
STAT 512: Statistical Inference Autumn 2020

Lecture 10: Statistical functionals and the bootstrap
Instructor: Yen-Chi Chen

10.1 Empirical Distribution Function

Before introducing the bootstrap method, we first introduce the empirical distribution function (EDF), an
estimator of the cumulative distribution function (CDF).

Let first look at the CDF F (x) more closely. Given a value x0,

F (x0) = P (Xi ≤ x0)

for every i = 1, · · · , n. Namely, F (x0) is the probability of the event {Xi ≤ x0}.

A natural estimator of a probability of an event is the ratio of such an event in our sample. Thus, we use

F̂n(x0) =
number of Xi ≤ x0

total number of observations
=

∑n
i=1 I(Xi ≤ x0)

n
=

1

n

n∑
i=1

I(Xi ≤ x0) (10.1)

as the estimator of F (x0).

For every x0, we can use such a quantity as an estimator, so the estimator of the CDF, F (x), is F̂n(x). This

estimator, F̂n(x), is called the empirical distribution function (EDF).

Example. Here is an example of the EDF of 5 observations of 1, 1.2, 1.5, 2, 2.5:
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There are 5 jumps, each located at the position of an observation. Moreover, the height of each jump is the
same: 1

5 .

Example. While the previous example might not be look like an idealized CDF, the following provides a
case of EDF versus CDF where we generate n = 100, 1000 random points from the standard normal N(0, 1):
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The red curve indicates the true CDF of the standard normal. Here you can see that when the sample size
is large, the EDF is pretty close to the true CDF.

10.1.1 Property of EDF

Because EDF is the average of I(Xi ≤ x), we now study the property of I(Xi ≤ x) first. For simplicity, let
Yi = I(Xi ≤ x). What is the random variable Yi?

Here is the breakdown of Yi:

Yi =

{
1, if Xi ≤ x
0, if Xi > x

.

So Yi only takes value 0 and 1–so it is actually a Bernoulli random variable! We know that a Bernoulli
random variable has a parameter p that determines the probability of outputing 1. What is the parameter
p for Yi?

p = P (Yi = 1) = P (Xi ≤ x) = F (x).

Therefore, for a given x,
Yi ∼ Ber(F (x)).

This implies

E(I(Xi ≤ x)) = E(Yi) = F (x)

Var(I(Xi ≤ x)) = Var(Yi) = F (x)(1− F (x))
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for a given x.

Now what about F̂n(x)? Recall that F̂n(x) = 1
n

∑n
i=1 I(Xi ≤ x) = 1

n

∑n
i=1 Yi. Then

E
(
F̂n(x)

)
= E(I(X1 ≤ x)) = F (x)

Var
(
F̂n(x)

)
=

∑n
i=1 Var(Yi)

n2
=
F (x)(1− F (x))

n
.

What does this tell us about using F̂n(x) as an estimator of F (x)?

First, at each x, F̂n(x) is an unbiased estimator of F (x):

bias
(
F̂n(x)

)
= E

(
F̂n(x)

)
− F (x) = 0.

Second, the variance converges to 0 when n→∞. By Lemma 0.3, this implies that for a given x,

F̂n(x)
P→ F (x).

i.e., F̂n(x) is a consistent estimator of F (x).

In addition to the above properties, the EDF also have the following interesting feature: for a given x,

√
n
(
F̂n(x)− F (x)

)
D→ N(0, F (x)(1− F (x))).

Namely, F̂n(x) is asymptotically normally distributed around F (x) with variance F (x)(1− F (x)).

In fact, the asymptotic behavior is much stronger than the simply pointwise asymptotic normality. The
scaled difference converges (weakly) to a Brownian bridge, i.e.,

√
n
(
F̂n − F

)
D→ B,

where B is a stochastic process called a Brownian bridge and
D→ here stands for weak convergence of a

stochastic process.

10.2 Statistical Functionals

What is a functional? A functional is just a function of a function. Namely, it is a ‘function’ such that
the input is another function and the output is a number. Formally speaking, a functional is a mapping
T : F 7→ R, where F is a collection of functions. A statistical functional is a mapping T such that you input
a distribution (CDF) and it returns a number.

This sounds very complicated but actually, we have encountered numerous statistical functionals. Here are
some examples.

• Mean of a distribution. The mean of a distribution is a statistical functional

µ = Tmean(F ) =

∫
xdF (x).

When F has a PDF p(x), dF (x) = p(x)dx so the mean functional reduces to the form that we are
familiar with:

µ = Tmean(F ) =

∫
xdF (x) =

∫
xp(x)dx.
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When F is a distribution of discrete random variables, we define∫
xdF (x) =

∑
x

xP (x) =⇒ µ = Tmean(F ) =
∑
x

xP (x),

where P (x) is the PMF of the distribution F .

You may have noticed that if a random variable X has a CDF F , then

E(X) =

∫
xdF (x) = Tmean(F ).

Therefore, for any function g,

E(g(X)) =

∫
g(x)dF (x).

Using the function g, we introduce another functional Tω such that

Tω(F ) =

∫
ω(x)dF (x).

Such a functional, Tω, is called a linear functional.

• Variance of a distribution. The variance of a distribution is also a statistical functional. Let X be
a random variable with CDF F . Then

σ2 = Tvar(F ) = Var(X) = E(X2)− E2(X) =

∫
x2dF (x)−

(∫
xdF (x)

)2

.

• Median of a distribution. Using the concept of a statistical functional, median and any quantile
can be easily defined. The median of a distribution F is a point θmed such that F (θmed) = 0.5. Thus,

Tmed(F ) = F−1 (0.5) .

Note that when F is a CDF of a discrete random variable, F−1 may have multiple values. In this case,
we define

F−1(q) = inf{x : F (x) ≥ q}.

Any quantile of a distribution can be represented in a similar way. For instance, the q-quantile (0 <
q < 1) will be

Tq(F ) = F−1 (q) .

As a result, the interquartile range (IQR) is

TIQR(F ) = F−1(0.75)− F−1(0.25).

Why do we want to use the form of statistical functionals? One answer is: it elegantly describes a population
quantity that we may be interested in. Recall that the statistical model about how the data is generated is
that we observe a random sample X1, · · · , Xn IID from an unknown distribution F . Thus, the distribution
F is our model for the population. Because the statistical functionals map F into some real numbers, they
can be viewed as quantities describing the features of the population. The mean, variance, median, quantiles
of F are numbers characterizing the population. Thus, using statistical functionals, we have a more rigorous
way to define the concepts of population parameters.

In addition to the above advantage, there is a very powerful features of statistical functionals–they provide
a simple estimator to these population quantities. Recall that the EDF F̂n(x) = 1

n

∑n
i=1 I(Xi ≤ x) is a good

estimator of F . Thus, if we want to estimate a population quantity θ = Ttarget(F ), we can use Ttarget(F̂n) = θ̂n
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as our estimator. Actually, many estimators do follow this form. For instance, in the case of estimating the
mean µ = Tmean(F ), we often use the sample mean X̄n as our estimator. However, if you plug-in F̂n into the
statistical functional:

Tmean(F̂n) =

∫
xdF̂n(x) =

n∑
i=1

Xi
1

n
=

n∑
i=1

Xi

n
= X̄n.

This implies that the estimator from the statistical functional is the same as sample mean! Note that we in
the above calculation, we use the fact that F̂n(x) is a distribution with whose PMF puts equal probability

(1/n) at X1, · · · , Xn. The estimator formed via replacing F by F̂n is called a plug-in estimator.

Similarly, we may estimate the variance σ2 = Tvar(F ) via

Tvar(F̂n) =

∫
x2dF̂n(x)−

(∫
xdF̂n(x)

)2

=
1

n

n∑
i=1

X2
i − X̄2

n =
1

n

n∑
i=1

(Xi − X̄n)2 =
n− 1

n
S2
n.

This estimator is very similar to the sample variance S2
n (they are asymptotically the same).

Using how we define the inverse of a CDF of a discrete random variable, we can define the estimator of
median

Tmed(F̂n) = F̂−1n (0.5)

and other quantiles of a distribution. And it turns out that this estimator is the sample median (and the
corresponding sample quantiles)!

Therefore, the statistical functional provides an elegant way to define a population quantities as well as an
estimator. And the plug-in estimator will be a good estimator if the statistical functional T (·) is ‘smooth’

with respect to the input function because we know that F̂n → F in various ways so that the smoothness of
T with respect the input will implies T (F̂n)→ T (F )1.

10.3 Delta Method

In this section, we will talk about a very useful technique in handling the convergence–the delta method.

Example: inverse of mean. Assume we are interested in the inverse of the population mean. Namely,
the statistical functional we will be using is

Tinv(F ) =
1∫

xdF (x)
= λ.

This statistical functional was implicitly used when we the MLE of the rate parameter of an exponential
distribution. The plug-in estimator (as well as the MLE of estimating an exponential model) is

λ̂n = Tinv(F̂n) =
1∫

xdF̂n(x)
=

1

X̄n
.

1 Note that here we ignore lots of technical details. The smoothness of a ‘functional’ is an advanced topic in mathematics
called functional analysis: https://en.wikipedia.org/wiki/Functional_analysis. There are formal ways of defining continu-
ity of functionals and even ‘differentiation’ of functionals; see, e.g., https://en.wikipedia.org/wiki/G%C3%A2teaux_derivative.

https://en.wikipedia.org/wiki/Functional_analysis
https://en.wikipedia.org/wiki/G%C3%A2teaux_derivative
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The Delta Method

Assume that we have a sequence of random variables Y1, · · · , Yn · · · such that

√
n(Yn − y0)

D→ N(0, σ2
Y ) (10.2)

for some constants y0 and σ2
Y . Note that this implies that Var(Yn) = σ2

Y . If a function f is
differentiable at y0, then using the Taylor expansion,

√
n (f(Yn)− f(y0)) ≈

√
nf ′(y0) · (Yn − y0) = f ′(y0)

√
n (Yn − y0) .

Notice that f ′(y0) is just a constant. Thus, this implies

√
n (f(Yn)− f(y0)) ≈ N(0, |f ′(y0)|2σ2

Y ), Var(f(Yn)) ≈ 1

n
|f ′(y0)|2σ2

Y . (10.3)

Now using equation (10.3) and identifying Yn as X̄n and f(x) as 1
x , we obtain

√
n(λ̂n − λ) =

√
n

(
1

X̄n
− 1

E(Xi)

)
≈ − 1

E2(Xi)

√
n
(
X̄n − E(Xi)

)
≈ N

0,
1

E4(Xi)
Var(Xi)︸ ︷︷ ︸

=Vinv(F )

 .

Using the fact that E(Xi) =
∫
xdF (x) and Var(Xi) =

∫
x2dF (x)−

(∫
xdF (x)

)2
, we obtain

√
n(λ̂n − λ) ≈ N(0,Vinv(F )),

where

Vinv(F ) =

∫
x2dF (x)−

(∫
xdF (x)

)2(∫
xdF (x)

)4 .

10.4 Influence Function

10.4.1 Linear Functional

In the above derivations, we see many examples of statistical functionals that are of the form

Tω(F ) =

∫
ω(x)dF (x),

where g is a function. As we have mentioned, this type of statistical functionals are called linear functionals.

Linear functionals has a feature that the estimators

Tω(F̂n) =

∫
ω(x)dF̂n(x) =

1

n

n∑
i=1

g(Xi),

Tω(F̂ ∗n) =

∫
ω(x)dF̂ ∗n(x) =

1

n

n∑
i=1

g(X∗i ).
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Moreover, a powerful feature of the linear functional is that for another CDF G, we always have

Tω(G)− Tω(F ) =

∫
ω(x)dG(x)− Tω(F )

=

∫
ω(x)dG(x)−

∫
Tω(F )dG(x)

=

∫
LF (x)dG(x),

where
LF (x) = ω(x)− Tω(F ) (10.4)

is called the influence function of the functional Tω.

Theorem 10.1 Suppose that Tω is a linear functional with an influence function LF (x) define in equation
(10.4) and

∫
ω2(x)dF (x) <∞ . Then

√
n
(
Tω(F̂n)− Tω(F )

)
D→ N

(
0,Vω(F ) =

∫
L2
F (x)dF (x)

)
and a consistent estimator of Vω(F ) is Vω(F̂n) = 1

n

∑n
i=1 L

2
F (Xi).

As a result, the bootstrap always works for the linear functional whenever Tω2(F ) <∞.

Proof:

It is easy to see that

Tω(F̂n)− Tω(F ) =

∫
LF (x)dF̂n(x) =

1

n

n∑
i=1

LF (Xi).

Moreover,

E(LF (Xi)) =

∫
LF (x)dF (x) =

∫
(ω(x)− Tω(F )) dF (x) = Tω(F )− Tω(F ) = 0.

Thus, by central limit theorem,

√
n
(
Tω(F̂n)− Tω(F )

)
D→ N

(
0,Vω(F ) =

∫
L2
F (x)dF (x)

)

Moreover,

Vω(F̂n) =

∫
L2
F̂n

(x)dF̂n(x) =

∫ (
ω2(x)− 2ω(x)Tω(F̂n) + T 2

ω(F̂n)
)
dF̂n(x)

=

∫
ω2(x)dF̂n(x)− T 2

ω(F̂n).

(10.5)

By Law of Large Number (and continuous mapping theorem),

T 2
ω(F̂n)

P→ T 2
ω(F )

if E(|ω(Xi)|) = T|ω| <∞. And ∫
ω2(x)dF̂n(x) = Tω2(F̂n)

P→ Tω2(F )
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if E(ω(Xi)
2) = Tω2(F ) <∞.

Therefore, we conclude that when Tω2(F ) <∞,

Vω(F̂n) =

∫
ω2(x)dF̂n(x)− T 2

ω(F̂n)
P→ Vω(F ) = Vω(F ),

implying that the equation (10.11) holds.

10.4.2 Non-linear Functional

Although the linear functional has so many beautiful properties, many statistical functionals are not linear.
For instance, the median

Tmed(F ) = F−1(0.5)

is not a linear functional. Therefore, our results of linear functional cannot be directly applied to analyze
the median.

Then how can we analyze the properties of non-linear statistical functionals? One way to proceed is to
generalize the notion of influence function. And here is the formal definition of the influence function.

Let δx be a point mass at location x. The influence function of a (general) statistical function Ttarget is

LF (x) = lim
ε→0

Ttarget((1− ε)F + εδx)− Ttarget(F )

ε
. (10.6)

Some of you may find equation (10.6) very familiar; it seems to be taking a derivative. And yes – it is a
derivative of a functional with respect to a function. This type of derivative is called Gâteaux derivative2, a
type of derivative of functionals. You can check that applying equation(10.6) to a linear functional leads to
an influence function as we defined previously.

A powerful feature of this generalized version of influence function is that when the statistical functional
Ttarget is ‘smooth3’, equation (10.5) hold in the sense that

Vtarget(F ) =

∫
L2
F (x)dF (x), Vtarget(F̂n) =

∫
L2
F̂n

(x)dF̂n(x). (10.7)

Example: median. Why median follows a normal distribution? Here we will show this using the influence
function. The influence function of the functional Tmed is

LF (x) =
1

2p(F−1(0.5))
,

where p is the PDF of F (you can verify it). Note that F−1(0.5) = Tmed(F ) is the median of F . So this
shows not only the asymptotic normality of sample median but also its limiting variance, which is inversely
related to the PDF at the median.

The influence function is also related to the robustness of an estimator4 and plays a key role in the semi-
parametric statistics5. You would encounter it several times if you want to pursue a career in statistics.

2https://en.wikipedia.org/wiki/G%C3%A2teaux_derivative.
3More precisely, we need it to be Hadamard differentiable with respect to the L∞ metric d(F,G) = supx |F (x)−G(x)|; see

https://en.wikipedia.org/wiki/Hadamard_derivative
4https://en.wikipedia.org/wiki/Robust_statistics#Influence_function_and_sensitivity_curve
5https://en.wikipedia.org/wiki/Semiparametric_model

https://en.wikipedia.org/wiki/G%C3%A2teaux_derivative
https://en.wikipedia.org/wiki/Hadamard_derivative
https://en.wikipedia.org/wiki/Robust_statistics#Influence_function_and_sensitivity_curve
https://en.wikipedia.org/wiki/Semiparametric_model
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10.5 Empirical Bootstrap

The bootstrap is a powerful tool for assessing the uncertainty of an estimate. It can be used in many
complex scenarios such as assessing the uncertainty of sample ‘median’. Here is how we can estimate the
error of sample median and construct the corresponding confidence interval. Assume we are given the data
points X1, · · · , Xn. Let Mn = median{X1, · · · , Xn}. First, we sample with replacement from these n points,

leading to a set of new observations denoted as X
∗(1)
1 , · · · , X∗(1)n . Again, we repeat the sample procedure

again, generating a new sample from the original dataset X1, · · · , Xn by sampling with replacement, leading

to another new sets of observations X
∗(2)
1 , · · · , X∗(2)n . Now we keep repeating the same process of generating

new sets of observations, after B rounds, we will obtain

X
∗(1)
1 , · · · , X∗(1)n

X
∗(2)
1 , · · · , X∗(2)n

...
...

...

X
∗(B)
1 , · · · , X∗(B)

n .

So totally, we will have B sets of data points. Each set of the data points, say X
∗(1)
1 , · · · , X∗(1)n , is called a

bootstrap sample. This sampling approach–sample with replacement from the original dataset–is called the
empirical bootstrap, invented by Bradley Efron (sometimes this approach is also called Efron’s bootstrap or
nonparametric bootstrap)6.

Now for each set of data, we then compute their sample median. This leads to B sample medians, called
bootstrap medians:

M∗(1)n = median{X∗(1)1 , · · · , X∗(1)n }

M∗(2)n = median{X∗(2)1 , · · · , X∗(2)n }
...

M∗(B)
n = median{X∗(B)

1 , · · · , X∗(B)
n }.

Now here are some real cool things.

• Bootstrap estimate of the variance. We will use the sample variance of M
∗(1)
n , · · · ,M∗(B)

n as an
estimate of the variance of sample median Mn. Namely, we will use

V̂arB(Mn) =
1

B − 1

B∑
`=1

(
M∗(`)n − M̄∗B

)2
, M̄∗B =

1

B

B∑
`=1

M∗(`)n ,

as an estimate of Var(Mn).

• Bootstrap estimate of the MSE. Moreover, we can estimate the MSE by

̂MSE(Mn) =
1

B

B∑
`=1

(
M∗(`)n −Mn

)2
.

• Bootstrap confidence interval. In addition, we can construct a 1 − α confidence interval of the
population median via

Mn ± z1−α/2 ·
√
V̂arB(Mn).

6For more details, check the wikipedia: https://en.wikipedia.org/wiki/Bootstrapping_(statistics)

https://en.wikipedia.org/wiki/Bootstrapping_(statistics)
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Well... this sounds a bit weird–we generate new data points by sampling from the existing data points.
However, under some conditions, this approach does work! And here is a brief explanation on why this
approach works.

Let X1, · · · , Xn ∼ F . Recall from Lecture 1, a statistic S(X1, · · · , Xn) is a function of random variables so
its distribution will depend on the CDF F and the sample size n. Thus, the distribution of median Mn,
denoted as FMn , will also be determined by the CDF F and sample size n. Namely, we may write the CDF
of median as

FMn(x) = Ψ(x;F, n), (10.8)

where Ψ is some complicated function that depends on CDF of each observation F and the sample size n.

When we sample with replace from X1, · · · , Xn, what is the distribution we are sampling from? Let F̂n(x) =
1
n

∑n
i=1 I(Xi ≤ x) be the EDF of these data points. The EDF is a step functions that jumps at each data

point. We know that for a discrete random variable, each jump point in its CDF corresponds to the possible
value of this random variable and the size of the jump is the probability of selecting that value.

Therefore, if we generate a random variable Z from F̂n, then Z has the following probability distribution:

P (Z = Xi) =
1

n
, for each i = 1, 2, · · · , n.

If we generated IID Z1, · · · , Zn ∼ F̂n, then the distribution of each Z` is

P (Z` = Xi) =
1

n
, for each i = 1, 2, · · · , n, and for all ` = 1, · · · , n.

What is this sample Z1, · · · , Zn? This sample is a sample generated by sampling with replacement from
X1, · · · , Xn.

Recall that each set of the bootstrap sample, say X
∗(1)
1 , · · · , X∗(1)n , is obtained via sampling with replacement

from X1, · · · , Xn. Thus, each set of the bootstrap sample is an IID sample from F̂n. Namely,

X
∗(1)
1 , · · · , X∗(1)n ∼ F̂n

X
∗(2)
1 , · · · , X∗(2)n ∼ F̂n

...

X
∗(B)
1 , · · · , X∗(B)

n ∼ F̂n.

Because a bootstrap median, say M
∗(1)
n , is the sample median of X

∗(1)
1 , · · · , X∗(1)n . Its CDF, by equation

(10.8), is

F
M

∗(1)
n

(x) = Ψ(x; F̂n, n).

And because each of the bootstrap sample are all from the distribution F̂n, we will have

Ψ(x; F̂n, n) = F
M

∗(1)
n

(x) = F
M

∗(2)
n

(x) = · · · = F
M

∗(B)
n

(x).

We know that F̂n is very similar to F when the sample size is large. Thus, as long as Ψ is smooth (smoothly

changing) with respect to F , Ψ(x; F̂n, n) will also be very similar to Ψ(x;F, n), i.e.,

F̂n ≈ F =⇒ F
M

∗(`)
n

(x) = Ψ(x; F̂n, n) ≈ Ψ(x;F, n) = FMn
(x).

This means:
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The CDF of a bootstrap median, F
M

∗(`)
n

(x), is approximating the CDF of the true median, FMn
(x).

This has many implications. For an example, when two CDFs are similar, their variances will be similar as
well, i.e.,

Var
(
M∗(`)n |X1, · · · , Xn

)
≈ Var(Mn).7

Now the bootstrap variance estimate V̂arB(Mn) is just a sample variance of M∗(`). When B is large, the
sample variance is about the same as the population variance, implying

V̂arB(Mn) =
1

B − 1

B∑
`=1

(
M∗(`)n − M̄∗B

)2
≈ Var

(
M∗(`)n |X1, · · · , Xn

)
.

Therefore,

V̂arB(Mn) ≈ Var
(
M∗(`)n |X1, · · · , Xn

)
≈ Var(Mn),

which explains why the bootstrap variance is a good estimate of the true variance of the median.

Generalization to other statistics. The bootstrap can be applied to many other statistics such as sample
quantiles, interquartile range, skewness (related to E(X3)), kurtosis (related to E(X4)), ...etc. The theory
basically follows from the same idea.

Failure of the bootstrap. However, the bootstrap may fail for some statistics. One example is the
minimum value of a distribution. Here is an illustration why the bootstrap fails. Let X1, · · · , Xn ∼ Uni[0, 1]
and Mn = min{X1, · · · , Xn} be the minimum value of the sample. Then it is known that

n ·Mn
D→ Exp(1).

♠ : Think about why it converges to exponential distribution.

Thus, Mn has a continuous distribution. Assume we generate a bootstrap sample X∗1 , · · · , X∗n from the
original observations. Now let M∗n = min{X∗1 , · · · , X∗n} be the minimum value of a bootstrap sample.
Because each X∗` has an equal probability ( 1

n ) of selecting each of X1, · · · , Xn, this implies

P (X∗` = Mn) =
1

n
.

Namely, for each observation in the bootstrap sample, we have a probability of 1/n selecting the minimum
value of the original sample. Thus, the probability that we do not select Mn in the bootstrap sample is

P (none of X∗1 , · · · , X∗n select Mn) =

(
1− 1

n

)n
≈ e−1.

This implies that with a probability 1− e−1, one of the observation in the bootstrap sample will select the
minimum value of the original sample Mn. Namely,

P (M∗n = Mn) = 1− e−1.

Thus, M∗n has a huge probability mass at the value Mn, meaning that the distribution of M∗n will not be
close to an exponential distribution.

7 The reason why in the left-hand-side, the variance is conditioned on X1, · · · , Xn is because when we compute the bootstrap
estimate, the original observations X1, · · · , Xn are fixed.
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10.6 Bootstrap and Statistical Functionals

So far, we have not yet talked about the bootstrap. However, we have learned that the (empirical) bootstrap

sample is a new random sample from the EDF F̂n. The bootstrap sample forms another EDF called the
bootstrap EDF, denoted as F̂ ∗n . Namely, let X∗1 , · · · , X∗n be a bootstrap sample. Then the bootstrap EDF is

F̂ ∗n(x) =
1

n

n∑
i=1

I(X∗i ≤ x).

Here is how the statistical functionals and the bootstrap is connected. In estimating the parameter θ =
Ttarget(F ), we often use a plug-in estimate from the EDF θ̂n = Ttarget(F̂n) (just think of how we estimate the
sample mean). In this case, the bootstrap estimator, the estimator using the bootstrap sample, will be

θ̂∗n = Ttarget(F̂
∗
n),

another plug-in estimator but now we are plugging in the bootstrap EDF F̂ ∗n .

Consistency of bootstrap variance estimator. How do we use the bootstrap to estimate the variance
and construct a confidence interval? We keep generating bootstrap samples from the EDF F̂n and obtain
several realizations of θ̂∗n’s. Namely, we generate

θ̂∗(1)n , · · · , θ̂∗(B)
n

and use their sample variance, V̂arB(θ̂∗n), as an estimator of Var(θ̂n). Note that V̂arB(θ̂∗n) is

V̂arB(θ̂∗n) =
1

B − 1

N∑
`=1

(
θ̂∗(`)n − ¯̂

θ
∗
n,B

)
,

¯̂
θ
∗
n,B =

1

B

B∑
`=1

θ̂∗(`)n .

When B is large, the sample variance of the bootstrap estimators

V̂arB(θ̂∗n) ≈ Var(θ̂∗n|F̂n). (10.9)

Note that ·|F̂n means conditioned on F̂n being fixed. The reason why here it converges to this conditioned

variance is because when we generate bootstrap samples, the original EDF F̂n is fixed (and we are generating

from it). Thus, the variance is conditioned on F̂n being fixed.

To argue that the bootstrap variance V̂arB(θ̂∗n) is a good estimate of the original variance, we need to argue

V̂arB(θ̂∗n) ≈ Var(θ̂∗n|F̂n) ≈ Var(θ̂n).

However, because of equation (10.9) and we can select B as large as we wish, so what really matters is

Var(θ̂∗n|F̂n) ≈ Var(θ̂n).

Or more formally,

Var(θ̂∗n|F̂n)

Var(θ̂n)
≈ 1 (10.10)

(people generally use the ratio expression because both quantities often converge to 0 when the sample size
n→∞).

Therefore, we conclude that
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as long as we can show that equation (10.10) holds, the bootstrap variance is a good estimate of

the variance of the estimator θ̂n.

Because θ̂n = Ttarget(F̂n) is a statistic (a function of our random sample X1, · · · , Xn), its distribution is
completely determined by the distribution X1, · · · , Xn are sampling from, which is F , and the sample size
n. This implies that the variance of θ̂n is determined by F and n as well. Therefore, we can write

Var(θ̂n) = Var(Ttarget(F̂n)) = Vn,target(F ).

And it turns out that we often have

Vn,target(F ) ≈ 1

n
V1,target(F ) ≡ 1

n
Vtarget(F ).

Note that here Vn,target(·),Vtarge(·) are both again statistical functionals!

Because the bootstrap estimator θ̂∗n = Ttarget(F̂
∗
n), its conditional variance will be

Var(θ̂∗n|F̂n) = Var(Ttarget(F̂
∗
n)|F̂n) = Vn,target(F̂n) ≈ 1

n
Vtarget(F̂n).

Thus, as long as
Vtarget(F̂n) ≈ Vtarget(F ), (10.11)

equation (10.10) holds. Namely, the bootstrap variance estimate will be a good estimator of the variance of
the true estimator8.

Validity of bootstrap confidence interval. How about the validity of the bootstrap confidence interval?
Here is a derivation showing that the consistency of bootstrap variance estimator implies the validity of
bootstrap confidence interval.

For the bootstrap confidence interval, a simple way is first show that

√
n(θ̂n − θ) =

√
n
(
Ttarget(F̂n)− Ttarget(F )

)
≈ N(0,Vtarget(F )) (10.12)

which implies
√
n(θ̂∗n − θ̂n) =

√
n
(
Ttarget(F̂ ∗n)− Ttarget(F̂n)

)
≈ N(0,Vtarget(F̂n)).

Thus, as long as the bootstrap variance converges, we also have the convergence of the entire distribution,
implying the validity of a bootstrap confidence interval. Note that to formally prove this, we need to show the
convergence in terms of CDF of the difference. In more details, let Zn =

√
n(θ̂n− θ) and Z∗n =

√
n(θ̂∗n− θ̂n).

We need to prove

sup
t

∣∣∣P (Z∗n ≤ t|F̂n)− P (Zn ≤ t)
∣∣∣ P→ 0.

Later we will show examples about this using the sample mean as a starting point.

Example: mean. We now consider a simple example: the mean of a distribution Ttarget = Tmean. The mean
of a distribution has the form

µ = Tmean(F ) =

∫
xdF (x).

The plug-in estimator is

µ̂n = Tmean(F̂n) =

∫
xdF̂n(x) = X̄n

8A more formal way is to show that it converges in probability.
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and the bootstrap estimator is

µ̂∗n = Tmean(F̂
∗
n) =

∫
xdF̂ ∗n(x) = X̄∗n.

It is clear from the Central Limit Theorem that
√
n(µ̂n − µ) ≈ N(0, nVar(Tmean(F̂n)))

so equation (10.12) holds and
√
n(µ̂∗n − µ̂n) ≈ N(0, nVar(Tmean(F̂

∗
n)|F̂n)).

In this case, we know that

Var(Tmean(F̂n)) = Var(X̄n) =
1

n
Var(Xi) =⇒ Vmean(F ) = Var(Xi) = E(X2

i )−E2(Xi) =

∫
x2dF (x)−

(∫
xdF (x)

)2

.

Therefore, the bootstrap variance is

Var(Tmean(F̂
∗
n)|F̂n) =

1

n
Vmean(F̂n) =

∫
x2dF̂n(x)−

(∫
xdF̂n(x)

)2

.

Because of the Law of Large Number,∫
x2dF̂n(x) =

1

n

n∑
i=1

X2
i
P→ E(X2

i ) =

∫
x2dP (x)

∫
xdF̂n(x) =

1

n

n∑
i=1

Xi
P→ E(Xi) =

∫
xdP (x).

Thus, 9

Vmean(F̂n)
P→ Vmean(F ),

which shows that equation (10.11) holds and so is equation (10.10). Thus, the bootstrap variance estimator
converges to the true variance estimator and we conclude that

Var(Tmean(F̂
∗
n)|F̂n)

Var(Tmean(F̂n))

P→ 1.

As a result, the bootstrap variance estimator is consistent and the bootstrap confidence interval is also valid.

10.7 Berry-Esseen Bound (optional)

Let Zn =
√
n(θ̂n − θ) and Z∗n =

√
n(θ̂∗n − θ̂n). To formally prove the validity bootstrap, we need to prove

that
sup
t

∣∣∣P (Z∗n ≤ t|F̂n)− P (Zn ≤ t)
∣∣∣ P→ 0. (10.13)

The above bound is also known as the Kolomogrov distance between two random variables. Although this
seems to be hard to prove, there are route analysis to derive convergence in the above form. One famous
result is the Berry-Esseen bound of the sample mean.

Consider a simple scenario that we observe univariate X1, · · · , Xn and we are interested in estimating the
population mean, i.e., µ = E(X1).

9Note that here we use the continuous mapping theorem: if f is a continuous function and random variable An
P→ a0, then

f(An)
P→ f(a0). Setting f(x) = x2, we obtain the convergence of the second quantity.
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Theorem 10.2 (Berry-Esseen bound) Assume that E(|X1|3) <∞. Let Z ∼ N(0, 1). Then

sup
t

∣∣∣∣P (√n(X̄n − µ
σ

)
< t

)
− P (Z < t)

∣∣∣∣ ≤ CE|X1|3

σ3
√
n
,

for a constant C ≥
√
10+3

6
√
2π

.

The Berry-Esseen bound quantifies how fast the limiting distribution converges to a Gaussian and the result
is uniform across different quantiles.

The Berry-Esseen bound can be used to derive bounds like equation (10.13). Now consider very simple
scenario that we are interested in estimating the population mean θ = E(X1) and we use the sample mean

as the estimator θ̂n.

Theorem 10.3 Suppose that we are considering the sample mean problem, i.e., θ = E(X1) and θ̂n = X̄n.
Assume that E(|X1|3) <∞. Then

sup
t

∣∣∣P (Z∗n ≤ t|F̂n)− P (Zn ≤ t)
∣∣∣ = OP

(
1√
n

)
.

Proof:

Let Ψσ(t) be the CDF of N(0, σ2) and σ̂2 = 1
n

∑n
i=1(Xi − X̄n)2. We bound the difference using

sup
t

∣∣∣P (Z∗n ≤ t|F̂n)− P (Zn ≤ t)
∣∣∣ ≤ sup

t

∣∣∣P (Z∗n ≤ t|F̂n)−Ψσ̂(t)
∣∣∣+ sup

t
|Ψσ̂(t))−Ψσ(t)|+ sup

t
|P (Zn ≤ t)−Ψσ(t)| .

The Berry Esseen theorem implies that

sup
t
|P (Zn ≤ t)−Ψσ(t)| = OP

(
1√
n

)
so the third quantity is bounded. Similarly, we can apply the Berry Esseen bound to the first quantity by
replacing E(·) with the empirical version of it (sample average operation), which implies

sup
t

∣∣∣P (Z∗n ≤ t|F̂n)− P (Zn ≤ t)
∣∣∣ ≤ C 1

n

∑n
i=1X

3
i

σ3
√
n

.

By strong law of large number, the probability that the right hand side is less than 2C E|X1|3
σ3
√
n

is 1. Thus, we

conclude that

sup
t

∣∣∣P (Z∗n ≤ t|F̂n)− P (Zn ≤ t)
∣∣∣ = OP

(
1√
n

)
.

For the second term, supt |Ψσ̂(t))−Ψσ(t)|, because |σ̂ − σ| = OP

(
1√
n

)
so differentiating the CDF with

respect to σ and take a uniform bound leads to

sup
t
|Ψσ̂(t))−Ψσ(t)| = OP

(
1√
n

)
,

which completes the proof.
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