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The Maxwell equations evolved in WARPXM are:

∂E

∂t
− (ωpτ)2

(
δp
L

)2

∇×B =− (ωpτ)2

(
δp
L

)∑
α

Zαρα
Aα

uα (1)

∂B

∂t
+∇×E =0 (2)

Note that we write our conservations laws as:

∂qi
∂t

+
∂Fij
∂xj

=Si +
∂

∂xj

(
Dijkl

∂ql
∂xk

)
(3)

In this form these laws become

∂Ei
∂t

+
∂

∂xj

[
−εijk (ωpτ)2

(
δp
L

)2

Bk

]
=− (ωpτ)2

(
δp
L

)∑
α

Zαρα
Aα

uαi (4)

and

∂Bi
∂t

+
∂

∂xj
[εijkEk] =0 (5)

That is

FijE =− εijk (ωpτ)2

(
δp
L

)2

Bk (6)

FijB =εijkEk (7)

Now we’ll write this as a combined system:

q =
[
Ex Ey Ez Bx By Bz

]T
(8)

So we can write this system as

∂q

∂t
+
∂F

∂x
+
∂G

∂y
+
∂H

∂z
(9)
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1 Flux-Splitting Approach

Consider the 1D system

∂q

∂t
+
∂F

∂x
=S (10)

if we have a hyperbolic problem we should have left and right-traveling waves, so we can split the
fluxes into those:

∂q

∂t
+
∂F+

∂x
+
∂F−

∂x
=S (11)

At some boundary, the solution is affected by the net effect of these fluxes. To find these fluxes,
we can decompose the fluxes using a flux Jacobian such that

∂F

∂x
=
∂F

∂q

∂q

∂x
≡ A∂q

∂x
(12)

we can decompose A by using the eigensystem AX = XΛ where Λ is a diagonal matrix of eigenvalues

of A and X is a matrix of the right eigenvectors or A. The eigenvalues should all be real (hyperbolic

system). From this, A = XΛX
−1

. So we have the system

∂q

∂t
+XΛX

−1∂q

∂x
=S (13)

which we can split

∂q

∂t
+XΛ

+
X

−1∂q

∂x
+XΛ

−
X

−1∂q

∂x
=S (14)

where Λ
+

contains positive diagonal entries (right-going waves) and Λ
−

contains negative diagonal
entries (left-going waves). So we have can write

∂q

∂t
+

∂

∂x

XΛ
+
X

−1
q−︸ ︷︷ ︸

F+

+XΛ
−
X

−1
q+︸ ︷︷ ︸

F−

 =S (15)

We can rewrite this

∂q

∂t
+

∂

∂x

(
XΛ

+
X

−1
q− +XΛ

−
X

−1
q+

)
=S

∂q

∂t
+

∂

∂x

X
Λ +

∣∣∣Λ∣∣∣
2

X
−1

q− +X

Λ−
∣∣∣Λ∣∣∣

2

X
−1

q+

 =S

∂q

∂t
+

∂

∂x

[
1

2

(
XΛX

−1
q− +XΛX

−1
q+

)
+

1

2

(
X
∣∣∣Λ∣∣∣X−1

)(
q− − q+

)]
=S

∂q

∂t
+

∂

∂x

[
1

2

(
F− + F+

)
+

1

2

(
X
∣∣∣Λ∣∣∣X−1

)(
q− − q+

)]
=S (16)
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So our numerical flux is

F ∗ =
1

2

(
F− + F+

)
+

1

2

(
X
∣∣∣Λ∣∣∣X−1

)(
q− − q+

)
(17)

2 Application to Maxwell’s Equations

For Maxwell’s equations, we write F , G, and H can be written using equations 6 and 7:

F =

(
−c2εi1kBk
εi1kEk

)
=



0
c2Bz
−c2By

0
−Ez
Ey

 (18)

G =

(
−c2εi2kBk
εi2kEk

)
=



−c2Bz
0

c2Bx
Ez
0
−Ex

 (19)

H =

(
−c2εi3kBk
εi3kEk

)
=



c2By
−c2Bx

0
−Ey
Ex
0

 (20)

with c
v0

= (ωpτ)
(
δp
L

)
. For ease of notation here assume v0 = 1. So we can calculate the flux

jacobian:

∂F

∂q
=



0 0 0 0 0 0
0 0 0 0 0 c2

0 0 0 0 −c2 0
0 0 0 0 0 0
0 0 −1 0 0 0
0 1 0 0 0 0

 (21)
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Solving the eigenvalue problem, the matrix of eigenvalues is

Λ =



0 0 0 0 0 0
0 0 0 0 0 0
0 0 −c 0 0 0
0 0 0 −c 0 0
0 0 0 0 c 0
0 0 0 0 0 c

 (22)

and the matrix of column right eigenvectors is

X =



0 1 0 0 0 0
0 0 −c 0 c 0
0 0 0 c 0 −c
1 0 0 0 0 0
0 0 0 1 0 1
0 0 1 0 1 0

 (23)

and its inverse

X
−1

=



0 0 0 1 0 0
1 0 0 0 0 0
0 − 1

2c 0 0 0 1
2

0 0 1
2c 0 1

2 0
0 1

2c 0 0 0 1
2

0 0 − 1
2c 0 1

2 0

 (24)
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We now have our numerical flux for Maxwell’s equations:

F ∗ =
1

2

(
F− + F+

)
+

1

2

(
X
∣∣∣Λ∣∣∣X−1

)(
q− − q+

)
=

(
1
2

[(
−c2εi1kBk

)−
+
(
−c2εi1kBk

)+]
1
2

[
(εi1kEk)

− + (εi1kEk)
+]

)

+
1

2



0 1 0 0 0 0
0 0 −c 0 c 0
0 0 0 c 0 −c
1 0 0 0 0 0
0 0 0 1 0 1
0 0 1 0 1 0





0 0 0 0 0 0
0 0 0 0 0 0
0 0 c 0 0 0
0 0 0 c 0 0
0 0 0 0 c 0
0 0 0 0 0 c





0 0 0 1 0 0
1 0 0 0 0 0
0 − 1

2c 0 0 0 1
2

0 0 1
2c 0 1

2 0
0 1

2c 0 0 0 1
2

0 0 − 1
2c 0 1

2 0







Ex
Ey
Ez
Bx
By
Bz



−

−



Ex
Ey
Ez
Bx
By
Bz



+


=
1

2



0
c2 (B−

z +B+
z )

−c2
(
B−
y +B+

y

)
0

− (E−
z + E+

z )(
E−
y + E+

y

)

+
1

2



0 0 0 0 0 0
0 c 0 0 0 0
0 0 c 0 0 0
0 0 0 0 0 0
0 0 0 0 c 0
0 0 0 0 0 c







Ex
Ey
Ez
Bx
By
Bz



−

−



Ex
Ey
Ez
Bx
By
Bz



+


=
1

2



0
c2 (B−

z +B+
z )

−c2
(
B−
y +B+

y

)
0

− (E−
z + E+

z )(
E−
y + E+

y

)

+
1

2



0
c
(
E−
y − E+

y

)
c (E−

z − E+
z )

0
c
(
B−
y −B+

y

)
c (B−

z −B+
z )



=



0
1
2c

2 (B−
z +B+

z ) + 1
2c
(
E−
y − E+

y

)
−1

2c
2
(
B−
y +B+

y

)
+ 1

2c (E−
z − E+

z )

0
−1

2 (E−
z + E+

z ) + 1
2c
(
B−
y −B+

y

)
1
2

(
E−
y + E+

y

)
+ 1

2c (B−
z −B+

z )

 (25)

The assumption of 1D is effectively calculating (F · n)∗. In index form, this can be written

(Fijnj)
∗
(λ)E

=

[
1

2

(
−εijkc2

(
B

(λ)
k +B

(µ)
k

))
nj +

cnj
2
εijkεklm

(
E

(λ)
l − E(µ)

l

)
nm

]
, (26)

(Fijnj)
∗
(λ)B

=

[
1

2

(
εijk

(
E

(λ)
k + E

(µ)
k

))
nj +

cnj
2
εijkεklm

(
B

(λ)
l −B

(µ)
l

)
nm

]
, (27)

where c = (ωpτ)
(
δp
L

)
is the speed of light. (Fijnj)

∗
(λ)E

refers to the numerical flux on the evolution

of E (Ampère’s Law) where the analytical flux is Fij = −εijkc2Bk. (Fijnj)
∗
(λ)B

refers to the

numerical flux on the evolution of B (Faraday’s Law) where the analytical flux is Fij = εijkEk. λ
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refers to “inside” element node and µ refers to “outside” element node. In WARPXM notation we
signify the inside element as λ and outside element as γ and the wall node associated with each
with another letter index, which becomes k. So:

F̃λγiqE ≡
(
F̂ijnj

)λγ
qE

=

[
1

2

(
−εijkc2

(
Bλ
kq +Bγ

kq

))
nj +

cnj
2
εijkεklm

(
Eλlq − E

γ
lq

)
nm

]
,

F̃λγiqB ≡
(
F̂ijnj

)λγ
qB

=

[
1

2

(
εijk

(
Eλkq + Eγkq

))
nj +

cnj
2
εijkεklm

(
Bλ
lq −B

γ
lq

)
nm

]
We then just swap j ↔ m and k ↔ q to get

F̃λγikE ≡
(
F̂imnm

)λγ
kE

=

[
1

2

(
−εimqc2

(
Bλ
qk +Bγ

qk

))
nm +

cnm
2
εimqεqlj

(
Eλlk − E

γ
lk

)
nj

]
, (28)

F̃λγikB ≡
(
F̂imnm

)λγ
kB

=

[
1

2

(
εimq

(
Eλqk + Eγqk

))
nm +

cnm
2
εimqεqlj

(
Bλ
lk −B

γ
lk

)
nj

]
(29)

Now note the second term:

εimqεqljnmqlknj

=εimqεljqnmqlknj

= (δilδmj − δijδml)nmqlknj
=nmqiknm − nmqmkni (30)

if n = nx then (i is component):

=

qxk − qxk = 0
qyk − 0 = qyk
qzk − 0 = qzk

 (31)

Also the first term

εimqqqknm =

 0
−qzk
qyk

 (32)

This matches equation 25.

3 Application to Perfectly Hyperbolic Maxwell’s Equations

The perfectly hyperbolic Maxwell Equations [2] with our normalization is

∂E

∂t
− (ωpτ)2

(
δp
L

)2

∇×B+χ (ωpτ)2

(
δp
L

)2

∇Φ =− (ωpτ)2

(
δp
L

)∑
α

Zαρα
Aα

uα (33)
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∂B

∂t
+∇×E+γ∇Ψ =0 (34)

∂Φ

∂t
+χ∇ ·E =χ (ωpτ)2

(
δp
L

)
ρc (35)

∂Ψ

∂t
+γ (ωpτ)2

(
δp
L

)2

∇ ·B =0 (36)

So this means we have

∂Ei
∂t

+
∂

∂xj

[
−εijk (ωpτ)2

(
δp
L

)2

Bk + χ (ωpτ)2

(
δp
L

)2

Φδij

]
=− (ωpτ)2

(
δp
L

)∑
α

Zαρα
Aα

uαi (37)

and

∂Bi
∂t

+
∂

∂xj
[εijkEk + γΨδij ] =0 (38)

∂Φ

∂t
+

∂

∂xj
[χEj ] =χ (ωpτ)2

(
δp
L

)
ρc (39)

∂Ψ

∂t
+

∂

∂xj

[
γ (ωpτ)2

(
δp
L

)2

Bj

]
=0 (40)

That is

Fi=Ej =− εijk (ωpτ)2

(
δp
L

)2

Bk + χ (ωpτ)2

(
δp
L

)2

Φδij (41)

Fi=Bj =εijkEk + γΨδij (42)

Fi=Φj =χEj (43)

Fi=Ψj =γ (ωpτ)2

(
δp
L

)2

Bj (44)

So for these perfectly hyperbolic Maxwell’s equations,

q =
[
Ex Ey Ez Bx By Bz Φ Ψ

]T
(45)
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so we write F

F =


−c2εi1kBk + χc2Φδi1
εi1kEk + γΨδi1

χE1

γc2B1

 =



χc2Φ
c2Bz
−c2By
γΨ
−Ez
Ey
χEx
γc2Bx


(46)

G =


−c2εi2kBk + χc2Φδi2
εi2kEk + γΨδi2

χE2

γc2B2

 =



−c2Bz
χc2Φ
c2Bx
Ez
γΨ
−Ex
χEy
γc2By


(47)

H =


−c2εi3kBk + χc2Φδi23

εi3kEk + γΨδi3
χE3

γc2B3

 =



c2By
−c2Bx
χc2Φ
−Ey
Ex
γΨ
χEz
γc2Bz


(48)

with c
v0

= (ωpτ)
(
δp
L

)
. For ease of notation here assume v0 = 1. So we can calculate the flux

jacobian:

∂F

∂q
=



0 0 0 0 0 0 χc2 0
0 0 0 0 0 c2 0 0
0 0 0 0 −c2 0 0 0
0 0 0 0 0 0 0 γ
0 0 −1 0 0 0 0 0
0 1 0 0 0 0 0 0
χ 0 0 0 0 0 0 0
0 0 0 γc2 0 0 0 0


(49)
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Solving the eigenvalue problem, the matrix of eigenvalues is

Λ =



−c 0 0 0 0 0 0 0
0 −c 0 0 0 0 0 0
0 0 c 0 0 0 0 0
0 0 0 c 0 0 0 0
0 0 0 0 −cγ 0 0 0
0 0 0 0 0 cγ 0 0
0 0 0 0 0 0 −cχ 0
0 0 0 0 0 0 0 cχ


(50)

also

∣∣∣Λ∣∣∣ =



c 0 0 0 0 0 0 0
0 c 0 0 0 0 0 0
0 0 c 0 0 0 0 0
0 0 0 c 0 0 0 0
0 0 0 0 cγ 0 0 0
0 0 0 0 0 cγ 0 0
0 0 0 0 0 0 cχ 0
0 0 0 0 0 0 0 cχ


(51)

and the matrix of column right eigenvectors is

X =



0 0 0 0 0 0 −c c
−c 0 c 0 0 0 0 0
0 c 0 −c 0 0 0 0
0 0 0 0 −1

c
1
c 0 0

0 1 0 1 0 0 0 0
1 0 1 0 0 0 0 0
0 0 0 0 0 0 1 1
0 0 0 0 1 1 0 0


(52)

and its inverse

X
−1

=



0 − 1
2c 0 0 0 1

2 0 0
0 0 1

2c 0 1
2 0 0 0

0 1
2c 0 0 0 1

2 0 0
0 0 − 1

2c 0 1
2 0 0 0

0 0 0 − c
2 0 0 0 1

2
0 0 0 c

2 0 0 0 1
2

− 1
2c 0 0 0 0 0 1

2 0
1
2c 0 0 0 0 0 1

2 0


(53)
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We now have our numerical flux for Maxwell’s equations:

F ∗ =
1

2

(
F− + F+

)
+

1

2

(
X
∣∣∣Λ∣∣∣X−1

)(
q− − q+

)

=



1
2

[(
−c2εi1kBk + χc2Φδi1

)−
+
(
−c2εi1kBk + χc2Φδi1

)+]
1
2

[
(εi1kEk + γΨδi1)

−
+ (εi1kEk + γΨδi1)

+
]

1
2

[
(χE1)

−
+ (χE1)

+
]

1
2

[(
γc2B1

)−
+
(
γc2B1

)+]



+
1

2



0 0 0 0 0 0 −c c
−c 0 c 0 0 0 0 0
0 c 0 −c 0 0 0 0
0 0 0 0 − 1

c
1
c 0 0

0 1 0 1 0 0 0 0
1 0 1 0 0 0 0 0
0 0 0 0 0 0 1 1
0 0 0 0 1 1 0 0





c 0 0 0 0 0 0 0
0 c 0 0 0 0 0 0
0 0 c 0 0 0 0 0
0 0 0 c 0 0 0 0
0 0 0 0 cγ 0 0 0
0 0 0 0 0 cγ 0 0
0 0 0 0 0 0 cχ 0
0 0 0 0 0 0 0 cχ





0 − 1
2c 0 0 0 1

2 0 0
0 0 1

2c 0 1
2 0 0 0

0 1
2c 0 0 0 1

2 0 0
0 0 − 1

2c 0 1
2 0 0 0

0 0 0 − c
2 0 0 0 1

2
0 0 0 c

2 0 0 0 1
2

− 1
2c 0 0 0 0 0 1

2 0
1
2c 0 0 0 0 0 1

2 0



×





Ex

Ey

Ez

Bx

By

Bz

Φ
Ψ



−

−



Ex

Ey

Ez

Bx

By

Bz

Φ
Ψ



+

=
1

2



χc2 (Φ− + Φ+)
c2 (B−

z +B+
z )

−c2
(
B−

y +B+
y

)
γ (Ψ− + Ψ+)
− (E−

z + E+
z )(

E−
y + E+

y

)
χ (E−

x + E+
x )

γc2 (B−
x +B+

x )


+

1

2



cχ 0 0 0 0 0 0 0
0 c 0 0 0 0 0 0
0 0 c 0 0 0 0 0
0 0 0 cγ 0 0 0 0
0 0 0 0 c 0 0 0
0 0 0 0 0 c 0 0
0 0 0 0 0 0 cχ 0
0 0 0 0 0 0 0 cγ







Ex

Ey

Ez

Bx

By

Bz

Φ
Ψ



−

−



Ex

Ey

Ez

Bx

By

Bz

Φ
Ψ



+

=
1

2



χc2 (Φ− + Φ+)
c2 (B−

z +B+
z )

−c2
(
B−

y +B+
y

)
γ (Ψ− + Ψ+)
− (E−

z + E+
z )(

E−
y + E+

y

)
χ (E−

x + E+
x )

γc2 (B−
x +B+

x )


+

1

2



cχ (E−
x − E+

x )
c
(
E−

y − E+
y

)
c (E−

z − E+
z )

cγ (B−
x −B+

x )
c
(
B−

y −B+
y

)
c (B−

z −B+
z )

cχ (Φ− − Φ+)
cγ (Ψ− −Ψ+)



=



1
2χc

2 (Φ− + Φ+) + 1
2χc (E−

x − E+
x )

1
2c

2 (B−
z +B+

z ) + 1
2c
(
E−

y − E+
y

)
− 1

2c
2
(
B−

y +B+
y

)
+ 1

2c (E−
z − E+

z )
1
2γ (Ψ− + Ψ+) + 1

2γc (B−
x −B+

x )
− 1

2 (E−
z + E+

z ) + 1
2c
(
B−

y −B+
y

)
1
2

(
E−

y + E+
y

)
+ 1

2c (B−
z −B+

z )
1
2χ (E−

x + E+
x ) + 1

2χc (Φ− − Φ+)
1
2γc

2 (B−
x +B+

x ) + 1
2γc (Ψ− −Ψ+)


(54)

10
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4 Application to Parabolically Cleaned Maxwell’s Equations

Parabolically claned Maxwell’s equations are designed to locally remove divergence errors using a
diffusion operator. The following version is derived following the method as described in Ref. [1].

First take the divergence of Ampere’s Law, Eq. (1),

∂

∂t
(∇ ·E)− (ωpτ)2

(
δp
L

)2

((((((∇ · ∇ ×B =− (ωpτ)2

(
δp
L

)∑
α

Zαρα
Aα
∇ · uα. (55)

Note the conservation of charge

∂ρc
∂t

=−∇ · j = −∇ ·
∑
α

Zαρα
Aα

· uα = −
∑
α

Zαρα
Aα
∇ · uα, (56)

where ρc =
∑
α
ρα

Zα
Aα

. Substitution of Eq. (56) into Eq. (55) yields

∂

∂t
(∇ ·E) = (ωpτ)2

(
δp
L

)
∂ρc
∂t

. (57)

The next step is to formulate a form of Gauss law to clean electric field divergence. Notice the
normalized Poisson equation

− 1

(ωpτ)2

(
L

δp

)
∇2φ =ρc (58)

and electric field definition

E =−∇φ. (59)

Guass Law is then

1

(ωpτ)2

(
L

δp

)
∇ ·E =ρc. (60)

Let the parabolically-cleaned Gauss law indicate the discrepancy

1

(ωpτ)2

(
L

δp

)
∇ ·E − ρc ≡ΨE . (61)

Equation (61) allows Eq. (57) to be written

1

(ωpτ)2

(
L

δp

)
∂

∂t
(∇ ·E)− ∂ρc

∂t
=
∂ΨE

∂t
= 0. (62)

11
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Equation (62) shows the divergence error should be constant, at least analytically, though this may
not be the case numerically. Equation (62) can then be modified into a diffusion equation as

∂ΨE

∂t
≡∇ · (χE∇ΨE) . (63)

Equation (63) can be worked from backward to achieve a modified Ampere’s Law

1

(ωpτ)2

(
L

δp

)
∂

∂t
(∇ ·E)− ∂ρc

∂t
=∇ · (χE∇ΨE)

∂

∂t
(∇ ·E)− (ωpτ)2

(
δp
L

)
∂ρc
∂t

= (ωpτ)2

(
δp
L

)
∇ · (χE∇ΨE)

∂

∂t
(∇ ·E)− (ωpτ)2

(
δp
L

)
∂ρc
∂t
− (ωpτ)2

(
δp
L

)2

∇ · ∇ ×B = (ωpτ)2

(
δp
L

)
∇ · (χE∇ΨE)

∂

∂t
(∇ ·E) + (ωpτ)2

(
δp
L

)∑
α

Zαρα
Aα
∇ · uα − (ωpτ)2

(
δp
L

)2

∇ · ∇ ×B = (ωpτ)2

(
δp
L

)
∇ · (χE∇ΨE)

∂E

∂t
+ (ωpτ)2

(
δp
L

)∑
α

Zαρα
Aα

uα − (ωpτ)2

(
δp
L

)2

∇×B = (ωpτ)2

(
δp
L

)
χE∇ΨE

∂E

∂t
+ (ωpτ)2

(
δp
L

)∑
α

Zαρα
Aα

uα − (ωpτ)2

(
δp
L

)2

∇×B =χE∇
[
∇ ·E − (ωpτ)2

(
δp
L

)
ρc

]
∂E

∂t
− (ωpτ)2

(
δp
L

)2

∇×B − χE∇∇ ·E + (ωpτ)2

(
δp
L

)
χE∇ρc = − (ωpτ)2

(
δp
L

)∑
α

Zαρα
Aα

uα .

(64)

The same procedure can be applied to Faraday’s Law. Taking the divergence of Eq. (2) yields

∂

∂t
(∇ ·B) +((((((∇ · ∇ ×E =0. (65)

Note the magnetic Gauss law

∇ ·B =0. (66)

Similarly to Eq. (61), let the parabolically-cleaned magnetic Gauss law indicate the discrepancy

∇ ·B ≡ΨB. (67)

Equation (65) can thus be written

∂

∂t
(∇ ·B) =

∂ΨB

∂t
= 0. (68)

12
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As shown in Eq. (62) the divergence error should be constant, at least analytically, though this
may not be the case numerically. Equation (68) can then be modified into a diffusion equation as

∂ΨB

∂t
≡∇ · (χB∇ΨB) . (69)

As before, Eq. (69) can be worked from backward to achieve a modified Faraday’s Law

∂

∂t
(∇ ·B) =∇ · (χB∇ΨB)

∂

∂t
(∇ ·B) +∇ · ∇ ×E =∇ · (χB∇∇ ·B)

∂B

∂t
+∇×E = χB∇∇ ·B . (70)

Equations (64) and (70) are the PCMaxwell equations, with the red terms indicating the additional
terms that the model adds to Maxwell’s equations. χE and χB are constant diffusivities. In index
notation, these equations can be written

∂Ei
∂t

+
∂

∂xj

[
−εijk (ωpτ)2

(
δp
L

)2

Bk + χE

{
(ωpτ)2

(
δp
L

)
ρc −

∂Ek
∂xk

}
δij

]
=− (ωpτ)2

(
δp
L

)∑
α

Zαρα
Aα

uαi ,

(71)

∂Bi
∂t

+
∂

∂xj

[
εijkEk − χB

∂Bk
∂xk

δij

]
=0. (72)

For PCMaxwell’s equations, we write F , G, and H can be written using equations 71 and 72:

F =

(
−c2εi1kBk+χE

{
(ωpτ)2

(
δp
L

)
ρc − ∂Ek

∂xk

}
δi1

εi1kEk−χB ∂Bk
∂xk

δi1

)
=



χE

{
(ωpτ)2

(
δp
L

)
ρc −

(
∂Ex
∂x +

∂Ey
∂y + ∂Ez

∂z

)}
c2Bz
−c2By

−χB
(
∂Bx
∂x +

∂By
∂y + ∂Bz

∂z

)
−Ez
Ey


(73)

G =

(
−c2εi2kBk+χE

{
(ωpτ)2

(
δp
L

)
ρc − ∂Ek

∂xk

}
δi2

εi2kEk−χB ∂Bk
∂xk

δi2

)
=



−c2Bz

χE

{
(ωpτ)2

(
δp
L

)
ρc −

(
∂Ex
∂x +

∂Ey
∂y + ∂Ez

∂z

)}
c2Bx
Ez

−χB
(
∂Bx
∂x +

∂By
∂y + ∂Bz

∂z

)
−Ex


(74)
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H =

(
−c2εi3kBk+χE

{
(ωpτ)2

(
δp
L

)
ρc − ∂Ek

∂xk

}
δi3

εi3kEk−χB ∂Bk
∂xk

δi3

)
=



c2By
−c2Bx

χE

{
(ωpτ)2

(
δp
L

)
ρc −

(
∂Ex
∂x +

∂Ey
∂y + ∂Ez

∂z

)}
−Ey
Ex

−χB
(
∂Bx
∂x +

∂By
∂y + ∂Bz

∂z

)


(75)

So just use LDG or IP on field gradient terms and an average for ρc terms?
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