
The Variational Method: HW 3

1. Compute the variational upper bound for the ground state energy of a particle in the “cut-in-
half” linear potential which is given by

V (x) = ∞ for x ≤ 0

V (x) = Bx for x > 0

using the trial wavefunction

ψ(x; α) = A x exp(−αx).

(a) Calculate the normalization constant A.

(b) Calculate the expectation value of the kinetic energy < T >.

(c) Calculate the expectation value of the potential energy < V >.

(d) Calculate the expectation value of the total energy < H >.

Find the value of α that minimizes it.

(e) Calculate the variational upper bound for the ground state energy.

When C = mg this problem is known as the quantum mechanical bouncing ball!

2. Compute the variational upper bound for the ground state energy of a particle in the “cut-in-
half” harmonic oscillator potential which is given by

V (x) = ∞ for x ≤ 0

V (x) = Cx2 for x > 0

using the trial wavefunction

ψ(x;β) = A x exp(−βx2).

(a) Calculate the normalization constant A.

(b) Calculate the expectation value of the kinetic energy < T >.

(c) Calculate the expectation value of the potential energy < V >.

(d) Calculate the expectation value of the total energy < H >.

Find the value of β that minimizes it.

(e) Calculate the variational upper bound for the ground state energy.
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3. Use the variational method to calculate the effective screening charge Zeff , and the variational
bound on the ground state energy for the following atoms with only two electrons: helium, lithium,
beryllium, boron, carbon, nitrogen, and oxygen.

(a) Plot Zeff versus Z for these atoms.

(b) Plot the variational bound on the ground state energy versus Z.

(c) For helium, compare your result for the variational upper bound for the ground state energy
with the measured value—which is E0 = −79.0 eV.

See the next two appended pages and also see Griffiths’ Section 7.2 about the ground state of the
helium atom on pages 261-266.

4. Compute the variational upper bound for the ground state energy of a particle in the quartic
potential which is given by

V (x) = Dx4

using the trial wavefunction

ψ(x; γ) = A exp(−γ2 x2).

(a) Calculate the normalization constant A.

(b) Calculate the expectation value of the kinetic energy < T >.

(c) Calculate the expectation value of the potential energy < V >.

(d) Calculate the expectation value of the total energy < H >.

Find the value of γ that minimizes it.

(e) Calculate the variational upper bound for the ground state energy.

The following integrals will be useful:
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