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Abstract

Fragility indexes attempt to quantify the minimum perturbation that reverses a sample's
statistical significance under an unstated constraint: the trial roster is closed, so only the
recorded outcomes of enrolled patients may change. The fragility distance (FD) removes that
constraint, defining fragility as the L1 edit distance from the observed 2x2 table to the
significance boundary, where one unit is one patient added to or removed from any cell.
Because every constrained index bounds the FD from above, the published toggle and
transfer indexes become special cases of a single geometric quantity. In a published phase 2
trial reporting no significant difference (p = 0.0903), FD = 1: the removal of a single patient
reverses the significance classification, a proximity to the boundary that the global fragility
index, also equal to 1 but denominated in two-cell moves, understates by half. Reporting FD
with its witness table gives the true minimum perturbation, priced in the one unit that occurs
in every real trial: the enrollment, or the loss, of a single patient.
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Statistical fragility metrics for two-arm binary outcome trials, dating from the unit
fragility index in 1990 to the present, attempt to quantify how unstable a significance
classification is based on recategorizing patients within the sample while keeping the trial
roster closed. Although fragility indexes and their extensions have the goal of measuring the
minimum perturbation that reverses a significance classification, each measures that
minimum only within a self-imposed constrained move set. The unit fragility index proposed
toggling outcomes such that both row and column marginal totals remained fixed [1,2]. The
Walsh Fragility Index (FI) toggles patients from a non-event to an event within a single arm,
resulting in fixed row marginal totals, unfixed column marginal totals, and a fixed sample
size [3]. The Global Fragility Index allows transfers from any cell to any other cell with no
requirement to keep marginal totals fixed, although total sample size remains fixed [4].
However, the true minimum perturbation to flip the statistical significance of a contingency
table requires no constraints on marginal totals or total sample size. When marginal totals
and sample size are unconstrained, the minimum number of single-patient moves is the L1
edit distance from the observed 2x2 table to the nearest table on the other side of the
significance boundary. This is the “taxicab” distance from the observed sample distribution
to the closest distribution where the significance classification changes, i.e., where the P-
value crosses the alpha threshold of 0.05. This unconstrained perturbation is the Fragility
Distance (FD), in which the unit of perturbation to the contingency table consists of one
patient added to, or removed from, any cell.

Fragility indexes quantify perturbation fragility, which asks how far the observed table
sits from the decision boundary where the P-value crosses 0.05. Perturbation fragility is a
geometric quantity that evaluates the sample itself. This is distinct from resampling fragility,
which asks how often a new sample of the same size would flip statistical significance;
because it derives from the same observed result, resampling fragility is strongly associated
with the P-value but not identical to it [5]. While the fragility index was originally proposed
to be the minimum perturbation of the contingency table to flip statistical significance (as
determined by the P-value), the true minimum perturbation is the L1 edit distance itself;
every constrained index can only equal or exceed it.

The space of two-arm binary results is the set of all 2x2 tables with nonnegative whole-
number cells and any total enrollment, and the L1 edit distance defined above is the shortest
distance between any two tables in that space. A toggle switches one patient's outcome, and
a transfer moves one patient between any two cells; both toggles and transfers change two
cells at once, and therefore each costs two L1 units. It follows that the toggle and transfer
counts are path lengths measured along restricted routes, not distances in the underlying

Page 2 of 5



Internet Medical Journal - ISSN 1093-7935 - medjournal.com

space. The restriction, moreover, prices the wrong doubt: nothing in clinical reality holds
enrollment fixed, because trials routinely enroll one more patient or lose one to follow-up.
The nearest published construct reasons about the unobserved outcomes of patients lost to
follow-up, but only for patients already enrolled, and as a sensitivity analysis rather than a
minimum [6]. The category of a true distance to the significance boundary has remained
unoccupied.

FD, the fragility distance, quantifies this shortest distance from the observed contingency
table to the nearest table with the opposite significance classification. FD is the minimum
number of unit edits, each adding one patient to any cell or removing one patient from any
cell, that moves the observed table across p = 0.05 under the two-sided Fisher's exact test;
total enrollment, row totals, and column totals are all free, and the definition applies to
significant and nonsignificant baselines alike. Because every toggle and every transfer is
itself a pair of edits, the toggle and transfer indexes bound the distance from above: FD <
2-GFI < 2-FI always holds, since removing a restriction can never lengthen the shortest path,
and adding one can never shorten it. The coupled move of the unit fragility index changes
four cells at once, so its bound is FD < 4-UFI.

In some cases, the addition-only and deletion-only fragility distances (aFD and dFD) may
be used: aFD = k means that k additional patients, with particular outcomes in particular
arms, could have changed the trial's statistical conclusion, and dFD = k means the loss of k
particular patients could have done the same. These constrained fragility distances bound
FD under their respective mechanisms, and because they are constrained, FD < aFD and FD
< dFD. The quotient form is the fragility distance quotient, FDQ = FD/N, where N is the
observed enrollment. FDQ supports cross-trial comparison, although it is not numerically
interchangeable with FQ or GFQ, because a reclassification costs two edits on the FDQ scale
but one move, a toggle or a transfer, on the FQ/GFQ scale.

Published trials make the geometry concrete, and the arithmetic can be checked by hand
from the four cell counts. In a phase 2 trial of semaglutide versus placebo in biopsy-proven
non-alcoholic steatohepatitis (NASH) related cirrhosis, 5 of 47 patients in the semaglutide
group showed improvement compared to 7 of 24 in the placebo group (reported p=0.087;
two-sided Fisher exact test on the counts, p=0.0903). The FD = 1 by three distinct edits: a)
removing a single semaglutide-group responder, for example to loss of follow-up, changes
the Fisher exact P-value to 0.0381, and the significance classification reverses, with the
difference favoring placebo now crossing the 0.05 threshold {5, 42, 7, 17 — 4, 42,7, 17}; b)
add one placebo responder {5, 42, 8, 17} (p = 0.0498); or c) remove one placebo non-
responder {5, 42,7, 16} (p = 0.0498). The authors concluded that, in this patient population,
semaglutide did not significantly improve fibrosis or achievement of NASH resolution [7].
This headline conclusion, however, conceals that the classification relies on just one patient,
and that the nearest significant table lies in the direction favoring placebo. A reader told only
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"no significant difference” cannot see that the evidence sits one edit from the opposite
conclusion (“a significant difference”). While the FI and GFI also equal 1, one toggle or
transfer requires two table changes, one cell +1 and another cell -1, so an index of 1
corresponds to two single-patient edits. FD = 1 shows the table sits half that distance from
the boundary: the fragility is greater than the FI and GFI suggest.

The practical step is modest: trialists and meta-researchers reporting fragility for a 2x2
result should report the FD together with its witness table, the edited table that attains the
minimum, which shows the reader exactly which patients the verdict depends on. Future
research on the distributions of FD and FDQ across published trial corpora will help identify
interpretive bands; however, as a provisional convention pending that empirical work, an
FDQ of 0.05 or less may be taken to suggest an unstable (fragile) significance classification.

FD measures how far the evidence actually sits from the boundary that changes a
research trial’s significance interpretation. For thirty-five years, fragility research has
measured the distance to the significance boundary with a ruler forbidden to leave the trial;
FD identifies a study’s fragility more clearly by removing arbitrary constraints.
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