CHAPTER 12: A BASIC HARVEST SCHEDULING MODEL

Forest management problems are complex because of the diversity of the landscape, the
unpredictability of the natural processes that occur in forests, the inter-relationships between
the different components of the forest, and, most important, because of the diversity of values
associated with natural resources. To handle this complexity, forest management plans are
often developed using mathematical programming techniques, including linear programming,
nonlinear programming, integer programming, and other, more specialized algorithms.
Mathematical programming alows managers to solve complex problems involving hundreds
— even thousands — of management areas and awide range of concerns at multiple scales.
These concerns potentially include sustained yields of products, maintaining optimal habitat
mixes, minimizing road-building costs, even selecting biodiversity reserve locations.

In this chapter, you will learn how to formulate arelatively simple forest harvest scheduling
problem as alinear program. In doing so, you should gain an appreciation for how rea-world
problems can be expressed and solved using mathematical programming techniques, and you
will learn about some of the limitations of this approach. The problems you will work with
in this class will typically have between eighteen and fifty variables and nine to thirty
constraints. While these problems may seem large to you, they are highly simplified. Real-
world harvest scheduling problems sometimes have hundreds of thousands of variables and
thousands of constraints. Obviously, these problems are not solved, or even formulated, by
hand. Computer programs have been written to facilitate the formulation, solution, and
interpretation of problems like these. When working with such large problems, it is easy to
miss some important details. Thus, it is extremely important that you have an intuitive
understanding of the situation being modeled. Experience with small problems, such as those
you will develop, will help you build some of thisintuition.

1. Planning Periods and the Planning Horizon

We expect our forests to continue to produce forever — or at least for avery long time.
However, we cannot explicitly plan for such along time period with alinear program. Forest
management scheduling models can only explicitly recognize some finite period of time.
This period is called the planning horizon. There are ways of ensuring the sustainability of
the forest beyond the planning horizon, and these will be discussed later. The planning
horizon is divided up into planning periods. Aswith the forest regulation problems we
solved, it is helpful to use planning periods that equal the width of our age classes. We will
use ten-year age classesin our example forest. We will therefore also use ten-year planning
periods. Ten-year periods are used here to keep the problem size relatively small. The period
length could be 5 years, or any other reasonable number—for example, between 1 and 20.
Figure 12.1 illustrates a 30-year planning horizon consisting of three 10 year planning
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Figure 12.1. Illustration of a 30-year planning horizon divided into three 10-year planning
periods.

periods. In order to keep the example problems in this chapter small, we will use a 20-year
planning horizon, divided into two 10-year planning periods.

All activities that take place during a given planning period will be assumed to take place at
the sametime. For example, in Figure 12.1 all activities are assumed to occur in year 5 if
they are scheduled for period 1, year 15 if they are scheduled for period 2, and year 25 if they
are scheduled for period 3. We will assume that activities (harvests) occur at the period
midpoint because thisis the average time when actual activities will take place during that
planning period — some activities will take place earlier in the planning period, and others
will occur later.

It might be desirable to use shorter planning periods —for example, 5 years — as thiswould
give more specific information about when management activities are supposed to occur.
However, using 5-year planning periods instead of 10-year planning periods would require
twice as many planning periods to cover the same time horizon. It would aso require the
forest age-class distribution to be subdivided into twice as many age classes. Thiswould
make the model at least four times as large if we use 5-year planning periods instead of 10-
year planning periods. It seems desirable to have as long a planning horizon as possible and
planning periods that are as short as possible. However, very long planning horizons divided
up into very short planning periods will result in very large models. Thus, model size
considerations will have to be balanced against the desire to use very long planning horizons
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and very short planning periods when selecting the length of the planning periods and the
planning horizon.

There are two general rules you should follow in setting the length of the planning horizon.
First, the planning horizon should generally be at least one rotation in length — two rotations
is better, and generally enough. Second, you will want the planning horizon to be long
enough so that increasing the length of the horizon by one period does not significantly
change the activities that are planned for the first planning period. Thefirst period is, after
all, the only period for which the plan islikely to be implemented. Itislikely that the basic
information with which the model was developed will have changed before one period is
over, and the planning process will have to be repeated before the second period is
implemented. We will violate the first rule with the example in this chapter. Asaways,
model size considerations may rule the day in determining the length of the planning horizon.

2. The Example Forest

In this chapter, we will develop a harvest scheduling linear program for the example forest
described in Tables 12.1 to 12.3.

Initial Age-Class Distribution

Table 12.1 shows the initial age-class Table 12.1. Initial acreage by site and age
distribution of the example forest. It class for the example forest.
incl ude.:s'a totgl of 37,000 acres. It has Acres by site class
been divided into three 10-year age classes Age

and two site classes. Thisresultsin six Classes Site Sitell
basic categories of forest land. Itis

common in the forest management Oto 10 3,000 8,000
literature to refer to these basic categories

of land as analysis areas. Asyou will see, 111020 6,000 4,000
the number of analysis areasin the forest 21 to 30 9,000 7,000
directly affects the size of the linear

programming problem. For now, it is best Total 18,000 19,000

to use an example with only afew analysis
areas in order to keep the problem as
simple as possible.

Yield Data

Table 12.2 presents yield data for the example forest. Note that the yields are reported for
ages that are even multiples of the period length. These areas also correspond to the upper
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bound on each age class. These are the ages at which we will assume that areas are cut. For
example, consider acresthat areinitially in the O - 10 year age class. At time zero, the
average age of these areasis 5 years. If they are scheduled for harvest in period 1, they are
assumed to be harvested at the midpoint of the period —i.e,, inyear 5 (see Fig. 1). By this
time, these acres will, on average, be 10 yearsold. Similarly, if an areathat starts out in age
class 3 (average initial age of 25) isharvested in period 2 (at year 15), the areawill be 40
yearsold at harvest. Note also that even though the oldest acres currently in the forest are

only 30 yearsold, yield data for older

stands will be needed in order to model the

yields of standsthat are harvested in later
periods.

We will assume that only one product is
produced on the forest. Again, thisisa
simplifying assumption. More products
can be recognized in alinear program —in
fact, thisis one of the strengths of linear
programming relative to other techniques,
such as area or volume control. However,
the idea hereisto keep the initial problem
assmall and simple as possible. You can
see from the yields that site class 11 isthe
better of the two site classes. Volumes are
measured in cords and areas in acres.
These units have been chosen because they
are commonly used. Cubic feet and acres
or cubic meters and hectares could have
been used instead.

Economic Data

Table 12.3 gives the economic data for the
example. These dataare used for
calculating the costs and returns for each
management alternative. Wood price
refers to the stumpage price per unit
volume (cordsin our example). We will
assume that when an areais harvested it
will be regenerated at a cost of $100 per
acre, which includes site preparation,
seedling, and planting costs. Timber sale
preparation costs are assumed to depend
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Table 12.2. Expected yield by site and

age class.
Harvest || Cords per acre by site class
Age Sitel Sitell
10 2 5
20 10 14
30 20 27
40 31 38
50 37 47
60 42 54
70 46 60

on both the area and the volume sold.
Although it is not precisely correct to do
S0, the per-acre cost will be called a fixed
cost and the per cord cost avariable cost.
The redl interest rate (above the rate of
inflation) is assumed to be 4%.
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Table 12.3. Basic Economic Datafor

the Example Problem.

Item Symbol |  Amount
Wood Price P $25.00/cd
Planting Cost E | $100.00/ac
Timber Sales Cost

- per acre s, | $15.00/ac

- per cord s, $0.20/cd
Interest Rate r 4%

Land Expectation Value (LEV) Analysis

Y ou have aready learned to use several
analytical tools that can give you alot of

Table 12.4. Land Expectation Values by
Site Class for Rotation Ages

information about how to manage this 20 to 60.

forest. One of the most important is the . .

land expectation value (LEV). TheLEV is R(?At\zt;on Land Expectation Value
the net present value of an infinite series of Site Sitell
identical future rotations less the

discounted costs associated with these 20 $11.66 $94.94
rotatiqns. The opti mal economic_r(_)tati on 30 $69.83 $147.21
for asingle stand, without recognition of

forest-wide considerations such as 40 $72.01 $117.68
sustained yield, is that rotation age that

resultsin the greatest LEV. The LEVsfor 50 $31.43 $r2.04
this example for each site class and each 60 -$2.66 $28.60
rotation age from 20 to 60 years are shown =

in Table 12.4. We can use the LEV's here R (yn 40 30

to determine the optimal economic
rotation for each site class. The rotations

with the highest LEVs are 40 yearsfor site class | and 30 years for site class11. Y ou should
verify some of the numbersin Table 12.4 for yourself. The general formulafor the LEVsin
thisexampleis:

_ (P- SV)YR,S - Sy E(l""”)R
a+r)*-1

LEV,

where: LEV, . = the LEV for siteclass s at rotation age R,

FOREST RESOURCE M ANAGEMENT 238



CHAPTER 12: A BASIC HARVEST SCHEDULING M ODEL

Y, , =theyield for site class s at rotation age R,

P = thewood price,

s, = the variable (per cord) timber sale cost,

s,= thefixed (per acre) timber sale cosL,

E = the stand establishment (regeneration) cost, and
r = thered interest rate.

Long-Term Sustained Yield (LTSY)

Another key management parameter for thisforest isthe long-term sustained yield, or LTSY.
This, you may recall, isthe annual harvest volume that the forest would produce if it was
regulated. Theformulafor the LTSY of aforestis:

S
LTSY = [MAI,. = A,]
s=1 *

where MAI., = the mean annual increment for site class s at the optimal economic
rotation age, R*, and
A,=theareain siteclasss.

For the example forest here, the LTSY is:
LTSY =0.775 % x18,000 acres + 0.9% x19,000 acres = 31,050 cords/yr
If the example forest was regulated, each year 450 acres (18,000/40) would be harvested from

site class | and 633.3 acres (19,000/30) would be harvested from site class 11, producing a
total of 31,050 cords per year.

3. Formulating the Example Problem as a Cost Minimization Linear Program

Harvest scheduling models can be formulated with a variety of objective functions. Two
common types of objective functions are cost minimization and profit maximization. We
will begin here with the cost-minimization formulation because it is somewhat simpler.
Chapter 13 discusses formulating the model as a profit maximization problem.

To formulate the problem as alinear program, we will follow the three basic formulation
steps:

1. define the variables,
2. formulate the objective function, and
3. formulate the constraints.

FOREST RESOURCE MANAGEMENT 239



CHAPTER 12: A BASIC HARVEST SCHEDULING M ODEL

We will discuss four types of constraints:

1. area constraints,

2. harvest target constraints,
3. ending age constraints, and
4. non-negativity constraints.

Variable Definitions

The first step in formulating the example problem as a linear program isto specify the
variables. We have six analysis areas, and we will consider three possible prescriptions that
could be applied on each analysisarea. They are: 1) harvest in period one, 2) harvest in
period two, and 3) do not harvest during the planning horizon of the problem. The problem
can be viewed as determining the number of acres from each analysis area to assign to each
of these prescriptions. Thus, the variables will be defined as follows:

X, = thenumber of acres cut from site classs (wheres = 1 or 2 in this example) and
initial age classa (wherea =1, 2, or 3) in period p, (wherep =0, 1, or 2 and
where p = 0 means no harvest during the planning horizon).

For example, X,;, isthe number of acres from site class 2 (11), initial age class 3 assigned to

be harvested in period 1. The total number of decision variablesis equal to the number of

site classes times the number of initial age classes times the number of possible prescriptions

(the number of periods plus the do-not-cut option). For the current example, the linear

programming formulation contains 18 decision variables (2 site classes x 3 initial age classes

x 3 prescriptions).

The Cost-Minimization Objective Function

The objective in this example is to minimize the present value of the cost of meeting certain
pre-determined harvest targets during the planning horizon. (The harvest targets will be
discussed in alater section.) The general form of the objective function will be:

2 3 2
. o] [o] [o]
MinZ=g a a Cup XX
s=1a=1p=0

where c,,, = the present value of the cost of assigning one acre to the variable X,

ap

ap *
The triple summation sign in this formula may be intimidating at first. The objective
function can also be written as follows:

MinZ =" ¢ X9+ ¢y Xppp + €ppn Xppp + Crag Xpng + 1oy Xppp + €05 Xipp +
Crs0 Xpso T €3 Xpsp + 30 Xpsp + Copg Xopg + €0y Xopy + €00 X5
Cazg Kopg F Cozy " Xopy + Cogy " Xipy + Cozp KXoz + o3y Koz o35 X35
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The problem now is to determine the values of the coefficients (c,,,). First, consider the units
of the objective function value, Z. The objective isto minimize the discounted cost of
meeting certain harvest targets. Thus, the units of Z are discounted dollars of cost. The units
of the variables are acres. Therefore, the units of the coefficients must be discounted dollars

of cost per acre.

Costs are incurred only when a stand is harvested. Therefore, the objective function
coefficients corresponding to variables that do not involve a harvest are zero. These would
include any points where p = 0, or all the coefficients of the form ¢, When aharvest
occurs, both timber sale and reforestation costs are incurred. (We are assuming that all
harvested acres will be reforested by planting.) The reforestation cost is a per-acre cost, and
the timber sale cost has a per-acre component and a component that depends on the harvest
volume (see Table 12.3). Also, since the cost coefficients are discounted costs, the costs

have to be discounted by an appropriate number of years.

Consider the following example. The cost coefficient for acres from site class 2, initial age
class 3, assigned to be harvested in period 1 (i.e., acres assigned to the variable X;, ) will be:

E+s, + ’
o = Syt S,Vag _ $100/ac +$15/ac +$0.20/ cd ~ 27cd/ac _ $98.96/4c

(1+7)° (104)°
where E = the stand establishment (regeneration) cost,
s, = the per-acre timber sale cost,
s, = the per-cord timber sale co<t,
v,;; = the harvest volume for each acre assigned to the variable X;,, and
r =therea interest rate.

The hardest part of calculating the cost coefficients for the objective function is determining
the harvest volume, v, or, inthis case, v,;,. The key to determining the harvest volume is
determining the age at harvest. Acres assigned to the variable X,;, start out at time zero in the
third age class, ages 21 to 30. Thus, on average, these acres will be 25 years old at time zero.
Furthermore, the acres assigned to X,;, are scheduled to be harvested in the first period, and
this harvest is assumed to happen at the midpoint of the period — year 5. Thus, these acres
were 25 years old at time zero, and, at time 5 when they are harvested, they will be five years
older, or 30 yearsold. Thus, these acreswill be 30 years old at harvest. The harvest volume
is aso determined by the site class, which in this case happens to be site class11. Table 12.2
indicates that acres harvested from site class |1 stands that are 30 years old should yield 27
cords per acre.

Determining the amount harvested per acre for each variable can be tricky at first.

Remember that the first step is to determine the age the acres will be when they are harvested.
Ask yourself how old the acres were at the beginning of the time horizon and how many more
years will pass before they are cut. The sum of these two values gives you the age at harvest.
Once you know the age at harvest and the site class, you can look up the harvest volumein
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Table 12.2. Table 12.5 shows the values of the harvest volume coefficients corresponding to
each variable in this problem.

Table 12.5. Harvest ages and volumes for each initial age class and harvest period.

Harvest Age " Volume — Site | " Volume — Sitell
Initial Harvest period
Age Class Period 1 | Period2 | Period 1 Period 2 Period 1 Period 2
0to 10 10 20 v, =2 | v,,=10 || v,,=5 | v,,=14
11to 20 20 30 v =10 | v,,=20 || v,,, =14 | v,,,=27
211030 30 40 v, =20 | v,=31 [ v, =27 | v,,,=38

The general equation for the coefficients of the objective functionis:

_ E + Srt S,V

Csap - (l+r)1o>?j_5 f0rp> O, fOI"p = 0, Csap =0

where al of the symbols are as previousy defined.
Note that the expression 10-p - 5 will equal 5 when the period is 1; it will equal 15 if the
period is 2; it will equal 25 if the period is 3, and so on. Thisisjust ageneral expression for
the midpoint of the period p. The specific objective function for the example problemis:

MinZ = 94.85X,,, + 64.97 X,,, + 96.17 X,,, + 66.08 X,,, + 97.81 X,,, + 67.30 X, +
95.34 X,,, + 65.41 X,,, + 96.82 X,,, + 66.85 X,,, + 98.96 X,;, + 68.08.X,,,

Y ou should make sure you can calculate any of the coefficients in this equation.

Area Constraints

Thefirst set of constraints we will discussisthe area constraints. 1t seemsfairly obvious that
you can’t manage more acres than you have. Area constraints — one for each analysis area
— gpecify thisrestriction for the linear program. For each analysis area, one constraint is
needed stating that the sum of the areas allocated from the analysis area to each potential
prescription must be no more than the total area available from the analysisarea. For
example, there are 3,000 acresin site class |, initial age class 1. The three potential
prescriptions for acres in each analysis area are: cut in period 1, cut in period 2, and do not
cut the acres during the planning horizon. An area constraint would say that the total acres
from site class |, initial age class 1 that are assigned to these three prescriptions must be less
than 3,000. This constraint can be written as:
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Xyt Xpp, + X, # 3,000

There should be one of these constraints for each analysisarea. Therest of the area
constraints for this problem are:

Xy29 + Xppp + X5, # 6,000
X3+ Xp31 + X5, # 9,000
Xopo + Xopp + X5, # 8,000
Xozp + Xopp + X5, # 4,000
Xozp + Xo3; + X3, # 7,000

Note that these equations could be expressed as equalities, rather than inequalities. However,
if any of these constraints are not binding, any slack can be assigned to the do-not-cut
prescription. It isgenerally best to avoid using equality constraintsin formulating linear
programming problems to give the solution algorithm more flexibility. The general formula
for these congtraintsis:

2
a X, EA, s=12 a=123

p=0

where 4, = the total number of acresin site classs, initial age classa.

Harvest Target Constraints

The harvest target constraints require the production of some minimum output of timber in
each period. Without these constraints, the cost-minimizing solution would be to harvest
nothing. An obvious question that arises when formulating these constraints is: “what target
should | use?” The volume control formulas presented in Chapter 10 can provide a good
starting point. For example, Hundeshagen’' s formula could be used to obtain a harvest target
for the first decade. If the example forest was regulated using the optimal economic rotation
for each site class, itsinventory would be 419,583 cords. The inventory of the current forest
is375,500. (You should be able to verify these numbers.) Earlier, we calculated the LTSY
for thisforest, and found that it was 31,050 cds/yr. Thus, by Hundeshagen’s formula, the
harvest in the first decade should be:

4 375500ac ,

| =———— " 31,050cd / yr = 27,788cd | yr
419,583ac

Thus, as arough estimate, it should be possible to harvest about 28,000 cds/yr, or 280,000
cdsin thefirst period. For the second period, we will set our target approximately at the
average of this harvest target and the LTSY — 29,500 cd/yr, or atotal of 295,000 cdsin the
second period. Thisisnot the only way to go about setting harvest targets, but it provides a
good starting point.
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A harvest target constraint must be formulated for each period. Let’ s start with the harvest
target constraint for period 1. Obvioudly, unless avariable involves cutting in period 1, it
will not appear in this constraint. Thus, the variables with p = 0 or 2 will not appear in the
harvest constraint for period 1 (in other words, their coefficients in this constraint will be
zero); only those variables with p = 1 will be involved in this constraint. The right-hand-side
of this constraint will be the harvest target, in cords. The units of the variables are acres.
Thus, the units of the coefficientsin this constraint should be cords per acre. Thus, the
coefficientsin this constraint should indicate the volume of wood that will be produced in
period 1 for each acre assigned to that variable. Y ou have already seen these values — they
arethev,, parametersthat were calculated earlier (see Table 12.5). Thus, the harvest target

sap

constraint for period 1 can be written, generally, as:

where H, =the harvest target for decade 1 (in cords), and, again,
v,,; = the harvest volume for each acre assigned to the variable X, .

Y ou may want to review how the valuesin Table 12.5 were determined. Recall that the first
step is to determine the age of the stand at harvest. Thisis determined by identifying the age
of the stand at the beginning of the planning horizon and adding the number of years before
the stand isto be harvested. For harvests that occur in period 1, add five yearsto theinitial
age of the stand. Once the age at harvest is determined and the site class noted, the yield per
acre can be identified from the yield table (Table 12.2).

The harvest target constraint for period 1 with the specific values of the coefficientsis:
2X,,+10X,,, +20X,;, +5X,,, + 14 X,,, + 27 X,;, >= 280,000

The specific harvest target constraint for period 2 is:
10.X,,,+ 20 X,,, + 31 X, + 14 X,,, + 27 X,,, + 38 X,,, >= 295,000

The general form of the harvest target constraintsis:

a

s=1

1vsap stap 3 Hp p :]-12

T Qog,

where H, = the harvest target for decade p.

Ending Age Constraints
Linear programming problems are like very greedy monsters. They are designed it to be

greedy — to go for the most desirable things or go for the least undesirable things. 1f we do
not constrain these greedy beasts appropriately, they will find very undesirable solutions.
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The greedy nature of linear programs becomes apparent near the end of the planning horizon.
Itisasif the linear programming monster does not care at al about what happens after the
end of the planning horizon — it is not going to be around then anyway. Asaresult, if no
constraints are included in the model formulation to prevent it, at the end of the planning
horizon the linear programming solution will recommend harvesting any part of the forest
where any immediate profit can be made. Obvioudly, thisiswill not lead to adesirable
management plan. The problem, therefore, isto find an efficient way to ensure that the forest
that is left standing at the end of the planning horizon will be one that we will be proud to
have created.

Y ou could require the linear program to leave a specific age-class distribution at the end of
the planning horizon, but it would be difficult to say in advance what that age-class
distribution should be. Even if you had a particular age-class distribution in mind, this
approach tends to be too restrictive, not allowing the linear program much latitude to achieve
any other goals.

Alternatively, you could set atarget inventory volume for the forest at the end of the planning
horizon, or you could require that at the end of the planning horizon the average age of the
forest should be at least a certain target age. Both of these are workable approaches. We will
use the latter approach here.

Before we get into the specifics of formulating this type of constraint, consider how you
would calculate the average age of aforest, given an age-class distribution. To keep things
simple, we will use the age-class distribution in Table 12.6. This forest has 300 acresinthe O
to 10 yr age class, 100 acresin the 11 to 20 yr age class, and 250 acresin the 21 to 30 yr

age class. The average age of the acresin
the 0to 10 yr age classis 5 yearsold, the

average age of acresinthe 11 to 20 yr age Table 12.6. A simple age-class

. distribution.
classis 15 years old, and the average age
of acresin the 21 to 30 yr age classis 25 Age Class Avg. Age Acres
yearsold. 0tol0yr 5yr 300
Y ou should be able to tell by looking at 11t020 yr 15 yr 100
the age-class distribution that the average
age of the forest will be alittle less than 15 21 1030 yr 25yr 250

years old — there are somewhat more
acresin the 0 to 10 year age class than

there are in the 21 to 30 year age class. But how do you calculate the exact average age of the

forest? The answer iswith aweighted average, using the acres in each age class as the
“weights.” The weighted average age of the forest in Table 12.6 is:
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Age = 300" 5+100° 15+250" 25 _ 3005+ 10015+ 250 25 = 14.23 years
300+ 100+ 250 650 650 650

The general formulafor the weighted average age of aforestis:

n

dge=8 % gge,
=¥ Area,

j=1

where Age = the average age of the forest,
Area , = the areain the /" unit of the forest, and
Age, = the age of the i" unit of the forest.

Now, how can this formula be used to formulate a constraint for the average age of the forest
at the end of the planning horizon? Well, the variables in the problem formulation — the
X, s— each represent the acres that will be in different blocks of the forest at the end of the
planning horizon. Thus, the term Area;, in the above formula can be replaced with the
variables X,,. Furthermore, the term in the denominator isjust the total area of the forest.

Now, al we need is the age that acres assigned to each variable will be at the end of the
planning horizon. Let:

Age,, = theageinyear 20 of acresin site class s, initial age classa, that are
scheduled to be harvested in period p (where p=0 implies no harvest during

the planning horizon) — in other words, acres assigned to the variable X, .

Now, the following formula gives the average age of the forest at the end of the planning
horizon:

20 -
sap sap

Age
0

TotalArea

g & & , g
a a a Agesap Xsap a

—20 s=1a=1p=0 s=1

T Qo
htl’l QJON

1

where Age’ = the average age of the forest in year 20,

TotalArea = the total area of the forest, and
all of the other symbols are as previously defined.

This formula can be rearranged by multiplying both sides by the total area of the forest. We
also need to convert it to a greater-than-or-equal constraint. This gives us the following
genera form of the ending average age constraint for our problem formulation:

Age® = X 3 Agezo " TotalArea
sap sap
0

S
a

=1

Qor

1

©
1
1N}

N?l Q-’ol\)
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where ge’ = isthetarget minimum average age of the forest in year 20,

and all of the other symbols are as previously defined.

Now, consider how the values of the Age)’ parameters are determined. These parameters
should equal the age in year 20 (at the end of the planning horizon) of acres assigned to the
corresponding variable X, , . First, observe that the age of the acres will not depend on the site
class. Next, consider the age of acres assigned to do-not-cut prescriptions (p = 0). If an area
isnot cut, in year 20 it will be 20 years older than it was at the beginning of the planning
horizon. Thus, if p =0 and a = 1, the acreswere 5 years old (on average) at the beginning of
the planning horizon, and they will be 25 years old (on average) at the end of the planning
horizon (in year 20). If p =0and a = 2, the acres were 15 years old at the beginning of the
planning horizon, and they will be 35 years old at theend. Finaly, if p =0and a =3, the
acreswere 25 years old at the beginning of the planning horizon, and they will be 35 years

old at the end.

Next, consider acres assigned to prescriptions involving aharvest in period 1 (p = 1).

Regardless of their initial age, these acreswill be 15 years old in year 20. Since they were
harvested in period 1, they were O yearsold (i.e., “born™) in year 5. By year 20, they will be
15 yearsold. Similarly, acres scheduled to be harvested in period 2 (p = 2) will be 5 years
old in year 20 regardless of their initial age. These acreswill be harvested and regenerated in
year 15, so they will be 5 yearsold in year 20. Table 12.7 summarizes the values of the
Age’’ parameters.

sap

The only remaining question regarding this constraint that has not been addressed is how one
should identify what the minimum average age of the forest should be at the end of the

Table 12.7. Ending agesfor each initial age class and harvest period.

Site| | Sitell
Initial Harvest Period
AgeClass || NotCut | Periodl | Period2 | NotCut | Periodl | Period2
0to 10 Age,h =25|Age; ) =15 | Age,)y =5 |Age,7s =25|Age,)) =15| Age,5 =
111020 |[ Age;5) =35|Age,;5 =15| Age;s; =5 ||Ager =35|Ageys =15| Ageys =
21t030 || Age,s =45|Age,l =15| Age,ss =5 ||Age,sy =45|Age,5 =15| Age,ss =

planning horizon. Again, it isuseful hereto consider what the forest would be like if it was
regulated. What would the average age of the forest beif it was regulated using the optimal
economic rotation? Since the optimal rotations of the two site classes are different, we will

have to consider each separately.
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First, consider siteclass|. The optimal rotation for site | acresis 40 years. The average age
of aforest regulated on a 40 year rotation will be approximately 20 years old — half a
rotation. Actualy, it will be 20%, whichis (40 + 1)/2 or (R + 1)/2. To seethis, consider a
regulated forest with just 3 acres: one of the acresis 1 year old, another acreis 2 yearsold,
and the third acreis 3 years old. Thiswould be a 3-acre forest, regulated on a rotation age of
3years. The average age of thisforest isobviously 2 years, which is consistent with the
formula: (R + 1)/2. If you still aren’t convinced, calculate the average age of aregulated
forest with 4 acres, regulated on arotation age of 4.

Now, consider siteclass 1. The optimal rotation age for this site classis 30 years. The
average age of the acresin site class 11, therefore, would be 15%2 yearsiif they were regulated
on a 30-year rotation. Thus, if our forest was regulated, it would have 18,000 acres with an
average age of 20%2 and 19,000 acres with an average age of 15%. Thus, the average age of
the regulated forest will be 17.93 years [(20%2-:18,000 + 15¥2:19,000)/37,000]. Thisisa
useful guideline, but we may not want to require that the forest fully reach this average agein
only 20 years. Thus, for the example, we will require that the forest have an average age of at
least 17 years at the end of the planning horizon. Now, we can write out the specific form of
the ending age constraint for the example problem:

25X110 + 15X111 + 5X”2 + 35X120 + 15X121 + 5X122 + 4'5)(130 + 15X131 + 5X132
25 X210 +15 XZII + 5X212 +35 X220 +15 X221 + 5X222 +45 X230 +15 X231 + 5X232
$629,000

Note that the right-hand-side coefficient on this constraint is 17x37,000 — the minimum
average ending age times the total area of the forest.

Non-negativity Constraints

Asaways, it isimportant to include the non-negativity constraintsin the problem
formulation. These can be written as follows:

X, $0 s=1,2 a=1,2,3 p=0,1,2

sap

The Complete Cost-Minimization Problem Formulation

The formulation processis now complete. The complete problem formulation can be written
asfollows. First, the general form of the cost-minimization problemis:

2 3 2
Min Z = é é é Coap *X sp (Objective function)
s=1a=1p=0
) Subject to:
[o]
X, EA, s=12 a=123 _
9:0 e (Area constraints)
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Vsap stap 3 Hp pP= 1 2 (HarveSt constrai ntS)
1

©
1
=

Qo
T Qo

7 Qo
$I mow

1

s

X, $

sap

2
] 20 , —20,
a Agey, X, % Age  TotalArea (Ending age constraints)
p:
0 s=1,2 a=1,23 p=0,1,2 (Non-negativity constraints)

where X, = the number of acres cut from site classs (where s = 1 or 2) and initial
ageclassa (wherea =1, 2, or 3) in period p, (wherep =0, 1, or 2 and
where p = 0 means no harvest during the planning horizon);
mp = the present value of the cost of assigning one acre to the variable X
= the total number of acresin site class s, initial age class q;
mp = the harvest volume for each acre assigned to the variable X
H, = the harvest target for decade p (in cords);
Agemp the age in year 20 of acres assigned to the variable X,

Age ge = the target (minimum) average age of the forest in year 20; and
TotalArea = the total area of the forest.

vap '
vap '

vap '

The specific formulation of the linear program for our example forest is:

MinZ = 94.85X,,, + 64.97 X,,, + 96.17 X,,, + 66.08 X,,, + 97.81 X,;, + 67.30 X, +
95.34 X, + 65.41 X,,, + 96.82 X,,, + 66.85.X,,, + 98.96.X,,, + 68.08 X,,,

Subject to:

Xjpo + Xppy + X, # 3,000

Xy29 + Xppp + X5, # 6,000

X390+ Xp31 + X5, # 9,000

Xopo + Xopp + X5, # 8,000

Xozp + Xopp + X, # 4,000

Xozp + Xo3; + X3, # 7,000

2X,,+10X,,,+20X,;,+5X,,, + 14 X,,, + 27 X,;, >= 280,000
10X,,+20X,,,+31X,;,,+14 X,,, + 27 X,,, + 38 X,;, >= 295,000

25Xyt 15X, +5X,, + 35X, + 15X, + 5X)p, + 45 X5, + 15 X5, + 5 X5,
25X+ 15X, +5.X,,, + 35X, + 15X, + 5.4, + 45 X35, + 15 X5, + 5 X))
$629,000

X050, X,,$0,X,,$0, X,,0$0, X, $0; X,,,$0; X3 $0; X5, $0;,.X)5, $0;
X030, X5, 30, X5, 30, X350 3 0; Xy, $0; X0 $0; Xgo $0; X35, $0; X5, 80

At this point, the problem has been formulated. The next step isto get the formulation into a
format that can be read by a program that will solve the problem. After the solution has been
obtained, the next step isto interpret the results.
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4. Interpreting the Solution to the Example Problem

LINDO" was used to solve the example problem. The output reported by LINDO is shown in
Figure 12.2. There are five types of information presented in the LINDO output that you
should be ableto interpret: 1) the optimal objective function value, 2) the optimal values of
the variables, 3) the reduced cost coefficients, 4) the slack or surplus values, and 5) the dual
prices.?

The Optimal Objective Function Value

The objective function value reported by LINDO is $1,906,447. Thisisthe minimum
discounted cost of meeting the harvest targets of 28,000 cords per year in the first decade and
29,500 cords per year in the second decade — given theinitial forest, the available
management options, and the additional constraint requiring the average age of the forest to
be at least 17 years after 20 years.

Interpreting the Optimal Variable Values

The optimal variable values are listed in the second column of the first block of the output.
These values indicate how many acres from each initial age/site class combination should be
assigned to each prescription. The value of 0 assigned to X, , for example, indicates that
none of the acresin site class |, currently in age class 1 (ages from 1 to 10) should be
harvested in thefirst period. Similarly, the value of 1,000 assigned to X, ,, indicates that
1,000 acresin site class |, currently in age class 2 (ages from 11 to 20) should be harvested in
period 2. Theremaining 5,000 acresin thisanalysis area (site class |, initial age class 2)
should be left unharvested for the next 20 years (X,, = 5,000).

Table 12.8 summarizes the harvest schedule by analysis area, indicating the number of acres
from each analysis area assigned to each prescription. Table 12.8 is organized from the
perspective of the linear programming variables, but it is not necessarily the most intuitive
way to present the results from the perspective of aforest manager — who typically wants to
know how many acres of what type will be harvested at agiven time. Table 12.9 presents the
harvest schedule in a different way — by period and age at harvest. This organizes the
harvest information in amore intuitive way, but it requires some additional interpretation on
your part. From either table, you can tell that approximately 1,150 acres will be harvested
each year. From Table 12.9, it is clearer that in period 1, al acres harvested will be 30 years
old at harvest. In period 2, the average age at harvest goes up on site | lands to closeto 40

LLINDOIs a computer application specifically designed for solving linear programming problems.

2 Similar information is provided by other programs that can be used to solve linear programming
problems — for example, Excel.
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LP OPTI MUM FOUND AT STEP 14
OBJECTI VE FUNCTI ON VALUE
1) 1906447.

VARI ABLE VALUE REDUCED COST
X111 . 000000 203. 202000
X112 . 000000 127. 710800
X121 . 000000 63. 224650
X122 1000. 000000 . 000000
X131 4550. 000000 . 000000
X132 4450. 000000 . 000000
X211 . 000000 78. 873120
X212 2075. 000000 . 000000
X221 . 000000 120. 946800
X222 4000. 000000 . 000000
X231 7000. 000000 . 000000
X232 . 000000 66. 606670
X110 3000. 000000 . 000000
X120 5000. 000000 . 000000
X130 . 000000 159. 638500
X210 5925. 000000 . 000000
X220 . 000000 223. 493900
X230 . 000000 449, 739100

ROW  SLACK OR SURPLUS DUAL PRI CES
2) . 000000 478. 915600
3) . 000000 670. 481800
4) . 000000 1021. 687000
5) . 000000 478. 915600
6) . 000000 893. 975700
7) . 000000 1311. 787000
8) . 000000 -41. 607330
9) . 000000 -32. 038760

10) . 000000 -19. 156620

NO. | TERATI ONS= 14

Figure 12.2. LINDO solution to the example cost-minimization harvest scheduling problem.

yearsold. On the other hand, the average age at harvest in period 2 for site Il landsis
between 20 and 30 years.
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Table 12.8. Acres assigned to each prescription, by site class and initial age class.

SiteClass | Initial AgeClass || HarvestinPd 1 | Harvestin Pd 2 No Harvest
0-10yr 0 0 3,000
11-20 yr 0 1,000 5,000
21-30 yr 4,550 4,450 0
0-10yr 0 2,075 5,925
! 11-20 yr 0 4,000 0
21-30 yr 7,000 0 0
Total 11,550 11,525 13,925

Table 12.9. Acres harvested by period, by site class, and by age at harvest.

Planning | Ageat

Period Harvest Sitel Sitell Total
1 30 4,550 7,000 11,550
2 20 0 2,075 2,075
30 1,000 4,000 5,000
40 4,450 0 4,450
Total 5,450 6,075 11,525
Total acres harvested 10,000 13,075 23,075
Acres not harvested 8,000 5,925 13,925

Both of the harvest target constraints are binding. The volume harvested in each period is
therefore equal to the right-hand side of the harvest target constraint for that period. The
gross revenue for each period will equal the volume harvested times the wood price:

Gross revenue for period 1 = 280,000 cords x $25 /cd = $7,000,000
Gross revenue for period 2 = 295,000 cords x $25 /cd = $7,375,000

The costs for each period are from replanting the harvested acres and conducting timber
sales. The cost is afunction of both the area planted and the volume harvested — $100 per
acre for reforestation, $15 per acre for timber sale administration costs, and $.2 per cord for
timber sale administration. The costs in each period will be:
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Costsfor period 1 = 11,550 ac x $115/ac + 280,000 cd x $.2 /cd = $1,384,250
Costs for period 2 = 11,525 ac x $115/ac + 295,000 cd x $.2 /cd = $1,384,375
The net revenue for each period isjust the gross revenue minus the cost:

Net revenue for period 1 = $7,000,000 - $1,384,250 = $5,615,750
Net revenue for period 2 = $7,375,000 - $1,384,375 = $5,990,625

Each of these cost and revenue figuresis for a 10-year period. They should be divided by 10
to get average annual costs and revenues. Table 12.10 shows the annual costs and revenues
for the example problem. Y ou can use the cost datain Table 12.10 to check your
calculations. Y ou should verify that the discounted costs are equal to $1,906,447.

Table 12.10. Acresand volume harvested, and revenues
and costs by period for the example forest.

Quantity Period 1 Period 2

Acres harvested 11,550 11,525
Volume harvested (cords) 280,000 295,000
Gross Revenues $7,000,000 | $7,375,000
Costs $1,384,250 | $1,384,375
Net Revenues $5,615,750 | $5,990,625

Before we move on to the interpretation of the other information given in the linear
programming solution, it is also useful to consider what the age-class distribution of the
forest will look like at the end of each planning period. Tables 10 and 11 show the age-class
distribution for the forest at the end of periods 1 and 2, respectively. (You should be ableto
reproduce tables like these yourself.) Note how, within only 20 years, the age-class
distribution of the forest is projected to be converted to one with arelatively even balance of
age classes between 0 and 40 years for site | and between 0 and 30 yearsfor sitelll.
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Table 12.11. Age-class distribution of the
example forest after period 1.

Table 12.12. Age-classdistribution of the
example forest after period 2.

Acres by site class Acres by site class
Age Age
Oto 10 4,550 7,000 Oto 10 5,450 6,075
11to 20 3,000 8,000 11to 20 4,550 7,000
21to 30 6,000 4,000 21to 30 3,000 5,925
31to 40 4,450 0 31to 40 5,000 0
Total 18,000 19,000 Tota 18,000 19,000

Interpreting the Reduced Cost Coefficients

Recall that the reduced cost coefficients indicate how much the objective function coefficient
corresponding to each variable whose optimal valueis zero would have to be improved in
order for the value of that variable to become positive in the optimal solution. In this context,
the reduced cost coefficients indicate how much the discounted cost per acre for the
corresponding prescription would have to be reduced before that prescription would be
optimal to apply on any acres from the corresponding analysis area.

For example, the reduced cost coefficient corresponding to the variable X, is $203.20. This
means that the discounted cost of harvesting an acre from site class 1, initial ageclass 1 in
period 1 would have to be reduced by $203.20 before any acres from that analysis area would
be harvested in period 1. Since the coefficient on X,,, isonly $94.85, this means that this
activity would have to have a negative cost of more than $100 before it would be optimal.
Obvioudly, this prescription is unlikely to be optimal under any circumstances.

The lowest reduced cost coefficient in the example — $63.22 — corresponds to the variable
X,,,. Thediscounted cost of assigning one acre to this variable — i.e., the discounted cost of
harvesting an acre from site class 1, initial age class2 in period 1 — is $96.17. If this cost
could be reduced to $32.94, then it would be optimal to assign some acres from that analysis
areato be harvested in period 5.

Of course, whenever the optimal value of avariableis positive, the corresponding reduced
cost valueis zero.
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Interpreting the Slack/Surplus Coefficients and the-Dual Prices

All of the slack or surplus coefficientsin this example are zero. Thismeansthat al of the
constraints are binding. Since each constraint is binding, each has a non-zero dual price.
Note that the dual prices for the less-than-or-equal constraints are positive and the dual prices
for the greater-than-or-equal constraints are negative. The dual prices indicate how much the
objective function would be improved if the right-hand side of the corresponding constraint
wasincreased by 1. Increasing the right-hand side of aless-than-or-equal constraint
increases the available amount of alimited resource. Since thiswill tend to improve the
objective function, the dual prices corresponding to these constraints are positive. Increasing
the right-hand side of a greater-than-or-equal constraint raises some minimum target that
must be achieved. Since this makes the constraint harder to achieve, the objective function
value will be worsened — hence these constraints generally have negative dual prices.

Consider the dual prices associated with the area constraints first. These dual prices indicate
how much the objective function value — the minimum cost of achieving the harvest targets
— will beimproved if there was one more acre in the corresponding analysis area. These
dual prices, therefore, give the margina value of an acre in the corresponding analysis area.
If the harvest scheduling model accurately represents the concerns of the organization, then
these dual pricesindicate what the organization should be willing to pay for one more acre in
each analysisarea. In thisexample, another acrein site class | between the ages of 0 and 10
would be worth $478.92. Similarly, another acrein site class |1 between the ages of 21 and
30 would be worth $1,311.79. Asyou might expect, acres tend to be worth more if they are
older and if they are on a better site class. Interestingly, an acre between 0 and 10 yearsold is
worth the same, regardless of itssite class. This more likely represents aformulation
problem than areal relationship. (Can you think of what formulation problem might be
causing this?)

Now, consider the dual prices associated with the harvest target constraints. These values
indicate how much the objective function value would be “improved” if one more cord had to
be produced in that period. Therefore, these values give the discounted marginal cost of
producing another cord of wood in each period. Note that if we want the future margina
cost, these values should be compounded forward to the midpoint of the respective period.
For example, the marginal discounted cost per cord in period 1 is $41.61. The marginal cost
inyear 5 (the period midpoint) is $50.62/cd [41.61x(1.04)°]. Similarly, the discounted
marginal cost of producing acord in period 2 is $32.04. The future value of this cost, in year
15, is $57.70 [32.04%(1.04)™]. Therefore, even though the discounted cost for period 2 is
lower than the discounted cost for period 1, the marginal cost of producing a cord of wood is
higher in period 2 than in period 1. Note also that the marginal cost of producing wood in
both periods is higher than the wood cost given in Table 12.3 ($25/cd). If wood can be
purchased on the open market for $25 per cord, then it appears that the harvest targets would
be cheaper to achieve by buying at least some of the required wood on the open market and
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reducing the harvest from the example forest. (The appropriate value to usein this
comparison is the future marginal cost because the price of $25/cd isthe real future price.)

Finally, consider the dual price associated with the ending average age constraint. This dual
price is difficult to interpret because the units of the right-hand-side coefficient of this
constraint are yearsxacres. The units of the dual price are therefore discounted dollars per
acre-year. The dua price can be interpreted as present value of the marginal cost of requiring
one acre to be one year older at the end of the planning horizon.

5. Study Questions for the Cost-Minimization Harvest Scheduling Model

1. What are the advantages and disadvantages of longer planning horizons in harvest
scheduling models?

2. What two basic guidelines should you use for determining what the planning horizon
should be?

3. What is an analysis area in aharvest scheduling model?

4. Explain how the variables were defined in the harvest scheduling model presented in this
chapter. What does the variable X,;, represent?

5. How many decision variables would asimilar problem have if there were three site classes,
four initial age classes, and six possible prescriptions for each analysis area?

6. In the objective function of the example problem, the coefficient on the variable X,,, is
96.82. What does this coefficient represent? Show how it was calcul ated.

7. What is the purpose of the area constraints? In general, how many area constraints will
there be in a harvest scheduling model like the one presented in this chapter?

8. What is the purpose of the harvest target constraints? In general, how many harvest target
constraints will there be in a harvest scheduling model like the one presented in this chapter?

9. In the example problem, the coefficient on the variable )X,;, in the harvest target constraint
for period 2 is 38. What does this coefficient represent? Explain why the value of the
coefficient is 38.

10. What procedure would you use to set the harvest targets for a forest?
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11. What is the purpose of the average ending age constraint? In the example problem, the
coefficient on the variable X, ,, in the average ending age constraint 15. What does this
coefficient represent? Explain why the value of the coefficient is 15.

12. What is the key difference between Tables 7 and 8? Which would be a better table to
giveto field foresters charged with managing the forest? Why?

13. In general, how should the reduced cost coefficients be interpreted? What istheir
interpretation in the harvest scheduling model presented in this chapter?

14. In general, how should the dual price coefficients be interpreted? What istheir more
specific interpretation for each type of constraint in the harvest scheduling model presented in
this chapter? (i.e., for the area constraints; for the harvest target constraints; for the average
ending age constraint?)

15. Why are the dua prices negative for greater-than-or-equal constraints and positive for
less-than-or-equal constraints?

6. Exercises

1. Itisyour job to develop a management plan for a 5,800 acre forest. The age class

distribution by siteclassisgivenin Table 12.13. Table 12.14 gives the expected yield per
acre by age and site class.

Table 12.13. Initial forest acreage by site Table 12.14. Expected yield by site and

and age class. age.
Acres by site class Cordg/acre by site class
Age Age
Classes Sitel Sitell Sitel Sitell

0-10 700 800 10 0 5
11-20 800 1,300 20 9 15
21-30 1,000 1,200 30 16 24

40 21 32

50 25 39
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Formulate (Do not solvel) this management problem as alinear program. Be sureto
clearly define al of your variables. Use the following assumptions:

i) You want to minimize the discounted cost of producing at least 49,000 cords for the
first decade and 45,000 cords in the second decade of a 20 year planning horizon
using an interest rate of 4%.

ii) It costs $10 per acre plus $1.20 per cord to prepare atimber sale. 1t costs $50 per
acre to regenerate stands that are harvested.

iii) You want the average age of your ending inventory to be at least 13 years old.

2. Thefollowing data are for a 5,800 acre forest. The age class distribution by site classis
givenin Table 12.15. Table 12.16 gives the expected yield per acre by age and site class.

Table 12.15. Initial forest acreage by site Table 12.16. Expected yield by site and

and age class. age.
Acres by site class Cords/acre by site class
Age Age
Classes Sitel Sitell Sitel Sitell

0-10 480 950 10 0 2
11-20 910 1,080 20 14 18
21-30 1,060 1,320 30 22 31
40 34 43
50 40 53

a. Formulate, and solve using Excel, aharvest scheduling model for this forest using the
following assumptions:

i) The objective is to maximize the discounted net revenue from the forest over a 20-
year planning horizon using an interest rate of 4%.

i) Real stumpage prices are $30 per cord. It costs $15 per acre plus $0.30 per cord to
prepare atimber sale. It costs $150 per acre to re-plant stands that are harvested.

iii) Harvest levelsin any decade should not be more than 10% larger than or less than
10% smaller than the harvest level in any other decade.

iv) The average age of the forest at the end of the 20-year planning horizon should be
at least 17 years old.
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b. Use thisinformation from the Excel Answer Report to complete Tables 12.17 through
12.19 on the next pages.

Table 12.17. Acres assigned to each prescription, by site class and initial age class.

Site Class

Initial Age Class

Harvestin Pd 1

Harvest in Pd 2

No Harvest

0-10yr

11-20 yr

21-30 yr

0-10yr

11-20 yr

21-30 yr

Total

Table 12.18.

Acres harvested by period, by site class, and by age at

harvest.

Planning
Period

Ageat
Harvest

Site

Sitell

Total

1

20

30

Total

20

30

40

Total

Total acres harvested

Acres not harvested
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Table 12.19. Acres and volume harvested, and revenues
and costs by period for the example forest.

Quantity Period 1 Period 2

Acres harvested

Volume harvested (cords)

Gross Revenues

Costs

Net Revenues

3. Itisyour job to develop a management plan for a 1.2 million acre forest. The age class
distribution by site classisgivenin Table 12.20. Table 12.21 gives the expected yield per
acre by age and site class.

a. Formulate this management problem as alinear program. Be sureto clearly define dll
of your variables. Use the following assumptions:

i) You want to minimize the discounted cost of producing at least 1 million cords for
each decade in a 30 year planning horizon using an interest rate of 4%.

ii) It costs $50 per acre plus $0.10 per cord to prepare atimber sale. 1t costs $100 per
acre to re-plant stands that are harvested.

iii) You want the average age of your ending inventory to be at least 20 years old.

Table 12.20. Initial forest acreage by site and age class.

Acres by site class
Age
0-10 120,000 70,000 90,000
11-20 80,000 130,000 130,000
21-30 90,000 170,000 100,000
31-40 140,000 40,000 40,000
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Table 12.21. Expected yield by site and age class.

Cords per acre by site class
Age Sitel Sitell Sitelll
10 2 5 7
20 10 14 17
30 17 22 26
40 21 26 30
50 22 28 33
60 23 29 36
70 24 30 38

b. Solve the problem you formulated in part ausing Excel or LINDO. Use the solution to

the problem to create a harvest schedule table and a summary table similar to Tables
12.18 and 12.19.
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