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The electric potential @, if taken as zero at (0,0), is just
the negative of this, since we define e by —fg‘dg, or
E=-v9. Thatis, ¢=y>-3x"y
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2.2
'
Q.‘-\?—) + 00 in neighborhood
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2.3

Y 2 2 . y-|
J\ E - Y" (y-')z+| V(\/—l)l'ﬂ
//’\\ . | (y-N?
/// \\\ -\ =0 IF "{l"q_ = (y’—2y+2)’
Bk i
/ (—-—l———;[ \/4 - (\/2'2‘/"'2)3
L | (y-1*
+2 x

Solve by iteration : We know y must be >1, So letss
start with y = 2 on the right. After 6 jterations
we converge to y = .6207 ...

with no further change
in the st Figure.

24

This is the potential of a spherical charge
distribution, more briefly described by

¢=r for r<a; 9=-a+2a/r for r>a.

1 2 92 az
for £+t oyt e ca, V58 3E - 32

=2+2+2=6. Using V¢ = -41P, we find p= -3/2r for
r<a. [In spherical polar coordinates

v = 7': adr: F-g—g— when ¢ is a function of r only. This

gives the same answer.] Outside the sphere of
uniform charge density fis zero, os we find by
computing v*(1/r), or just by recognizing 2a%r as the
potential of point charge 2a? at the origin. The electric
field E. at radius r< a is that of a charge
(4m/3) r2p divided by r*: Er=(4m/3)Pr = -2r, r<a.
This tells us there is a surface charge 0 on the
sphere : 4m0 = 2a-(-2a). 0O =a/m. The fotal
surface charge is 4mwa*o, or 4a®.  This is positive



and twice as large as the negotive charge -2a? _
distributed through the interior of the sphere. Thus
charge on the external
surfoce=*4a  field of the
sphere as a whole
is t+hat of a positive
charge 2a2.

charge inside
sphere = -2a

2.5] Assume the diameter is about | foot, 30cm.
1000 volts is 3.3 statvolts. This is Q/r, where
r= 15 cm. The charge Q is therefore 15 x 2.2 or
-50 esu. The number of extra electrons per cm? is

50 7
Fmxsixadgaoe = 27 * 10
2.6] Earth radius = 6% 10°m 3 4mwe, = .11 x 107"
C;2,_/coulomb
E = ine,re ?= 4ner Q=1 coulomb
E = 2.5 % IO-‘+ voH‘/m CP = 1500 volts



2.

S5ecm . = -2 +2- = -0.217
| & | 2 3
g o7 1 9= 5 - 357 = o0
n! A ‘
Vs !
V7 ! D
A - ———~— D fE ds=<?c—<PD= -0.293
N . . L d L o d ’
charge in esu C stat volts

(a) Consider a cylinder of unit length,
of radius r < a. Charge contained
is wr2P. Areaof surface is 27r;
flux through surfoce is 2nrE.
Gauss's law says -

onrE = 4w (nrep), from which E=2nfr.

———

—
Flux charge

Considering a cylinder of radius r>a, which contains an
amount of charge ma*p, we find

_ 2mfat
21rE = 4m(ma2P), or E = —F—
(b) Take @ =0 atr=0:
r
for r<a, ¢ '-'f“Z"Pr'dr' = -mPr*
0

.
2 2wPatdr’ _ z _ r
for r>a, 9= -TPa LT mPa* - Zmpatdn



29

N-\——L‘—"C? =40a (see Eq. 24, p.53)
a \ On axis, (P = 2170 [\/y7-+a7- "'y:] (Eq 20)
B\
=07
9=0 ,’l\/_"'l'o locate this point, we must findy
// such that 40a = 2nQ0 Vyz+a" —y]
Solving for vy :
2 _(s£)?
(—sz—fr— +y) = y7-+a" gives y=a ' (;W) = 0.466a
(2x)
2.10
R ? Ad d
| AtR: 4= 235 = Adn(2d-2)]
“d ~d
d _
T WI/dq'=>\dz. :—}\/&m-a—& = Adn3
:‘L \
x P?.
d
Adz VX% + d% +d
| At P: 9= === = Aln
) e Y d -d
Setting Y¥+di+d _ 4
V¢ +d* -d

gives x = V3d.



2.11 d

z| Adz,
At (x,z): =
( ) q) -L \F)(," + (Z "ZDZ

N

_ 2 dn V(-z+d)*+x* -z +d

|
|
/ x ) V(-z-d)y*+ x* -z -d
Z ZZ
| Now leT - = |  Then

02

xt = & Zz)a(f "9 and x* + (d-2)* = % (a? - zd)?

= A dn Oz.-Zd"'a(d"Z) = 2tn a+d
9 i rzd-a(d+2) " d ° That

is, the value of @ is the same at every point X,z
on the ellipse defined by x’/(az—dz)-rzz/az: B

2.12 b 'x_g_
<P=O'fdxj dzy
P ) 0 X +y?
_’)Eg_
b
L ,@m(y+m)]
k—b | 0

e )
Yo ot (V) [ = b (5 1)

bl
a , Yai+p2 _ SinO+| 9p = me(l +S|n9)

b b " Cos© Cos 0




52 v= 3z 5% -0
(curl E), = 3Ey _3Ex - gy -gx =0
x Y
- aE'X + aEY aEl - - -
WE =32 Y5 vz T Y
Z.H .F ('X.,\/) = X2+yz Vz‘F = 2 +2 # O
g (x,y)= x*-y? Vzg =2-2 =0
|Y A Vg =2x% — 2y9
\\\\_9://// :
\ lg,,g/,of\ at (1L Vg = +2%
‘_\_ Z _k————\_/
/e~ at(or) Vg = +20
//;/’T'Qv—‘— AR I 4
25) (a) E = X (x+y)+ 9 (-x+y) + Z(-22)
VXE = 2(0+0) + §(0r0) + £ (-1-1) = -2%
V-E=1+1-2=0
(b) G = X(2y)+5(2x+32) + Z(3y)
VxG =% (3-3)+J (0+0) + 2(2-2) = 0
V:'G= 0 + 0 +0=0
Since VxG =0 there exists an f (x,,%,2)
such that G =vf. To determinef, .
~ , Y,
compute the line integral of >\
G from a fixed point, say @ g

(0,0,0), to a general point x, v, z,,
over any path. Using the



path composed of lines O, @ and @ :
(xyz) %

Y, %y
GfG ds /Gx(x,o,o)dx +f6y (x,,Y,,0)dy + IGZ(%.,y,,z)dz
(000) 0 o o}

! Y, '
.-.fo dx +f2x,dy +f23y,dz = 2x,y,* 3y,z, =f

x,,Y,,Z, was a general point, so we can drop the
subsar:pfs and wrn“e -F = 2xy + 3yz.
To check that vf =

vf = 2yx + (2x.+3z)1 +3yzZ =G

©) ﬂ-x(x z)+y(?_)+z(2xz)
UxH= %(0+0) +J(-22-22) + 2 (0+0) = ~4z§
v

iI}

= 2% + 0 + 2% = 4%

2.16 (q) V- (VXA)= (va) + 35 ay (VxA)y+ (VXA>2

A an JA; 0 oA JAx
-—Y - = < Y ~
= ax ay 9z ox /T az (ax 3y
2 2 2
- aA — _Q_él. E_A_’& — §_AZ_. -+ _aA1 - 9 Ax -
B ax,azy ox Jz M 9ydz  dyox 0z 9% az dy 0,
Az _ 3*As

because 3%y = 578—72 for any function A, with

continuous derivatives ; likewise for Ax and Ay.

(b) If A is any vector field, [é\’dé - 0 over a curve
such as C which consists of adjacent paths running in
opposite directions. This path bounds the shaded
surface S. Hence, by Stokes’ +heorem,f(v,< A)-da=0

s In) . ~=
But the slit is a negligible part of
the whole closed surface S’  so the



same conclusion must apply to S : f’(Vxﬁ)'dg =0

S
S’ could have been any surface, s0 we have concluded
that the vector function (VX A) has zero surface
integral over any arbitrary closed surface. It follows
from Goauss's theorem thatdiv (vx A)=0 everywhere,for
if the divergence were different from zero in any small
region, a surface surrounding just that region would
necessarily have a non-zero surface integral.
(Of course, we can apply such an argument only to
"well- behaved" functions.)

2] To show that U= g‘;jEzdv and U ="2‘JPC? dv

are equivalent, using The identity

v(@v) = (VI + P Q. E*=(vPYand -4mP =79
(Poisson’s Eq.) (V)= -9 +V([@VP) = 41 LP+V(9vY)
;;;Tszdv - —'—,_fpcpdv + g‘;rjv(cpvcp)dv

The last integral is the volume integral of the divergence
of the vector §vd or -9E. We can replace it with a
surface integral over an enclosing surface S. Suppose
all sources lie within a finite region, say a sphere
of radius r. Then let S be a gigantic sphere of

radius R»r. As R-=e E will vanish gt least as
fastas 1/R* and @ will vanish at |east as fast as 1/R.
So the surface integral over S will vanish as R - e
and the equivalence is proved. (But if +the sources
were not confined to a finite region we Could not be
Sure that any of these infegrals would converge

when extended over all space.)



2.18 Total charge Q uniformly distributed.

Charge in ring of width dx
=da = Q9. All charge in
such a ring is equidistant from
a point on the axis, S0 the
ring is a convenient charge
element to use in computing
the potential at axial points. Let's find potential ata
general axial point, distance X, from mid-point. Locate
origin at the point in question:

X —> KA/’X’: % + Xo P2 +X,

b al ¢ | dQ _ Qdx |
I 4: | P = F J( b ) Tz
! I | - de -b
I "’"’C':k' :l(-l_l__,dQ -———-b 2+x°
g —l—3— 24,

b d = Q[M(Va% xX* + x)]
X =-3 +%, - b b4

For potential at mid -point, set x,=0 -
9, = Q‘I/n, Vat+b*4 +b/2
A b '\’az_'_bZ/ — b/Z
For potential at end, set %, = % :
Q Yo*+b% + b
CPB='E"&'V 0*+ b?* +

a
) o (VoF + b4 + b/2)
Then i ds = B dw (Vaz + b%4 - bj2)(Va?+b* +b)




2.19

2 2 _
& -3 4 (@-9) Q-q
7R 2R,
U 9 _ (G-
q " R, R2

This must vanish for an extremum in U. But q/R, is
just the potential ¢, of that sphere and (@-q)/R, is
the potential @, of the other sphere. So the
Condition can be expressed as equality of potential.
It is easy to see that the extremum is a
minimum in U, nota maximum: If R =R, ,
éclual division of charge involves half as much
energy as piling all of Q on one sphere.

2.20

total charge Q uniformly distributed.
3
charge inside radius r = Q&

E.=Qr/a® r<a E,.=%, r>a

i a
fErdl’:q)(O)—cp(O):—c% r-dr:ig_

a 3Q
o > 9(0) - 92)- 323
JErdl’ = (?(G)‘<?(°°)= Qj-djz_@_
a r a.
a
3Q 3x79x 4.8 x10 ' 4
- = = 9. |
7a e X 0P 9.5 x 10 statvolts

28.5 megavolts



Py = V—%— = 4.6188

4 , 4
(PB = -V.—z_—- + V_é- = 4.4614

Clearly B is below A and it is

certainly downhill from there
on out, for the fields of all 8
charges will be pushing our proton
to the right. But is it all downhill on +he path from
Ato B 7 To check that we might calculate +he
potential 9. , halfway between A and B:

4 4

cpc = + = 4.606q
VIz+(* + .52 I*+ |2 +0.5%
2.22 ;
- . - -0 _ -
= 0.15 volt = gmer 4me, = .11 %10 r=3xJ10m
-10 -7 -17
Q= =015 % LIl xI0 "*x3x%x|0 = 05x%10  coulomb
h = 05% 10'71.6 x 1077 = 30 electrons
E = ¢/r = ,0I5 voH/ 3x10'm= 5xI0% voH-/ meter
1-
2.23 /‘Pcr!?q?‘ge_’ q, 9% hcu;‘ ge on Ag }
= nucleus = 47e
5 x 10° = o 4me,r

initial K.E
of profon o1'en‘hai energy at j
ch

closes+ head - on approa

47 % 1.6 x 1077

= = ~14
r= il % [O"oxs % '06 - 1.5 % |O meter

This is somewhat larger than the radius of the
Silver nucleus, which is about 5 %107 meter, so
it was reasonable to consider coulomb repulsion only.



2.24 Given that £ E+ds =0

Y
@ poth, consider
Q/“ _the path Q+@: ©
A .
Y ofkes +@fbusso A

A B

B A B
I+ follows that @fﬁ'dg = -@Jg'dg = @fg ‘ds  QED
A B A

2.25]  The equipotential curve A crosses the Yy oaxis
at y=1. At that point the potential is
- 2 2 _ L Lo
Pr=T*+35-7% 75 = 1.253

Curve B crosses the % axis, and itself, close to x= 3.5.
At that point the potential is

_ 4 ‘ R N
Pe = V2% + 352 2.5 45 = 0270

Curve C crosses itself at the origin, where the potential
is & = 4/2-2/1 =0

Equipotentials cross only at saddle points, where

E = 0. There is here a saddle point at the origin,
where E is zero because of symmetry. The saddle
point near X = 3.5, fraversed by curve B, is more
precisely located at X = 3.44. There is,of course,
another saddle point at x = -3.44 .



2.26

Apply the result of Problem 2.12 to each of the

8 triangles, with 6 = 45° and
b= s/2:

9= 80 %,&v(' +sin45°)

Cos 45°

T

l = 3.5255 Os
T

d

df2
Cpef-f 2rrodr = yod
A r

wTod= 3525505 iF-g— = |.1222

As was to be expected , the disk is larger than the

inscribed circle, but smaller than the circumscribed
circle.

2.21]  The potential at the rim of a charged disk is
4or. Adding a ring of charge TZmrdr costs, in

energy, ¢ dq or

o x 2nrdr x 40r : dE = 8mwa*r*dr
rza
J dE = -%15 o’a? Q=(ma* )" so
r=0 2
E - gQ , .
* 3l is the total energy required

to assemble the disk of charge .



2.28

= -4 esu/cm?

dqg = 0 x 2rrdr
qJ : f—i = Zwafdr = ~16m statvolt

Electron’s final K.E. = e = 4.8 x 10 % 16 = 241 x [0~ erg
Electron rest energy mc? = 8l % 1078 erg. Since

KE./mc? = 003 a non-relativistic calculation should
be good enough :

! -8
2 KE\/2 2% 241 x10 g

[A relativistic calculation using the same constants :
ye |+ KE. _ I_*_.'7.‘-H><IO'8 - 1.029%
mcz 81 %07 T °

B=(1-Yrs)”2 = 0.2388  ¥=BC = 7.16 x 107 cm/sec]|

2.9

Outside both shells the electric field is that of
two point charges. Inside eaqch shell +he field is that
of a point charge at the center of the other shell.

charae Q charge -Q
o _'_';9“5 /(;n +his shell
Shell

The external field of A alone is that of point charge Q.
To move shell B to infinity takes the same amount of
work as moving the point charge Q to infinity with B
stationary. But that tokes just Q%/2a for that point

charge Q is mmally a distance of 24 from the certer of
shell B.



220} For given charge density P the potential at the center
of a cube of side s must be proportional to Qfs where
Q is the total charge Ps3 Hence ¢ is proportional to
Ps?/s or to s* for fixed f. If we assemble 8 cubes
l of side b we make a cube of

‘9.’\: b %o side 2b. The potential i
O ' . potential at its
P ' center is 89, , the sum of
8 corner potentials of the
side b cube. But this must be

4 +imes the center po‘ren‘rial of the side b cube. So
we have 84, = 49, or : ¢,= 249, .

P =d,cos kxe k= -g% = -k, sinkxe *% = -Ex

g—;g = —kzc?,,COSk‘x'e“kl %f;'} = -kq,coskxe ** = -E,
2 -
azdi = k*d, cos kx e k=
20 _ 3% 2*9 3*¢
V=32 t oy T ez <O

AN

AN

| k
0=3-E,at z=0 0 =357 $cos kx

232] Tf +he direction of A is reversed the left

hand side must change sign. But the right hand
side can only be positive.





