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Scope & Notation
• Identical spinless particles of mass m (e.g. )

• Z2 symmetry — no  transitions

• All quantities in QC3 are infinite-dimensional matrices with indices  describing 3 
on-shell particles with total energy-momentum 

3π+

2 → 3

{ ⃗k , ℓ, m}
(E, ⃗P )

2

â⇤ �! `,m
(E � !k, ~P � ~k)

(!k,~k)
BOOST

2-particle CMF angular momentum: ℓ, mfinite volume “spectator” momentum: ⃗k

e.g. [𝒦(u,u)
df,3 ]kℓm;pℓ′ m′ 
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Relativistic QC3 landscape 2019 

3

QC3 (all )ℓ

Hansen & SS, 14

det [F−1
3 + 𝒦df,3] = 0

RFT = generic relativistic EFT

Mai & Döring, 17

FVU = finite-volume unitarity

Hansen & SS, 15

𝒦df,3 → ℳ3
Integral eqs.

L → ∞

Mai, Hu, Döring, Pilloni, Szczepaniak, 17; 
Jackura, Fernández-Ramírez, Mathieu,

Mikhasenko, Nys, Pilloni, Saldaña,
Sherril & Szepaniak, 18

Unitary representation of 
 in terms of ℳ3 ℛ(u,u)

QC3 ( )ℓ = 0

Equivalent representations
 of  (infinite volume)ℳ3

Jackura, Dawid, Fernández-Ramírez, 
Mathieu,  Mikhasenko,  Pilloni, SS,

Szczepaniak, 19

det [ H̃ s +
1

2ωL3
C̃ (u,u)

s
1

2ωL3 ] = 0

F3 = F̃ [ 1
3

−
1
H̃

F̃ ]
H̃ = F̃ + G̃ + 1/(2ωL3𝒦2)

Can show that 𝒞̃ (u,u)
s = ℛ(u,u)

s

Form given in Hansen & SS,  Review 19

(Quantities are defined & full references are given in backup slides)
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Relativistic QC3 landscape 2020 

det [ H̃ s +
1

2ωL3
C̃ (u,u)

s
1

2ωL3 ] = 0

Equivalent representations
 of  (infinite volume)ℳ3

algebra

Blanton & SS, 20

New derivation of QC3

Blanton & SS, 20

det [1 + (2ωL3𝒦2 + 𝒦′ (u,u)
df,3 )( F̃ + G̃ )] = 0 det [1 + (2ωL3𝒦2 + 𝒦̃ (u,u)

df,3 )( F̃ + G̃ )] = 0
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Discussed in Tyler Blanton’s talk
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This talk:
Establishing the 

RFT to FVU 
connection for 

QC3s
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Definitions of asymmetric kernels
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FIG. 10: Diagrams contributing to M(u,u)
3,L in TOPT. Notation as in Fig. 1. The asymmetric feature of this amplitude is that

the momenta k and p are always assigned to a spectator line, if one is present.

vanish at these energies, because the second determinant will diverge.22 Physically this corresponds to the fact that
a general interaction will shift all FV energies from their free values. We therefore conclude that for a given P, an
energy E can only be in the finite-volume spectrum of the interacting theory if

det
h
1 +

⇣
2!L

3
K2 + eK(u,u)

3,df

⌘
( eF + eG)

i
= 0 . (81)

This is our alternate form of the three-particle quantization condition.
This result has a superficially similar form to that from HS1, which follows from Eq. (78),

det [1 + Kdf,3F3] = 0 , (82)

but many of the details are di↵erent. For example, in Eq. (81), the infinite-volume K matrices appear together and
separate from the FV quantities eF and eG, whereas F3 in Eq. (82) is a relatively complicated function of K2, eF , and
eG. We return to the relation between the two approaches in Sec. IV.

III. TOPT EXPRESSION FOR M3,L

In order to understand the relation between quantization conditions, we need to first extend the developments of
the previous section from the correlator C3,L to the finite-volume 3 ! 3 amplitude M3,L. This extension also allows

us to determine the infinite-volume relation between our asymmetric K matrix eK(u,u)
df,3 and the full 3 ! 3 amplitude

M3. This latter relation is somewhat o↵ the main line of development of this paper, so we relegate it to Appendix E.
M3,L is defined as the amputated, connected, 3 ! 3 finite-volume amplitude. It is in general o↵ shell, and thus a

matrix in {ka} space. It is simpler to begin by considering an asymmetric version of the amplitude, fM(u,u)
3,L , defined so

that, if there is an external factor of B2,L, the spectator propagator is always labeled with one of the external momenta
(typically called k or p). This definition is illustrated in Fig. 10.23 As we have seen several times above, results are

22 As is well known from numerical investigations, if one truncates the partial-wave expansions of K2 and eK(u,u)
3,df , then there will be

solutions to the quantization condition at free energies [41, 43, 44].
23 We include a tilde on fM(u,u)

3,L since it is di↵erent from the similar quantity M(u,u)
3,L defined in HS2, with the latter having an asymmetry

based on the Feynman skeleton expansion. We stress, however, that the symmetrized version M3,L is the same as in HS2 (when
evaluated on shell).

k & p assigned to spectators

Cuts in time-ordered PT

TOPT kernels (no 3-particle cuts)

• In original RFT approach (using Feynman diagrams & Bethe-Salpeter kernels)

• In our approach (using time-ordered perturbation theory)
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• Thus                                     , although both symmetrize to 

Asymmetric kernels differ!

6
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In addition to its implicit dependence on l, ml, l0,
and m0

l, Ap0p depends on the remaining four independent
variables. Convenient choices are s, the initial and final pair
invariant mass squares, σp and σp0 , and the scattering
angle between spectators in the CMF, Θp0p, defined as
cosΘp0p ≡ p̂0 · p̂ ¼ P̂p0 · P̂p.

III. ON-SHELL REPRESENTATIONS

Our interest is in constructing on-shell representations
for the connected 3 → 3 scattering amplitude. Here we
review the relevant features of the B-matrix representation
discussed in Ref. [26] and the HS-BHS representation
of Ref. [12].

A. B-matrix representation

As discussed in Refs. [25,26], the Bmatrix is an on-shell
representation for the connected 3 → 3 amplitude that was
constructed to satisfy elastic 3 → 3 unitarity. In the plml-
basis, the B-matrix representation leads to the integral
equation

Ap0p ¼ F p0Bp0pF p þ
Z

k
F p0Bp0kAkp; ð11Þ

where Bp0p ¼ Gp0p þRp0p is the B-matrix driving term,
with Gp0p being the OPE contribution6 and Rp0p a real
function called the R matrix. Figure 2 shows a diagram-
matic representation of Eq. (11). By construction, Eq. (11)
satisfies the 3 → 3 unitarity relation given that F p is
known, as demonstrated in Appendix A. Equation (11)
is an infinite-dimensional matrix equation in ðl; mlÞ-space,
and the integration over the spectator momenta includes the
measure,

Z

k
≡
Z

d3k
ð2πÞ32ωk

: ð12Þ

The integration ranges over all momenta, or equivalently in
−∞ ≤ σk ≤ ð

ffiffiffi
s

p
−mÞ2 and over the entire solid angle of

the spectator. The jkj → ∞ (σk → −∞) limit is divergent
and needs to be regulated. The preferred option is to restrict
the integration region to 4m2 ≤ σk ≤ ð

ffiffiffi
s

p
−mÞ2, which is

the only domain of σk that is actually restricted by 3 → 3
unitarity [26]. Beyond this region, one deals with unphys-
ical (off-mass shell) amplitudes, which depend on unknown
parameters, e.g., subtraction constants.

The OPE amplitude is given by

ð13Þ

where p̂⋆
p0 is the direction of momentum of the initial state

spectator in the final state pair rest frame. Similarly, p̂⋆
p0 is

the orientation of the final state spectator in the initial state
pair rest frame. The magnitudes of these momenta are

p⋆
p0 ¼

1

2
ffiffiffiffiffiffiσp0

p λ1=2ððPp0 − pÞ2; σp0 ; m2Þ;

p0⋆
p ¼ 1

2
ffiffiffiffiffiσp

p λ1=2ððPp − p0Þ2; σp; m2Þ: ð14Þ

Note that energy-momentum conservation gives Pp − p0 ¼
Pp0 − p. The normalization of the barrier factors is chosen
such that they are equal to 1 when the exchanged particle is
on its mass shell, ðPp − p0Þ2 ¼ m2.
Our definition of G differs from the corresponding

quantity in Ref. [12], denoted G∞, in three ways. First,
there is a difference in overall sign. We find the choice in
Eq. (13) more convenient since it has a positive imaginary
part, which avoids several minus signs in expressions.
Second, G∞ contains a cutoff function, which serves to cut
off the integrals over spectator momenta, which in Ref. [12]
run over all values. Third, the form given in Ref. [12] has
the nonrelativistic form of the pole in the denominator, in
contrast to the relativistic form in Eq. (13). However, in
recent applications of the BHþ BHS formalism, e.g.,
in Refs. [13,30], the relativistic form is used. We also note
that the barrier factors in G are not required from unitarity,

(a)

(b)

FIG. 2. Diagrammatic representation of (a) the B-matrix repre-
sentation for the on-shell amplitude, Eq. (11), and (b) the Bmatrix
that is composed of the OPE Gp0p, Eq. (13), and the R matrix.

6In Ref. [26] we denoted the OPE contribution by the symbol
E, while here we use G to provide a closer connection to the
notation of Ref. [12].
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Can set this equal to either  or  : leads to different, equally valid,  ℳ(u,u)
3 ℳ̃ (u,u)

3 ℛ(u,u)

Asymmetric kernels  redundancy⇒

7

det [1 + (2ωL3𝒦2 + 𝒦′ (u,u)
df,3 )( F̃ + G̃ )] = 0

det [1 + (2ωL3𝒦2 + 𝒦̃ (u,u)
df,3 )( F̃ + G̃ )] = 0

• E.g., asymmetric form of QC3 holds with (at least) two different kernels

• R matrix representation of  holds for all choices of asymmetryℳ(u,u)
3

Figures from
Jackura et al.,19

Blanton & SS, 20

MR,(u,u)
3 =
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Key steps in derivation

8

1. Rewrite asymmetric QC3

det [1 + (2ωL3𝒦2 + 𝒦̃ (u,u)
df,3 )( F̃ + G̃ )] = 0 ⇒ det [ H̃ − X(u,u)] = 0

H̃ = F̃ + G̃ + 𝒦−1
2,L 𝒦2,L = (2ωL3) 𝒦̃ 2

X(u,u) = 𝒦−1
2,L 𝒦̃ (u,u)

df,3 𝒦−1
2,L

1

1 + 𝒦̃ (u,u)
df,3 𝒦−1

2,L

2. Equate  to  to determine the relation between  and , leading toℳℛ,(u,u)
3 ℳ̃ (u,u)

3 ℛ(u,u) 𝒦̃ (u,u)
df,3

8

In fact, although K(!)
2 and K′(u,u)

df,3 both depend on the choice of PV prescription, it turns out that all choices ofR(u,u)

are prescription-independent. The key fact here is that the combination K−1
2,L + F̃ is, by construction, independent of

the prescription. This in turn implies that L̃ is also prescription-independent, since it can be written

L̃ = lim
L→∞

1

K−1
2,L + F̃ + G̃

. (37)

Finally, using Eq. (23) and the fact that MR,(u,u)
df,3 is prescription independent (which follows from the prescription

independence of M3 and D(u,u)), we see that R(u,u) must also be independent of the PV prescription. In this sense,

R(u,u) is a “more physical” quantity than K′(u,u)
df,3 or K̃(u,u)

df,3 . We note, however, that R(u,u) does depend on the cutoff
function, since that dependence enters through G∞ and is not cancelled.

IV. EXPRESSING THE QUANTIZATION CONDITION IN TERMS OF R
(u,u)

We are now ready to combine the results obtained above to rewrite the quantization condition in terms of R(u,u).

For definiteness, we first consider the choice of R(u,u) that is related to K′(u,u)
df,3 by Eq. (34), and thus consider the

form of the quantization condition containing the latter quantity, Eq. (4). We discuss the other choices of R(u,u)

subsequently.
We start from Eq. (33), from which follows

[
R(u,u)

]−1
= K2 +K2

[
K′(u,u)

df,3

]−1
K2 . (38)

This can be rewritten as

R(u,u) = K−1
2 −

[
K2 +K′(u,u)

df,3

]−1
(39)

= K−1
2 K′(u,u)

df,3 K−1
2

1

1 +K′(u,u)
df,3 K−1

2

. (40)

The key observation is that the quantity X(u,u) appearing in the quantization condition, Eq. (6), satisfies

lim
L→∞

(2ωL3)X(u,u)(2ωL3) = R(u,u) , (41)

where the factors of (2ωL3) arise from Eq. (B7). It follows that, if the finite-volume corrections to this result are
exponentially suppressed, i.e. if

[
(2ωL3)X(u,u)(2ωL3)

]

k!m;p!′m′

=
[
R(u,u)

]

k!m;p!′m′

+O(e−mL) , (42)

then the quantization condition (4) can be rewritten as

det
[
H̃ − (2ωL3)−1R(u,u)(2ωL3)−1

]
= 0 . (43)

Here R(u,u) is the matrix form of the infinite-volume amplitude, obtained in the usual way
[
R(u,u)

]

k!m;p!′m′

≡ R(u,u)(k,p)!m;!′m′ , {k,p} ∈ (2π/L)Z3 , (44)

i.e. by restricting the momenta to the finite-volume set.
To discuss the validity of Eq. (42), we consider the definition of X(u,u), Eq. (6). Expanding out the geometric series,

we find terms of the form . . .K′(u,u)
df,3 K−1

2,LK
′(u,u)
df,3 . . . . As shown in Eq. (B8) this goes over to . . .K′(u,u)

df,3 K−1
2 K′(u,u)

df,3 . . .
in the infinite-volume limit, with the intermediate momentum sums over spectator momenta converted to integrals.

However, if K(!)
2 has zeros within the kinematic range of interest (which ranges up to the four pion threshold for

two-particle scattering), then the difference between sum and integral over the resulting poles in K−1
2 will lead to

power-law corrections to Eq. (42), which would invalidate the quantization condition (43). Zeros in K(!)
2 (along the

3. Combine these results
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• RFT quantization conditions can be rewritten in terms of R matrix

det


eF + eG+

1

2!L3K2
� 1

2!L3
R(u,u) 1

2!L3

�
= 0

<latexit sha1_base64="eBrCU02bDl/7ySyopcZW9shUddo="></latexit>

• Holds for both choices of —we conjecture it holds for family of redundant choices

• Provides generalization of FVU quantization condition                                          to all  

ℛ(u,u)

ℓdet [ H̃ s +
1

2ωL3
C̃ (u,u)

s
1

2ωL3 ] = 0

• Derivation requires use of smooth cutoff function, and barrier factors in 

• We expect that by taking the NR limit we would obtain the generalization of the NREFT 
form of QC3 to all 

G̃

ℓ



S. Sharpe, ``Equivalence of relativistic three-particle quantization conditions,” APLAT 2020, 8/3/2020 /10

Conclusions & Outlook

10

• Which form of QC3 is the most useful in practical applications?

det


eF + eG+

1

2!L3K2
� 1

2!L3
R(u,u) 1

2!L3

�
= 0

<latexit sha1_base64="eBrCU02bDl/7ySyopcZW9shUddo="></latexit>

det [F−1
3 + 𝒦df,3] = 0

Symmetric three-particle K matrix

Threshold expansion requires fewer 
parameters

Little intuition in presence of three-
particle resonances

 depends on PV pole 
prescription
𝒦df,3

Asymmetric three-particle R matrix

Threshold expansion requires more 
(redundant) parameters

Considerable experience and 
intuition from JPAC studies of fitting 
amplitudes to experimental data

 independent of pole 
prescription
ℛ(u,u)
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• Which form of QC3 is the most useful in practical applications?
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
eF + eG+

1

2!L3K2
� 1

2!L3
R(u,u) 1

2!L3

�
= 0

<latexit sha1_base64="eBrCU02bDl/7ySyopcZW9shUddo="></latexit>

det [F−1
3 + 𝒦df,3] = 0

Symmetric three-particle K matrix

Threshold expansion requires fewer 
parameters

Little intuition in presence of three-
particle resonances

 depends on PV pole 
prescription
𝒦df,3

Asymmetric three-particle R matrix

Threshold expansion requires more 
(redundant) parameters

Considerable experience and 
intuition from JPAC studies of fitting 
amplitudes to experimental data

 independent of pole 
prescription
ℛ(u,u)

Thank you. Questions?
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F3 collects 2-particle interactions

12

F3 = [ F̃
3

− F̃
1

(2ωL3𝒦2)−1 + F̃ + G̃
F̃ ]

p
k

�
k k
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F3 collects 2-particle interactions

12

F3 = [ F̃
3

− F̃
1

(2ωL3𝒦2)−1 + F̃ + G̃
F̃ ]

• F & G are known geometrical functions, 
containing cutoff function H

G̃ pℓ′ m′ ;kℓm =
1

2ωpL3 ( k*
q*p )

ℓ′ 
4πYℓ′ m′ ( ̂k*)H( ⃗p )H( ⃗k )Y*ℓm( ̂p*)

(P − k − p)2 − m2 ( p*
q*k )

ℓ
1

2ωkL3

F̃ pℓ′ m′ ;kℓm =
1

2ωkL3
δpk H( ⃗k ) FPV,ℓ′ m′ ;ℓm(E − ωk, ⃗P − ⃗k , L)

�(E − ωk, ⃗P − ⃗k ) →

p
k

�
k k
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Max Hansen & SRS:   

“Relativistic, model-independent, three-particle quantization condition,” 

 arXiv:1408.5933 (PRD) [HS14] 

“Expressing the 3-particle finite-volume spectrum in terms of the 3-to-3 scattering amplitude,”  

arXiv:1504.04028 (PRD) [HS15] 

“Perturbative results for 2- & 3-particle threshold energies in finite volume,” 

 arXiv:1509.07929 (PRD) [HSPT15] 

“Threshold expansion of the 3-particle quantization condition,”  

arXiv:1602.00324 (PRD) [HSTH15] 

“Applying the relativistic quantization condition to a 3-particle bound state in a periodic box,” 

arXiv: 1609.04317 (PRD) [HSBS16] 

“Lattice QCD and three-particle decays of Resonances,” 

arXiv: 1901.00483 (Ann. Rev. Nucl. Part. Science) [HSREV19]
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3-particle papers: RFT approach
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Raúl Briceño, Max Hansen & SRS:  

“Relating the finite-volume spectrum and the 2-and-3-particle 
S-matrix for relativistic systems of identical scalar particles,” 

 arXiv:1701.07465 (PRD) [BHS17] 

“Numerical study of the relativistic three-body quantization 
condition in the isotropic approximation,” 

arXiv:1803.04169 (PRD) [BHS18] 

“Three-particle systems with resonant sub-processes in a finite 
volume,” arXiv:1810.01429 (PRD 19) [BHS19] 

  

Tyler Blanton, Fernando Romero-López & SRS:  

“Implementing the three-particle quantization condition 
including higher partial waves,” arXiv:1901.07095 (JHEP) 

[BRS19] 

“I=3 three-pion scattering amplitude from lattice QCD,” 
arXiv:1909.02973 (PRL)

SRS 
“Testing the threshold expansion for three-particle energies at fourth order in φ4 theory,” 

arXiv:1707.04279 (PRD) [SPT17]

https://arxiv.org/abs/1909.02973
https://arxiv.org/abs/1909.02973
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Raúl Briceño, Max Hansen, SRS & Adam Szczepaniak:  

“Unitarity of the infinite-volume three-particle scattering 
amplitude arising from a finite-volume formalism,” 

 arXiv:1905.11188 (PRD) 
  

Andrew Jackura, S. Dawid, C. Fernández-Ramírez, V. Mathieu, 
M. Mikhasenko, A. Pilloni, SRS & A. Szczepaniak: 

 

“On the Equivalence of Three-Particle Scattering Formalisms,’’ 
arXiv:1905.12007 (PRD)

Tyler Blanton, Raúl Briceño, Max Hansen, Fernando Romero-López, SRS:  

“Numerical exploration of three relativistic particles in a finite volume 
including two-particle resonances and bound states”, arXiv:1908.02411 

(JHEP)

Max Hansen, Fernando Romero-López, SRS:  

“Generalizing the relativistic quantization condition to include all three-pion 
isospin channels”, arXiv:2003.10974 (JHEP)

https://arxiv.org/abs/2003.10974
https://arxiv.org/abs/2003.10974
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Alternate 3-particle approaches
★NREFT approach 

• H.-W. Hammer, J.-Y. Pang & A. Rusetsky, 1706.07700, JHEP & 1707.02176 , JHEP [Formalism & examples]

• M. Döring et al., 1802.03362 , PRD [Numerical implementation]

• J.-Y. Pang et al., 1902.01111 , PRD [large volume expansion for excited levels]

★ Finite-volume unitarity (FVU) approach 

• M. Mai & M. Döring, 1709.08222 , EPJA  [formalism]

• M. Mai et al., 1706.06118, EPJA [unitary parametrization of M3 involving R matrix; used in FVU approach]

• A. Jackura et al., 1809.10523, EPJC [further analysis of R matrix parametrization]

• M. Mai & M. Döring, 1807.04746 , PRL [3 pion spectrum at finite-volume from FVU]

• M. Mai et al., 1909.05749 ,PRD [applying FVU approach to spectrum from Hanlon & Hörz]

• C. Culver et al., 1911.09047, PRD [calculating  spectrum and comparing with FVU predictions]

3π+

3π+

★HALQCD approach  

• T. Doi et al. (HALQCD collab.), 1106.2276, Prog.Theor.Phys. [3 nucleon potentials in NR regime]

http://arxiv.org/abs/arXiv:1706.07700
http://arxiv.org/abs/arXiv:1707.02176
http://arxiv.org/abs/arXiv:1802.03362
http://arxiv.org/abs/arXiv:1902.01111
http://arxiv.org/abs/arXiv:1706.07700
http://arxiv.org/abs/arXiv:1707.02176
http://arxiv.org/abs/arXiv:1802.03362
http://arxiv.org/abs/arXiv:1902.01111
http://arxiv.org/abs/arXiv:1709.08222
http://arxiv.org/abs/arXiv:1706.06118
https://arxiv.org/abs/1809.10523
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https://arxiv.org/abs/1911.09047
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