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Outline of Lectures

1. Overview & Introduction to continuum chiral perturbation theory (ChPT)

2. Illustrative results from ChPT; SU(2) ChPT with heavy strange quark; finite 
volume effects from ChPT and connection to random matrix theory

3. Including discretization effects in ChPT

4. Partially quenched ChPT and applications, including a discussion of whether 
mu=0 is meaningful
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Outline of lecture 4

Partial quenching and PQChPT

What is partial quenching and why might it be useful?

Developing PQChPT

Results and status

mu=0 and the validity of PQ theories (and the rooting prescription)
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Additional References for PQChPT 

4

A. Morel, “Chiral logarithms in quenched QCD,” J. Phys. (Paris) 48 (1987) 111

C. Bernard & M. Golterman, “Chiral perturbation theory for the quenched approximation of QCD,” Phys. 
Rev. D46 (1992) 853 [hep-lat/9204007]

S. Sharpe, “Quenched chiral logarithms,” Phys. Rev. D46 (1992) 3146 [hep-lat/9205020]

C. Bernard & M. Golterman [Partially quenched ChPT], Phys. Rev. D49 (1994) 486 [hep-lat/9306005]

S. Sharpe [Enhanced chiral logs in PQChPT], Phys. Rev. D56 (1997) 7052 [hep-lat/9707018]

P. Damgaard & K. Splittorff [Replica method for PQChPT], Phys. Rev. D62 (2000) 054509 [hep-lat/0003017]

S. Sharpe & N. Shoresh, “Physical results from unphysical simulations,” Phys. Rev. D 62 (2000) 094503 [hep-
lat/0006107]

S. Sharpe & N. Shoresh [PQChPT general properties], Phys. Rev. D64 (2001) 114510 [hep-lat/0108003]

S. Sharpe & R. Van de Water [Unphysical LECs], Phys. Rev. D69 (2004) 054027 [hep-lat/0310012]

M. Golterman, S. Sharpe & R. Singleton [PQ Wilson ChPT], Phys. Rev. D71 (2005) 094503 [hep-lat/0501015]

C. Bernard & M. Golterman [Transfer matrix for & foundations of PQQCD], arXiv:1011.0184 & in prep.

P. Damgaard et al., [Constraints on LECS in WChPT], Phys. Rev. Lett. 105 (2010) 162002 [arXiv:1001.2937]

M. Hansen & S. Sharpe [Constraints on LECs in WChPT], Phys. Rev. D85 (2012) 014503 [arXiv:1111.2404]
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What is partial quenching?

5

???

Many (but not all) numerical calculations use PQing
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PQQCD is unphysical

6

Intuitively clear that unitarity is violated, since intermediate states differ from 
external states, e.g. πVV πVV →πVS πSV →πVV πVV

Extent and impact of unphysical nature will become clearer when give a formal 
definition of PQ theory 

dV

dV

uV

uV

qS
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Why partially quench?

Use PQQCD to learn about physical, 
unquenched QCD

This is possible only within an EFT framework

Use partially quenched ChPT (PQChPT)

Requires that one works in “chiral regime”

PQChPT needs very few extra LECs compared to ChPT

Extends range over which can match to ChPT

Comparison with PQChPT is “anchored” by 
fact that theory with mv=ms is physical

PQQCD is needed to predict properties of 
small eigenvalues of Dirac operator & connect 
with Random Matrix Theory

7

~ 5 years old

Wednesday, March 27, 13



S. Sharpe, “EFT for LQCD: Lecture 4” 3/27/12 @ “New horizons in lattice field theory”, Natal, Brazil /51

Why partially quench?

Use PQQCD to learn about physical, 
unquenched QCD

This is possible only within an EFT framework

Use partially quenched ChPT (PQChPT)

Requires that one works in “chiral regime”

PQChPT needs very few extra LECs compared to ChPT

Extends range over which can match to ChPT

Comparison with PQChPT is “anchored” by 
fact that theory with mv=ms is physical

PQQCD is needed to predict properties of 
small eigenvalues of Dirac operator & connect 
with Random Matrix Theory

7

Present status
(for some 
quantities)
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Nomenclature

8
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Morels’ formulation of (P)QQCD

9

Convergence of ghost integral requires mq > 0 (since D antihermitian)

Some subtleties in extending to non-hermitian lattice Wilson-Dirac operator
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Morels’ formulation of (P)QQCD

10

Adding valence fields leads to desired valence propagators

Partition function reproduces that which is actually simulated
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Condensed notation

11
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Formal representation of PQ correlator

12
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Anchoring to QCD

13
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Anchoring to QCD

13

Set valence and sea masses equal
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Anchoring to QCD

13

Set valence and sea masses equal
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Summary so far
PQQCD is a well-defined, local Euclidean statistical theory

Describes mv ≠ ms and allows formal definition of individual Wick contractions

Morel’s formulation restores “unitarity”, but at the cost of introducing ghosts

Violate spin-statistics theorem, so Minkowski-space theory violates causality & 
positivity, and may have a Hamiltonian with spectrum unbounded below

For mv ≠ ms, can show (under mild assumptions) that flavor-singlet “pion” 
correlators develop manifestly unphysical double-poles [Sharpe & Shoresh]

Can generalize to include discretization errors & to mixed actions (different 
discretizations of valence & sea quarks, e.g. “overlap on twisted mass”)

To make practical use of PQQCD, need to develop PQChPT

Is this possible given the unphysical features?

Do we need to have a healthy Minkowski theory to justify EFTs?

14
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Outline of lecture 4

Partial quenching and PQChPT

What is partial quenching and why might it be useful?

Developing PQChPT

Results and status

mu=0 and the validity of PQ theories (and the rooting prescription)
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Methods for developing PQChPT

16
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Symmetries of PQQCD

17

Subtleties have been understood in calculations leading to connection 
with random matrix theory [Damgaard et al]
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Brief primer on graded groups

18
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Examples of SU(Nv+N|N) matrices

19
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Constructing the EFT

20

Follow the same steps as for standard ChPT as closely as possible

Expand about theory with M=0 where symmetry is maximal

Strictly speaking, need to keep (arbitrarily) small mass to avoid PQ divergences & to use Vafa-Witten

A posteriori find divergences if mv→0 at fixed ms, so must take chiral limit with mv/ms fixed

Symmetry is 

For M real, diagonal, positive [Vafa-Witten] theorem implies that graded vector 
symmetry is not spontaneously broken [Sharpe & Shoresh; Bernard & Golterman]

Quark and ghost condensates equal if mv = ms→0

We know chiral symm. breaks spontaneously in QCD with non-zero condensate

Since QCD is inside PQQCD ⇒ we know form of PQ condensate & symmetry breaking

Order parameter:

With standard masses                       so vacuum manifold is now

Symmetry breaking is
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Constructing the EFT

21

Still following the same steps as for standard ChPT as closely as possible ...

Can derive Ward identities in PQQCD, & Goldstone’s thm. for 2-pt functions

(N+2NV)2-1 Goldstone “particles” created by                      with Ta a generator of graded group 

New: can construct transfer matrix for PQQCD including ghosts & show that, 
despite not being hermitian, it can be diagonalized and has a bounded spectrum 
[Bernard & Golterman]

Energies can be real or come in complex-conjugate pairs (PT symmetry)

Have a complete set of states, although left- and right- eigenvectors are different

In free theory, correlators fall exponentially (up to powers from double-poles) but can be of either sign

This result, if it holds up to scrutiny, makes the foundation of PQChPT essentially 
as strong as that of ChPT, since can follow a line of argument due to [Leutwyler] 
which uses cluster decomposition and does not explicitly rely on unitarity 

In particular, the existence of a transfer matrix etc. means that the spectrum deduced from 2-pt 
functions holds also for all other correlators (assuming no other light particles)
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Constructing the EFT

22

Sketch of [Leutwyler]‘s argument

Existence of bounded transfer matrix + assumption of unique vacuum implies 
that PQ theory satifies cluster decomposition

Integrating out heavy states (which might have complex energies?) still leads to 
local vertices which can be connected by Goldstone propagators

This leads to the same results as a general effective local Lagrangian in terms of 
Goldstone fields

Implementing local symmetry of generating functional with sources (up to 
anomalies) leads to result that effective Lagrangian can be chosen to be invariant 
under local symmetry group

Bottom line: write down the most general local Lagrangian with sources consistent 
with local SU(NV+N|NV)L X SU(NV+N|NV)R symmetry
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Generalization of Σ in PQChPT

23
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PQ Chiral Lagrangian at NLO

24

[Bernard & Golterman;  Sharpe & Van de Water]

General form consistent with graded symmetries
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Anchoring PQChPT to ChPT

25
Wednesday, March 27, 13



S. Sharpe, “EFT for LQCD: Lecture 4” 3/27/12 @ “New horizons in lattice field theory”, Natal, Brazil /51

Additional PQ operator: OPQ

26
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Why is OPQ present?

27
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Calculating in PQChPT

28
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Calculating in PQChPT

29
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Implementing stracelessness

30
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Quark lines & double poles

31
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Quark lines & double poles

32
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Outline of lecture 4

Partial quenching and PQChPT

What is partial quenching and why might it be useful?

Developing PQChPT

Results and status

mu=0 and the validity of PQ theories (and the rooting prescription)

33
Wednesday, March 27, 13



S. Sharpe, “EFT for LQCD: Lecture 4” 3/27/12 @ “New horizons in lattice field theory”, Natal, Brazil /51

Sample calculation: mπ

34
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Sample calculation: mπ2

35
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Status of PQChPT calculations

36

Generalization to ε-regime allows predictions for small eigenvalues & 
connection with RMT including discretization errors

Recent discovery of constraints on signs of some LECs in WChPT
[Damgaard, Splittorff, Verbaarschot; Kieburg et al.; Hansen & Sharpe]

[Hansen & Sharpe]

PQChPT can be used to estimate size of disconnected contribs, e.g. g-2 [Juettner]
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Outline of lecture 4

Partial quenching and PQChPT

What is partial quenching and why might it be useful?

Developing PQChPT

Results and status

mu=0 and the validity of PQ theories (and the rooting prescription)
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Some additional references for mu=0 

38

M. Creutz, “Ambiguities in the up-quark mass,” Phys. Rev. Lett. 92 (2004) 162003 [hep-ph/0312018]

K. Choi, C. Kim & W. Sze [‘t Hooft vertex gives additive mass renorm], Phys. Rev. Lett. 61(1988) 794

T. Banks, Y. Nir & N. Seiberg [additive mass renorm & strong CP problem], hep-ph/9403203

M. Creutz, “One flavor QCD,” Annals. Phys. 322 (2007) 1518 [hep-th/0609187]

T. DeGrand et al., [Nf=1 condensate], Phys. Rev. D74 (2006) 054501 [hep-th/0605147]

M. Creutz, “The ‘t Hooft vertex revisited,” Annals. Phys. 323 (2008) 2349 [arXiv:0711.2640]

M. Creutz, “Chiral anomalies and rooted staggered fermions,” Phys. Lett. B649 (2007) 230 [hep-lat/0603020]

C. Bernard, M. Golterman, S. Sharpe & Y. Shamir [Comment on previous paper], Phys. Lett. B649 (2007) 235 
[hep-lat/0603027]

M. Creutz [Comment on comment], Phys. Lett. B649 (2007) 241 [arXiv:0704.2016]

C. Bernard, M. Golterman, S. Sharpe & Y. Shamir, “‘t Hooft vertices, partial quenching & rooted staggered 
QCD,” Phys. Rev. D77 (2008) 114504 [arXiv:0711.0696]

M. Creutz [Comment on previous paper], Phys. Rev. D78 (2008) 078501 [arXiv:0805.1350]

C. Bernard et al. [Comment on comment], Phys. Rev. D78 (2008) 078502 [arXiv:0808.2056]

S. Sharpe, “Rooted staggered fermions, good, bad or ugly?” PoS Lat2006 (2006) 22 [hep-lat/0610094]

M. Golterman, “QCD with rooted staggered fermions,” arXiv:0812.3110

M. Creutz, “Confinement, chiral symmetry & the lattice,” arXiv:1103.3304

S. Durr & C. Hoelbling, “Scaling tests with dynamical overlap and rooted staggered quarks,”,  Phys. Rev. D71 
(2005) 054501 [hep-lat/0411022]

Including some on the rooting controversy
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Ambiguity in mu=0?

39

Also with Wilson
fermions using PCAC

masses [Sommer’s lectures]
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Restatement in Nf=1 QCD

40

Well defined if use
overlap fermions

Non-vanishing 
checked by comparing
eigenvalues to RMT

(which also checks PQChPT)
[DeGrand et al.]
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The standard argument

41

L R

Nf=1

instanton

L R

Nf=3
zero-mode

up

md ms
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The standard argument

42

For Nf=3
mdms

⇤ (a⇤)10
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Example of running

43

Nf=1, m(30 GeV)=2 MeV
Λ=300 MeV

m(a)
(MeV)

1/a (GeV)

c=2

c=1 

c=0

0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
1êa HGeVL0

5

10

15

20
mHaL HMeVL Running with 't Hooft vertex

1.00.5

5

10

15

0

Effect invisible except in IR
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The standard argument

44

and faster than other disc. errors
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10 20 30 40 50
Log@a LambdaD

-0.0004

-0.0003

-0.0002

-0.0001

0.0000

0.0001
mHaL HMeVL

Running if set m(a*)=0

45

m(a)
(MeV)

-Log(aΛ)

Nf=1, Λ=300 MeV, c=1
Log scale, so here
1/a=1021 GeV !!!

asymptotes to zero
logarithmically

(this is NOT the vanishing
we are claiming)

1/a*=1GeV

1/a*=1.5GeV

precise depth depends on details
of NP term so uncertain

depth drops ~(a*)28/3
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20 40 60 80 100

-25

-20

-15

-10

-5

0

Log10[-m(1TeV)/MeV]

1/a* (GeV)

falls as ~ (a*)28/3

m(1 TeV)~10-22 MeV

m(1TeV) given that m(a*)=0
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Mike Creutz’s view (my summary)

47
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Relation to PQQCD

48
Wednesday, March 27, 13



S. Sharpe, “EFT for LQCD: Lecture 4” 3/27/12 @ “New horizons in lattice field theory”, Natal, Brazil /51

Relation to PQQCD

49
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Consequences for rooting

50

Staggered fermion simulations use the “det1/4” trick to remove extra tastes

det([D+m]4)1/4 = det(D+m) is trivial (assuming m>0)

Dstag+m → [D+m]4 only in continuum limit

Using det(Dstag+m)1/4 leads to an unphysical theory for a≠0

Key question: Do the unphysical features vanish when a→0?

Variety of analytic arguments (with assumptions) and numerics suggest YES

If rooting staggered fermions are in the correct universality class, then they 
necessarily give PQQCD in the continuum limit (e.g. for one staggered 
fermion, end up with 4 valence and 1 sea quark)

If PQ theories are ill-defined, so is this continuum limit, and thus so are 
rooted staggered fermions
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Summary of mu=0 part

There are several related theoretical issues

1. Is mu=0 ambiguous?

2. Is m=0 ambiguous in the Nf=1 theory?

3. Are PQ theories well defined in the continuum limit?

4. Does rooted staggered LQCD have the correct continuum limit?

5. Does Nf=1QCD have a non-zero (Banks-Casher) density of microscopic 
(λ~1/V) eigenvalues?

6. Does mu=0 solve the strong CP problem?

51
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Summary of mu=0 part

There are several related theoretical issues

1. Is mu=0 ambiguous?

2. Is m=0 ambiguous in the Nf=1 theory?

3. Are PQ theories well defined in the continuum limit?

4. Does rooted staggered LQCD have the correct continuum limit?

5. Does Nf=1QCD have a non-zero (Banks-Casher) density of microscopic 
(λ~1/V) eigenvalues?

6. Does mu=0 solve the strong CP problem?

51

NO
NO

YES

I have argued
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Summary of mu=0 part

There are several related theoretical issues

1. Is mu=0 ambiguous?

2. Is m=0 ambiguous in the Nf=1 theory?

3. Are PQ theories well defined in the continuum limit?

4. Does rooted staggered LQCD have the correct continuum limit?

5. Does Nf=1QCD have a non-zero (Banks-Casher) density of microscopic 
(λ~1/V) eigenvalues?

6. Does mu=0 solve the strong CP problem?

51

NO
NO

YES

I have argued

For #4, I think that the main issues lie elsewhere, & 
that the answer is “very likely” (another lecture)
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Summary of mu=0 part

There are several related theoretical issues

1. Is mu=0 ambiguous?

2. Is m=0 ambiguous in the Nf=1 theory?

3. Are PQ theories well defined in the continuum limit?

4. Does rooted staggered LQCD have the correct continuum limit?

5. Does Nf=1QCD have a non-zero (Banks-Casher) density of microscopic 
(λ~1/V) eigenvalues?

6. Does mu=0 solve the strong CP problem?

51

NO
NO

YES

I have argued

These issues deserve further study, including by numerical simulations

Key issue is whether hadron mass ratios are unambiguous in continuum limit
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BACKUP SLIDES

52
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Kaplan-Manohar ambiguity

Ambiguity in determination of quark mass ratios from comparison of ChPT 
with experiment

Unrelated to fact that cannot determine masses themselves because they are not RG invariant

Chiral Lagrangian is constructed using symmetries alone

     and                       transform identically under SU(3)L x SU(3)R

Chiral Lagrangian invariant under mu → mu + α mdms,   md → md + α ms mu , 
ms → ms + α mu md, as long as change LECs appropriately

Cannot determine whether mu=0 using ChPT

However, QCD is NOT invariant under Kaplan-Manohar transformation, so it  
does not prevent determination of mu using LQCD

Similarity of form to ‘t Hooft vertex due to underlying chiral symmetry

53

[D. Kaplan and A. Manohar,  Phys. Rev. Lett 56 (1986) 2004]

M (M†)�1det(M)
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Solving the strong CP problem?
Full QCD Lagrangian includes          term which violates CP 

Formally, can rotate into mass matrix because of axial anomaly & bring entire 
phase onto mu

|θ-bar| ≾10-10 to agree with bounds on electric dipole moments

Could have avoided, apparently, with mu=0 (not, in fact, true in nature)

Theoretically, could mu=0 have worked? If mu ambiguous, clearly not

[Srednicki: hep-ph/0503051] notes that additive mass renormalization only 
affects Re(mu): if Im(mu)=0 at any scale, then true at all scales

More generally, solve strong CP problem if Im[det(M)]=0 at any scale

Another solution is the axion (make θ dynamical)---does this work?

54

M = diag(muei✓,md,ms)

✓FF̃
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Spurious cuts?

Rooted staggered theory has spurious, unphysical cuts in pion scattering amplitude
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Spurious cuts?
Rooted staggered theory has spurious, unphysical cuts in pion scattering amplitude

Answer (obtained using rSChPT): Unphysical cuts are present for a≠0 but have 
discontinuities (“strengths”) which vanish like a2 

Also, if one wanted to study the mu=0 issue with staggered fermions, one must take 
the a→0 limit before mu→0 (otherwise, e.g., the condensate will vanish)

Numerical checks of these properties in Schwinger model by [Durr & Hoelbling]

Related issues arise in scalar two-point correlator where unphysical cuts lead to 
negative contributions that vanish like a2 , and which have been observed and found 
to be consistent with rSChPT by the [MILC collaboration]
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