).

Set s, = s_(eo) as the largest integer such that P (S,.6,) > .
W+

Compute Vv (i,6,) =TC(i,6,) Vi=0,.,S,+1;set k=1,

3. Set ¢, as the unique root in (6, ,, T10f V (S, , +1,6,) =V (S, ,.6,)where we use recursion

Sy ®

v t10)=KY P(n(S,_, +1)+S,_,+1+1,0, -0, ,)+> > p(n(S,,+1)+S, , +1-j.0, -6, ,)V(i0._)

n=0 j=0 n=1

V(S

S, +1

+Y p(i.6, -6, V(S  +1- 6, ).

j=0

If no root is found, set 8, =T .n =k ;
Else, sets, =s,  +1k=k+1,go tostep3.
Compute V (i,6,) Vi=0,.5S,  +1.

-1

End.

Note that uniqueness of ¢, is due to Proposition 3, and uniqueness of ¢, is shown in step 3 of the proof
of Proposition 4. We used the root finding algorithm code freely available under GNU general public

license. In some cases, the algorithm may be computationally demanding as one needs to find o, by

solving v (S, +1,6,) =V (S5,.,,6,) . When many ¢, s are involved, the algorithm may run for a long time.

For example, on a 2.33 GHz CPU Windows XP desktop with 4GB RAM, it took more than one hour to

find the optimal policy in one of the cases presented in Section 4. Thus, it is desirable to develop effective



heuristics that yield near-optimal results. We now outline four heuristics for solving the retailer’s

problem.

First, we start with the newsvendor model as the baseline case. Other heuristics can be compared with this
baseline to assess the improvement one can achieve by allowing the retailer multiple order opportunities

during the season. We denote by Heuristc H1 the policy that orders only once at the beginning of the
season in the amount of S (T) . (Recall that s (@) is the optimal newsvendor stocking level (the largest s

that minimizes Tc (s,6) ) when time period [0,8) is covered.)

Next, we devise heuristics which are mainly based on improvement to the newsvendor model. One

plausible heuristic, referred to as H2, can be one which orders up to the newsvendor quantity s (9) when

1(6) =0 and a demand occurs (¢ > ¢,). Note that H2 is still myopic since every time an order is placed, it

is implicitly assumed that this will be the last one in the season.

As opposed to H1, where only one order is placed at the beginning of the season, under H2 whenever
inventory is zero and a demand occurs with at least ¢, left, the optimal newsvendor quantity at that point

is ordered. The procedure is easy to employ, but is expected only to perform reasonably in situations
where the fixed order cost is significant. In Proposition 5, we prove that the order up to level resulted
from H2 serves as an upper bound to that of the optimal policy.

Proposition 5 The optimal order-up-to level for H2 is greater than or equal to that for the optimal policy.

Suppose we are to place an order at time ¢ . To determine the order quantity, H2 uses = as the marginal
understocking cost in the newsvendor calculations. Under the optimal policy, however, if inventory runs
out in the future the retailer still has the option to make another order. Therefore, the marginal

understocking cost should be less than z . The next two heuristics aim to capture this in the calculations.



That is, suppose an order is placed at time ¢ . At a future time x > ¢, , if1(x) = 0 and a demand occurs, an
order will be placed to bring inventory back to s (x) . The expected total cost is K +V (S(x),x). We will

approximate Vv (s (x),x) in heuristics H3 and H4.

For instance, one may estimate V (S (x),x) by g(6,) , the optimal newsvendor cost at time ¢,. That is,
the heuristic assumes that expected total future cost at x is the same as the expected total future cost at

0,, K +g(d,). We call this Heuristic H3. Given this approximation, Heuristic H3 can be specified as

follows:
(H3) Ifattime ¢ (¢ >0,), 1(0)=0 and a demand occurs, order up to s (@), which is the
largest integer S satisfying the condition > [w - (w + z)P (S - j0,)1p(j,0 —6,) <0 .

j=0

The derivation of (H3) is available in the appendix.

Heuristic H3 can be further improved by using a higher order approximation of v (s (9),6) . Define:

B(O) = M,then V(S(x),x)=g(8,)+ B(0)(x—-6,)=n(A6, +1) - K + B(0)(x-6,).
-6

0

We call this Heuristic H4:
(H4) Ifattime ¢ (¢ >6,), 1(9)=0 and a demand occurs, order up to s (@), which is the

largest integer S satisfying the condition

iﬂ(H)P(S +1,9*90)+Z[W*(W+7Z')P(S - 5,0,)1p(j,0-6,)<0.
A

j=0

The derivation of (H4) is also available in the appendix.

Before proceeding further, some discussion is in order. First, as stated in Proposition 5, the order up to

level resulted by employing H2 serves as an upper bound to that of the optimal policy. Second, our



numerical tests indicate that the order up to levels resulted by employing H3 and H4 are upper and lower
bounds to those of the optimal policy, respectively. In closing, we would like to stress that the latter

observations were only based on our limited numerical experimentation outlined in Section 4.

3. The Supplier’s Problem

In this section, we consider a distribution system with one supplier and many independent retailers. The
supplier replenishes and receives its stock at the beginning of the season. The supplier’s stock is then used
to satisfy retailers’ orders placed during the season. If the supplier runs out, excess demand will be
satisfied instantly at a penalty through a third party. We emphasize that while this assumption may be
restrictive, it represents some situations in practice. Clearly, situations in which the supplier’s back
ordering will result in delayed delivery to the retailer are interesting and challenging, but we leave them
as extensions for future work in this area. Let wy and 7 denote the supplier’s unit overstocking and
understocking costs, respectively. Since the supplier’s and the retailers’ problems are decoupled, one can
use the results developed in the previous section for the retailers. The supplier, however, faces a
newsvendor problem. The key here is to find the demand distribution at the supplier, which is comprised

of all retailers’ orders placed during the season.

We will focus on one retailer for now. Consider any of the intervals [¢, ,,6,) in the retailer’s policy.
Given a starting inventory of j at time ¢, and | orders during that interval, the probability that ending

inventory at time o, | iskis:

-1

qijkl = Pr(ending inventory at 6, , = k|starting inventory at ,= j, number of orders during [0, ,,0,)=1)

(p(i-k,0,-0, ) if j>k>sS, andl=0,

1

={p(i+I(S,,+1)—k,0,-06, ) ifk<sS,  and j+I(S, +1)—k=>0,

1

{O otherwise.

The distribution of retailer’s total order quantity over the period, Q, can be expressed as:



(

Pr(Q = x)= > L > aj, 95,
{jn'jn 1o Qg [dn =Sy

(g ey [ 0y e 20,0, (S +1) 41, (S, #1) +.t L (Sg +1) =X) L0 iy g dn g s 0SSy}

The evaluation of the above expression relies on considering all possible cases that would add up to

retailer ordering x units over the season. First, we enumerate all possible combinations of numbers of

orders |, over different time-segments [0, ,,6,) such that total order quantity for all these orders adds up to

i-17
x units over the season. We can do this because, given retailer’s policy structure, the size of order in each
time-segment is known. Second, for each of these combinations, we consider all possible values of

ending inventories in each time-segment. Finally, the probability for each case can be specified using

multiplication of¢',, values derived above.

As an example, consider n=2. In such a case, time horizon [0,T] is divided into [0,¢,), [¢,.9,), and

[6,,T =6,]. The probability that retailer will places [, orders of size S; + 1 and [; orders of size S5 + 1

17

can be expressed as > a; .9, Where the summation is taken over all possible j; and j,

iz b1y
{d2 0y do] 12 =810 §y Jo <8,

(since the starting inventory at time T will be S;, j, is fixed). Therefore, for the total order quantity to be
X, we simply sum over all possible [, and [, that satisfy [,(S; + 1) + [, (S, + 1) = x:

( )
PF(Q = X)= z L z qujllijljollJ'
{

{Iz,ll‘lz 20,0, (S, +1)+1, (Sg+1)=x} jz,j,,jg\jQ:SJ,OS B o<}

If there are multiple, but not necessarily identical, independent retailers, the total demand from all
retailers is simply the convolution of all the distributions. Note that we have intentionally let the order-up-

to levels, S;, 0 < i < n -1 be general and not require S;= Sy + i. This way, the above pr(Q = x) expression

can be used to evaluate any policy of this form.

1

Jidoh

J.



Computing the exact distribution of the supplier demand can be cumbersome as it requires convolutions
of distributions across retailers. When there are M independent retailers, one easy approximation is to
assume that the total order from all the retailers to the supplier is normally distributed. Such
approximations have been employed in previous works (See Duermeyer and Schwarz 1981, Graves 1985
and Zipkin and Svoronos 1986). The mean and variance of this normal distribution is simply the sum of
all the individual retailers’ order mean and variance, which can be calculated from the mass function

Pr(Q = x) given above.

4. Numerical Results
Our first objective in this section is to compare the performance of heuristics H1-H4 with the optimal
solution of the retailer’s problem and to understand the impact of parameter values on the solution. We

will then focus on developing insights into the supplier’s problem.

4.1. The Retailer’s Problem
As we stated earlier, the major analytical results in Section 2 hold for nonhomogeneous Poisson retailer
demand as well as homogeneous Poisson retailer demand. Therefore in our discussion below we will

focus on the homogeneous Poisson demand case.

To evaluate the performance of the heuristics, we assign three parameters, = , K and 4 , values at
different levels ranging from low to high. The other two parameters are held at constant values without
loss of generality: w =1, T =1 . Understocking penalty cost » takes values of 0.5, 1, 3, and 9, covering a
range of newsvendor fractile values: 0.333, 0.5, 0.75, and 0.9. The ordering cost K takes values 1, 5, and
25. Finally, the base arrival rate 4 is set at 50, 100, and 200. This results in a total of 36 cases. For one of

the 36 cases, where the demand and under-stocking penalty are the lowest but ordering cost is the highest



(7=0.5, K=25, A=50), none of the heuristics place any orders. We will exclude this case in our analysis

below.

Since demand is exogenous, to solve the retailer’s problem it is well known that maximizing expected
profit and minimizing expected total cost are equivalent. Here we use the total expected cost as
comparison measure for two reasons:

1. It follows the tradition in inventory literature.

2. The comparison is cleaner when retailer sales price is not involved.
The performance of heuristics is measured by the % deviation = 100 x (expected cost under heuristic
policy — expected optimal cost) / (expected optimal cost). Results of our numerical experiment are

reported in Table 1.

max dev. min dev. mean dev.
H1 461.87% 0.00% 81.60%
H2 62.77% 0.00% 7.28%
H3 11.74% 0.00% 1.93%
H4 2.35% 0.00% 0.31%

Table 1: Cost Deviation from the Optimal Policy.
From Table 1, we can make several observations. First, the minimum deviation of all the heuristics is at
0%. This means that each heuristic can perform as well as the optimal policy in some scenarios. For
example, this occurs when ordering cost K is very high. As we can see from Proposition 3, when K goes
to infinity, & approaches T. Therefore, the optimal policy and the other heuristics behave like the

newsvendor policy H1, ordering only once at ¢ = T . Their costs are thus the same.

Under H1, the retailer orders the newsvendor quantity only once, at the beginning of the season. Its
comparison with the other policies, which may order multiple times, can tell us how valuable it may be to
have multiple order opportunities within the season. Our second observation from Table 1 is that this

benefit is high, as H1 significantly underperforms the other heuristics. On a practical level, it may be



costly to reconfigure supply chain and implement necessary information technologies to enable retailers
to order at any time with a negligible lead time. Nevertheless, by providing important information about

the benefit of such systems, our numerical results can help in making such managerial decisions.

Once the retailer can reorder anytime during the period, it is possible that he or she approaches this
problem using a heuristic similar to H2. That is, the retailer will order the newsvendor quantity anytime
the inventory runs out with more than ¢, left when it becomes more economical not to order. Note that
H2 is still a myopic policy because the retailer doesn’t take future order opportunities into consideration
when making the current order. Our third observation from Table 1 is that, just by utilizing the reorder
opportunities, the retailer can significantly improve its performance with H2, essentially the same myopic

ordering policy as that of H1.

H3 and H4 are non-myopic heuristics. They improve H2 by refining the understocking cost to take into
consideration any future order opportunities. Our fourth observation from Table 1 is that on average they
both perform very well against the optimal policy. H4 has the better performance — it is nearly optimal in
many cases, and has a small maximum deviation. This is consistent with the fact that H4 employs a

higher-order approximation of v (s(¢),6) than H3, and is thus more accurate. The three worst-
performance cases for H4 occur when understocking penalty cost is high (z = 9 ) and ordering cost is in
the middle of our range (K = 5), irrespective of the value of arrival rate 4 . The overall performance of
H4 is so good that, beyond these three cases, the % deviation for H4 is less than 1% for all other
instances. The three worst-performance cases for H3 occur when K =1,4 = 200, irrespective of the
value of = . The next three worst performances for H3 occur at K =1,4 =100 , irrespective of the value
of = . In Tables 2 and 3 below, we further discuss the effect of parameter values on the performance of

different heuristics.



Figure 1 illustrates the order-up-to levels and the corresponding interval break points for all the heuristics
and provides further insights into the performance of the various heuristics. For H1, there is only one
order-up-to level at time 6=7. Another way to analyze policies is to focus on the average total order
guantity across the horizon T. A table, available in the appendix, reports average order quantities across

horizon under different policies for all parameter combinations.

Optimal Order up to Levels
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Figure 1: Comparison of heuristics with optimal policy: w=1, z=3, T=1, K=5, 4=50.
As we discussed earlier, H1 and H2 make myopic decisions by ignoring the possibility that the system
will be able to reorder if it runs out. As a result, H1 and H2 always order more than the optimal policy. In
our experiment, across all cases, on average the order up to level for H1 and H2 at time T is 10.69% more

than the optimal order size.

By revising marginal penalty cost from » to something that acknowledges the possibility of reordering,
H3 and H4 not only improve the performance of H1 and H2, they also bring the order up to levels close to

near-optimal sizes. For the case represented in the graph, H3 order up to levels appear to be closer to the



optimal than H4 order up to levels. However, taking an average across all cases, the order up to level at

time T is 10.54% less than the optimal for H3 and 0.77% less than the optimal for H4.

We now discuss the effect of parameters on the solution. The ordering cost, K, clearly has a significant
impact on the solution. Intuitively, when K is huge, H3, H4, and the optimal policy will make ordering
decisions to avoid future orders. In such cases, they behave like H1 and H2, and the differences will

diminish. This is confirmed by results in Table 2.

K 1 5 25

H1 196.48% 38.46% 3.33%
H2 20.13% 1.10% 0.00%
H3 5.40% 0.22% 0.01%
H4 0.35% 0.55% 0.00%

Table 2: Impact of K on the Average Cost Deviation from the Optimal Policy.

The impact of understocking and overstocking costs is similar. The optimal policy, as well as H3 and H4,
recognize future reordering opportunities in making ordering decisions. H1 and H2, however, tend to
over-order because they don’t account for future ordering opportunities. The over-ordering becomes more

severe as the newsvendor ratio 7/(7z+w) becomes larger. This is also confirmed by the results in Table 3.

! (+w) 1/3 05 0.75 0.9
H1 31.01% 48.90% 94.49% 146.36%
H2 0.72% 2.35% 8.33% 16.98%
H3 0.16% 2.12% 2.52% 2.71%
H4 0.12% 0.19% 0.19% 0.72%

Table 3: Impact of z/(#+w) on the Average Cost Deviation from the Optimal Policy.

The impact of the demand rate is given in Table 4. As A increases over the fixed time horizon (T=1),
under the optimal policy the number of orders are expected to go up. Again, because H1 and H2 do not

account for future ordering opportunities, this drives up their cost deviation from the optimal policy. H3



and H4 improve on H2 by incorporating future orders, but they only recognize the first future order and
ignore the rest (recall that we approximate the first future reorder point by &). Therefore, as the number
of orders goes up, their deviations from the optimal policy also go up. However, it should be noted that

even for 4=200, H3 and H4 perform quite well.

A 50 100 200
H1 56.95% 75.71% 111.32%
H2 5.39% 6.81% 9.87%
H3 1.13% 1.78% 2.88%
H4 0.22% 0.30% 0.41%

Table 4: Impact of 1 on the Average Cost Deviation from the Optimal Policy.

4.2. The Supplier’s Problem

Next, we study the impact of the retailer’s various policies on the performance of the supplier. Note that
all the heuristics in Section 2, H1-H4, are developed with only one objective: to minimize the retailer’s
cost (or, equivalently, to maximize retailer’s profit). Therefore, it is especially interesting to see how they
impact the supplier. To underscore the fact that the optimal policy in Section 4.1 is optimal only for the

retailer, we will call it the retailer-optimal policy in this section.

Recall that the supplier solves a newsvendor problem. We assume that the supplier has enough data to
know the distribution of each retailer’s total order in the period. For example, suppliers can achieve this
by knowing the end demand pattern and which heuristic the retailers are using. The supplier places only
one order at the beginning of the period, and its total demand is the aggregate order quantity across all of
the retailers. However, different policies used by the retailers will result in different demand distributions
at the supplier, so in order to compare the supplier and system performance across various policies, we

will use profit as the measure.



If we denote the supplier’s demand by Ds, then the supplier maximizes its profit =pE[Ds] - TCp (0, T),

where p is the unit wholesale price and TC is the newsvendor function as defined in equation (1) when the

demand is Ds.

The 36 problem instances we use are the same as those used in Section 4.1. In addition, we assume there
are eight identical retailers. We assume that the supplier simplifies the calculations by assuming that the
total demand follows a normal distribution (with eight identical retailers, this is a reasonable assumption).
In each problem instance, we use the order-up-to quantities developed in Section 4.1 for the heuristics.
The supplier then finds the first two moments of its total order and uses the newsvendor model to

calculate its own order quantity.

For supplier-specific parameters, we assume the following values for unit overstocking (wp) and
understocking (m) costs: wo= w=1, and m/7=0.5, 1, or 2 representing cases where the supplier’s
understocking cost is lower than, equal to, or higher than the retailer’s understocking penalty cost per

unit. Finally, to calculate profits, we let the wholesale price p be 125%, 150%, and 200% of wp.

The results across all the possible cases are presented in Table 5. For each heuristic, we compute the

profit deviation from the retailer-optimal policy, both for the supplier and for the system.

Supplier Profit Total System Profit
max dev. | mindev. | mean dev. max dev. | mindev. | mean dev.
H1 81.71% -6.55% 7.31% 2.41% -4.68% -0.35%
H2 65.10% 0.00% 5.60% 3.49% 0.00% 0.92%
H3 6.70% -34.24% -1.85% 1.64% -0.73% 0.12%
H4 5.82% -28.89% -2.89% 0.16% -1.38% -0.15%

Table 5: Profit Deviation from the Retailer-Optimal Policy.

It is interesting to note the following:



e While the retailer-optimal policy naturally dominates H1-H4 for the retailers, H1-H2 mostly
outperform the retailer-optimal policy for the supplier.

e Going from H1 to H4, while the retailers' performance improves, the supplier's profit decreases in
general — in this situation, what’s good for the retailers is bad for the supplier.

e The result for total system profit is mixed.

o Using H1, retailers do not take advantage of multiple order opportunities, thus resulting in
much higher retailer cost than the retailer-optimal policy. This also means, however, that the
retailer’s order to the supplier is a fixed number without variance (i.e., it is determined at the
beginning of the period, not subject to the realization of random demand). This reduces the
supplier’s overstocking and understocking costs to zero. Overall, however, these two costs
offset each other, and the total system performance of H1 is very close to that of the retailer-
optimal policy. For H3 and H4 the opposite is true: while they perform well for the retailers
they result in lower profit for the supplier. Their overall total system profit is close to that of
the retailer-optimal policy.

o H2 is quite different. Because H2 increases the supplier’s profit much more significantly than
H3-H4, this more than compensates for the slightly bigger retailer cost increase.

Consequently, H2 results in the highest system profit overall.

It is instructive to contrast the retailer-optimal policy and the heuristics based on it (H3 and H4), with the
heuristics based on the newsvendor model (H1 and H2). With the former group, the goal is to optimize
retailer performance. This is achieved through dynamically adjusting retailer order size over time. While
this dynamic adjustment makes the retailer better off, it creates higher demand uncertainty at the supplier,
who makes a newsvendor order decision. It is this increased demand variability that can sometimes
significantly reduce the supplier’s profit. HI, on the other hand, performs poorly for the retailer because it
foregoes the multiple order opportunities, but it works best for the supplier. We can see this interesting

tension between what’s good for the retailer and what’s good for the supplier. It seems that H2 is a good



policy that strikes the balance: It is based on H1 but it also modifies H1 to account for multiple order
opportunities. Among the heuristics we study, it is indeed the best in terms of total system profit. The
overall optimal policy for the centralized system (i.e., one that maximizes total system profit) is unknown,

and would indeed be a good topic for future research.

5. Conclusion and Future Research

In this paper we analyze a finite-horizon distribution system with one supplier and multiple retailers. Our
work applies to a wide variety of situations in which the supplier must get all supply before the season
starts, but the retailers can place orders any time during the season. The retailers must carefully decide
when to reorder and how much to order each time by balancing the fixed ordering cost against
overstocking and understocking penalty costs. We show that the optimal choice is a time-based, order-up-
to policy in which the order-up-to level decreases over time. Moreover, we are able to calculate the
optimal order-up-to level at any time and find the time break points at which order-up-to levels change.
This completely characterizes the optimal retailer policy. It is worth noting that even though we present
our results in terms of homogeneous Poisson demand, they apply to non-homogenous Poisson demand as
well. This is especially important for products with a short life cycle, where demand often changes over
time (e.g., demand diminishes towards the end of the season). For practical purposes, we also propose

heuristics H3 and H4, which are easier to calculate.

The supplier faces a classic newsvendor problem. We express the probability distribution of supplier’s
demand. However, evaluation of the demand distribution, which involves conditioning over time intervals

and convolutions across retailers, can be complex.

Our numerical experiment results in interesting findings. First, we show that by having multiple order
opportunities within the same season, retailers can significantly reduce their costs (H2 versus H1). If

retailers use more sophisticated ordering policies (H3, H4, and optimal), they can achieve further cost



reductions. When retailers place orders using a myopic model, such as the newsvendor model H1, the
model overestimates understocking cost because it assumes that once the current stock runs out, shortages
will occur. The heuristics we propose, H3 and H4, revise the understocking cost to reflect the fact that
future orders can be placed to mitigate shortages. They include only the effect of the first possible future
order, but they already achieve most of the improvements. Therefore, we conclude that they are effective

heuristics.

Our numerical experiment also reveals that good policies for retailers may not be good policies for the
supplier, and possibly the whole system. A good policy, such as the retailer-optimal policy, H3, or H4,
will adjust order quantities as demand unfolds over time. This results in uncertain order quantities by the
retailers (i.e., uncertain demand at the supplier). On the other hand, the newsvendor policy H1 or its
improved version, H2 reduces supplier cost by lowering the variation in the order quantity. This tension
between retailer and supplier is reflected in the total system profit. Even though H1 results in no supplier
overstocking and understocking costs, its retailer costs are so high that overall it is still a poor policy for
the system. H2, on the other hand, can increase supplier profit enough that it sometimes results in a higher
system profit than the retailer-optimal policy. This comparison of system profit is made in a decentralized
setting. Nevertheless, it points out the supply chain inefficiencies that can be present. In the centralized
setting, the optimal policy may lie between the order-for-order and the newsvendor policies. That is, the
optimal policy in the centralized setting must balance retailer and supplier profits. This is an interesting

topic for future research.

So far, we have not included the holding cost and have considered only the understocking and
overstocking costs and fixed ordering cost. This is reasonable in the context of the newsvendor setting
because the horizon under which the problem is considered is usually short, making the holding cost
negligible. Whether the structural results obtained in this paper extend to holding cost is another

interesting topic for future research.



Another direction for future research is to consider joint replenishment in a centralized setting. When one
retailer places an order, it may be beneficial to replenish other retailers as well, even though they may not
need the additional inventory at that time due to savings in ordering and shipping costs. In such a case, it

will be interesting to find out what triggers a joint replenishment and which retailers to replenish.
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APPENDIX

Proof of Lemma 1 Recall that as the optimal newsvendor quantity, s () is the largest integer S such

that P(s.,0)> . Let’s examine the properties of P (n,0) with respectto n and ¢ for 0<o<T.

W+

Clearly pP(0,0) =1 forall o . Now suppose n>0. If

1. PUT)< d

,then P(n,0) <
W+ W+ 7

forallnand ¢ as P (n,9) isdecreasing in nand

increasing ine . Thus s_(a) =0 forall o< <T.

2. PAT)= , then since P(n,T) > 0 as n — o, there must exist an I > 1 such that
W+
w w .. . .
P(n,T)=> forl<<n<l,and P(n,T)< for n > 1. Because P (n,@) isincreasing in
W+ W+
w

6 , we conclude that P (n,9) < forall n>1 and 0 <6 <7 .Nowwe will focusonl < n<

W+

I. Since P (n,0) function is continuous in ¢ and approaches0as ¢ — 0, let ‘9_%1 e (0,T] be the

unique solution to

P(n, @)= (A1)

W+

In this case, s_(e_nfl) = n . Note that the left side of (A.1) is decreasing in n and increasing in¢ .

Therefore, we conclude ¢, > 0, , for1 <n<I.Forany ¢ infe, ,.6,),5(6)=n.

Hence, we have proved that there exist time points 0 =6 _, <0, <60, <...< 0, , <6, =T forsome 1 > 0

such that s (9)=0 on[e_,, 8,), S(@)=n on[6, ,6,),vi<n<1,and s(0)=1on[e,,,0 ] O



Proof of Lemma 2 On any interval [(9_n ,e_M ), the optimal newsvendor stocking level s is constant

= og(9)

and g (o) =TC(s.0). From (1), we have — _wi+(w+7)AP(S,0)>0. Sinceg(#) is continuous

and non-decreasing in ¢ on each interval [¢_,6__,), then it is non-decreasing in ¢ on the whole interval

[0,T]. 0

Proof of Proposition 1 Let p > 0 be the probability that an order is placed when inventory is
positive under policy ¢. Construct a new policy ¢’as follows. Whenever policy ¢ places an order while
inventory is positive, policy ¢”delays that order until the next demand takes place. Moreover, if the end
of the season is reached before the next demand occurs, policy ¢’ does not place an order; if policy

@ orders again when the next demand occurs, the two orders are combined. Then on any sample path, the
two policies will have the exact same number of lost sales, and the ending inventory under policy ¢’will
be no more than that under policy ¢. Moreover, each time policy ¢ places an order when inventory is
positive, there is a positive probability that the next demand will not occur by the end of the season, thus

saving one order for policy ¢’ Due to the Poisson arrival, this probability is at least e *" . Therefore,

AT

E[number of orders placed under ¢’] < E[number of orders placed under ¢] - pe * . It follows that the

total expected cost incurred by policy ¢ is strictly larger than that under policy ¢, hence policy ¢ is not

optimal. O

Proof of Proposition 2 In view of Proposition 1, we can assume that policy ¢ only orders when
inventory is zero. Construct a new policy ¢”as follows. Policy ¢’places the same orders as policy ¢,

except that when policy ¢ places an order when no demand takes place, policy ¢’ delays that order until
the next demand takes place (or does not place an order at all if no further demand takes place during the

season). Ending inventory is no larger under policy ¢’than under policy ¢, lost sales are identical for both



policies, and there is a probability of at least pe *" that policy ¢’places one fewer order than policy ¢ .

It again follows that the total expected cost for policy ¢ is strictly larger than that for policy ¢, so policy

@ is not optimal. 0

Proof of Proposition 3 The case of K < r is easy to see, so we will focus on the case of
7<K<z(AT +1).As 7 <K and = (AT +1)> K , there must exista v, € (0,T) such that:

7(Av, +1)=K . (A.2)
Thus, for v <v, the ordering cost alone at time » exceeds the expected cost of not ordering at all (i.e.,
all the future demands are lost). So the optimal action at » is to not order. Next, consider:

9(v,)+ K =7z (iv+1). (A.3)
When o = 0, the right hand side of (A.3) is less than the left hand side, but as » — « , the right hand side
exceeds the left hand side. Furthermore, the right hand side is continuous and strictly increasing in v .
Thus, there exists a unique solution, v, > 0, to (A.3). Combining (A.2) and (A.3), we get v, > v,. Next,
consider any time v < [v,,v,]. Suppose inventory is zero and a demand occurs at time » . There are two

possible sets of actions:

1. We place an order, and an ordering cost of K is incurred. Then, for any inventory level at time

v, the future expected total cost from that point on is at least, g (v,), because by definition

g (v,) isthe minimum cost at time v, . So the total expected future cost is at least K + g (v,) .

2. We do not place an order. We lose the immediate demands and incur a cost of » right away.
Then the future total cost is at most =20 , when no future orders are placed and all future

demands are lost.
For v e [v,,v,], because g(v,)+ K =z (4v, +1) > z(Av +1), itis clear that the optimal action is to not

place any order.



We note that if v, > T , then we have indeed characterized an optimal policy on [0,T]. Therefore, from

now on, we consider v, <T .

We now repeat this process to define v, as the solutionto g(v,) + K = z(1v, +1) . Since

g(v,) + K =7z (20, +1), by Lemma 2, we must have v, > v, . Let v € [v,,v,], and suppose inventory is

zero and a demand occurs at time » . Again, there are two possible actions:

1. We place an order, and an ordering cost of K is immediately incurred. Because the expected total
future cost is at least g (v,) , the total cost associated with this action is at least g(v,) + K .
2. We don’t place an order. Then similar to the previous argument, we can show that the expected
total future cost is at most 7 (2v +1) .
Again, for v e [v,,0,], g(v,) + K = 7(4v, +1) 2 7(Av +1) and we conclude that the optimal action at

time » is to not place any order.

We can continue this process to define v, <v, <... which is an increasing series. If at any point the series
goes above (or equal to) T, then it is optimal to never order at any time. In such a case, we simply set

6, =T . On the other hand, if the series is always below T, then let its limit be ¢, . It must satisfy 0<¢, <

T. In this case, we have just shown that the optimal action is to never place an order when the time left is

less than ¢, . That is, any policy that never orders on [0,6,) is an optimal policy on [0,6,) .

By taking the limit of g(v,) + K =z (4v,,, +1) (note that g is continuous), we get g(8,) + K = 7 (16, +1).

Therefore, ¢, isasolutionto g(9) + K =z (16 +1) . Moreover, from the proof of Lemma 2 we know that

on any interval [¢,,6, ),



2{g(0)+ K -z (20 +1)}

=(w+m)i(P(S.0)-1)<0. (A.4)
o0

Thus, g(#) + K — (26 +1) is strictly monotone and ¢, iS the unique solutionto g(6) + K = z (26 +1).

As described in Section 2, the optimal value function at time @ is represented by V (i,9) (recall that for
convenience, we drop the * superscript ). Also, define AV (i,0) =V (i+1,0) -V (i,0) . Since it is optimal
to never order at ¢ < 6,, V (i,6,) equals the newsvendor cost function TC (i,¢,) , and thus is convex in i.
Specifically, because by definition s, = 8_(6'0) , the optimal newsvendor order quantity with ¢, time left,

e AV (i,f,)<0 fori<s,.

e AV (i,0))>0 fori=s,

e AV (i,0,) isincreasing fori=s, .
Furthermore, since no order will be placed at ¢ < ¢,, we know V (0,6,) = 716, . Moreover,

V(S,.0,)=9(0,)=x (A6, +1)-K =V (0,0,) +7 - K, (A5)

where the first equality comes from the definition of s, and we have just proved the second equality
above. So, V (0,6,) -V (S,.6,) - K = -z < 0. Finally, we have

AV (i,6,) =V (i+1,0,) -V (i,6,) =TC(i+1,6,) - TC(i,6,)

-~ WE[i+1-D(0,)] +7E[D(8,)-(i+1)] —wE[i-D(8,)] -7E[D(6,)-i]

i V(o \
=w| > (i+1-§)p(i.0))=-> (i-Dp(i.0)|+x] > (i-i-1)p(i.0,)-> (i-i)p(i.6,) |

i-o j=0 ) Li=iv2 j=i+l )
—w p(j,@o)—ﬁi p(i,0,)=w(l-P(i+1,6,))-zP(i+10,).

j=0 j=i+l
Because P(i+1,6,) <1, it follows that AV (i,6,) > -z fori<s,.

In summary, we have proved:



-7 <AV (i,0,)<0 fori<s, (A.6)

AV (i,6,) >0 fori=s, (A7)
AV (i,6,) is increasing for i =5 (A.8)
V(0,0,)<V(S,.0,)+K (A.9)
V(0,0,)+ 7 =V(S,,0,)+K (A.10)

At time ¢,, if a demand occurs, there are three possible scenarios depending on the level of on-hand
inventory, 1(6,) :
a) 1(9,)=S,+1.Theimmediate demand will be satisfied from on-hand inventory, and based on

(A.7) the optimal action is to not order.

b) 1<1(6,)<Ss,. The immediate demand will be satisfied from on-hand inventory. Moreover, if an
order is placed, the order up to level is s, and the total cost till the end of the season will be
K +V (S,.6,) . If an order is not placed, the total cost till the end of the season will be
VvV (1(6,)-1,0,).Based on (A.6) and (A.9), the latter cost is lower. Thus, the optimal action is to
not place an order.

c) 1(6,)=0.The optimal cost until time O will be K +V (s,,6,) if an order is placed, and
7 +V (0,6,) if an order is not placed. Based on (A.10), the costs of the two actions are equal. We
have consistently picked the larger value in such cases, so we will say that the optimal order-up-
to level is s, .

This concludes the proof of Proposition 3. O



Proof of Proposition 4 The proof is rather long and we start with a brief roadmap for the proof.

Step 1: We start with rigorously defining the existence of a point ¢, such that ¢, = sup{e, <o <7 |ifa
demand occurs on [¢,,6) and inventory is zero, the optimal order-up-to level is S } . This allows us to

show the reduction of value function recursion (2) to equation (3) for 6, <9 <9, .

Step 2: We prove some properties (see (A.14)-(A.17) below) of v (i,9) for 6, <9 <6, . This step is
further sub-divided into the proof of (A.14) through (A.17) separately.

Step 3: We prove an additional property (see (A.23) below) of v (i,#) for 0 = 6, which will then allow us

to prove the optimal order-up-to level at ¢ = o,.

Step 1: Definition of ¢,
We begin by showing the existence of a neighborhood of ¢, such that the optimal order-up-to level at ¢,
continues to remain optimal in this neighborhood. This will allow us to rigorously define ¢, and prove

that ¢, > ¢,. Formally, we prove the following:

There exists an € > 0 such that if a demand occurs at any 6 € [6,, 8, + €] and the inventory is

zero, the optimal order-up-to level is S,.

To demonstrate this, consider the value function definition in (2). Under any optimal policy, both lost
sales and the number of orders are bounded by the demand during the same time period almost surely.

The former is obvious and the latter holds because it’s optimal to order only at demand epochs almost

surely. Therefore, we must have 1im € [N (i.6,,0)]=0 and lim E_[L_(i,8,,6)]= 0. Furthermore,

00, 6—6,

since the probability of any demand occurring between ¢ and ¢, goes to zero as @ — o, , we must also



have: 1im E_[V (i,6,)]=V (i,6,) . Hence, lim v (i,0) =V (i,0,) . That is, the value function v (i,9) is

. "
006, 06,

right-continuous at o, .

By definition of s, V(S,,8)<V(S,4).vS>S,. Now, there exists a neighborhood [6,, 6, + €] for
some € > 0, where V(S,.0) <V(S,0),55 >S, forall © € [8,,0, + €]. Therefore, at any point in

[60,8, + €], if the inventory is zero and a demand occurs, either ordering up to some S < S, or never
ordering will minimize the value function. Below, we will show that the optimal order-up-to level is
always S, during [8,, 8, + €]. To that end, let Policy O be the policy that order up to S, during [6,, 6, +
€], if inventory is zero and a demand occurs. Moreover, let Policy P be any other policy that violates this.
That is, there exists time epochs on [8,, 8, + €] where, if inventory is zero and a demand occurs, Policy P
chooses to either not order and incur the lost sale, or order up to some S < S,. It suffices to show that the
system cost is higher under Policy P than under Policy O. For the rest of the proof, we will use superscript

© to represent Policy O and superscript ” to represent Policy P.

We now need to define some notations. Let w be any sample path on [6,, 8, + €]. Define:

e  m9(w): the number of orders of size S, + 1 placed on [8,, 8, + €] under Policy O (i.e., when
inventory is zero and a demand occurs, order up to S, + 1).

. mj‘-’(w): the number of orders of size j + 1 placed on [6,, 8, + €] under Policy P (i.e., when
inventory is zero and a demand occurs, orderuptoj), 0 < ;< 5, .

e i?(w): on hand inventory at time 6, under Policy z € {0, P}. Note that 0 < i*(w) < S,.

Moreover, let I*(w) be the units of demand that are lost on [0, 8, + €] under policy z. Because both

policies face the same demand, we must have

Y2 olm ()G + D] + 1P (W) — iP (@)= m2 (@) (Sy + 1) — i%(w).

= IP(@)=[i" (@) = i°)] + [m2(@)(Se + 1) = 32 [mf (@) + D]]. (A11)



We calculate the cost of either policy at time 6, + € as the sum of the sample-path cost on [8y, 6 + €]

and the expected cost on [0, 8,). That is, the total cost at time 6, + € for Policies O and P, based on the
sample path w, are KZ?":O mf (w) + 7P (w) + V(i* (w), 6,) and m® (w)K + V (i°(w), B,), respectively.
Furthermore, the cost difference between these policies will be:

A Cost = [K T2 mf (@) + 7lP () + V(iP (), 60)| = [m® (@)K +V(i©(w), 65) ]

= K[Z52,mf (@) — m®(@)] + 71" (@) + [V (i" (@), 65) = V(i°(w), 65) | (A12)

Depending on the values of m(w) and [(w) for the policies, we have three possible cases:
1. When Zf‘;o mf (w) = m®(w): (A.12) becomes
A Cost = mtlP(w) + [V (iP(w), 8,) — V(i (w), 6)) |- (A.13)
If if (w) < i%w), then V(iF(w), 8,) = V(i°(w), By), since both i¥ (w) and i® (w) are no more than S,
and A Cost > 0, with the equality holding only if ¥ (w) = 0 and i®(w) = i°(w). This happens with
probability less than one.
If i (w) > i%(w), then from (A.6), we have: V(i (w), 8y) — V(i°(w), 8y) > —[i¥(w) — i®(w)]r, and
by employing (A.11), (A.13) can be written as:
A Cost = [ mO(w)(So + 1) = T2 [mf () + D] |
+[iP(w) = i%()]m + [V (i® (), 65) — V(i°(w),6,) | > 0.
2. When Zf.‘;o mf (w) > m°(w): Since, by Propositions 1 and 2, V(i°(w), 6y) < K + V (S, 6,),
(A.12) becomes:
A Cost = K [52,mf () = m ()] + P () + [V (iP (), 85) = V(° (@), 6)]
> K+l () + [V(iP(w),00) — K = V(Sy,60)] = 0..

The last inequality holds because i¥ (w) < S, implies V(i®(w), 8y) = V (S, 0o).



3. When %7° m/ (w) < m°(w): using (A.11), (A.12) will be:

A Cost= K [£52,mf (@) = m® ()| + nlP () + [V (i* (@), 8) — V(i%(w), 6,)]

SO SO
=K Emf(a))—mo(a)) +m mo(w)(50+1)—2[mf(w)(j+1)]
j=0 j=0

+n[i () — i%w)] + [V (i (w), 6y) — V(i°(w), 8y)]

So
mo(@) - ) m! (ao]
=0

+r[iP(w) —i%w)] + [V(ip(a)),eo) —V(Sy,60) — (Sp — io(a)))n]

So
>K mf(w) —mP(w)| +m (S + 1)

(as V(i%(w), 8y) < V(Sy, 00) + (S — i%(w))m from (A.6))

So
> [ (Sy+1) — K] |m°(w) — me(w) + n[if () — i%(w)]
7=0

+[V(iP(w),00) = V(0,6,) =+ K — (So — i%(w))7]
(@s V(So, 60) + K = V(0,6,) + m)

> [1 (So + 1) — K]+ n[if (w) — i%(w)]

+[V(iP(@),80) = V(0,8,) =+ K — (Sp — i%(w))7]
(@ (Sp+1)>K)

=V(i®(w), 8,) — V(0,0,) + [i®(w)] = 0,

where the last inequality is due to (A.6).
By integrating over all the sample paths w on [8, 6 + €], it can be verified that the overall cost under
Policy O is strictly lower than that under Policy P. Therefore, the optimal order-up-to level is always S,

when inventory is zero and a demand occurs for all 8 € [6,, 8, + €].

The proof above allows us to define



6, =sup{ ¢ | 9, <o <71, and if a demand occurs on [¢,,¢) and inventory is zero, the optimal action is to

order up to S } and know that since the set is non-empty, ¢, must be strictly larger than ¢, . Now,
consider any ¢ < (g,, 6,1. By the definition of ¢, , there will not be any lost sales between ¢ and ¢, so

E[L(i,0,.0)]=0.Moreover, any order between ¢ and ¢, will be of size s  +1, so0

EY

EIN (i.0,.0)1=3 P(n(s,+1)+i+1.0-0,) Therefore, for 9 <o <6,

n=0

So o ;

V(i,0)=KY P(n(S,+1)+i+1,0-6,)+ 3 3 p(n(S,+1)+i-j,0—-6,)V(j.0,)+ p(j.0 -6,V (i-]j8,).

n=0 j=0 n=1 j=0

This is (3).

Step 2: Properties of v (i,0) for 6, <o <6,

In what follows, we prove the following properties of v (i,0) for 6, <6 <9, :

-7 <AV (i,0)<0 fori<s, (A.14)
AV (i,0) isincreasing for i > S (A.15)
V(0,0) <V(S,,0) + K (A.16)
V(©0,0)+7z>V(S,,0)+K. (A.17)

Proof of (A.14)

Fori<s,and 6,<0 <6, byusing EIN(i.0,,0)]1=3% P(n(S,+1)+i+1,6-0,) and rearranging terms,

n=0

(3) can be written as:

o 3

V(i,0)=KY S p(n(S,+1)+ .0 -6,)

n=0 j=i+1

o i So

1
+Z{Z p(n(S, +1)+ j.6 -6,V (i-j.0,)+ Z P(N(S, +1)+ j.0 -0, )V (S, +1+i-],0,)"
J

n-o | j-o j=i+1

Recall that AV (i—1,0) =V (i,0) -V (i -1,0) is the first-order difference function. Then, for i < s:



AV (i-1,0)
( w» @
KD p(n(Sg+1)+ j,0-6,)-K> p(n(S,+1)+ j,0-6,)
Z p(n(S,+1)+ j,0 -6 )V(l—]é))—z p(n(S, +1)+ j.0-6,)V(i-1-j,6,)

j=0 j=0

@
n=0|

|

|

S

0 0

\
| |
| \
|+ \

\

\
L+Z p(n(S,+1)+ j,0 -0,)V (S, +l+|710)72p (S, +1)+ j,6 - 0)V(So+ij,90)J

Grouping Vv (.,.) terms with the same probability weights, we get:

AV (i-1,0)
(
| .
‘ -Kp(n(S,+1)+i,60-46,)
o ‘ i-1

zhz P(N(S, +1)+ 1,0 -6,)[V(i-i,0,)-V(i-1-7,6)]+p(n(S,+1)+i,0-6,V(0,6,)

=0 j=0

\
|
\
|
\
5% \
+ > p(n(S, +1) + 1.0 -0)[V(Sy+1+i-j,0)-V(S,+i-1j,0)]- p(n(S,+1)+ i,H—HO)V(SO,eo)J

j=i+l

p(n(S,+1)+i,)[V(0,6,)-V(S,.8,)- K]

=y +Z p(n(S, +1)+ j,O0 -0 )[V(i-jo)-V(i-1-1],60,)]

j=i+l

\
:
"z
|
;
\
L

)
|
\
\
\
\
+ Z p(n(S, +1)+ j,0 -0 )[V(S, +1+i-],0,)-V(S,+i~- j,eo)]J

The first term in the expression above is negative due to (A.9). Furthermore, for i < S, due to (A.6), we

have:

V(i-j,0,)-V(i-1-1j,0,)<0 foroc< i<i,
and for i+1<s,
V (S, +1+i—j,0,)-V (S, +i— j,6,)<0 fori+1<j<s,.

Together, these imply av (i-1,0)<o fori<s,  and 9,<0<9,.



Now, from (A.10) we have [v (0,6,) -V (S,,6,) — K]=—= and from (A.6) we have AV (i-1,6,) > -~ for

1<i<sS,. Thus, the expression for Av (i —1,0) above is a weighted average of three terms, one of which
is equal to -~ and other two are strictly greater than -~ . All weights are positive. Therefore, we have

AV (i-1,0)>-z fori< s and 6, <6 < 6,. This completes the proof of (A.14).

Proof of (A.16)-(A.17)

Note that for 6, <6 <@,,

S o

V(0,0)=KY Y p(n(S,+1)+ j.0-6,)

n=0 j=1

o S, \
+Z| p(n(S,+1),60 -6,)V (0,490)+z p(n(S, +1)+ j,0 —0,)V (S, +1-j,0,) |
n:Ok j=1 }

and,

S

= = (% )
V(S,.0)=KY 3 p(n(So+1)+j,¢9—00)+Z|Zp(n(SO+1)+j,H—QO)V(SO—j,HO)J.

Thus, we have:

V(0,0)-V(S,,0)-K

(o % )
:K|Zz p(n(S, +1)+j,0-6,)-1]
(n=0 j=1 )
SU . . \
| P(N(S, +1.0 =0,)V(0.0,)+ 3 p(n(S, + 1)+ 1.0 -0, )V (S, +1-].0,) |
D“| j=1 |
+Z| ., |
"”L—Z p(N(S, +1)+ 1,6 - 6,)V (S, - 1.6,) J

© © S,

=3 p(n(S,+1),0 - 0,)[V(0,0,) -V (S,.0,)- K]+ Y p(n(S,+1)+ j.0 - 0,)AV (S, - |.0,).

Both terms in the expression above are negative due to (A.9) and (A.6), respectively. This proves (A.16)

fore,<o0<o0,.



Recall that [v (0,6,) ~V (S,.6,) — K]=—=. Furthermore, from (A.6), we have av (i-1,0,) > -z for
1<i<s,.Now v (0,6)-V(s,,0) - K above is the weighted average of two terms greater than or equal
to -~ . All weights are positive. Therefore, V(©0,6)-V(S,,0)—K>—n This proves (A.17) for

0,<0<0,.

1

Proof of (A.15)

In the demand process, the number of demand arrivals during a fixed time interval follows a Poisson
distribution. In the proof below we need the probability mass function (pmf) of the Poisson distribution to
be decreasing. This holds only if the interval length is sufficiently small. Hence, in our proof we need to

divide (¢,,6,1 into several smaller intervals, and apply our proof to each interval. Because the intervals

are of fixed length, this will be repeated only a fixed number of times.

To that end, let 5 be a small time interval such that 1s < 1. Poisson-distributed number of arrivals in any
time interval of length s or less will have a decreasing probability mass function (pmf). That is,

P(j.0,-0)>p(i+1,0,-0) Vive, <0, <0, +5 . (A.18)
First we show that (A.15) holds on (g,,min(e, + 5,6,)1. Then, we show that we can repeat the argument
and prove that (A.15) holds on (min@, + 6 .6,). min@, + 25 £, )], (Min(6, +25,6,),min(o, +35,06)] , etc.

In this way, we show that (A.15) holds for all o, <o <6, .

Let 6, = min(8, + &.0,). For i > s, and ¢ (6,.6,1, We can rewrite Vv (i,0) function as:



Vv (i,0)
= Kz P(n(SO+1)+i+1,9—90)+iZV(j,90)p(n(So+1)+i— j,9—6’0)+ZV(i— i0,)p(i.0-0,)

n=0 j=0 n=1

=K S p(n(S,+ )+ 1.0-0,)+> S p(n(Sy+1)+ 1.0 -0V (i-1.0,)+ p(j.0-0,)V(i-ib,)

© o © i i-5,-1
=K S p(n(S,+1)+ j.0-0)+3 S p((S,+1)+ j,0 -0,V (i—j.0)+ 3 p(j0 -0,V (i-j0,).
n=0 j=i+1 n=0 j=i-S, j=0

The first-order difference is as follows:

AV (i,0) =V (i +1,0) -V (i,0)

i-s, i-5,-1

=2 p(i0-0,)V(i+1-j,0,)- > p(i,0-0,)V(i-1]0,)
+KZ|\Z p(n(S,+1)+ j,0-6,)- Z p(n(80+1)+j,9—6'0))|

oc( i+1 i
+Z[ Z p(n(S, +1)+ j,0-0,)V(i+1-1j,0,)~- Z p(n(SO+1)+j,9700)v(i7j,90)J.

j=i-8,

n=0 j=i+1-8,

Grouping Vv (.,.) terms with same probability weights, we get:

AV (i,0) = z P60 -0,)[V(i+1-j,0,)-V(i-i6,)]+pGi-S,0-6,)V(S,+16,)
@ x( i
—Kz p(n(50+1)+i+1,9—6)0)+ZL z p(n(S, +1)+ j,0 -0 )[V(i+1-j,0,)-V(i- j,é)o)]J

n=0\ j=i+1-$,

n=0

ES o

+Z p(n(S,+1)+i+1,60-6,)V (0,90)—2 p((n-1)S,+n+i,0-0,)V(S,,0,)-p(i—-5,,0-6,)V(S,.0,)

n=0 n=1

Using > p((n-1)S, +n+i,0-6,) =3 p(n(S, +1) +i+1,0 —0,) and simplifying, we get:

i-S5-1 o ( i

AV (i,0)= 3 p(if,.0)AV (i- j,90)+ZL T p(N(Sy+1)+ .0 - 6,)AV (i- j,eo)J

j=0 n=0\ j=i+1-8,

+3 p(n(S, +1) +i+1,0 - 0,)[V(0,0,) -V (S,.0,) - K]+ p(i—5,,0-0,)AV(S,.0,).

n=0

A change of index in the summation yields:



i-5,-1 o S,

)
AV (i,0) = z p(j@—6,)AV (i- j,90)+z | Z p((n=1)(S, +1)+i+ j+1,0-0)AV (S, - j,0,) |
j=0 n:OKJ:l

3

+y ( P(N(S, +1) +i+1,0 -0,)[V(0,0,)-V(5,.0,) - K ])+ p(i—S,,0 -6,)AV (S,.0,).

This allows us to write the second order difference as:
AV (i+1,0) - AV (i,0)

i-s,

=3 p(i.0-0,)(AV (i+1-j.0,)-AV(i-].6,)) (A.19)

j=0
+p(i+1-5,,6 -0,)AV (S,,6,) (A .20)

» S,

3
+Z | Z‘[p((n—l)(s0 +1)+i+ j+2,6-0)- p((n-1)(S, +1) +i+ j+1,6—00)]AV(SO— ih0,) 1 (A.21)

n=0 K j=1

+3 ([P(n(Sy+1) +i+2,0 -60,)— p(n(S, +1) +i+1,0 - 0,)](V (0,6,) -V (S,.0,) - K)) (A.22)

n=0

>0,

where (A.19) is strictly positive due to (A.8), (A.20) is strictly positive due to (A.7), (A.21) is non-

negative due to (A.6) and (A.18), and (A.22) is strictly positive due to (A.9) and (A.18). This proves

(A.15) for g <6 <0,.

Now, recall that the optimal order-up-to level at ¢, is s, . This implies AV (s,,6,) > 0 . This observation,
combined with the above proof that (A.15) holds for g, <o < ¢, , allows us to write:
AV (i,8,) >0 fori=s,

In addition, since ¢, < o, :

Based on (A.14), we get —7<AV(i,8,)<0 fori<s,
Based on (A.15), we get AV (i,0) isincreasing for i > s
Based on (A.16), we get V(0,6,) <V (S,.6,) + K

These four conditions show that (A.6), (A.7),(A.8), and (A.9) also hold true at ¢,. Now, consider a point

0, = min(6, + 5,60,) such that 15 < 1. We can repeat the entire proof of (A.15) and with the help of



above four conditions show that (A.15) holds on ¢, < ¢ < 6, . We can repeat the above argument for

0, =min(e, +5,0,) and continue on. Eventually, this proves (A.15) for o, <o < o,.

Step 3: Optimal Action at o,
So far we have shown that (A.14), (A.15), (A.16), and (A.17) hold for all ¢, < 6 < 6,. We now prove one
more property of Av (s,,6,) Whichis av(s,,6,)=0 .

From the definitions of s, and ¢, , s, is the largest optimal order quantity on o <[g,,6,) . This fact and

17 0

(A.15) imply av (s,,0)>o0 forall o [6,.0,) .

Since (A.17) holds on ¢,, we know that if inventory is zero and a demand occurs, it is better to order up to
s, than not ordering. However, by the definition of ¢, the optimal order-up-to level cannot be s at o, .
Now, since av (s,,0)>o0 forall o <[g,,6,)and v (i,0) (hence, AV (i,0) ) is a continuous function of ¢

for any fixed i, we must also have Av (s ,6,)>0.

Now suppose av (s,,6,) > 0. Together with (A.15), this implies Av (i,6,) >0 for i>s . Thenwe can

find asmall <, > 0 suchthat av(,o)>o0 forall o<[o,,0, +<1and i>s,.

1

Since we have shown av (,6,) <o forall i < s, , we can also find a small <, > 0 such that Av (i,0) <0
fori<s, and 6<[g,,6, +<,1. Thus, letting < = min{<,,<,}, we have proved that there is a small
neighborhood to the left of ¢, [6,,0, + €1, such that for any ¢ in this interval, Av (i,0)<0 for i< s, and

AV (i,0) >0 forall i = s . Hence, the optimal order-up-to level is s, during the interval [¢,,6, + 1,

violating the definition of ¢, . This leaves us with:



AV (S,,6,) =0. (A.23)

(A.14) shows v (i,6,) is decreasing for i < s, , (A.15) and (A.23) show v (s, +1,) =V(s,,6,) and

v (i,0,) isincreasing for i > s, . Therefore, s, = s, +1. This concludes the proof of Proposition 4. [

Proof of Theorem 1  Proof of Proposition 4 shows that properties (A.6)-(A.10) of v (i, ¢,) are needed
to prove the form of optimal actions on ¢, < ¢ < ¢, and properties (A.14)-(A.17) and (A.23). These
properties can in turn be translated into:

-zm <AV (i.0)=<o0 fori<s;

AV (i,0,)>0 fori>s;

AV (i,0,) isincreasing for i > s ;

V (0,0,) <V (S,,6,)+K ;

V(0,6,)+ 7>V (5,6,)+K .
These properties at ¢ = ¢, are the counterparts to properties (A.6)-(A.10) at ¢ = o, . Therefore, if we
repeat the steps in the proof of Proposition 4, we can prove the optimal order-up-to level at ¢ = ¢, and a
similar set of properties for v (i,,) . Repeated over and over, these allow us to prove Theorem 1. The
fact that v (i,e) , for any fixed ¢ , is decreasing in i for i < s(¢) and convex increasing in i > s(¢) shows

it is quasi-convex. O

Proof of Proposition 5 Recall that TcC (i,9) is the expected total (newsvendor) cost function under which

the optimal order-up-to level for H2 is determined, and it can be written as:

i o

TC@[,0)=3 p(j,0 -0,V (i-1,0)+73 p(i,0-0,)(j—i+A6,).

j=0 j=i+l

Therefore,



ATC(i,0)=TC(i+1,0)-TC(i,0)
=Y p(i.0 -6,V (i+1-).0,)+7 z p(j.60-6,)(i-i-1+46,)
=3 P 0 -0,V (i-j,0)-7> p(i,0-0,)(j-i+A6,)

j=0 j=i+l

= z P(J.0-0)[V(i+1-],0))-V(i-]j0)]+p(i+1,6-0,)V(0,0,)

i=0

~aP(i+1,0-6,)-720,p(i+1,0-0,)

=3 p(i0-0)[V(i+1-j,0,)-V(i-]6)]-zP(i+1,60-86,),

i=0

as v (0,0,) = 716,.

We now prove the result by induction. First, consider 9 <o <o, .

© w© s} w©

E[N(i,6,6,)]1=3 Pr[N(i,6,6,)>n]=> PriD( - 6,) >n(S, +1)+i1=> > p(n(S, +1) + j.0 - 6,),

n=0 n=0

so from (3) we get:
V(i.0)=KY Z p(n(S, +1)+ j,0-0,)
o i So ]
+Z{Z p(n(S,+1)+ j.0-0,)V(i-j.6,)+ Z P(N(S, +1)+ j,0-0,)V (S, +1+i-j,0,)},
n=0 | j=o0 j=isl

(A.24)

and,

AV (i,0) =V (i+1,0) -V (i,0)
=3 p(n(S,+ 1) +i+1,0 -0,)[V(0,0,)-V(S,.0,) - K]+ p(j.0-0)[V(i-j+10)-V(i-]0,)]

n=0 j=0

+z z p(n(S, +1) + j,<9—90)[V (i+1-j,0,)-V(i- j,00)]
+Z i p(n(S, +1) + j,H—HO)[V(S0 +2+0-J,0,)-V (S, +i+1- j,eo)]
>3 p(j.0-6)[V(i+1-.0,)-V(i-]6,)]-7P@{+16-86,)

i=0

= ATC(i,0),



where we have used the following facts:

o [V(0,6)-V(S,0,)-K]|=-x due to (A.10)

e AV (i.g)>-z fori<i<s dueto(A.6),and

) o i E3 Sy

Sp(n(S,+1)+i+1,0-0)+> > p(n(Sy+1)+ j,0-0)+> > p(n(S,+1)+ j,0-0,)

EY i

=Y p(n(Sy+1)+i+1,0-0)+> > p(n(S,+1)+ j.0-6,)

n=0 n=0 j=0
) ® Sy i
+3 3 p(n(Sy+ )+ §,0-0)-> p(j.0-0,)
n=0 j=i+2 i=0

© S, i

=Y Y (S, + D)+ §.0-0,)-3 p(j.0-0,)

n=0 j=0 j=0

—P(i+1,0-0,). (A.25)

This means that the optimal order-up-to level for TC(i,9) is greater than or equal to that for v (i,9) ,

proving the result for ¢ <o <o, .
0 1

Next, suppose AV (i,0_ )= ATC (i,0,),vi.We then prove that AV (i,9) > ATC(i,0), forall i and for all

6, <6 <0, . Similarto (A.24), we have:

@ @

V(i,0)=KY Y p(n(s, +1)+j.0-0,)

n=0 j=i+1
© i S

+Z{z p(n(Sm+1)+ j,&—&m)v(i— j.60,)+ Zm: p(n(Sm+l)+ j,@—&m)v (S, +1+i- j,Hm)]}.

n=0 ( j=0 j=i+1
Now,

AV (i,0)

ES o

K> p(n(s,+1)+j0-0,)-K Z p(n(S,+1)+j.6-0.)

j=i+2 j=i+l

)
| |
| |
| i |
:+z p(n(S, +D)+ .0 -0, )V (i+1-j,0,)-3 p(n(S,+1)+ j.0-0,)V(i-j0, }
. . |
|L+Z p(n(Sm+1)+j,H—Hm)V(Sm+2+i—j,6’m)—Z p(n(Sm+1)+j,@—em)V(Sm+1+i—j,9m)J

j=i+2 j=i+l



Grouping Vv (.,.) terms with the same probability weights, we get:

AV (i,0)
(
-Kp(n(S, +1)+i+1,0-0_)

=z + p(n(S, +1)+ j,0-6 )[V(i+1-j,0,)-V(i-jo)]+pn(S,+)+i+1,0-6_)V(0,0,)

j=0

S

=i+2

)
}
\
\
\
\
+ P(N(S, +1)+ .6 -0, )[V(S, +2+i-J,0,)-V(S, +1+i-],0,)]- p(n(sm+1)+i+1,a—em)V(sm,em)J

p(n(S, +1)+i+1,6 -6, )[V(0,6,)-V(S,.0,)-K]

:z +z p(n(S, +1)+ j,06-0 ) )[V(i+1-j,0,)-V(i-j0.)]

n=0 j=0

S

j=i+2

|
|
i
|
L
l( |
|
|
i
l

|

|

|

|

|

m |

+ > p(n(S, +1)+ j,0-0 )V (S, +2+i-],0 )-V(S +1+i- j,¢9m)]J|

=3 p(n(S, +1)+i+1,0-0,)[V(0.0,)-V(S,.0,)-K]

n=0

+3 p(0 -0 )[V(i+1-j.0,)-V(i-]6)]

+ Y p(n(S, +1)+ j,0-0)V(i+1-j0 )-V(i-]0)]

n=1 j=0

o Sy

+Z z p(n(S, +1)+ j,0-0 )[V(S,+2+i-j,0,)-V(S, +1+i-j,0.)]
n=0 j=i+2
>—z p(n(s, +1)+i+1,0—9m)ﬂ+z p(j,0 -6 )ATC(i- j,0,)
n=0 j=0
i © Sy

‘2 Y p(S, +0)+00-0 )7 -3 > p(n(S, +1)+j,0-0)x

n=1 j=0 n=0 j=i+2

=> p(i,0-6,)ATC(i-j,60,)-zP(i+1,6-6)

i=0

= ATC(i,0),

where we have used the following facts:
e V(0,0)-V(S,0)-K >-r issatisfiedfor s =s_,o =0, from the proof of Theorem 1,
e AV (i,0)>-x fori<i< s, is satisfied for ¢ = ¢_, from the proof of Theorem 1,

e AV (i-j,0,)>ATC(i- j,0,) frominduction assumption, and similar to (A.26):



o just like (A.26),

E3 i o S

op(n(s, +)+i+1,0-0)+> > p(n(S +1)+j0-6 )+ Z p(n(S_ +1)+ j,0-0_)

n=1 j=0 n=0 j=i+2

=P(i+1,6-9,).
This means that the optimal order-up-to level for TC(i,6) is greater than or equal to that for v (i, )

for o <0 <eo__, thus completing the induction proof. O

+1!

Derivation of the base stock condition for Heuristic H3 Suppose we are at ¢ . Then we base our

ordering decision on the expectation that if we run out at X, ¢, < x < ¢ , an average cost of K +V (S(x), x)
will be charged. We approximate v (s (x),x) by the optimal newsvendor cost at time ¢,

g(@,)=n(r6,+1) - K.

Let G(S,6) be the expected total cost for the heuristic that needs to be minimized. Then:

G(S,0)=[K +g(,)IP(S+1,0-0,)+ > [WE, (S—j-Y) +zE (j+Y -8)"1p(j,0-6,),

j=0
where, to simplify exposition, we have used Y to represent the random demand in (0,6,) . Now:

G(S,0)-G(S-1,0)
=—(n10, +7r)p(S,6—00)+7z190p(8,0—90)+2 [wW-(w+7z)P(S~1j,0)1p(j,0-0,)

j=0

= w-(w+7)P(S-jo)Ip(i.0-6,).

As a heuristic, we use first order condition to choose the order up to level at time 6, s(9), to be the

largest S such that 3" [w - (w + 7)P (S - j6,)1p(j.0 —6,)<0. 0

j=0
Derivation of the base stock condition for Heuristic H4 Suppose we are at 6 . Then, we base our

ordering decision on the expectation that if we run out at X, ¢, < x < ¢ , an average cost of K +V (S(x),x)

will be charged. We approximate Vv (s(x),x) by applying the mean value theorem as follows:



V (S(6),6)-V (S,.6,)

V(S(x),x) =V (S,,0,)+ (x-46,)
0-0,
= ﬁ(ﬂ,60+1)— K +V(S(0)'9)_V(So'go) (X_eo)'
0 -0,
g(0)-9(9,)

Furthermore, we approximate v (s (6),6) by g(¢) . Define g(9) = , then

V(S(x),x)= (A0, +1) = K + B(0)(x~-0,).
Note that by Lemma 2 g(9) < 0. Again, let G(S,9) be the expected total cost for the heuristic that

needs to be minimized. Then:

G(S,0)=J':(7z%6’o+ﬂ—ﬂ(@)(&o—x))ﬂp(S,é)—x)dx+Z[wEY(S - Jj-Y) +zE, (j+Y -8)"Ip(j.0-9,)
:I 7U(;r/16‘0+7r—ﬁ(9)(6)0—6‘+x))ip(S,x)dx+Z[WEv(S— i-Y) +xE, (j+Y =S)1p(j.0-6,)

i=0

S +1

= (720, + 7 — (0)(0 —0,))P(S+1,0 -0,) + B(OIP(S +2,0-6,)

S

+> [NE,(S-j-Y) +7xE (j+Y =S) 1p(i,0-6,),

i=0

where, again, Y represents the random demand during (0,6,) . Then:

AG(S -1,0)=G(S,0)-G(S-1,0)

= —[ﬂ/IHU + 7 —ﬂ(€)(¢9—90)] p(S,Q—HO)—&ﬂ(Q)p(S +1,0-0,)
A

+i,8(0)P(S +1,0-0)+7460,p(S-1,0-0,)+ z:‘[w—(w+7r)P(S - §,0.)1p(j,0-98,).
A

j=0
Since (s +1)p(S +1,0 —0,) = 21(0 - 0,) p(S,0 - 0,) , We get

AG (S 71,0):iﬁ(0)P(S +1,0*00)+Z[W*(W+H)P(S - §.0.)1p(j.0,-0).
A

j=0
As a heuristic, we use first order condition to choose the order up to level at time 6, S (¢) , to be the

largest S such that iﬁ(a)P(s +1,0 —0,)+ > [w—(w+7)P(S—,0)Ip(j,0 -6,)<0. O
2

i=0



Table for retailer average order quantities mentioned in Section 4.1

A=50 A=100 =200
T K=1 | K=5 | K=25| K=1 K=5 K=25 K=1 K=5 K=25
Optimal | 49.64 | 47.73 [ 0.00 | 99.77 | 97.78 | 96.00 | 199.56 | 197.62 | 194.00
H1 47.00 | 47.00 [ 0.00 | 96.00 [ 96.00 [ 96.00 [ 194.00 | 194.00 | 194.00
0.50 H2 50.91 | 47.73 | 0.00 | 101.84 [ 98.80 | 96.00 | 202.64 | 199.62 | 194.00
H3 49.60 | 48.53 | 0.00 | 99.67 | 98.80 [ 96.00 | 199.46 | 199.21 | 194.00
H4 4942 1 4701 0.00 [ 99.56 [ 97.36 [ 96.00 [ 199.38 | 197.42 | 194.00
Optimal | 50.75 | 50.57 | 50.00 | 100.87 | 100.95 | 100.01 | 200.80 | 201.08 | 200.56
H1 50.00 | 50.00 | 50.00 | 100.00 | 100.00 | 100.00 | 200.00 | 200.00 | 200.00
1.00 H2 53.05 | 51.61 | 50.00 | 104.39 | 103.11 | 100.01 | 206.17 | 205.02 | 200.56
H3 50.32 | 51.63 | 50.00 | 100.39 | 102.21 | 100.01 | 200.28 | 202.31 | 201.48
H4 50.59 | 50.14 | 50.00 | 100.70 | 100.36 | 100.01 | 200.70 | 200.55 | 200.56
Optimal | 50.97 | 52.89 | 54.30 | 101.25 | 103.26 | 106.12 | 201.19 | 203.37 | 207.88
H1 55.00 | 55.00 | 55.00 | 107.00 | 107.00 | 107.00 | 209.00 | 209.00 | 209.00
3.00 H2 56.28 | 56.24 | 55.21 | 108.90 | 108.73 | 107.75 | 211.90 | 211.74 | 210.74
H3 50.48 | 53.12 | 55.21 | 100.71 | 103.35 | 108.62 | 200.63 | 203.08 | 211.53
H4 51.04 | 51.90 | 54.30 | 101.45 | 102.13 | 106.12 | 201.43 | 202.15 | 207.21
Optimal | 51.17 | 53.59 | 57.75 | 101.39 | 103.54 | 109.54 | 201.34 | 204.00 | 211.30
H1 59.00 | 59.00 | 59.00 | 113.00 | 113.00 | 113.00 | 218.00 | 218.00 | 218.00
9.00 H2 59.54 | 59.56 | 59.42 | 113.77 | 113.71 | 113.58 | 219.06 | 219.00 | 218.95
H3 50.69 | 52.64 | 59.44 | 100.88 | 102.60 | 111.89 | 200.73 | 202.63 | 214.15

H4 51.62 | 52.02 | 56.25 | 101.83 | 102.05 | 107.50 | 201.94 | 202.37 | 207.96
This table presents the average order quantity ordered by the retailer across the whole horizon for

different combination of parameter values.



