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Outline of Lectures

1. Overview & Introduction to continuum chiral perturbation theory (ChPT)

2. Illustrative results from ChPT; SU(2) ChPT with heavy strange quark; finite 
volume effects from ChPT and connection to random matrix theory

3. Including discretization effects in ChPT using Symanzik’s effective theory

4. Partially quenched ChPT and applications, including a discussion of whether 
mu=0 is meaningful
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Outline of lecture 3

Why it is useful to include discretization errors in ChPT

How one includes discretization errors in ChPT

Focus on Wilson and twisted mass fermions

Examples of results

Impact of discretization errors on observables

Phase transitions induced by discretization errors
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Continuum extrapolation is necessary

5

Landscape of recent Nf=2+1 simulations [Fodor & Hoelbling, RMP 2012]

physical
point

➡ N.B. Leading discretization error is proportional to a2 with modern actions
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Choices of extrapolation

6

physical
point
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Choices of extrapolation

6

physical
point

Two stage extrapolation, e.g. 

1. a→0, using F(a) = f0 + a2 f2 + a3 or 4 f3 or 4 + ...

2. m→mphys using continuum ChPT

1

2
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Choices of extrapolation

6

physical
point

Two stage extrapolation, e.g. 

1. a→0, using F(a) = f0 + a2 f2 + a3 or 4 f3 or 4 + ...

2. m→mphys using continuum ChPT

1

2

Simultaneous extrapolation in a & m (most common method)
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Advantages of simultaneous extrap
Allows incorporation of constraints on a dependence of chiral fit params

Constraints can be determined by extending ChPT to a≠0

a dependence in different processes is related by chiral symmetry (limited 
number of new LECs)

Incorporates non-analyticities due to PGB loops, e.g.

7

M2
⇡ ⇠ mq

⇥
1 + (mq + a2) log(mq + a2) + · · ·

⇤

In practice, used most extensively for overlap/DWF & staggered fermions

For exact chiral symmetry, extension of ChPT to a≠0 is almost trivial

Highly non-trivial for staggered fermions ⇒ “SChPT”

Extensive results also available for Wilson and “twisted mass” fermions

WChPT and tmChPT (though used less in practice)
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Other benefits of ChPT @ a≠0
Gives detailed understanding of how discretization errors violate continuum 
symmetries

Chiral symmetry breaking with Wilson fermions 

Chiral & flavor symmetry breaking with twisted-mass fermions

Taste symmetry breaking with staggered fermions

8

Predicts non-trivial phase structure for a2 ΛQCD3 ~ m

E.g.  Aoki phase vs. first-order transition for Wilson-like fermions

Regions to avoid in numerical simulations

Predicts discretization errors in eigenvalue distributions in ε-regime

Allows simple determination of new LECs introduced by discretization
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Extended power counting

9

In ChPT we expand in p2/Λχ2 ~ Mπ2/Λχ2~m/ΛQCD

Now need to compare to (a ΛQCD)n

Equivalently compare m to aΛQCD2, a2ΛQCD3, etc.

Using a=0.05-0.1fm
& ΛQCD=300 MeV

Appropriate power counting is:  a2ΛQCD3 ≾ m ≾ aΛQCD2

Important lessons: O(a) effects must be removed, and O(a2) understood
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Outline of lecture 3

Why it is useful to include discretization errors in ChPT

How one includes discretization errors in ChPT

Focus on Wilson and twisted mass fermions

Examples of results

Impact of discretization errors on observables

Phase transitions induced by discretization errors
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General strategy

11

Expansion in (aΛQCD) & (am)

Expansion in (m/ΛQCD) 
& (a ΛQCD2/ΛQCD )
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Apply to “twisted-mass fermions”

12

In continuum, twisting the mass means simply QCD with M 6= M†

LQCD = QLD/QL +QRD/QR +QLMQR +QRM
†QL

tmQCD can be obtained from standard QCD with a diagonal mass matrix by an 
SU(3)L x SU(3)R rotation: M = ULMdiagU

†
R

Physics unchanged by symmetry rotation---expanding about a different point in 
the vacuum manifold: h⌃i = ULU

†
R

Focus on two degenerate flavors, rotated in τ3 case:

Apparent breaking of flavor & parity is illusory in continuum

M = mqei⌧3! ⌘ m+ iµ⌧3 ) m = mq cos!, µ = mq sin!
“normal” mass “twisted” mass

QLMQR +QRM
†QL = Q(m+ iµ⌧3�5)Q
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“Geometry” of twisted-mass QCD

13

QLMQR +QRM
†QL = Q(m+ iµ⌧3�5)Q

m

μ
mq

ω

ω is redundant in continuum; can use this freedom to pick a better lattice action

Maximal twist (ω=±π/2, so that m=0) leads to “automatic improvement”, i.e. 
absence of O(a) terms in physical quantities [Frezzotti & Rossi]
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Discretizing twisted-mass QCD

14
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Symanzik EFT (“SET”)

15
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Symanzik EFT & improvement

16

tmLQCD simulations do not always improve the action
because
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Symmetries of tm lattice QCD

17

isLe↵
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Relating lattice & SET parameters @ LO

18

LQCD

SET @ LO LtmQCD = Lglue +QD/Q+Q(m+ iµ�5⌧3)Q Dimension 4 terms allowed
by lattice symmetries

Full Euclidean rotation invariance arises as an “accidental symmetry”

Wilson term ∇μ✭ ∇μ mixes with identity operator ⇒ additive renorm. of m0

Twisted mass is multiplicatively renormalized (like continuum quark mass)
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Dimension 5 terms in SET

19

^

�µ⌫ = i
2 [�µ, �⌫ ]
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Power-counting redux

20

Using a=0.05-0.1fm
& ΛQCD=300 MeV

or “LCE” regime

Begin by considering GSM regime
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Simplifying dimension 5 terms in SET

21

LO in ChPT is linear in these parameters                                                

We will work to quadratic order, i.e. at NLO in GSM regime
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Final form of     

22

L(5)

Means “up to NLO”
so includes LO

In GSM regime Pauli term contributes at LO in tmChPT as does mass term
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Form of 

23

L(6)
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through NLO

24

L(5) + L(6)

(in fact, of LO)

(really NLO)
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through NLO

24

L(5) + L(6)

(in fact, of LO)

(really NLO)

Finally, we are ready for the second step:
matching onto ChPT
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Matching to ChPT @ LO in GSM regime

25

Le↵ = Lglue +QD/Q+Q(m+ iµ�5⌧3)Q+ ab1Qi� · FQ
[Sharpe & Singleton]
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Matching to ChPT @ LO in GSM regime

25

Le↵ = Lglue +QD/Q+Q(m+ iµ�5⌧3)Q+ ab1Qi� · FQ

f2

4 tr
�
@µ⌃@µ⌃†�

[Sharpe & Singleton]
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Matching to ChPT @ LO in GSM regime

25

Le↵ = Lglue +QD/Q+Q(m+ iµ�5⌧3)Q+ ab1Qi� · FQ

f2

4 tr
�
@µ⌃@µ⌃†�

[Sharpe & Singleton]

QLMQR +QRM
†QL

(M = m+ iµ⌧3)

� f2B0

2 tr
�
M⌃† +M†⌃

�

M �! ULMU †
R

Spurion
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Matching to ChPT @ LO in GSM regime

25

Le↵ = Lglue +QD/Q+Q(m+ iµ�5⌧3)Q+ ab1Qi� · FQ

f2

4 tr
�
@µ⌃@µ⌃†�

[Sharpe & Singleton]

QLMQR +QRM
†QL

(M = m+ iµ⌧3)

� f2B0

2 tr
�
M⌃† +M†⌃

�

M �! ULMU †
R

Spurion

QL
eAi� · FQR +QR

eA†i� · FQL

( eA = ab1)

eA �! UL
eAU†

R

Spurion

� f2W0

2 tr
⇣
eA⌃† + eA†⌃

⌘
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Matching to ChPT @ LO in GSM regime

25

Le↵ = Lglue +QD/Q+Q(m+ iµ�5⌧3)Q+ ab1Qi� · FQ

f2

4 tr
�
@µ⌃@µ⌃†�

[Sharpe & Singleton]

QLMQR +QRM
†QL

(M = m+ iµ⌧3)

� f2B0

2 tr
�
M⌃† +M†⌃

�

M �! ULMU †
R

Spurion

QL
eAi� · FQR +QR

eA†i� · FQL

( eA = ab1)

eA �! UL
eAU†

R

Spurion

� f2W0

2 tr
⇣
eA⌃† + eA†⌃

⌘

New LEC related to discretization errors

W0
B0

⇠ h⇡|Q�·FQ|⇡i
h⇡|QQ|⇡i ⇠ ⇤2

QCD
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LO tm Chiral Lagrangian

26

L(2)
� =

f2

4
tr
�
@µ⌃@µ⌃

†�� f2

4
tr
�
�⌃† + �†⌃

�
� f2

4
tr
⇣
Â⌃† + Â†⌃

⌘

We introduced useful parameters:

� = 2B0M = 2B0(m+ iµ⌧3)

Â = 2W0
eA = 2W0ab1

Power counting in GSM regime now very clear:

@2 ⇠ � ⇠ Â
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Matching @ NLO including 

27

L(5)

[Sharpe & Singleton; Bar, Rupak & Shoresh]

Simplified using SU(2) relations; included sources; dropped HECs

Four new (dimensionless) LECs @ NLO, but one is redundant

Expect, as for continuum LECs, that Wi ~ 1/(4π)2

Monday, March 25, 13



S. Sharpe, “EFT for LQCD: Lecture 3” 3/25/12 @ “New horizons in lattice field theory”, Natal, Brazil /55

Matching @ NLO including 

28

L(6)

[Sharpe & Singleton; Bar, Rupak & Shoresh]
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What if we NP improve the action?

29
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Summary so far

Combining Symanzik’s EFT with standard ChPT techniques, and introducing 
GSM power counting (m~a), we have obtained a relatively simple effective 
Lagrangian for PGBs @ NLO (m2 ~ p2m ~ p4 ~ am ~ ap2 ~ a2)

Valid throughout the “twisted mass plane” (with m & μ dependence explicit)

At LO, 2 continuum LECs augmented by 1 new “lattice LEC”, but we will 
shortly see that the latter is unphysical !

At NLO, 8 continuum LECs augmented by 3 new lattice LECs

Thus there is hope of using tmChPT to provide constraints on continuum-
chiral extrapolations

Generalization to heavy sources (baryons, B-mesons, etc.) straightforward, 
and of course introduces new LECs

30
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Outline of lecture 3

Why it is useful to include discretization errors in ChPT

How one includes discretization errors in ChPT

Focus on Wilson and twisted mass fermions

Examples of results

Impact of discretization errors on observables

Phase transitions induced by discretization errors
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tmChPT @ LO

32

L(2)
� =

f2

4
tr
�
@µ⌃@µ⌃

†�� f2

4
tr
�
�⌃† + �†⌃

�
� f2

4
tr
⇣
Â⌃† + Â†⌃

⌘

� = 2B0(m+ iµ⌧3) , Â = 2W0ab1

Recall additive renorm. of lattice bare m0: 

mc is determined non-perturbatively in simulation (e.g. by where Mπ→0 if a=0)

m & a terms have same form, so can combine using:

Corresponds to additional additive shift in m:

NP determination of mc (e.g. using Mπ→0) automatically includes this shift

⇒ W0 is not measurable

⇒ There are no O(a) errors in PGB interactions (for any m & μ)!

m �! m0 = m+ ab1ZSW0/B0

�0 = �+ Â = 2B0(m0 + iµ⌧3)
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tmChPT @ LO

33

L(2)
� =

f2

4
tr
�
@µ⌃@µ⌃

†�� f2

4
tr
⇣
�0⌃† + �0†⌃

⌘

VEV tracks mass term

Pion mass depends only on |χ’|, with ω0 redundant

M2
⇡ = |�0|

|�0| = 2B0

p
m02 + µ2 , tan!0 = µ/m0

�0 = 2B0(m0 + iµ⌧3) ⌘ |�0|ei!0⌧3
)

) h⌃i = ei!0⌧3
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tmChPT @ NLO

34
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Charged pion mass @ NLO in tmChPT

35

Compared to lecture 2, this is for SU(2) (not SU(3)) and with twisted mass

Mπ now depends on ω0 and on a

Linear dependence on a removed by setting ω0=±π/2+O(a)

Automatic O(a) improvement at maximal twist [Frezzotti & Rossi]

In this case, O(a2) term also vanishes at maximal twist, but not true in general

Same as Â
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Charged pion mass @ NLO in tmChPT

36

        tmChPT with no chiral logs

Results with no twist (ω0=0 or π)
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ω0 no longer redundant 

37
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Isospin breaking @ NLO in tmChPT

38

Splitting is O(a2) throughout twisted-mass plane, though maximal at maximum twist

Splitting vanishes for μ=0 as expected since isospin then a good symmetry

To calculate Mπ0 numerically, must include quark disconnected contractions

ETMC simulations find mπ0 < mπ± (so W’>0) [e.g. Herdoiza et al., arXiv:1303.3516]

Numerical values imply that we are on the border of the “Aoki” or LCE regime

M2
⇡0

�M2
⇡±

M2
⇡±

⇠ a2⇤4
QCD

m⇤QCD
⇡ �0.32 a=0.08 fm, Mπ+=330 MeV
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Practical utility of tm/Wilson ChPT?

39

For (untwisted) Wilson fermions, simulations are O(a) improved and WChPT 
calculations have not been done to requisite order to control a2 errors (NNLO 
in GSM regime)

Potential relations between discretization errors not being used (but lots of new LECs, so not clear how 
useful these relations would be in practice)

Same holds for tm fermions at maximal twist (automatically O(a) improved)

For tm fermions, large isospin splitting suggests using Aoki counting m~a2

Same power-counting as for staggered fermions, where it is found that including taste-splittings in the 
chiral logs is essential for obtaining good fits

[Bar] has done this for maximal twist, and finds significant effects, e.g.

[Frezzotti, Rossi & ETMC] argue that large a2 effects are restricted to pion 
splitting, but this is hard to understand from tmChPT

M2
⇡± = 2B0µ


1 +

M2
⇡0

2⇤2
�
log(M⇡0/⇤3) +O(µ) +O(a2)

�

Enhanced chiral log and FV effects
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No time for...

Extensions to higher order using different power counting [Aoki, Bar, et al.]

Understanding automatic O(a) improvement at maximal twist using tmChPT

Subtleties in obtaining prediction for quantities requiring NP renormalization 
(e.g. vector and axial current matrix elements) [Aoki, Bar & Sharpe]

tmChPT results for baryons, operator matrix elements,...

Predictions for parity non-invariant quantities that are NOT automatically 
O(a) improved [Sharpe & Wu]

Methods for determining maximal twist non-perturbatively (a subject now 
well understood)

...

40
Monday, March 25, 13



S. Sharpe, “EFT for LQCD: Lecture 3” 3/25/12 @ “New horizons in lattice field theory”, Natal, Brazil /55

Outline of lecture 3

Why it is useful to include discretization errors in ChPT

How one includes discretization errors in ChPT

Focus on Wilson and twisted mass fermions

Examples of results

Impact of discretization errors on observables

Phase transitions induced by discretization errors

41
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Power-counting in Aoki regime

42

Using a=0.05-0.1 fm

or “LCE” regime

When approaching 
physical mu & md one

almost inevitably enters 
the Aoki regime
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Power-counting in Aoki regime

43
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Power-counting in Aoki regime

43

We work only to LO here
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(Untwisted) Wilson fermions

44

LLO
� =

f2

4
tr
�
@µ⌃@µ⌃

†�� f2

4
tr
⇣
�0⌃† + �0†⌃

⌘
�W 0

h
tr(Â†⌃+ Â⌃†)

i2

LLO
� =

f2

4
tr
�
@µ⌃@µ⌃

†�� f22B0m0

4
tr
�
⌃† + ⌃

�
+

c2
16

⇥
tr(⌃+ ⌃†)

⇤2

Change of notation
c2~a2

Opposite sign to W’
Dropped prime

on m
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Phase structure: continuum

45

• In continuum, have “first-order transition” when m 
passes through zero, though the two sides are 
related by non-singlet axial SU(2) transformation

V ⇥ �m⇤�+ �†⌅ � �0 = ⇥0|�|0⇤ = sign(m)1

� M2
⇡ = 2B0|m|

M2
⇡

� = 2B0m

� = 2B0m

tr�0/2
1

�1
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Phase structure: lattice

46

• Competition between two terms when m~a2

1

�1

✏ = 2mB0f
2

2|c2| �0 = cos(�0) + i sin(�0)⇤n0 · ⇥

V = � f2

4 �⇤�+ �†⌅+ c2
16 ⇤�+ �†⌅2 ⇥ �✏ cos ✓0 +

1
2
|c2|
c2

cos ✓20

• If c2 > 0, then get Aoki phase, flavor spont. broken:

1
2 tr�0 = cos ✓0

1�1 ✏

M2
⇡f

2

2|c2|

[Creutz 96, 
Sharpe & Singleton 98]
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Aoki phase

47

• Explains why Mπ=0 on lattice, even though have no 
chiral symmetry!

✓ (two) pions are PGBs of flavor breaking: SU(2)f ➝ U(1)f 

• Parity is also broken (but not in the continuum)

• Width of phase is δm~a2 ⇒ δm0~a3

Aoki phase

δm0

[Aoki 84]
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First-order scenario

48

1

�1 ✏ = 2mB0f
2

2|c2|

V = � f2

4 �⇤�+ �†⌅+ c2
16 ⇤�+ �†⌅2 ⇥ �✏ cos ✓0 +

1
2
|c2|
c2

cos ✓20

• If c2 < 0, get first-order transition, with minimum 
pion mass Mπ(min)~a

• Explicit chiral symmetry breaking ⇒ No GB

1
2 tr�0 = cos ✓0

1�1 ✏

M2
⇡f

2

2|c2|
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Extend to twisted-mass plane

49

c2>0 c2<0

[Munster; Sharpe & Wu; Scorzato]

M⇡0  M⇡±M⇡0 � M⇡±

Equality only on Wilson axis (μ=0) outside Aoki phase

Mass difference 
determines sign & 

value of c2 
[Scorzato]
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Example with first-order scenario

50

Caveat: LO WChPT may not apply for such a coarse lattice

[Farchioni et al., 05]

a≈0.2 fm

First-order scenario with 
minimum pion mass
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Aoki scenario (c2>0) in detail

51

M2
⇡0M2

⇡±

M⇡±  M⇡0
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First-order scenario (c2<0) in detail

52

M⇡± � M⇡0
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First-order scenario (c2<0) in detail

53

M⇡± � M⇡0
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Lessons for lattice

54

Simulations are either already in or close to the Aoki/LCE regime (m~a2)

Phase structure can lead to large lattice artifacts

Metastabilities if first order

Distortion of physical quantities near second-order endpoints [Aoki]

Spectral gap in hermitian Wilson-Dirac operator can be reduced leading to 
numerical issues in simulations

Basic message: understand where the dangers are and STAY AWAY
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Summary
Combining Symanzik’s effective theory with chiral effective theory provides a 
method for analyzing lattice-spacing effects which incorporates all known 
symmetry constraints

Applied to Wilson, tm & staggered fermions

Most important applications to date have been chiral/continuum fits for 
staggered fermions and unraveling the phase structure for Wilson/tm fermions

Recent work (not discussed) shows how microscopic eigenvalues of Dirac 
operator are sensitive to the same LECs that enter into W/tmChPT

55
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