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The Maxwell equations evolved in WARPXM are:
OE 2 (0, ? 2 (0 Zopa
— — (wp7) (5) V x B = — (w,T) f” %: A U

oB
— +Vx E=
ot +V X 0

Note that we write our conservations laws as:

8qi 8fij 15) aql
= =S; + — ( Dy =2t
ot T on, T o < jkl&m)

In this form these laws become
OE; 0 5 (0,2
8tz + 8733] [_eijk (pr) <II/)> Bk

0B; 0
at + ax] [61]k k‘] 0

and

That is
2 (%)
Fijp = = €ijk (WpT) <£> By
Fijp =€ijuLk
Now we’ll write this as a combined system:
T
q=[E. E, E. B, B, B]
So we can write this system as

oq  OF 0G  0H
ot Odxr Oy 0z
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1 Flux-Splitting Approach

Consider the 1D system
0q OF
" ow T
if we have a hyperbolic problem we should have left and right-traveling waves, so we can split the
fluxes into those:

(10)

dq OFT OF~
8t+ ox + ox =5 (11)

At some boundary, the solution is affected by the net effect of these fluxes. To find these fluxes,
we can decompose the fluxes using a flux Jacobian such that
OF OF 0q _ =0q

o o0qox oz (12)

we can decompose A by using the eigensystem AX = XA where A s a diagonal matrix of eigenvalues
of A and X is a matrix of the right eigenvectors or A. The eigenvalues should all be real (hyperbolic

p— 771
system). From this, A = XAX . So we have the system
9q | 1909

— 4+ XAX — =8 13
ot + B (13)
which we can split
— XA X 2L XAx Ao 14
ot oz oz > (14)

:+ p——
where A contains positive diagonal entries (right-going waves) and A contains negative diagonal
entries (left-going waves). So we have can write

8q 8 77—1 _ _——1 + B
ot A A§q+A§q —S (15)
Ft F-
We can rewrite this
%, 9 (XX "¢ + XA X 'q*) =8
ot ' ox 9 )=
oa o [« (M (Ao
E—i_% 9 X q + X B X q =S
9 0 ! T LY FIFRIFT Y (- gt | —
&Jr(%[(XAX a + XAX q>+2<X‘A‘X )(q —q)} _S
og 0 |1 1 (= =1! N
5 o [Q(F +FT) + 2<X’A‘X >(q —q )} =S (16)
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So our numerical flux is

F* =

_% (F~ +F*) + % (X W X1> (¢ —q") (17)

2 Application to Maxwell’s Equations
For Maxwell’s equations, we write F', G, and H can be written using equations [6] and
0
B,

626'1kBk> —?B
F = ! = Y 18
< €1k By 0 (18)

_EZ
Ey

—?B,

0
2 2
—c“€ion B c“B,
G = ¢ = 19
< €iok B ) E, (19)

0

_Eac

2
c“By
—?B,

—6263kBk> 0
H = ! = 20
( €3k Ek (20)

with = = (wpT) (%’) For ease of notation here assume vy = 1. So we can calculate the flux
jacobian:

coococoo
l oo
(@}

coco oo {o

OF
dq

oo oo oo
o O O OO
o O oo

o O O
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Solving the eigenvalue problem, the matrix of eigenvalues is

00 0 0 0O
00 0 0 00O
= 00 —¢c 0 0O
A= 00 0 — 0O (22)
00 0 0 ¢ O
00 0 0 0 ¢
and the matrix of column right eigenvectors is
01 0 00 O
0 0 —c 0 ¢ O
= 00 0 ¢ 0 —c
X = 10 0 00 O (23)
00 0 10 1
00 1 01 0
and its inverse
0 0 0 1 0 0
1 0 0 0 0 O
=1 |0 - 0 00 %
X — 2c 2 24
0 0 £ 01310 (24)
0 = 0 00 3
0 0 —5 0 3 0
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We now have our numerical flux for Maxwell’s equations:

1 1 = =
F*:2(F_+F+)+2(X‘A‘X )(q—_q+)
:<% (—c*einxBr) +(_626i1k3k)+]>
s [(ennEr)™ + (ennEr)™]
01 0 00 0O\ /00O0O0OTOO /0 0O 0 100 E.\ [E.
00 —c0c¢ 0]]l]OOOOOO|[1T O 0 000 E, E,
L1000 0 ¢ 0 —ff00c000]]0 -3 0 00 3 E.| | E
2110 0 00 0f[]J]OoO0OOcoOOf|]O O £ 01% 0 B, By
00 0 10 1 0000cof{f0 £ o0 00 1 B, B,
00 1 01 0/\00000¢ \0 0 —-£01%0 B. B.
0 000000 E\~ [E.\
2 (B; + BY) 0 c0O0O0O E, E,
2 —
L= (B, +By) | 1|00 c 000 E.| |E
2 0 2000000 B, B,
— (E; + EF) 0000 ¢ 0 B, B,
(B, + Ef) 00000 ¢ B. B.
0 0
c22(B; +B{2 c(E; —Ef)
1] —c (By+By) 4= c(BE; — EF)
2 0 0
— (E; + EF) ¢(B; - By)
(E,; +E}) c(B — BY)
0
3 (B2 + B) + e (E; — )
—5¢ (B, + B ) + 3¢(E; — Ef) (25)
0
—ﬁ (E; + Ef) +1§c (B, — B})
2 (By + EJ) +5¢(B. - BY)
The assumption of 1D is effectively calculating (F' - mn)". In index form, this can be written
1 cn;
(Fz‘j"j)?A)E = [2 (—Ez’jkcz (Bl(g)\) + Bl(cu))) n; + #eijkeklm (El(/\) - El(“)> nm] ) (26)
* 1 A Cn; A
(Figni)(np = [2 (fz‘jk (E;(c )+ E;(f“))) nj + =" €ijkCrim (Bz( - Bz(“)) nm} : (27)

where ¢ = (wpT) (%”) is the speed of light. (Ejnj)?A)E refers to the numerical flux on the evolution
of E (Ampere’s Law) where the analytical flux is F;; = —e;,¢*By. (Fijnj)?)\)B refers to the
numerical flux on the evolution of B (Faraday’s Law) where the analytical flux is Fj; = €, Er. A
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refers to “inside” element node and pu refers to “outside” element node. In WARPXM notation we
signify the inside element as A and outside element as v and the wall node associated with each
with another letter index, which becomes k. So:

- . Ay 1 cn;
= (Fans) | = [2 (meune® (B + BL,) ) ms + S eunern (B~ 57,) ”m] ’

dE

- . Xy 1 cn;
]_-i/(\; _ <]_—ijnj) _ [2 (Q’jk (Eé‘q + qu)) nj + TJEijkEklm (Bl)(} — B?q) nm]

9B

We then just swap j <> m and k < ¢ to get

~ N Ay 1 cn
Fl = (E-mnm>kE - [ (~eimae® (B + BY) ) i + " eimaeqs (B — B nj] . (28)

2 2

- - Ay 1 cn

Fovn = (Fomrm ) = |5 (coma (B + BJL) ) 7o+ 5 eimacas (Bl — Bik ) mg (29)
B kg 2 q 2

Now note the second term:

€imq€qli Mm ik
=€imq€ljqNmaikTj

= (0i10mj — 0ij0mi) NmQikn;

=N QikMm — NMmdmkT (30)
if n = n, then (7 is component):
Qzk — Qzk = 0
qzk — 0= qzk
Also the first term
0
€imqQqkNm = | —4zk (32)
Qyk

This matches equation

3 Application to Perfectly Hyperbolic Maxwell’s Equations

The perfectly hyperbolic Maxwell Equations 2] with our normalization is

OE 3\’ 2 (6 5 Zopa
- — (@pr)? <£’> V x By (wp7)? (i) Vo = — (w,r)? <£’>Z Ap uo  (33)
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0B
- E+~AVU =
ot +V x E+~4V 0
0P B 2 (Op
o XV - E =x (wpT) (L) Pe

So this means we have

OF; 0 2 [ Op ? 2 ( Op ? o 2 (Op Zopa
5 +Ba:j [—e”k (wpT) <L> By, + x (wpT) 7 Do | = — (wpT) 7 za: A Ug,

and

0B; 0
815 + aiﬂfj [GZJkEk + 7\1151]] =0

0P 0 L 9 (ip
ot + (‘37:] [XEj] =X (wpT) (L) Pe

or 9 5 (,\°
&jﬂL&Cj[’Y(WpT) (L> B

That is

5\’ 5\’
Fiegj = — €iji (wpT)° <£) By + X (wpr)” <£> Doy
Fi=Bj =€ijeEr +v¥0i;
Fi—oj =XE;

2 (6
-E‘:\I/j :’Y(pr) <£7> Bj

So for these perfectly hyperbolic Maxwell’s equations,

q=[E, B, E. B, B, B. & ¥]"

(34)

(35)

(37)
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so we write F

X P
B,
2. 2H4. _ 2
C ezlkBk + xc <I>511 C By
itk Er + 7P A
F = ! = 46
XEI _Ez ( )
v By E,
XEx
V¢* By
—%B,
xc2®
_CQEZ‘QkBk + XC2(I)5i2 C2BJ;
€iok B + Y¥di2 E,
G = ! = 47
X Eo 28 (47)
VCQBQ —F,
xEy
’)/CQBy
C2By
—?B,
—c2ei3x By + X Pdjo3 X9
sk + Vo3 -E
H = ( = Y 48
XE3 Ex ( )
vc* By Y
XE:
v B,
with & = (wpT) (%’) For ease of notation here assume vy = 1. So we can calculate the flux
jacobian:
00 0 0 0 0 x* 0
00 0 0 0 ¢ 0 0
00 0 0 —* 0 0 0
oOF
orF 10 0 0 O 0 0 0 ¥« (49)
0q 00 -1 0 0 0 0 O
01 0 O 0O 0 0 O
x 0 0 O 0 0 0 O
00 0 ~* 0 0 0 0
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Maxwell Equation Flux

Solving the eigenvalue problem, the matrix of eigenvalues is

(50)

- 0 0 O

0

0
0

0
0

0
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0

I
ll<

also

0

c 000 O

—

—

i)
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coocooco &
cocoocoo o
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Voo oo oo
cocoocococ oo

Il

<

and the matrix of column right eigenvectors is

(52)

0

—c 0 c

0

0 00 O

<

and its inverse

(53)

S O O O —HNHNOD
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O O O O O O HlNHe
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We now have our numerical flux for Maxwell’s equations:

1 ——1

F* =5 (F~ + F)+ ( ‘A’ ) qa —q")

% [( cenk By + xc2®;, ( e B + Xc2q>5i1)+
2 [(ezlkEk + ’Y\I}(szl 6zlk-Ek: + ’Y\Ijézl) j|

)+
)T+

- LB + (B
)+

[E—
OO O OO - e

6B+ )]
0 00 0 0 0 — ¢\ fc0O0O0 O 0 0 0 - 0 0 0
—c 0 ¢c 0 0 0 0 O[]0 c OO0 O o oflo o £ o 1
0 ¢c 0 — 0 0 0 0[]0 O c O O 0 0 0 = 0 0 0
+10000—%%00000c0 o ojl o0 0 -2 0 3%
210 1.0 1 0 0 0 0f[[0 0 0 0 ¢ o offo o 0o -£0
1 01 0 0 0 0 oOoffoooo0 0 ¢y 0 0ffO0 0 0 £ 0
000 0 0 0 1 1J]{00O00O0 0 cx Of[-% 0 0 0 o0
000 0 1 1 0 0/\0000T0 0 0 c/\L£ 0 0 0 0
BN (BN
Ey Ey
E, E,
B | B
B, B,
B, B,
i i
T o
X (&~ + &) ex 00 0 00 0 0 B\~ [(B\"
¢ (B; + BY) 0O c0 0 00 0 O E, E,
—c* (B, +By) 000 c 0 00 0 0 E. E.
L (@) 110 0 0 ey 00 00 B.| | B
2| —(ES +E)) 000 0 ¢cO0 0 0 B, B,
(B, +Ef) 000 0 0c¢ 0 0 B. B.
X (E; +EF) 000 0 00 cx O ® i
¢ (By + BY) 000 0 00 0 c o o
2 (d~ +ot) ex (B — EY)
¢ (B + BY) c (B, — By)
— (B, + By) c(E; —ET)
L e ey (By - By
2| —(E; +EY) ¢(B; - B))
(E, +E) ¢(B; — BY)
x (E; + E;) ex (¢ —@7)
¢ (By + B}) cy (U™ — o)
2xc (@~ +@%) + Ixc(E, — EF)
?(B; +Bf) + c(E*—E+)
;%CQ (B, +By) + e (E- — EJ)
_ 5 (\If +UH) + fyc(B — B (54)

L(E +E+)+ s¢(By — Bf)
% (B, +E) + %c(B; - BY)
X (Ey + Ef) + 5xc (@7 — @) 10
¢ (By + Bf) + 57¢ (¥~ -0t
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4 Application to Parabolically Cleaned Maxwell’s Equations

Parabolically claned Maxwell’s equations are designed to locally remove divergence errors using a
diffusion operator. The following version is derived following the method as described in Ref. [1].
First take the divergence of Ampere’s Law, Eq. ,

0 2 51) ? _ 2 51) ZapPa
51 (VE) = (wp7) (L> VB == (47)" za: ™ V. (55)
Note the conservation of charge
apc - . Zapa o ZaPa
5 V-j= V-Za: A “UG = Za: A V- uq, (56)
where p. =) PaZ™- Substitution of Eq. into Eq. yields
«
0 B 9 [ 6p\ Opc
5 (V- E) =(wpr) <L> T (57)

The next step is to formulate a form of Gauss law to clean electric field divergence. Notice the
normalized Poisson equation

1 L
—_—— - VQ —Pe 58
o ( 5p) b=p (58)
and electric field definition
E=-Vo¢. (59)
Guass Law is then
1 L
— | — | V- FE =p,. 60
(pr)Q (51’) g (60)

Let the parabolically-cleaned Gauss law indicate the discrepancy

1 L
= (2 V- -E-p. =V 61
o (5)v B (61)
Equation (61)) allows Eq. (57]) to be written
1 L\ 0 op. OVg
Vo v - L T 2
(wpT)? <5p) oV B = =0 (62)
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Equation shows the divergence error should be constant, at least analytically, though this may
not be the case numerically. Equation can then be modified into a diffusion equation as

Vg

e =V (xeV¥g). (63)

Equation can be worked from backward to achieve a modified Ampere’s Law

1 L\ 0 Ope
) (‘5p> E(V'E) ~ 5 =V - (xeVV¥E)

5 (7B~ (r)? () e = (%) 9 - s )
\Y

V% B =) (2) - (s 0s)

2 d ZapPa 2 o
o+ (2 > Al (%

0 Za o
XEVpe = — (wp7)2 (p> Ap Ug |

«

(64)
The same procedure can be applied to Faraday’s Law. Taking the divergence of Eq. yields

% (V- B) + Y-VxE =0. (65)

Note the magnetic Gauss law
V- B =0. (66)

Similarly to Eq. , let the parabolically-cleaned magnetic Gauss law indicate the discrepancy

V- -B=Vg. (67)
Equation can thus be written
0 ovp
BT (V-B) T 0 (68)

12
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As shown in Eq. the divergence error should be constant, at least analytically, though this
may not be the case numerically. Equation can then be modified into a diffusion equation as

oVp

=V. Up).
5 =V (xBVVYp) (69)
As before, Eq. can be worked from backward to achieve a modified Faraday’s Law
0
5 (V- B) =V (xaV¥5)
gt(V B)+V-VxE=V-(xgVV-B)
B
a@t +VxE=xpVV-B| (70)

Equations and are the PCMaxwell equations, with the red terms indicating the additional
terms that the model adds to Maxwell’s equations. xyg and xp are constant diffusivities. In index
notation, these equations can be written

OE; 0 5 (6,2 5 (6, OEy 5 (0, Zopa
o | €y T B P T c 59 ij| — — T o
ot +axj[ €ijk (WpT) (L) ”XE{(W) T (W)™ 7 SR
(71)
oB; 0 OB,
B =0. 2
It + 8$j |:€z]k L — XBa A(SJ_ 0 (7 )

For PCMaxwell’s equations, we write F', G, and H can be written using equations [71] and [72}

XE {(W)2 (%) pe = ( Fe 4 O
2B,

P <_02€i1kBk+XE {(WpT)Q (%) Pe — Sff } 5z1) _ —c?B,
€kl — XB di511 —XB (qu + dBI/ + d()BZZ)

_Ez

)

Op
C— —c*eiorBrtxe {(WpT)z (ZI) Pe — gf: } di2 | _ CQB
ik B —XB ;Tk di2

(74)
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C2By
—%B,
5 /s 2 (4 OB, , OF OE.
H— <_C26i3kBk+XE {(WIJT)Z (%) Pc — g%} 573) B XE {(WPT) (fp) Pc — ( ox + 8yy + 5 )}
= ) = _EB,
E,
—xB (aBI i

8By,
€isk Er—xB ;1 0i3

0B, OB,
oy T oz )
So just use LDG or IP on field gradient terms and an average for p, terms?
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