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Abstract 
 

In this paper, we devise a framework for obtaining the optimal ordering policy in a single location, 

continuous review inventory system with arbitrary inter-demand times. We show that it is optimal to 

order at demand arrival epochs only if the inter-demand time has constant or decreasing failure rate 

(CFR or DFR). When the inter-demand time has increasing failure rate (IFR), we show that the 

optimal policy is to delay the order.  We then extend this policy to multi-echelon distribution 

systems consisting of one supplier and many retailers.  Both decentralized and centralized systems 

are considered.  We derive expressions and procedures for the evaluation of total cost and the 

computation of optimal delay in all settings considered.  More importantly, we study the impact of 

our delay policy in all the settings. The numerical results indicate that for the single location model, 

the optimal delay can reduce the total cost significantly.  Results from the single location model can 

be applied to the decentralized multi-echelon system, where the upstream supplier acts as a single 

location system.  The supplier order delay can also have a significant impact (either positive or 

negative) on the retailers’ total cost as well as the system’s total costs.  Finally, the impact of 

supplier order delay is minimal in the centralized multi-echelon setting.  We offer an intuitive 

explanation for this observation. 
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1. Introduction 

The literature on single location continuous review inventory models is rich and many studies 

have developed frameworks for analyzing and computing optimal or near optimal parameters of the 

well known (s,S) and (Q,R) policies under different settings (see Hadley and Whitin 1963, Tijms 

1971, Sivlazian 1974, Nahmias 1976, Sahin 1979 and 1982, Zipkin 1986a &b, Zheng 1992, and 

Federgruen and Zheng 1992, etc.). It is well known that in single location systems under continuous 

review and Poisson demand, the (Q,R) policy, where orders are placed only at demand epochs, is 

optimal. However, when demand follows an arbitrary renewal distribution, the (Q,R) policy is no 

longer optimal as order epochs may not coincide with demand epochs.  

In this paper, we consider continuous review inventory systems where demand forms a 

renewal distribution with arbitrary inter-demand distribution, and introduce an order delay policy 

referred to as the (Q,R,T) policy.  Under this policy, a replenishment order will be placed T time 

units after inventory position reaches R, or when the next demand occurs (and the inventory position 

decreases to R-1), whichever occurs first.  It can be easily verified that the classical (Q,R) policy is a 

special case of the (Q,R,T) policy for T=0. The question we ask in this paper is not whether the class 

of (Q,R,T) policies will outperform the class of (Q,R) policies, but rather by how much.  More 

importantly, we analyze this policy in a multi-echelon setting as well. Finally, we investigate the 

effect of system parameters (cost, leadtime, demand, etc.) and system configuration (single location 

vs. multi-echelon, centralized vs. decentralized, etc.) on the magnitude of cost savings. 

We will show that in the single echelon setting, when the inter-demand time exhibits 

decreasing or constant (i.e., Poisson demand) failure rate (DFR or CFR), it is indeed optimal never to 

delay the order. However, when inter-demand time has increasing failure rate (IFR), then by 

delaying and observing the elapsed time since last demand, the system can get more “up-to-date” 

information on the time until next demand and improve its performance by delaying the order 

placement. We show that the magnitude of such improvements can be quite significant. An 
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important application of this model is to the upstream site (supplier or warehouse) in a distribution 

system, where due to downstream (retailers) batch-ordering, (see Duermeyer and Schwarz 1981, 

Nahmias 1981, Lee and Moinzadeh 1987, Moinzadeh and Lee 1986, Svoronos and Zipkin 1988 and 

Axsater 1990 for examples), inter-order times from each of the downstream sites is IFR.  For 

instance, when external demand at the downstream locations is Poisson, the inter-order times from 

each site is Erlang, which is IFR. Clearly, in such settings, it may be optimal for the up-stream 

installation to delay its order placement. 

 In this paper, we also study order delay in a multi-echelon setting, both decentralized and 

centralized.  In a decentralized distribution system where retailers order in batches larger than one, 

the supplier operates like a single location model facing IFR demand and uses an order delay policy. 

Clearly, the single location results suggest that the supplier will be better off.  However, the impact 

of the supplier order delay on the retailers is more complex. For instance, if the supplier keeps the 

same R as that in the classical (Q,R) policy and uses a delay T, then the retailers will be worse off as 

their leadtimes will be stochastically larger. But, if the possibility of an order delay causes the 

supplier to increase its R to R+1 and then use a delay T, then the delay policy used by the supplier 

can actually benefit the retailers. In a numerical experiment, we observe that the impact on the 

retailer costs can be significant. 

In a centralized serial inventory system, it is well known that echelon-based inventory policy 

is optimal (see Clark and Scarf 1960, Axsater and Rosling 1993 and Chen 1998).  For centralized 

distribution systems with multiple retailers and one supplier (i.e., warehouse), the general form of 

the optimal policy is not known. In all previous works, (Q,R)-type policies have been employed as 

the order policy of choice in all locations and the optimal parameter values are found for both the 

retailers and the supplier. For examples, see Duermeyer and Schwarz (1984), Lee and Moinzadeh 

(1987), Moinzadeh and Lee (1986), Svoronos and Zipkin (1988) and Axsater (1990). In this paper, 

we will consider a similar system to those mentioned above, employ the (Q,R,T) order policy at the 

supplier and study its impact on such systems.  Numerical results suggest that the order delay has 
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minimal impact on the system cost.  We provide an intuitive explanation based on the results in the 

decentralized setting. 

To summarize, the contribution of this paper is two fold:  First, in a single location setting, 

we use a delay policy and identify the conditions when it is optimal.  Second and more important, we 

apply the order delay policy to both the centralized and decentralized distribution systems, and 

compare them with systems that do not use order delay. Furthermore, we identify the settings where 

employment of delay policies at the supplier is most critical in such distribution systems. 

 The only papers known to the authors that deal with general, non-Poisson, demand process 

are Schultz (1989), Moinzadeh (2001) and Katircioglu (1996).  Schultz (1989) studies the concept of 

order delay in an (S-1,S) inventory setting where S, the maximum stocking level, is set at one.  

Moinzadeh (2001) considers a single location inventory system in the (S-1,S) setting where demand 

follows an arbitrary renewal distribution.  He proposes an improved order policy, which is based on 

delaying the order placement in such systems; that is, an order will be placed T time units after a 

demand occurs. The optimal delay, T, however, is fixed and not determined in real time.  This policy 

is suboptimal as it does not take into account the demand activities during the delay period, T. Even 

so, it is shown that this order policy with delay can result in significant cost savings compared with 

the traditional (S-1,S) policy. The method of study in this paper is based on Moinzadeh (2001), and 

provides a significant improvement.  

Katircioglu (1996) also considers the single location version of our problem. Although the 

results are similar, our method of analysis is different. Furthermore, unlike Moinzadeh (2001) and 

Katircioglu (1996), we consider in this paper the order delay policy in distribution systems 

consisting of one supplier and multiple retailers, both centralized and decentralized, and study the 

effect of such a delay on system costs. We identify the settings when employment of delay policies 

at the supplier is most critical in such distribution systems. 

The rest of the paper is organized as follows: In Section 2, we study the delay policy in a 

single-echelon setting and identify the conditions when it is optimal. Then in Section 3, we expand 
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our analysis to a multi-echelon distribution system. In Section 4, we numerically study the impact of 

the delay policies on costs for single location, both centralized and decentralized multi-echelon 

distribution systems. We close in Section 5 by summarizing the contribution of this study and 

suggesting avenues for future research. All the proofs can be found in the appendix. 

2. A Single Location Model 
 

We study a continuous review inventory system where demand is of unit size and follows a 

renewal process with a mean rate λ. Lead time is a constant, L, and any excess demand is 

backordered. We propose the following dynamic delayed ordering policy, which we call the 

delayed-order policy: 

When the current system inventory position is r and it has been t time units since last demand 

occurrence, an order of Q will be placed τr(t)  time units from now. 

Note that the delayed-order-policy is the optimal class of policies in such systems as at any 

inventory level, the ordering decision is examined at any point in time. We will show that the 

optimal policy parameters under this policy will be such that the resulting policy operates like a 

(Q,R,T) policy. For fixed Q, the optimal value of τr(t)  can be found by minimizing the average total 

cost rate when inventory position is r and an order will be placed. We now derive an expression for 

this average cost rate. Consider a unit in an order, say, the kth unit (k=1,…,Q).  This unit will be 

assigned to the (r+k)th future demand. The expected cost associated with this unit, consisting of 

holding and backorder costs, will be: 

( ) ( ){ }( ) ( )t
r k

t t
r k r r r kY

E h Y L t L t Yτ π τ
+

+ +

+ +⎡ ⎤ ⎡ ⎤− + + + −⎣ ⎦ ⎣ ⎦ , 

where Yr + k
t  denotes the time until the (r+k)th future demand when the last demand occurred t time 

units ago (all necessary notations are defined in Table 1).  
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Table 1: Notation for the single location model 

Q fixed order quantity 

 R maximum inventory position level that triggers an order 

τr(t) order delay when inventory position is r and time t have elapsed since last 

demand (to simplify notation, the subscript will sometimes be suppressed) 

L constant order leadtime 

h unit holding cost per unit time 

π unit backorder cost per time unit 

X random variable representing the i.i.d. inter-demand times 

)(/)( ⋅⋅ Ff  PDF/CDF of X 

∑ =
=

k

i ik XZ
1

 k-fold convolution of X for 0>k , 00 =Z , kk ZZ −−=  for 0<k  

tY1  random “residual life” of X when t time units have elapsed; i.e., time until 

the next demand when the last demand occurred t time units ago 

)(/)( 11 ⋅⋅ tt Gg  PDF/CDF of tY1  

1,11 ≥∀+= − kZYY k
tt

k  time until the kth  future arrival, when t time units have elapsed since last 

demand epoch for 0>k , tY t −=0 , k
t

k ZtY +−=  for 1−≤k  

)(xGt
k  CDF of t

kY  

, ( ) ( )
j

t t
i j k

k i
H x G x

=

= ∑  The sum of the Gk functions for k = i to j 

 

We will fix Q throughout the paper; then for each r and t, we find the optimal delay τr(t) which 

minimizes the average total cost rate when inventory position is r and an order will be placed as 

follows: 

( ) ( ){ }( ) 1
min ( ) ( )t

kr

r Q
t t

k r r kYt k r
E h Y L t L t Y

Qτ

λ τ π τ
+ + +

= +

⎡ ⎤ ⎡ ⎤− + + + −⎣ ⎦ ⎣ ⎦∑ .  (1) 
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Finally, once the optimal delay τr(t) is fully characterized, we find the optimal value of r for the 

delayed order policy. Note that since τr(t)  is updated continuously for all r and t, an order will be 

placed only when τr(t)=0 (when τr(t)>0, its exact value is not important; an order will not be placed). 

The objective function in (1) is convex in τr(t), so it suffices to analyze the first order derivative of 

the objective function (where , ( ) ( )jt t
i j kk i

H x G x
=

= ∑ ): 

( ) ( ) ( )1,
1

Pr ( ) Pr ( ) ( ) ( ) .
r Q

t t t
k r k r r r Q r

k r

FO h Y L t Y L t hQ h H L t
Q Q
λ λτ π τ π τ

+

+ +
= +

⎡ ⎤ ⎡ ⎤= − ⋅ > + + ⋅ ≤ + = − + + +⎣ ⎦⎣ ⎦∑
    (2) 

All the proofs of the Lemmas and Theorems to follow can be found in the Appendix. 

Lemma 1  

(1) When r+Q≤0, it is optimal not to delay orders.  That is, τ r (t) ≡ 0 . 

(2) When r+Q>0, the optimal delay satisfies ( ) 1

1,( ) t
r r r Q

hQt H L
h

τ
π

+
−

+ +

⎡ ⎤⎛ ⎞= −⎜ ⎟⎢ ⎥+⎝ ⎠⎣ ⎦
. 

Lemma 2  

(1) When X has DFR, τr(t) is non-decreasing in t. 

(2) When X has CFR, τr(t) is constant in t. 

(3) When X has IFR, τr(t) is non-increasing in t. 

 

The first two statements in Lemma 2 imply that if it is optimal not to order at a demand 

epoch, it is optimal not to order as long as the inventory position remains the same (i.e., 

(0) 0 ( ) 0,t tr rτ τ> ⇒ > ∀ ).  Therefore, we have: 

 
Theorem 1 If the inter-demand time distributions have DFR or CFR, then it is optimal to 

place orders only at demand epochs.  

Corollary 1 When the demand process follows a Poisson process, it is optimal to order only at 

demand epochs. 
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Figure 1: The τr(t)  Curves for )0()(lim rrt t ττ =1+∞→  
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Now we focus on the more interesting case of IFR. Examples of IFR demand abound in 

practice. For example, uniform and Erlang distributions have IFR, and for some parameter 

combinations, the Weibull distribution also has IFR.   

Lemma 3 Suppose the inter-demand time has IFR.  For any r, ( )r tτ  is decreasing in t, and 

1lim ( ) (0)r rt
tτ τ+→∞

≥ . 

In Theorem 2, we characterize the optimal policy parameters under the proposed delayed policy.  

Theorem 2 Let r  = min{r: 0)0( >rτ }. 

(a) If 0)( =trτ  for some finite t, then let R= r  and T = inf{t: 0)( =tRτ }. 

(b) If 0)( >trτ  for all finite t, then let R= 1−r  and T = 0. 

The following policy is the optimal delayed-order policy: 

(1) When r>R, it is optimal not to order for all t. 

(2) When r=R, it is optimal not to order for t<T; and it is optimal to order at T. 

(3) When r<R, it is optimal to order for t=0 (i.e., no delay). 

The results in Lemma 3 and Theorem 2 are illustrated in Figures 1 and 2 where the behavior 

of τr(t) is depicted as a function of t for different values of r.  In Figures 1 and 2, the two (a) panels 

correspond to (2) in Theorem 2, and the two (b) panels correspond to (3) in Theorem 2. 
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Numerically, one needs to calculate τr(0)  for the various values of r, and use Theorem 2 to 

find R. Moreover, for this R, if the optimal T is positive, the first order condition of optimality can be 

used to find the T such that τR(T)=0; that is, ( )1,
1

( )
R Q

T T
k R R Q

k R

hQ G L H L
hπ

+

+ +
= +

= =
+ ∑ . The right hand 

side of the equation is decreasing in T, so a numerical method could be used to solve this equation.  

An important implication of Theorem 2 is that if the system starts out with a very high inventory 

position r, then the curve would never intersect with the horizontal axis (case 1 in Theorem 2). Then 

no orders will be placed until the next demand epoch, and so on, until the inventory position finally 

drops down to R (case 2). So effectively, we are reducing the inventory position from r to R. 

Similarly, when the system starts out with very low inventory position r (case 3), successive orders 

of size Q will be placed right away to bring the inventory position to above R. 

When the inventory position reaches R, an order will be placed after T time units or when 

the next demand arrives, whichever occurs first. Therefore, when the system is in steady state, an 

order will be placed only in two situations: 

(1) inventory position is R-1; or 

(2) inventory position is R, and it is been T time units since last demand. 
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This clearly demonstrates that the optimal delayed-order policy is a (Q,R,T) policy.  Now, 

the expected total cost rate of a (Q,R,T) policy for any fixed Q, which consists of the average cost 

rate if demand occurs before T is expired and the average cost rate if T expires before an occurrence 

of a demand, can be expressed as: 

( ) ( ) [ ]

( ) ( ) ( )

1

1

1 1
1 1

0 0

1 10
1 1

0 0

( )

( )

k k

k k

Z k k Z kT
R k R Q R k R Q

k k

T

Z k k Z k
R k R Q R k R Q

k k

E h Z x T L L T x Z E Z T L f x dx

E h Z L L Z E L x Z f x dx

π π

π π

− −

− −

∞ + +
− − −

+ ≤ ≤ + + ≤ ≤ +
> ≤

+ +
− − −

+ ≤ ≤ + + ≤ ≤ +
> ≤

⎧ ⎫
⎪ ⎪⎡ ⎤+ − − + + − − + + +⎨ ⎬⎣ ⎦⎪ ⎪⎩ ⎭

⎧ ⎫
⎪ ⎪⎡ ⎤+ − + − + + +⎡ ⎤⎨ ⎬⎣ ⎦⎣ ⎦⎪ ⎪⎩ ⎭

∑ ∑∫

∑ ∑∫

   (3) 

The optimal delay T can be found by applying Lemma 1 and Theorem 2. 

The first order derivative is as follows: 

( ) ( )

( ) ( ) [ ]

( ) ( )

1

1

2 1 1
1 1

0 0

1 1
1 1

0 0

1 1
1

Pr 0 Pr 0 ( )

( )
k k

k

k kT
R k R Q R k R Q

k k

Z k k Z k
R k R Q R k R Q

k k

Z k k
R k

FO h Z x T L L T x Z f x dx

E h Z L L Z E Z T L f T

E h Z L L Z

π π

π π

π

− −

−

∞

− −
+ ≤ ≤ + + ≤ ≤ +

> ≤

+ +
− − −

+ ≤ ≤ + + ≤ ≤ +
> ≤

+ +
− −

+ ≤ ≤

⎧ ⎫
⎪ ⎪= − + − − > + + − − > +⎡ ⎤⎨ ⎬⎣ ⎦
⎪ ⎪⎩ ⎭

⎧ ⎫
⎪ ⎪⎡ ⎤− − + − + + +⎨ ⎬⎣ ⎦⎪ ⎪⎩ ⎭
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F T Q h Z y L g y dy
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⎢ ⎥⎣ ⎦
⎡ ⎤
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R Q L+⎡ ⎤⎣ ⎦
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Comparing equation (4) with equation (2), we find that for any optimal (Q,R,T) policy where 

FO2=0 in  (4), setting ( ) 0R Tτ =  will also satisfy FO=0 in (2).  Therefore the optimal R, T values 

are the same for both the (Q,R,T) policy and the delayed-order policy. 

 

Remark 1: The model in Moinzadeh (2001) is a special case of our delayed-order policy model for 

the (S-1,S) setting. Moreover, Moinzadeh (2001) assumes that the order delay, τ, is static, fixed, and 

not allowed to change in real time. In the event that many demand orders occur after inventory 

position reaches S-1, and before τ has expired, which would have triggered an order under our policy 

before τ, the policy in Moinzadeh (2001) would still place an order after the fixed τ. Clearly this is 

less effective.  

 

Remark 2: Katircioglu (1996) studies the (Q,R,T) policy using a different approach.  He first 

analyzes a single unit in the order, then uses induction to extend it to multiple units, and, later, 

infinite time horizon.  Like Moinzadeh (2001), Katircioglu (1996) studies only the single-echelon 

problem.  Our analysis of the multi-echelon distribution system is presented in the next section. 

3. A Multi-Echelon Distribution System 

 Now we will apply our (Q,R,T) policy to a distribution system. We will follow the classic 

setting for distribution systems (see Svoronos and Zipkin 1986, Axsater 1990 and Moinzadeh 2002). 

In such a system, there are N identical retailers and one supplier. Demand at each retailer follows a 

Poisson process with rate λ; as a result, each retailer follows a (Q,R) policy when placing orders. 

Excess demand is backordered at the retailers.  Upon placement of an order, if the supplier has stock, 

it will fill the order immediately; otherwise, the retailer’s order will be delayed until the supplier has 

sufficient stock to fill the order.  It is assumed that the transit time from the supplier to the retailer is 

fixed and constant L. The supplier orders its stock from an outside source, which is assumed to have 
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ample stock. We assume that the supplier’s order quantity, Q̂ , is an integer multiple of retailer’s 

order quantity, Q; that is, Q̂ =mQ (m=1,2,..). Finally, the order leadtime from the outside source to 

the supplier is assumed to be a constant L̂ . (Throughout this section, we will apply the ˆ notation to 

all the parameters, variables, and functions associated with the supplier.) 

In this section, we first analyze the demand process at the supplier, and show that it follows 

an IFR process.  Then, we will examine the supplier’s use of the delayed-order policy both in the 

centralized and decentralized settings. 

Since demand at the retailers is Poisson demand and a (Q,R)  policy is employed by the 

retailers, each retailer’s inter-order time has an Erlang distribution with mean Q/λ and shape 

parameter Q (denoted as Erlang(λ/Q,Q)).  We start by examining a random epoch when the supplier 

receives a retailer order. Without loss of generality, assume that Retailer 1 just placed the order.  

Thus, the inventory position at Retailer 1 will be R+Q just after order placement. It is well known in 

the literature that the inventory positions at the other retailers are uniformly distributed on {R+1, 

R+2, …, R+Q}.  The following three Lemmas will show that the random time until the next order at 

the supplier by any retailer has IFR.  

Lemma 5 Any Erlang distribution has IFR. 

Lemma 6 At any retailer order epoch, all the other retailers have IFR time until next order. 

Lemma 7 The minimum of independent IFRs is also IFR. 

Together, the three Lemmas imply that the inter-demand time seen by the supplier is IFR. 

Proposition 1 If the retailer order size, Q, is greater than 1, then the inter-order time at the supplier 

has IFR. 

Since retailers see Poisson demand, they will order only at their own demand epochs.  It is 

the supplier who should optimally introduce delay into its own ordering.  
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Centralized Setting In the centralized setting, the retailers and the supplier belong to the same 

company.  Therefore the objective is to find the optimal inventory policy parameters for the retailers 

and the supplier jointly, in order to minimize total supply chain cost, consisting of holding and 

penalty cost at the retailers and holding cost at the supplier. We assume that the retailers are identical 

and they all use a (Q,R) policy. We  assume that the supplier follows a ( Q̂ , R̂ , T̂ ) policy. When 

retailers are identical, under the standard assumptions made here which is in line with previous work 

in the literature (see Svoronos and Zipkin 1986, Chen 1998 and Axsater 1993), it is reasonable to set 

the supplier’s reorder point to be a multiple of Q (see Zipkin 2000, pp. 320 for a discussion). Thus, 

we assume that R̂ = r̂ Q.   Recall that a delayed-order policy for the supplier means: 

When the inventory position reaches R̂ , the supplier places an order of quantity Q̂ , T̂ time 

units in the future or when the next retailer order is received, whichever occurs first.  

Let us now follow a supplier order. This shipment will be used to satisfy the ˆ( 1)thr + , ˆ( 2)thr + , 

…, ˆ( )thr m+  retailers’ future orders.  There are two costs associated with this order:  

• 1C , the supplier’s expected holding cost (when a shipment arrives at the supplier before its 

corresponding retailer order) per unit in an order. 

• 2C , the expected retailer holding (when units arrive at the retailer before their corresponding 

demands arrive at the retailer) and penalty cost (when units arrive at the retailer after their 

corresponding demands arrive at the retailer) per unit in an order. 

We will analyze the two costs one by one: 

Let 1 1
ˆ ˆ ˆ ˆ( ) if 0ˆ

0 if 0
j

j
Z Z T L jV

j

+
+

−
⎧⎡ ⎤+ − − >⎪⎣ ⎦= ⎨
⎪ ≤⎩

, then ˆ
jV  is the time that the supplier order 

arrives at the supplier before the ˆ( )thj r−  future retailer order shows up, where j = r̂ + 1, r̂ + 2, …, 

r̂ + m.  Consequently,  
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ˆ ˆ

1 1 1
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ˆ ˆˆ ˆ ˆ ˆ ˆ[ ] ( )
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Moreover, let  

{ }
1 1

1

ˆ ˆ ˆ ˆ( ) if 0
ˆ

ˆ ˆ ˆ ˆmin , if 0

j

j

j

L Z T Z j
W

Z T Z L j

+
+

−

−

⎧⎡ ⎤− − − >⎪⎣ ⎦= ⎨
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.    (5)  

Then ˆ
jW  is the time that the supplier order arrives at the supplier after the ˆ( )thj r−  future retailer 

order shows up, where j = r̂ + 1, r̂ + 2, …, r̂ + m.  (W is also called the retard).  When a retailer 

orders from the supplier, if it becomes the jth order in the supplier order, then the total leadtime for 

this retailer’s order is ˆ
jL W+ . Define the time it takes for the ( )thi R−  future customer order to 

arrive by iZ , i =R+1, R+2, …, R+Q. Then iZ  is an Erlang random variable with parameters λ/i and 

i.  Clearly, the retailer order arrives ahead of the corresponding customer order if and only if 

ˆ
i jZ L W> + . Therefore, the holding cost is ˆ

i jh Z L W
+

⎡ ⎤− −⎣ ⎦  and the penalty cost is 

ˆ
j iL W Zπ

+
⎡ ⎤+ −⎣ ⎦ . Thus,  

{ }2
1, 2,...,

ˆ ˆ ˆ1, 2,...,

ˆ ˆ ( )i j j i
i R R R Q
j r r r m

C hE Z L W E L W Z mQπ
+ +

= + + +
= + + +

⎡ ⎤ ⎡ ⎤= − − + + −⎣ ⎦ ⎣ ⎦∑ . 

 

Theorem 3 In the centralized setting, the expected total system cost rate can be expressed as:     

( )

{ }
1 2

ˆ

1 1
ˆ 1 1, 2,...,

ˆ ˆ ˆ1, 2,...,

ˆ ˆ ˆ ˆ ˆ ˆ( ) ( ) .
r m

j i j j i
j r i R R R Q

j r r r m

TC N C C

N hE Z Z T L m hE Z L W E L W Z mQ

λ

λ π
+ + + +

+
−

= + = + + +
= + + +

= + =

⎫⎧ ⎪⎡ ⎤ ⎡ ⎤ ⎡ ⎤+ − − + − − + + −⎨ ⎬⎣ ⎦ ⎣ ⎦ ⎣ ⎦⎩ ⎪⎭
∑ ∑

 

We can then use Theorem 3 to search for the optimal R and T for the supplier’s (Q,R,T) policy. 
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Remark 3: When the retailers are non-identical, the analysis becomes very complicated. One may 

need to keep track of each sub-batch as Forsberg (1996) and Axsater (2000) did. We will not carry 

out that analysis in this paper, and consider this a challenging but important future research topic. 

 

Decentralized Setting In the decentralized setting, the retailers and the supplier belong to different 

companies.  Therefore they each find the optimal inventory policy parameters to minimize total 

inventory cost for themselves.  Specifically the supplier chooses the optimal (Q,R) policy parameters 

to minimize its own holding and penalty costs, while the retailers chooses their own optimal (Q,R,T) 

policy parameters to minimize their own holding and penalty costs. 

Since demand at the retailers is stationary Poisson, it is optimal for the retailers to use the 

traditional (Q,R) ordering policy.  However, to derive the optimal parameter, the retailer needs to use 

L+W as the random order leadtime, where W is given in (5). 

No matter what value of R the retailers use, their orders to the supplier have Erlang inter-

order time distribution.  According to Proposition 1, the supplier sees IFR demand process, so it is 

optimal for the supplier to use the (Q,R,T) ordering policy. The derivation of the operating 

characteristics for the supplier is similar to that of the centralized case, so the detailed are omitted.  

 

Remark 4: When the retailers are non-identical but independent, Lemmas 5-6 continue to hold.  

Thus it is still optimal for the supplier to delay its ordering. 

 

4. Numerical Analysis 

 In this section we test the effectiveness of (Q,R,T) policy by comparing it with the classical 

(Q,R) policy via a numerical experiment.  We present results for the single location setting first in 

Section 4.1; then we focus on the multi-echelon distribution setting in Section 4.2.  In doing so, we 
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study the decentralized and the centralized multi-echelon distribution systems in Sections 4.2.1 and 

4.2.2, respectively. 

 
4.1 Single Location Model 
 
We now study the effectiveness of the order delay policy compared with the classical (Q,R) policies 

in a single location inventory system discussed in Section 2. To compare the effectiveness of the 

(Q,R,T) and the classical (Q,R) policy, we compute the percent deviation as: 

  
% deviation  =  100 *

Average Total Cost(Q, R,T ) − Average Total Cost(Q, R)
Average Total Cost(Q, R)

  

In our numerical experiment, we only focus on the non-trivial IFR case, and assume that the inter-

demand times follow an Erlang(λ/k, k). The choice of Erlang distribution serves as the building 

block for the multi-echelon problem, which is analyzed in more details in the sections that follow. 

Note that the squared coefficient of variance (CV2) of Erlang is 1/k. In order to see the impact of the 

variance, not the mean, of the inter-order time, we normalize the mean of the Erlang distributions 

considered to unity (i.e., λ= k), and vary k.  We vary the leadtime L, the holding and penalty cost 

parameters (h and π), and the resultant critical ratio 
π

π + h
, which approximates the service level.  

Specifically, we let λ= k∈{2, 4, 8}, L∈{0.1, 0.5, 1, 2, 5}, h=1, 
π

π + h
∈{0.6, 0.8, 0.9, 0.95}, and 

Q∈{1,2,4,8}.  Results of the numerical tests are shown in Figure 3. 
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Note that the inter-demand time has an Erlang distribution of mean 1.  The squared 

coefficient of variation (CV2), however, is 1/k.  It is quite clear that as k increases, the CV of the 

inter-demand time decreases, and the demand arrivals become more “predictable”. In such cases, the 

order delay policy will result in larger savings over the (Q,R) policy (see Figure 3(a)).  In one 

extreme, when k=1, the inter-demand time is Poisson, and there will be no cost savings whatsoever 

by delaying the order.  In the other extreme, when the inter-demand time is constant (CV=0 or k=∞), 

the optimal delay will perfectly match the supply with demand resulting in no holding and penalty 

costs.  This observation was made by both Katircioglu (1996) and Moinzadeh (2001).  This results in 

the most cost savings. 

From Figure 3(b), we observe that as the order leadtime increases, the optimal reorder point 

also increases. Thus, for each replenishment order cycle, the time until corresponding demand arrival 

is composed of more inter-demand times. The convolution of more inter-demand times results in less 

Figure 3: Comparison of delayed and no-delay policies:  single location setting 
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variable “time until corresponding demand” which results in lower % cost difference between the 

order delay policy and the (Q,R) policy.  This observation can be verified in Figure 3(c).  From 

Figure 3(c), it is worth noting that when leadtimes are very small (one tenth of the average inter-

demand time), the average cost savings by the ordering delay is substantial.   

 In Figure 3(d), service level (represented by /( )hπ π + ) is higher and the cost reduction is 

increasing in service level. Theoretically, however, cost reduction may decrease in service level 

when service level is low.  Since they are unusual in practice, we do not perform any analysis for 

low service levels. 

 

Remark 5: The cost savings in Figure 3 are all average numbers for a fixed parameter value.  For 

individual cases, the cost saving can be large.  Since the cost difference is larger when leadtime is 

smaller and k is larger, the highest cost saving, 48.0%, occurs, not surprisingly, at k=8, L=0.1, and 

π=9.  The magnitude of cost savings is consistent with those presented in Katircioglu (1996), 

indicating that the results are indeed very general, not specific to a particular inter-demand time 

distribution. 

 

4.2 A Multi-Echelon Distribution System 

4.2.1 Decentralized Setting 

In this section, we study a decentralized distribution system discussed in Section 3.  In such 

a system, without having to be concerned with the retailer costs, the supplier can choose its delay 

order to significantly reduce its average total cost (as shown in Section 4.1).  However, we aim to 

investigate the effect of the supplier’s decision on the retailers’ costs as well as the total system cost. 

In our numerical experiment, we vary the following parameters: for the retailers, N∈{2, 4, 8, 16}, 

h=1, )( h+ππ =0.9, L=1, Q∈{2,4,6}; for the supplier, we considered, L̂ ∈{0.1, 0.5}, ĥ ∈{0.2, 
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0.5}, ˆˆ ˆ( )hπ π + ∈{0.8, 0.9}, and m∈{1, 2, 4, 8}.  We also normalize the mean of the retailers’ inter-

demand time to unity (i.e., λ=1). 

 In the decentralized setting, when the supplier uses order delays to reduce its cost, it is 

natural to think that this will increase the retailers’ costs. However, this is not necessarily true. 

Suppose that without using the order delay, it is optimal for the supplier to reorder at R; then with the 

delay the supplier could do one of two things: use the same R and find T, or increase R by 1 and then 

find T. Therefore, the impact of the order delay on the retailers can be either positive (when R is 

increased by one) or negative (when R is kept the same). Thus, even in the decentralized distribution 

settings, the delayed order policy can be used to lower costs for both the supplier and the retailers, 

and hence the system. 

In all, we considered a total of 384 cases. As can be seen in Figure 4 and Table 2, when 

averaging over all the cases, both the retailers and the system see their total cost go up. The small 

values of the overall averages do not tell the whole story, however.  In most cases there is no 

difference between the delayed and non-delayed policies, but when there is a difference, the % cost 

differences can be quite large in either direction.  A further look at the breakdown of the cost 

difference reveals more information. When parameters are such that the order delay by the supplier 

causes the retailers’ (system’s) total cost to go up, the average increase is quite significant, 9.799% 

(7.313%).  On the other hand, when the delay causes the retailers’ (system’s) costs to decrease, on 

average the decrease is relatively small, 0.345% (0.375%). Furthermore, the maximum and 

minimum % cost differences are significant for the retailers, the supplier, as well as the system as a 

whole. Given that the supplier order delay policy can have a significant impact for all the parties 

involved, we next study the impact of system parameters in these systems. 
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Table 2: Percent cost difference from delayed to no-delay policy: multi-echelon decentralized setting 

 Retailer Supplier System 

Average of all cases 1.353% -1.012% 0.919% 
Average of positive 9.799% N/A 7.313% 
Average of negative -0.345% -2.680% -0.375% 
Max % 43.568% 0% 31.595% 
Min % -3.504 -13.562% -4.565% 

  

Figure 5 shows how the cost differences for the retailers, the supplier, and the system change 

with respect to Q, L̂ , and ˆˆ ˆ( )hπ π + , respectively. Not surprisingly, similar to the single location 

setting, the supplier’s savings increases as the retailer’s order quantity gets larger making supplier’s 

inter-demand times more predictable.  The behavior of retailer’s cost, as well as the system’s, seems 

to go in the opposite direction.  And the higher the cost savings for the supplier, the higher the cost 

increases for the retailers and the system.  
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Next we analyze the impact of two other parameters: N, the number of retailers, and m, the 

supplier’s batch size expressed in terms of the number of retailer’s batch size. As we only consider 

identical retailers, when N gets large, the total order stream to the supplier becomes more “regular”.  

In the limit when N→∞, the supplier’s demand stream becomes Poisson, and the optimal actions are 

not to delay any orders (i.e., T≡0).  Therefore, it is reasonable to expect that the cost difference is 

larger when N is smaller.  This observation is verified in Figure 6(a).  It is interesting to note again 

that it seems the higher the cost savings for the supplier, the higher the cost increases for the retailers 

and the system.   
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Figure 5: Average cost differences between delay policy and no-delay policy:  multi-echelon decentralized setting
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Figure 6: Average cost differences between delay policy and no-delay policy: multi-echelon decentralized setting 
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The impact of supplier order delay as m is varied is less clear. As can be seen in Figure 6(b), 

as m increases, the supplier’s savings will first decrease and then increase. This can be explained as 

follows: As the number of sub-batches gets large (e.g., m=8), supplier’s batch size will get large. 

Thus, the supplier’s cost will be dominated by the holding cost due to this large order quantity.  

Therefore, better timing of when an order is placed becomes more critical and hence, the supplier’s 

savings goes up.  Similarly, when the supplier’s batch size is small (e.g., m=1), a more accurate 

timing of order placement is critical in balancing the holding and the shortage costs.  

 

4.2.2 Centralized Setting 

 We now consider the impact of the delayed order policy in centralized distribution systems.  

In the multi-echelon distribution system, all the retailers face Poisson demand, so it is optimal for 

them not to delay orders.  However, the order delay is optimal for the supplier, who faces an IFR 

inter-demand time (see Proposition 1 and Theorem 4). In this section, we analyze how the supplier 

delay as well as various system parameters affects the total system costs. 

 Similar to the decentralized setting, we study a comprehensive set of parameters by fixing 

h=1, L=1, and varying the values of λ, Q, and π for the retailers, and the values of N, m, L̂ , and ĥ  

for the supplier. We choose not to present the detailed results here, however, as the percentage 

difference of total costs is minimal, and the overall average is small. We offer two explanations for 

this: First, in the centralized distribution system, retailers’ total holding cost is a dominant 

component of the total cost, especially for large N and Q, and optimal delay order at the supplier has 

minimal impact on this holding cost. Second, as was shown in the previous section, whenever the 

supplier introduces a delay in the order, it may have a negative impact on the retailers (stochastically 

increasing the retailer leadtime) if not accompanied by an increase in the supplier reorder point R .  

In many of the cases we considered, the delay is not accompanied by the increase in R .  Therefore, 

the cost decrease at the supplier is offset by the cost increase at the retailers. As a whole, system cost 
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improves only very slightly. Note that this is also consistent with our observation in decentralized 

systems where the total system cost difference between delayed order and (Q,R) policies was 

minimal.  

5. Conclusion 

Traditional inventory models assume either Poisson demands or that orders can only be placed at 

demand arrival epochs.  In this paper we study a general demand process for a single location 

inventory system, and show that it is optimal to order at demand arrival epochs only if the inter-

demand time has constant or decreasing failure rate (CFR or DFR). We also show that when the 

inter-demand time has increasing failure rate (IFR), the optimal policy is to delay the order.  This 

improves the classical (Q,R) policy to the (Q,R,T) policy where T represents the delay in ordering. 

 We then extend this policy to the decentralized multi-echelon distribution setting. When the 

retailers face i.i.d. Poisson demands and use the (Q,R) ordering policy, their orders to the supplier 

follow an Erlang process.  We show that the aggregation of all these order streams also has IFR, 

therefore it is optimal for the supplier to use the (Q,R,T) policy for ordering.  In the case of a 

centralized multi-echelon distribution system, we show that when the two echelons have identical 

unit holding cost, it is again optimal for the supplier to delay its order in the (Q,R) framework. 

In all three settings we give explicit expressions and procedures for the evaluation of total 

cost and the computation of optimal delay T.  Using these we carry out comprehensive numerical 

tests and find that for the single location model the optimal delay can reduce the total cost 

significantly.  The cost savings are the highest when leadtime is short and inter-demand time is more 

variable (high CV).  The cost savings, as a function of the desired service level, follow a cyclic 

pattern.  We provide an intuitive explanation for such behavior. 

In the decentralized multi-echelon distribution system, we also find that the order delay can 

have significant impact on the retailers and the supplier separately. We find parameter combinations 

that have the most impact and provide intuitive explanations. Given the decentralized setting, it is 
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obvious that the supplier always benefits from the order delay. The impact on the retailer, however, 

is not immediately clear.  We show that the supplier order delay can either benefit or hurt the 

retailers, but mostly the negative impact is larger in magnitude than the positive ones. 

In the centralized multi-echelon distribution system, however, we find that the order delay 

adopted by the supplier has minimal impact on the total system cost. This has to do with the fact that 

holding cost at all the retailers tend to dominate the total cost and, for given Q, they are not affected 

by the order delay. Moreover, sometimes the order delay that benefits the supplier may have 

negative impact on the retailers (this is made clearer in the decentralized cases), offsetting the impact 

on the total system cost. This (negative) result suggests that the (Q,R) policies commonly used in 

distribution inventory systems, while theoretically suboptimal, are very good numerically. 

To summarize, based on our analysis, the proposed delay policy has more impact on the 

average cost savings in single location settings with more predictable inter-demand times, short 

leadtimes and high service levels.  In centralized distribution systems, our findings indicate that the 

policy has little impact on total system’s cost. However, when the system is decentralized, then the 

supplier can benefit by adopting the delay policy; this is usually achieved at retailer’s expense.  In 

addition to conditions stated for the single location situation, this benefit is more significant in 

distribution systems with few retailers. 

It is possible to analyze how the decentralized multi-echelon distribution system can be 

coordinated to perform like the centralized one. One possible mechanism for achieving the 

coordination is to impose an appropriate backorder penalty cost on the supplier.  Given that the 

supplier’s order delay results in a continuous spectrum of the service level on [0,1), it is always 

possible to find the appropriate penalty cost. We do not study this issue in this paper as the 

coordination issue generally applies to the distribution system, with or without order delays, and its 

analysis exceeds the scope of this paper. It is certainly a very interesting and promising topic for 

future research. Another interesting extension to this work will be to consider the case when retailers 

are not identical.  As a result, in such situations, retailers’ order quantities will be different. This 
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makes the analysis of the operating characteristics of the system complicated.  In fact, there are only 

a few studies that deal with such distribution systems even under the traditional (Q,R) policies (e.g., 

Forsberg 1997, Axsater 2000). 
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