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L Experimental science is a combination
\ of four basis vectors: 'this doesn't work/,
this is too expensive', 'this is broken'
and 'this has been done before'.

Anonymous
graduate student

Lecture 3:
Basic angular momentum theory

Definition of angular momentum operators. Commutation relations.
Raising and lowering operators. Eigenfunctions and eigenvalues of
angular momentum operators.



Spin Dynamics, Lecture 3

Angular momentum theory is a vast topic (NMR, EPR, rotational
spectroscopy, atomic orbitals, Lie groups, etd)...

Classical definition of angular momentum:

' I ] K YR, — 2B, (a conserved quantity,
=Fxp=|x y Z|=| zp, —Xp, solely because of the
isotropic nature of space)
angular / ,X Py py P, Xpy — YDy
momentum
vector

linear

Cartesian  momentum  With the basic components coming from your
coordinates physics course:

/ X Vv, ) (P I

, or L

I = y , p_mV mE:m Vy = py : ;XV: UX Uy UZ
z VZ pz Cross VX Vy v

product



Spin Dynamics, Lecture 3

Physically, angular momentum corresponds
to the “amount of spin” an object has and
the direction of the [ vector is perpendicular
to the plane of spinning.

Quantum mechanical definition:

the quantization rule is to replace all physi-
cal quantities with their corresponding ope-
rators, therefore

. Cartesian
Cartesian ~ )
coordinates | y 7 Y [ coordinate
operators
- Z —> Z
Pk = Py
components of A components of
the momentum - py > py — the momentum
vector ~ operator
_ pz ) pz |

Reminder:

A o 6
px =—In ax
p, = i @ay
A _ 5
pZ =—In az




Spin Dynamics, Lecture 3

After we apply this transformation to the classical definition of angular
momentum, the following expressions emerge:

yp, —2p, [ yp, -2, yo/oz—70/dy
| =| zp, — xp, — I =|2p -Rp, |=—in| 28/ox—Rd/6z
Xp, — YP, Xp, — VP, X0/dy —§ 0/ox

In other words:

IAx:—ih )78 —Za ; f=—ih(2£—>‘<£j; fzz_ih gi_yﬁ
0z oy ’ OX 0z oy OX

These are the standard expressions for the I"
angular momentum operators (examinable). . X

=il +jl, +Kkl, =| I,
The angular momentum vector corresponds .
to a vector operator with three components: |Z
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Spin Dynamics, Lecture 3

~

Components of | are observables, therefore the corresponding opera-
tors are Hermitian. An operator that will be important later is the
momentum squared: Al D8 A A oA
12=0 -1 =12+12+17
Yy z
Commutators
The following combination of operators occurs frequently enough to

deserve a special name:
“‘commutator” ——> [A, B] - AB — BA

Commutators of angular momentum operators occur quite frequently
and it is important to be able to calculate them (examinable). Example:

0.0 {—ih[yi— 23),4;{2&_23)} _
oz oy oX 0z

i y—X g
0L ox ~ 07 07 oy

X

2 2 2 R

I A 7 A S PN - SR S N i S S I
OX OX0Z 0yoz OX0Z oyoz oy ox oy




Spin Dynamics, Lecture 3

Fortunately, the commutation relations can
be tabulated as relatively simple general
expressions (prove as an exercise):

X, p=in [y, pl=in  [Z,p,]=in
[X, p,]=[X p,]=..=[Z B,]=

Ix’ly: = ihlz may be generalized
T a1 into one relation

L, L ]=17al ¢

1,1 ]=ini, [ 1] =ihgyl,

N.B
327&1
0z
O . 0
—7 7
(62 jl/j az(‘”)
.
v 62"”

Importantly, the total momen-
tum operator commutes with

its projections:

1 for even ijk permutation
&; =4—1forodd ijk permutation
Oifi=jorj=kork=i

N

[121,1=0

meaning that they share the
eigenvector systems.




Spin Dynamics, Lecture 3

Corollary: no two components of angular momentum can be specified
precisely at the same time (lack of commutation leads to an
uncertainty relation).

N

[.0]1=inl, = ALAL >7/2

Corollary: both the square of angular momentum and one of its
components can have a specific value simultaneously, since

[i25L1=0; [%1]=0; [i%I]=0

Based on this fact, we will introduce a labelling convention. A state
would be labelled

w=[lm) it Py =1(1+1)h% and Ly =mhy

that is, if the state is an eigenstate of the momentum squared and its z
projection with eigenvalues I (1+1) h*and m#h respectively.

7



Spin Dynamics, Lecture 3

In this new labelling convention
12]1,m) =1 (1+2)72|1,m) I, [1,m)=ma|l,m)

We shall skip the derivation for these equations (available in Atkins’
Molecular Quantum Mechanics and similar textbooks).

Raising and lowering operators

Consider the following non-Hermitian operators

N N Pa N

L=+l T =1 il

[t is easy to see (exercise!) that

A AN N

[2L1=0 [, L1=2nl, [I,,1,]=xl.

They are called “raising” and “lowering” because they raise and lower
the z-projection quantum number m.

8



Spin Dynamics, Lecture 3

Fa NV aN
Ii

m>:([4_rhI;+I;m)|l m)=(ma+h)l,
]

(m+1)n

m)

m)

cannot

>:I(I+1)

Raising and lowering
continued indefinitely:

(i2)+(iz) 2
(,m[12+12]1,m) = (1, m[12 =1 2|1, m)

1(1+1)
Because the values of m are bounded
on either side, there must be a state
that cannot be raised any further and

a state that cannot be lowered any
further.

be

1(I1+1)a* —m?A* 20 = |m|<



Spin Dynamics, Lecture 3

12)l,m ) =1(1+D)R[Lm ) LLm)=m
12|l,m,,.) = |(|+1 VA2l my s

max> O’ IA—|I’mmin>:O

Therefore

1(1+2) 7% = (1, m |12l m, ) = (1, m, .,
1(1+1)7° = ( mln|I2|I mmm>:<l,mmIn

Equating the two yields a quadratic equation with two solutions

[ 2 2 2
I I I I max> (mmax + mmax)h

17— al L my ) =(m2, —m,, )72

min

m = —M._. m :mmin —1

max min max
The second solution violates m
first equation for m,, yields

m. =—-1-1 m. =|

max

nax > Munin and is discarded. Solving the



Spin Dynamics, Lecture 3

where the first solution violates the m bounds and is discarded. Finally
2], m)=1(1+2)72|l,m) 1,1, m)=ma|l,m)
m=-I,-1+1, .. ,I-11

where | is either integer of half-integer. In the case of angular
momentum [ is always integer (a consequence of the quantization
imposed by the periodic boundary condition). Half-integer values of |
will make an appearance when we consider spin.

It can also be shown (DIY or look it up in Atkins) that

N

I,m>=h\/l(l+1)—m(mi1)|l,mi1>

Ii

that is, the raising and lowering operators increase or decrease the
projection quantum number by 1. It is easy to see that an attempt to
raise the top state or lower the bottom state will lead to zero.



“ * Let us place at the end of every chapter
"0 ... the two letters used by the Roman
judges when they did not understand a
pleading: N.L. (non liquet) — it is not

clear.
Voltaire

Lecture 4:
Semi-empirical description of spin

Spin as angular momentum. Semi-empirical theory of spin.
Coupling of angular momenta. Rules of vector addition for angular momenta.
Coupled and uncoupled representations. Clebsch-Gordan series.




Angular Momentum, Lecture 2

Why semi-empirical theory? We will be using the angular momentum

analogy, but unlike r p, spin vanishes in the classical limit. Still, a
correct theory can be constructed along the angular momentum lines.

Special properties of spin:

1. An intrinsic and unchanging property (e.g. always 2 for e7).
2. Can take half-integer values (yet another weird QM effect).

3. Vanishes in the classical limit (i.e. when h — 0).
4. In most cases yields a point magnetic dipole.

Quantum mechanical description of spin:

Pt l//(F, m= —1/2,1:) spinors instead of
r, ) — l//(r, m = +]7/2’t) wavefunctions

R A I )

C—1/2 (t) C—1/2 (t)



Angular Momentum, Lecture 2

By analogy with angular momentum, spin S can have 2s+1 projections.
‘l//s> is therefore a 2s+1 dimensional vector. For spin Yz:

| > _ Cu (t) is an element of [I, 1) (0
Ys)= C., (t) vector space spanned by (0’| 1

which should be eigenvectors of $?and §Z . Therefore

A . (12 0
co_ o314 0 S _n
0 3/4 0 -1/2

Furthermore, they should be raised and lowered into each other, so

. (0 1 -~ (00
S. =h S =h
0 0 1 0

For spins greater than 2 these matrices will have greater dimensions.
Multi-gigabyte matrices are a common occurrence in current spin
dynamics research.

3



Angular Momentum, Lecture 2

We will postulate the same commutation relations for spin as the ones
we derived in the previous lecture for the angular momentum.

S, S, 1=i%S, 152,8,.,]=0 g _S.*S.
S8 ]=inS, § =8, +is, . Zé
:§Y’ §Z: — |h§x §_ = §X — IéY SY = ?
The last two relations give us matrices for éx and §Y for spin :
A 0 1/2 A 0 -i/2 A 1/2 0
X — h Y — h ] SZ =T
1/2 O 1/2 0 0 -1/2

The commutation relations above are easily verified by hand. The three
matrices above are called Pauli matrices. They make an appearance
whenever angular momentum does, ie. in just about every area of
physical chemistry and spectroscopy. The derivation above is known
as discrete (or matrix) representation of angular momentum operators.

4



Zeeman interaction

In classical physics the interaction energy between a point magnetic
dipole and magnetic field is

—

E=—ji-B
If the magnetic field is along z-axis, this simplifies into
E= —H, BZ

In quantum mechanics g, is replaced by 7§Z , resulting in

H =—-yBS, =-wS,
The equation of motion for the observable corresponding to operator A
has been derived in the Quantum Mechanics course

IR (IH, A])

dt h

Computing the relevant commutators yields the following system of
differential equations

5



Zeeman interaction

%{SX>:a)<Sy>

%<Sy>:—a)<Sx>
d
e

w
N
~~—
Il

If we assume that the initial polarization
of spin was along the x-axis, that is

($,)=L (s,)=0; (S,)=0;

the following solutions emerge:

(S, )(t)=cos(mt)
<Sy>(t):sin(a)t)
(S.)(t)=0

The observed direction of spin precesses
around the z-axis, i.e. along the direction
of the applied magnetic field.



Angular Momentum, Lecture 2

Addition of angular momenta

In an interacting system, only the total angular momentum is
conserved. If there are two or more particles bearing angular
momentum and/or spin, we need a way to find the total momentum.

7 If the two subsystems are in states

Lm) flmy)

the total projection quantum number (as
may be seen from the schematic on the
left) is a simple sum:
) P M=m +m,
However, the | quantum numbers do
require careful derivation, because their
relations are not as straightforward.

121, m) =1, (1, +2) 72|l m,) L2|1,,m,) =1, (1, +1)#%[1,,m,)



Angular Momentum, Lecture 2

We will only consider the classical argument here (the quantum
mechanical derivation, called highest weight construction, will be given
in Term 2).

2 r 1 2 2 2
7+21 -1, +1 =1 +2l1,cosp+1,

[

1
(i) () -
—-1<cos p <], therefore
12211 +12 <1 <12+ 211, +1? _
(I =1,)" <12 <(1,+1,) Ir
=1 <1<l +1, ) L

|
=

Very im _

ry important re.:s.ult m=m, +m,
(momentum addition | = “1 _ |2‘ =1+,
rules): ||1—|2|S| <l +1,

8



Angular Momentum, Lecture 2

Coupled basis construction

1. Start from the state with the highest projection

L1 =]1,1)]1,,1,)

2. Sequentially apply lowering operators L = I:1_ - I:z_ to both sides

JH(+2) =1 |—1)||,|—1>=
JEO+) =L (1 =) 1,1, =D, 1)+ 1, (1, +2) =1, (1, = 1) [, 1)]1,,1, - 1)

until the state with the lowest projection is reached.

3. Construct the orthogonal complement to the state with the next
highest projection

1-1,1-1) = AL, 1, -1)|1,,1,)+ B|L, 1) |1,,1, - 1)

and apply sequential lowering until all “ -1, m> states are sampled.
4. Et cetera... (a rather tedious procedure)

9



Angular Momentum, Lecture 2

The procedure can be generalized (Clebsch-Gordan series):

m)= 3 (<1 2|+1('1 : ']||1,ml>||2,m2>

mem, m m, -—m

Schematic representation of angular momentum coupling

m=m +m, ~ m=m,+m, —
ol i

3- v ! 3- v |
2_ v v /E_' 2_ v v /E
1_ v v v 1_ v v v

O_ v v v O_ v v v
_1_ v v v _1_ v v v
— 2 v v —2- v v
—3- v —3- v

m=1 m=0 m,=-1 | =3 | =2 =1
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Fig. 3. Ways of obtaining sufficient digital resolution with deliberately or accidentally truncated set of data. (A)
Original fid, "°F signal of 3,5-difluoro-4-hydroxypropiophenone, one of my compounds. Spectral width is 12kHz — 1
had to include the signals of possible admixtures. The signal is useless, since I need relative doublet intensities. (B)
Plain zero-filling and its result. (C) Linear prediction of the missing points and its result. (D) Ten-line ME spectrum
reconstruction and the corresponding fid. Fid was obtained by inverse Fourier transform of the spectrum.
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7. Density operator formalism
We saw above that the Schrodinger equation

0 i A
= a|l//>——EH

Y __ip

ot h

v) (1)

yields a simple and straightforward general solution of the form
i~
lv)= CXP[—EHf}W/Q (2)

(possibly with time-ordered exponentials if the Hamiltonian is time-dependent). Solutions for a single
spin were trivial to obtain. What about 10?* spins? We need to update our mathematics a bit...

For a single quantum system with a wavefunction |t//> we will introduce something called ‘the density

operator’:

p(t)=lw)(v| 3)

It is an operator because it can act upon a wavefunction and return another wavefunction:
plo)=lv)vlo)=aly),  a=(v|o) (4)

We can find the equation of motion for ﬁ(t) from the definition:

0 ~in_0 (2 el _ | use Schrodinger
Z50=Z ) =[S0 il o= oo i
i i N U S
=—H t//)(@//lﬁll//}(t// H=——Hp+ pH = h[H,p]
therefore
0 . irp -

(Liouville — von Neumann equation). But why do we need this, why not stay with the wavefunction? Two
reasons:

1. |l//> does not survive the ensemble average, whereas |l//> <1//| does:
_ 1 2 ‘ - 1 2z ' '
y)=——|¢€"y)dp=0, y)wi==—|e"lw)wle"do=|y ) v (7)
v)=gz ] <) W)l= gz [t vy

2. |l//> becomes unacceptably large for 10%* spins, whereas the above mentioned ensemble

average provides a serviceable substitute to the explicit description for |W> <l//| .

So what is this |l//><l//| construct? A matrix of sorts, with diagonal elements



(ilw )l =\ |0 =lel = p. ®)

giving the populations of the basis wavefunctions |l> and off-diagonal elements describing some

ongoing transitions between them. When operating under the ensemble averaging, the off-diagonal
elements describe collective coherent behaviour of particles in the ensemble and for that reason are
called ‘coherences’.

Interestingly, the density operator is idempotent:

A

P =lw)wlw)w|=lw)v|=rp (9)

The equation of motion for the density operator, just as the original Schrodinger equation, has a
“simple” general solution:

|l//>:exp{—%Ht}|l//0> > |W><W|:exp[_%m}mx%|exp[%ﬁn} (10)
[)(t) = exp[—%ﬁt} [)(t)exp {%I:It} (11)

The equations for the observables follow in a similar way from Schrodinger formalism:

<A> = <W|‘ZI|'/’> = ZWi*Aiil//j = Z(Wi*W«/)Az/ = ZP;Aa = ijiAii = Tr(,bfl) (12)
i i i i

(4)=1r(p4) (13)

(14)

%(A} =%<[HA]> (15)

So the density matrix can, particularly in analytical calculations, be eliminated from the picture and the
central role shifted to commutators.
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Lecture 10: algebraic foundations of spin dynamics

a) Vector spaces
A set V over ascalar field F' is called a vector space if:

1. A binary addition operation is defined in V', such that Ya,beV JceV,a+b=c
(n.b. this need not be the usual “+” operation).

2. A multiplication by a scalar (from the field F') is defined, such that
YaeF VYaeV 3beV, aa=>b.

3. The following properties hold:

Ya,beV a+b=b+a (commutativity)
Ya,b,ceV a+ (b+ c) = (a + b) +c (associativity)
A0eV a+0=a VaeV (unique zero element)
YaeV EI!(—a) a+(—a)=0 (unigue opposite)
Va,feF VYaeV a(fa)=(af)a (associativity)

VYaeF VabeV a(a +b) =aa+ab (distributivity)
Va,feF YaeV (a+p)a=aa+Pfa  (distributivity)

dNlekF VaeV la=a (unique unit elementin )

Elements of V are called vectors and elements of F are called scalars. Vector b is called a linear

combination of vectors a,,...,a, if such scalars «,...,a, existin ', that b=a,a,+...+ a,a, . A system

n

of vectors a,,...,a, is called linearly dependent if one of those vectors can be represented as a linear

combination of others.

Theorem: let V' be a vector space, al,...,an,b eV and

b=aa+..+a,a,

This expansion of bin terms of a,,...,a, is unique if and only if vectors q,...,a, are linearly

n n

independent. Proof: DIY.

Clearly, a lot of problems would appear in quantum mechanics if such expansions are not guaranteed to
be unique because the coefficients «,,...,«, are related to measurement probabilities. We do
therefore want our vector systems to be linearly independent whenever possible. A basis of a vector
system is a linearly independent subsystem, such that all vectors of the system can be represented as its
linear combinations. The number of vectors in the basis of a vector space is called vector space

dimension. All basis sets of a given vector space are of the same size.

If a,,...,a, is abasis set of /', then every element of } can be represented as

b= Zakak
k

This relation is called an expansion of vector b in the basis q,,...,a,. This expansion is unique.

n

Therefore, once a basis set is fixed, a vector (of any nature) can be represented by a string of numbers



a,,...,a, . Those are known as expansion coefficients or coordinates. Note that we do not yet have any

means of finding them.

If V' is a vector space over F' and L V', then L is called a subspace of V' if the following conditions
hold:

. 0elL
2. Ya,bel a+bel

3. Yael VaeF aael

A sum L +..+L, of subspaces L,,...,L, of a vector space V' is a set of all vectors of the form
a=1+..+1 where [, €L . Such a sum is also a subspace of V. A sum is called a direct sum if
LNL, ={0}.

Theorem: the dimension of a sum of two subspaces is equal to the sum of their dimensions minus the

dimension of their intersection. Proof: DIY.
For a direct sum, the following statements are equivalent:

1 L=L®L
2. LnL={0}, Li=L+L,

3. dim(L)+dim(L,)=dim(L;), L,=L +L,
4. L =span{a,,..,a,}, L, =span{b,...,b,} = L,=span{a,,...a,,b,...b,}

> m

Examples of vector spaces: numbers, vectors, matrices, functions, bank accounts etc. A very large
number of different sets have the basic properties of vector spaces. Their other properties may differ,

but they do share the properties listed above.

b) Linear operators
Let V" and W be vector spaces over the same field /' and ¥ be such a map from V' to W that for any

aeF and a,b eV the following is true:
v(ea)=ay(a)  y(a+tb)=y(a)+y(b)

Then v is called a linear operator (or homomorphism) and l//(a) is called the image of a in W .

Theorem: let /' and W be vector spaces over the same field F', {al,...,an} be a basis set of V' and
{bl,...,b

n

w (a,)=b, . Proof: DIY.

} be a basis set of W . Then there is one and only one such linear operator Y that

A linear operator performing a ¥ : V' — V' map is called a linear transformation (or automorphism) of
V .If Vand W are vector spaces over the same field and ¥ is a linear operator mapping V into W in
a mutually unique and reversible way, then i is called an isomorphism and spaces V' and W are called

isomorphous.
Theorem: isomorphous vector spaces have the same dimension. Proof: DIY.

Corollary: all n-dimensional vector spaces over F are isomorphous to F”.



We shall henceforth abstract from the actual nature of the vector spaces we are dealing with and work

with their images in R"” and sometimes C".

Let A:{al,...,a } and Bz{bl,...,bn} be basis sets of vector spaces ¥ and Wand y:V —W be a

linear operator. Matrix M is called a matrix of operator y if Mx =y, where x is a vector from V',

n

written as a column of coefficients in basis 4 and y is the image of x in W, written as a column of

coefficients in basis B .

c) Hilbert spaces

In the discussion so far we did not define any metrics — there was no notion of length or angle and no
systematic way of constructing operator matrices. Defining a metric on a vector space produces an
object called Hilbert space. In the treatment below we will assume that the elements of the original
vector space were functions and reduce the level of abstraction with the purpose of moving the
discussion closer to the practical context of quantum mechanics. We will need a vector space with the

following operations defined:

1. Multiplication by a scalar (already there): Va € FF VYaeV 3beV, aa=b
2. Addition and subtraction (already there): Va,beV (a ib) eV
3. So-called inner or scalar product (new): P: (V &® V) — C with the following properties:
a) Vfel (f,f)ZO
b) (g]/)=(glr)
o (af+pBg|h)=a(f|h)+p(g|h)
d (f]f)=0 = f=0
o (711 +\gle) 2 (7 +elf+e)

In C", as you likely remember, the scalar product was defined as <x|y>=2kx,tyk, Xx|x) was the

“length”, the “angle” between two vectors was defined as cos@ = <x|y>/ <x|x><y|y> and
“orthogonal” vectors had <x|y> =0. In a (generally infinite-dimensional) Hilbert space of functions of
(for now) one real argument we can use generalizations of these definitions to the case where the k&

index is continuous:
[ A=y 1) (J. fo(x XJ =(J ‘f(x)‘z dx} - "norm"

(f|g)= T /7 (x)g(x)dx - "scalar product"

If the functions depend on more than one argument, all continuous arguments are integrated over and
all discrete arguments are summed over the domain on which the functions are defined. The Hilbert
space of all square-integrable functions with the conditions above satisfied forms the foundation of
guantum theory, because wavefunctions live in it.

Because the notion of norm and orthogonality are now defined, we can define an orthonormal basis set

to be a basis set {(pk} for which



VeV f:ka(pk ||¢k||:1 <¢k (pn>:5kn

When a suitable basis set is fixed, the Hilbert space admits a discrete representation:
f=2xte 1 e {f)
k

A scalar product gets discretized as well:

f:ka(ﬂk g:zgk¢k

<f|g>: J.f*(x)g(x)dx:%ﬁ*gkz¢: (x)(Pk (x)dx:%f;z*gkgnk :Zk:fk*gk

—00

There is thus a direct correspondence between the continuous scalar product (integral) and the discrete
one (sum).



Lecture 11: algebraic foundations of spin dynamics

d) Operator and superoperator spaces
The elements of metric vector spaces need not be vectors. Let us define a matrix space.

1. Multiplication by a scalar is defined in the usual way. If M is a matrix, then aM is
also a matrix.

2. Addition and subtraction require all matrices in our space to have the same

dimension.

3. Scalar product <|> and norm |||| need special care. We should have:
a) (M|M)=0
b) (M |K)=(K|M)
o) (M|aN+pK)y=a(M|N)+p(M|K)
d (M|{M)=0 = M=0
e) [M]+|K]=]s+ K]
The following scalar product satisfies all these conditions:
(M|K)=Tr(M'K)

Proofs:

. Tr(M'*'M):ZMZkM,m ZZMZann :Z|M,m|2 >0,andonly =0 ifall M, =0
nk nk nk
« Tr[ M'(aN+ BK)|=...=aTr(M'N)+ pTr(M'K)
o[+ K[ =M KT+ (0, K)+ (K M) < M+ K+ 2 i = (] + 1K)

Theorem: the space M, (]F) of all nxn matrices over F is n° dimensional. Proof: DIY.
Corollary: the space of all linear operators M : C" — C" is isomorphous to c.
Corollary: the space of all linear superoperators L:M, ((C) ->M, ((C) is isomorphous to c".

That is, the space of all operators acting on a given vector space is itself a vector space with the square
of the dimension of the original space. The space of all superoperators transforming the operators that
act on a given vector space have the dimension that is the fourth power of the dimension of the original
vector space. The space of all automorphisms of C" (often with the superoperator space implicitly

defined as well) is colloquially known as the Liouville space in spin dynamics.

Note that the matrix scalar product, as it is defined above, transforms into a vector scalar product if a

matrix is stretched column-wise into a vector:
Tr(M'K)=Y MK, =Y MK,
nk n

if the matrices are re-indexed linearly as {n,k} —){n} This matrix stretching is used a lot in spin

dynamics to construct matrix representations of superoperators.



We can now sketch the “hierarchy” of spaces:

Name Continuous Continuous scalar Discrete Discrete scalar
representation product representation product
N ACAL
superoperators Z<M P Q‘M> n? x n* matrices Tr(PTQ)
M
o operators, al e )
Liouville space P ; Z<(/) MK (p> nXn matrices Tr (MTN)
density matrices P
Hilbert space wavefunctions J.(p* (x)g//(x)dx n -vectors Z%V/n
n

In principle, further layers of automorphisms (hyperoperators etc) are possible, but they currently have

only limited use in spin dynamics.

Superoperators are often introduced via commutators and commutation superoperators:

A

L

[L,1  Lp=[L.pl=Lp-pL.
Not every superoperator in an (C) can be expressed as a commutation superoperator (because

M, ((C) is much smaller) but every superoperator in an (C) can be expressed as
Pp=2 puM,pM, M, eM,(C)
Jk

Theorem: the matrix representation of a commutation superoperator L= [[:I, -] acting on a stretched
(column-wise linear indexing of elements) matrix space M, ((C) is givenby L=H®E-E®H",

where E is a unit matrix in M, ((C)

Proof: we can write the commutation superoperator via right and left multiplication superoperators

A
A

L=H"-H" H'p=Hp HYp=pH

and look for the matrix elements of those superoperators first. In the standard basis (of matrices with a
single “1” somewhere in the matrix), those would be

TL | e A0 AT AU) TR | e 50T A D
[HLL Tr(p Hp’) [HRL Tr(p p’H)

Cyclical permutation under the trace yields

i

[IEIL jl ) =Tr ([:[,[7(1.)/6(1.)T ) = z an [b(j)lb(m lm = Z ané‘i(mod N),ndj(modN),ké‘i(div N),j(divN) = |:I:I ® E:|
ij

nk nk

'5(]‘)) - ZH"’f ['[)(i)f'b(j)]/m - zané‘i(modN),j(modN)5n,j(divN)§k,i(divN) - [E ®H' i|

nk nk ¥



e) Common basis sets

For a spin S it is natural to represent the different projection states by vectors pointing along different
coordinates:

0 0
0 1 0

15,8)=|0]; |S,S-)=[0]; .. [S,=S)=|0;
0 0 1

This provides a basis for the Hilbert space of the spin itself. The basis for the automorphism space can be
constructed using Kronecker products. In general:

M=3 a,,,[S.m)(S.m|

my,my

So, the basis (known as projector basis, because it is composed of projection operators) is composed of
Kronecker products of the Hilbert space basis vectors, for example:

0

o = O
o o O
o o O

0
0
5,8)(S,8-1]=(1 0 0 - 0)®0|= 0
: 0

0

0 0 0 0O
Projector basis (also known as polarization basis) is rarely used, because its elements do not obey
common spin system symmetries and are not Hermitian matrices or close relatives thereof.

A much more popular basis set uses spin operators (augmented by the identity matrix) as a basis set for

the operator space and the eigenvectors of o, as a basis set for the wavefunction space. For example,

o 6 56 o) )

which are proportional to E, 5’2 , §X and §Y . This is known as Pauli basis.

for spin-1/2 we have:

Other basis sets (single-transition, shift, and IST) will be introduced after the Lie theory segment,
because they are formulated as generators for certain transformation groups.



Lecture 12: algebraic foundations of spin dynamics

f) Groups
A system of operators G : C" — C" is called a group if:
1. Vg,heG gheG (G isclosed with respect to operator multiplication)
2. dleeG VgeG eg =g (there exists a unique unit elementin G )
3. VgeG 3lg'eq, gg' =e (for every element in G there exists a unique inverse in G )

The elements of G need not commute, but if they do, the group is called Abelian. A subset of G which

is itself a group is called a subgroup of G . The groups G and H are called isomorphous if there exists a
bijective map ¢: G — H such that Vg,,g, €G, (0(g1g2) = go(gl)(o(gz) .

Exercise: demonstrate that, for a time-independent Liouvillian superoperator L , the set of all
propagators exp(—iil) is an Abelian group. This group is called the propagator group of L.

Exercise: demonstrate that the set of all symmetry operations of a benzene ring is a non-Abelian group.

By selecting a basis set {|g0k>} in C" and computing the matrix elements <¢n |g|¢k> forall g in G,
we can obtain a matrix representation for the group G . Because the operators are required in the

definition above to be invertible, the group would be represented with invertible matrices.

Exercise: demonstrate that the set of all invertible operators acting on C" is a non-Abelian group. This
group is called GL(n,(C) . Prove that all elements of GL(n,(C) have a non-zero determinant, and that

any matrix representation of any group must be a subgroup of GL(n,(C) for some n.

let g€ GL(n,(C) , {|g0k>} be the basis in C" and ¢ be the matrix of g in that basis. For any positive

&, the set H of all operators A such that
Hg —h|<e

is called the &-neighbourhood of g. If every element of a group G has an & -neighbourhood in

GL(n,(C) that does not contain other elements of G, the group G is called discrete. The operators of
a discrete group are placed in GL(n,(C) separately and can be enumerated. Point groups describing
molecular symmetry belong to this category. If a group has a finite number of elements, it is called a

finite group. All other groups are infinite.

A group G is called continuous or Lie group if each operator g € G has an & -neighbourhood with the

following property:

There exists a matrix-valued function g(tl,...,tk) of k variables, which is continuous
within the |ti| < & cube, defines all operators within the & -neighbourhood of g and has

different values for different parameters (t1 . ) .

Such a function (or a system of functions, if we are looking at matrix elements) is called the
parameterization of the group around g . It can be shown that the number of variables & is uniquely
determined by the group. It is called the dimension of the group, and the group itself is called % -

parametric.



Examples of Lie groups (over C):

e General linear group, GL(n) — the group of all invertible operators on C”, dimension

2n* . All groups listed below are subgroups of GL(n) .

e Special linear group, SL(n) — the group of all invertible operators with a determinant

equal to 1. Dimension 2n° —2.
e Unitary group, U(n) —the group of all unitary operators, dimension n.
e Orthogonal group, O(n) — real subgroup of U(n) , dimension n(n —l)/2.

e Special unitary group, SU(n) — intersection of SL(n) and U(n) , the group of all unitary
operators with a determinant equal to 1. Dimension n> —1. These groups play a central

role in spin dynamics and particle physics.

e Special orthogonal group, SO(n) — intersection of SL(n) and O(n), the group of all
orthogonal operators with a determinant equal to 1. Dimension n(n—l)/2 . These groups

describe rotations.

Examples of discrete groups:

o All point groups encountered in molecular quantum chemistry and crystallography, with
the exception of groups containing an infinite-order symmetry axis (C_, ,D,, and such

ooy !

like, those have Lie subgroups).

e Permutation group of n objects, usually denoted S, . All finite point groups describing

molecular symmetry are subgroups of S for some n.

g) Group representations
As we saw above, after a basis set is fixed in the Hilbert space, the space of operators acquires a

matrix representation. However, the gnk=<(0n g|(0k> representation commonly used in

guantum mechanics is not the only one possible.

A k -dimensional representation of a group G is a homomorphism P:G — GL(k) , such that

Vg,heG P(gh):P(g)P(h)

and a unit operator in G is represented by a unit matrix in GL(k) . A representation is called unitary, if

the image of P isin U(k) . Some specific examples are:

e Faithful representation: when P is an isomorphism, that is, different elements of G are mapped

into different elements of GL(n) .

e Trivial representation: all elements of G are mapped into the unit matrix. Interestingly, this very

uninformative construction is known and loved in chemistry under the name of the “fully

symmetric irreducible representation”.

e Scalar representation: let a representation of each g€ G be a determinant of its faithful

representation. This representation is always Abelian, even though the original group might not

have been.



Let P be a k-dimensional representation of G and let the representation space C* have a
decomposition into a direct sum of subspaces Cr=Cre..®C* , such that the individual subspaces
C" are invariant under the operators representing the elements of G . It can then be said that the
representation P=F @...® P, is a direct sum of representations F,,..., P.. If a basis is selected in each
of the subspaces C" and their direct sum is used as the basis of C* , the matrices of P acquire a block-

diagonal form, with individual blocks corresponding to individual representations in the direct sum.

Let P and Q be representations of the same group G in CFand C'. The Kronecker products of
operators of the form P(g)@Q(g), g € G defined on C* ®C' are another representation of G,

because
P(gh)®Q(gh)=P(g)P(h)®0(g)Q(h)=
=[P(g)®0(2) ] P()®O()]

this representation is called a direct product of representations P and Q.

Two representations P and Q are called equivalent, if they have the same dimension and there is a

bijective map (similarity transformation) taking one into the other:
VgeG Q(g)=w"'P(g)W

Let P be arepresentation of a group G in CF.1f C* does not contain any subspaces other than itself
that are invariant with respect to all the operators in P, the representation P is called irreducible.



Lecture 13: algebraic foundations of spin dynamics

h) Lie algebras

For any two operators A and B acting on C" we can define their commutator (also known as Lie
product) — an operator defined as

[4,B]= AB—- BA
Commutators have several obvious properties:

e [A,B]=-B, A] (anticommutativity)
e [[4,B],C]+[[B,C],A]+[[C, A], B] =0 (Jacobi identity)
e [[4,B],C]#[A4,[B,C]] (lack of associativity)

A set of operators A on C" is called a Lie algebra, if

1. A is an algebra, that is, a vector space equipped with (and closed under) a bilinear matrix
product operation.

1
2. VA,Be A —'[A,B] € A, thatis, A is also closed under commutation.
i

The reason for the 1/i term is physical — most physically interesting operators are Hermitian and
writing the commutation operation as [ A, B] =iC ensures that C is also a Hermitian operator.

Two Lie algebras A, and A, are isomorphous, if there exists a bijective map ¢@: A, = A,, such that

1. VA,BeA, (0(A+B)=(0(A)+(p(B)
2. VAeA VAeR ¢(A4)=Aip(A4)

3. VA,BeA, goG[A,B]) = %[go(A),go(B)]

A finite set of operators {L,,...,L_} from a Lie algebra A is called a generating set, if every operator in

A can be represented as a linear combination of {L,,..., L } with real coefficients:
VAdeA A=) al,
=1

Here and below we will assume that the generating set is linearly independent, which guarantees the

uniqueness of the expansion above. Expanding a commutator of two generators, we have
1 =
;[Lk’Lm] =2l
Jj=1

The coefficients c,fm are known as the structure constants. They are specific to each choice of generators

and allow the calculation of commutators without recourse to any specific matrix representations:

l[A,B] = lZakbm [L,.L,]=> ab,clL,
l 1 km

kmj



Exercise: given the properties of the commutators listed above, demonstrate that

Jo—_ )
* Com = "Conk
e ;=0
I q L PN
. Z(cl.kc,p +C,Ch +cpl.clk) =0
/

Examples of Lie algebras

1. AGL(n,C) —an algebra of all operators in C". The most popular generator set is composed of

= 5111' 5(11‘ '

matrices B’ with a single unit element in i-th row and j-th column: [B[j:l
Pq

Therefore, for the commutator of two such matrices:

550, =[se-sre ] =3l [57], -2l Em ], (2], -

- 25‘ 9,9, 5’“1 _25"P5 6,05, = 9,9, 5/«1 _571115 S, = 5}"1 [Bikl:q — I:anjlpq

ip~ jr-nr kr~ir™ jq ip~ jn ki~ jq
ik Imq _ lk im
[B*,B"|=5,B" 5,8

2. ASL(n,C) — an algebra of all traceless operators in C". One of the most convenient generator

sets is Okubo matrices, for which:
. ) 1
A¥=B*——5,(B"+..+B")
n

[A[k ’ Alm] = (é‘[mé‘lré‘xk - é‘lké‘ 5 ) Ars

- sm

The other one is irreducible spherical tensors, but we will get to those after we deal with the
rotation group in the next lecture.
3. AU(n,(C) — an algebra of all Hermitian operators in C". We could choose the generators to

be Hermitian linear combinations of one-element matrices B” :
Kk nk o k fa
B ,Bl+B",4B"—Bl)

but it is often convenient to use an external generator set, such as BY themselves, which does
belong to a larger algebra, but still generates AU(n,C) because AU(n,C) c AGL(n,(C).
Generators for AU(Z) , originally proposed by Wolfgang Pauli, are

1 0 1{0 1 1{0 —i 1{1 O
g: , O'l:— ) 0'2:— . , 0'3:—
0 1 2\1 0 2\i O 210 -1

4. ASU(n,(C) — an algebra of all traceless Hermitian operators in C". One of the possible

internal generator sets may be obtained by forming Hermitian linear combinations of Okubo
matrices:

kk k ki . k ki
A%, A+ A", Q4 - 4")
In the case of n =2, if a matrix is traceless, & does not appear in its expansion. Therefore, the

{61,0'2,0'3} Pauli matrices are the generators of ASU (2).



i) Exponential map

Let us analyze the properties of matrix exponentials of the matrices belonging to one of the algebras
described above. The proof of the following statements is left as an exercise:

. det(eA): e

e foranyoperator 4 € AGL ( ) 4 is an invertible operator and its inverse is ¢ *
e if[4,B]=0,then e’’ =¢'e”

C (e

e if A isHermitian, then e is unitary

e if A istraceless, then det(e[A ) =1

We have seen above that a Lie algebra can be parameterized by a set of N generators X, and real-

valued coefficients 8, :

A=) X6,
k=1
Because an exponential of 4 always has an inverse and depends in a continuous way on &, the set of
exponentials of all matrices in a Lie algebra generated by N linearly independent generators is an N -
parametric Lie group, and the following relation provides a map between the elements of the group and

the elements of its algebra:

exp:A—>G

A(0)=>x,0,, A(6)eA, OeR"

N
k=1

¢(0)=exo]i4(0)] - Xp[igxk } >L [lZXej o(d)<G

It may be shown (exercise), that the following correspondence holds (hence the names):

. . . Matrices in the . Matrices in the
Lie group Dimension Lie algebra
group algebra
GL(n,C) 2n’ invertible AGL(n,C) all
GL(n R) n’ real, invertible AGL(n,]R) imaginary
(n,(C) 20t =2 invertible, det =1 ASL(n,(C) traceless
, invertible imaginar
R 2 real ' ASL(n,R ginary,
( n, ) n -1 det=1 (n, ) traceless
SO(n) n(n—l)/2 real, invertible, ASO(n) imagir.wa?ry,
orthogonal Hermitian
U(n) n’ invertible, unitary AU(n) Hermitian
) invertible, unitary, Hermitian,
SU(n) n -1 det=1 ASU(n) traceless




Lecture 14: SO(3) - rotation group in three dimensions

SO(S) is a special orthogonal group in three dimensions. It consists of all linear transformations of R’
that leave the scalar product invariant and have a determinant of +1. It is a subgroup of the full

orthogonal group 0(3) , Which also includes inversions.

Elements of SO(S) are related by the exponential map to their infinitesimal generators in ASO(S),

which is a Lie algebra of all imaginary Hermitian matrices, for example:

cosp 0 —sing 0 0 i
0 1 0 =explil 0 O O|p
sing 0 cosg -i 0 0

Because every rotation can be decomposed into a combination of three rotations around the coordinate

axes, SO(3) is a triparametric Lie group with the following generators for its representation in R*:

0O 0 O 0 I 0 i
E=/0 0 1i], E,=|0 0 0], E,=|—i
0 - O - 0 0 0

This is not the only representation however, and we would be particularly interested in representations

of SO(3) with operators transforming functions defined in R’ rather than R? itself.

Consider an infinitesimal action of an element of SO(3) generated by E, on a function f(x,y,z)
defined in R:
x'=xcosp—ysing
y' =xsin@+ ycose
Z'=z
af(x',y',z')
op
o _ow oy oo of o

- - _:i s Vo
o0 oxdp o op orop oy Yo (x.2.)

f(x', V', Z') = f(x’,y', z’)‘(p:0 + o+ O(goz)

=0

So the infinitesimal generator of rotation in the XY plane appears to be the good old iz angular
momentum operator. Similar calculations may be carried out for YZ and XZ planes (exercise) with the

very important result that any coordinate system rotation in R’ may be represented by

R, Boy) f(x,3,2) =™ Pe™ f(x,y,2)
. Lo L0) Lo L0 RN
L =— —_—z— | L = — —_ x| L =7 —_— R
x l{yﬁz Zéfy]’ Y Z(Zax x@z]’ ’ l[xay y@xj

that is, the angular momentum operators are the generating set of the ASO(3) Lie algebra

corresponding to the SO(3) Lie group of rotations.



With this in place, our (quite extensive) knowledge of the properties of the angular momentum
operators is presented in a different light. The commutation relations between angular momentum

operators

(L

X 9

L,=iL, |[L,,L,]1=iL, [L,,Ly]=iL,
are now identified as structure relations of ASO(3) and their central role in the angular momentum

theory is explained by the fact that they define ASO(3) completely.

The separate role played by [? is due to the fact that it does not belong to ASO(3) , since only the Lie
bracket is defined in a Lie algebra, but not products of {ix,iY,iz} . To introduce [? , we need to define
an object called universal enveloping algebra U(A) of a Lie algebra 4 — an algebra of all products as
well as Lie brackets of the generators. Clearly, [* = IA,; +lz +f,22 does belong to U(A4SO(3)) and is, in
fact, a Casimir operator of U(ASO(3)), since it commutes with all generators. It is also clear that we
are in most cases (and certainly when dealing with spins greater than 1/2) working with U(ASO(3))

when we build angular momentum Hamiltonians.

Because rotations play a fundamental role in the preparation of spin system Hamiltonians, we are
interested in families of functions and operators left invariant by the elements of SO(3). It may be
demonstrated (exercise) that subspaces that are invariant with respect to I? are also invariant with
respect to {ix,iy,iz} and therefore any rotation. We are therefore looking for eigenfunctions (or,

more precisely, invariant subspaces in the space of all well-behaved functions on ]R3) of 7.

. 1o oY 1 @
21 (r0.0)=| — 2 sing-= |+ —— 6.0)=1(1+1)f(r.6
/(r0.0) Line ae(sm 69)+Sm296¢2}f(h 0)=1(1+1)1 (r.0.9)

f(r,6’+27z,go)=f(r,0,(p)
f(r.0,0+27)= f(r,0,9)

where we called the eigenvalue l(l+1) for reasons which would become clear in a moment. Solving
the spherical Legendre equation and demonstrating that the following functions are the solution

i

fi(r:0,0)= 3 a,(r)Y,,(0.9)

m=—1

(a, (r) are arbitrary functions of distance) is left as an exercise. We can take advantage of the fact that
[[*,L,]=0 LY, (6,9)=mY, (6,9)

to classify functions further by projection of the angular momentum on Z-axis, but this is not strictly
necessary. What is important is that spherical harmonics of a given rank span an SO(3)—invariant
subspace of the space of all functions of €, . Because matrix representations of the rotation operators
for each value of / in ¥, (9,(/)) are irreducible (prove it as an exercise), the spherical harmonics of
different ranks form basis sets for different irreducible representations (irreps) of SO(3). From a
practical point of view this means that any spherical harmonic is transformed by any rotation into a

linear combination of spherical harmonics of the same rank — the ranks never get mixed.



Spherical harmonics may be transformed into Cartesian coordinates, and this Cartesian representation

corresponds to linear combinations of coordinates that form basis sets of different irreps of SO(3) .

Iom Y, (6,9) Y, (x,.2) 7

0 0 1/ar 1/Jar E

1 1|  </3/8ze™sind 378z (x—iy)/ r (1/42) L
10 V3747 cos6 (m)z/r L,

11 —3/87e” sin6 ~BI8x(x+iv)/r -(11\2)L,

2 2| 15/327¢™"sin @ V157327 (x—iy)’ /1 (1/2) 1

2 -1 \15/87¢™sinHcos O V15787 (x~iy)z/r? (1/2)(izi_ +i_iz)

4
2 1 | —/15/87e”sin@cosb —\/15/87r(x+iy)z/r2 —(1/2)( AZ[A1++[’:+ZA,Z)
2 2| 15/327¢" sin 6 V157327 (x+iy) /1 (1

The operators obtained by replacing the Cartesian coordinates with Cartesian angular momentum
operators are known as irreducible spherical tensor operators (IST). Single-spin ISTs are listed in the table

above, but two-spin ISTs:

7‘;<2>(L,s):+%i+§+
. 1/n n  ~ =
72 (L,8)= —5(1:25*+ +L.3,)

are also useful for setting up coupling tensor rotations. Because of their common group theoretical

heritage, spherical harmonics and ISTs have common rotation properties:

~
A

/
Raﬂ]/ Z"El mmaﬁ}/)

m'=—1I

]%(a,ﬂ,]/) 1,,1(99¢) Z Im' (0 ¢)©m m(a ﬂ 7/)

m'=—1

The @S)m (0{,,6’,7) coefficients in the equations above are known as Wigner functions and the

corresponding matrices as Wigner rotation matrices. We will be using them a lot.



Lecture 15: spatial rotations in spin systems

Interaction tensor anisotropy parameters

1. Anisotropy + asymmetry (“Haeberlen notation”)

1
Ol :E(JXX +Oyy +Uzz)

1
AO-:O-ZZ_E(O-XX"'O-YY) or (=0, -0
n :Eo-YY “Oxx _Ovy TO0xx
2 Ao -

The eigenvalues are assumed to be ordered as

077 =0l 2 |O-XX ~ Ol 2 |O-YY Ol

This definition has an obvious singularity when Ao =0 and suffers from an axis switching
problem because eigenvalues are ordered explicitly. An alternative ordering of eigenvalues,
known as “Mehring notation”, is

O-XX < O-YY < o-ZZ

2. Span + skew (“Maryland notation”)

1
Olgo = E(GXX +Oyy t0y )

— é O_Iso “Ovy

2 Q

Q=0,, -0y
with eigenvalues in Mehring order. These parameters give a physically intuitive picture of
shielding powder patterns, but are not well adapted for the description of rotations.

3. Axiality + rhombicity (spherical tensor notation)
Ax=20,, —(0xx +Oyy ) Rh=0y —0y,

with eigenvalues in Mehring order. This notation is very well adapted for the description of
rotations, because axiality and rhombicity are the natural coefficients in the irreducible spherical
tensor expansion of spin interactions.

Interaction tensor rotations

When a molecule rotates, spins do not rotate. They get translated in space, but their projections on the
lab frame axes stay the same. The anisotropic interactions, however, do rotate, because in most cases
they are determined by the electronic structure and the angles that the distance vectors make with the
applied magnetic field. In principle, a straightforward sine + cosine rotation matrix would often suffice:

~ A

ﬁ(Z-A-§)=i~(R-1AR)-S



in which the rotation matrix R can be written as a sequence of rotations around the three laboratory
frame axes:

cosa —sina 0O)fcosff 0 —sinf)(1 0 0
R(a,B,7)=|sina cosa O 0 1 0 0 cosy —siny
0 0 1){sinf 0 cosff J\O siny cosy

and many simulation codes use it. It is, however, analytically cumbersome and completely blocks all
attempts at performing relaxation theory treatment. We do therefore need a more regular way of
describing rotations. The most popular conventions include:

e Euler angles convention A

1. rotate about the Z axis through an angle (O. ..272')
2. rotate about the new Y axis through an angle f (07[)
3. rotate about the new Z axis through an angle ¥ (0...27[)

This is a very inconvenient sequence because the reference frame drifts with the object.

e Euler angles convention B

1. rotate about the Z axis through an angle y (O. ..272)
2. rotate about the Y axis through an angle (0. . 7r)
3. rotate about the Z axis through an angle & (0. ..27[)

This convention is more convenient and easier to visualize. the angles involved are the same and
the two conventions accomplish identical rotations.

Euler angles (in any convention) are notoriously difficult to convert into. They have been
criticized because they are not a valid parameterization of SO(3), since the generators
corresponding to the Euler angles do not obey the required commutation relations. It is easy to
see that the infinitesimal generators of

cose —sina 0O)fcosff 0 —sinf\fcosy —siny O
R(a,B,y)=|sina cosa 0| 0 1 0 siny cosy 0
0 0 I){sing 0 cosp 0 0 1

do not commute in the right way — the commutator of the first and the third one yields zero
instead of the second generator. In practice this leads to nasty singularities: #=0 and =7
points are singular, meaning that the differential equations involving Euler angles run into
analytical and numerical difficulties. In general, while it is usually possible to translate Euler
angles into more regular conventions (angle-axis, eigensystem, quaternions etc), it is not easy to
go back.

e Angle-axis parameterization

Any rotation may be defined in terms of a unit vector and an angle of rotation around that
vector. This may be shown to be a correct parameterization of the rotation group and all
singularities associated with Euler angles disappear in this approach. It also has the benefit of
being easy to visualize.



Quaternions (Euler-Rodriguez parameters)
An obscure, but sometimes useful convention in which a rotation is defined by four parameters
{a,b,c,d}, suchthat a* +b° +c* +d* =1 and

a+di b+ci
-b+ci a-di

is a family of generators of SU(Z) . The quaternion representation is most easily obtained from

angle-axis parameters:

a=nysin(0/2) b=n,sin(0/2)
c=n,sin(6/2) d =cos(6/2)

DCM (directional cosine matrix, aka eigensystem)

An explicit 3x3 matrix performing the rotation in question, i.e. R'4R. Usually results from the
instrumental readout. DCM is also the matrix of eigenvectors (columns) of the tensor in
question. Applying R to a vector rotates the vector into the eigensystem of the tensor.

Cayley-Klein parameters

A surprisingly useful convention with four parameters {a,/i’, Y, 5} satisfying

laf +pf =1 o +]8 =1 |B[ +|o] =1
aP-yo6=0 ads-pr=1 p=—y OS=«a

*

CK parameters provide a straightforward link between DCMs and Wigner matrices, which is very
useful in practical calculations, where the former are usually given and the latter are usually
necessary.

%(az—}/2+§2—ﬂ2) é(yz_az_'_é‘z_ﬂz) 7S —aff

R= é(a2+72—52—ﬁ2) %(0{2+}/2+52+,6’2) —i(af—yd)
LS —ay i(ay—po) ad+ Py

Wigner functions can be computed using any of these conventions. The “grand coffee table book”
(Varshalovich, Moskalev, Khersonskii, Quantum Theory of Angular Momentum, World Scientific, 1988)
contains all the necessary tables. It is advisable to use Mathematica because the relations in the book
are given in their most general form and are not always easy to evaluate.

Summary: setting up an anisotropic interaction

1. Get the eigenvalues and compute the following quantities:

Ax=20,, —(0xx +Oyy ) Rh=0y —0yy



2.

3.

Determine the orientation parameters of the tensor in any of the conventions listed above.

Use the literature tables (Varshalovich, Moskalev, Khersonskii, Quantum Theory of Angular
Momentum, World Scientific, 1988) or Mathematica to compute Wigner functions from your
orientation parameters.

I:‘é(i §)_— 22 2) +R_h Ez f’ (L S)/i)z) +ﬂ Ez I 5)2)
2 m,—2 2 ~ 2.m s m,2 /6 =, 2,m~" m,0

2 Rh A
gﬁ o q)m = —2 (g(mz)_z + @rnz)z ) + —,—)66 9(2)0

—

The same applies to B-A-

>

and §-A-§, with different Iém operators (see the previous

lecture).



Lecture 16: SU(2) group of spin

Historical notes

A number of experimental observations
reported in 1920-es have led to a con-
jecture that the electron has an intrinsic
magnetic moment that is distinct from
the one associated with its orbital mo-
tion. The intrinsic magnetic moment
hypothesis yielded a satisfactory expla-
nation of the anomalous Zeeman effect,
of the fine structure of atomic spectra
of alkali metals and of some other ob-
In 1925, Uhlenbeck and
Goudsmit proposed an explanation for

servations.

this magnetic moment, suggesting that
the electron has an intrinsic angular
momentum, which they called spin.

This proposal faced serious difficulties.
It contradicted the notion of elemen-
tary particle as a “point” object — as pre-
viously understood, a particle could not
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Part of a letter by L.H. Thomas to Samuel Goudsmit (25
March 1926).

“rotate”. The spin hypothesis did not fit into Schrédinger’s wavefunction formalism either — the experi-
ment by Stern and Gerlach suggested that an electron in a magnetic field can only have two “spin
states”, which meant that the corresponding operator must have exactly two eigenfunctions. Because
angular momentum was assumed to be involved, the spin operators had to come from some represen-
tation of SO(3). It is easy to see, however (see your angular momentum course), that the irreps of
SO(3) have dimensions of 2j+1.So j had to be set to a fractional value, meaning that the resulting
space had a bizarre physical interpretation (a wavefunction that changes sign upon a 360-degree rota-
tion). It became obvious that the spin state of the system had to be represented by a vector from a

space that is different from the Schrodinger wavefunction space.

Introducing SU(2)

Ironically (see the letter above), such a space was constructed by Pauli, who suggested that the discrete
spin variable be introduced into the wavefunction as a separate coordinate

l//(x,y,z) — l//(x,y,z,a), oc=1,2,3...

and the infinite-dimensional Hilbert space of wavefunctions be crossed with a (2 +1) -dimensional spin

space (elements of this space became known as spinors):

c* - Cc¥'ec”

with some angular momentum type operators defined on C¥" 1t may be demonstrated (exercise) that

the following families of (2j + l)x (Zj + 1) matrices satisfy the structure relations of ASO(3)



1010 10—1‘0 1100
L=—|10 1|, LL=—|i 0 —i|, L,=—|0 0 0
‘/5010 \/501'0 ‘/500—1
3 3
0 J= 0 0 0 —\/:i 0 0 30 0 o
2 2 >
30 2 o \/Ei 0 2 0 o L o0 o
Jek 2 ik 2 ik 2
X = > Y — s~z T
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0 2 0 3 0 2i 0 —ii 0 0 —— 0
2 2 2
3
o 0 > o 0 0 \/Ei 0 0o 0 -
2 2

etc, but that they do not, in fact, generate SO(3) under the exp(ii) map because they are not purely
imaginary (remember from Lecture 13 that only real coefficients are allowed in linear combinations —
the field over which the original matrix space was defined is R ). It turns out (exercise) that the group
they do generate is SU(2) and they themselves are generator sets for irreducible representations of

ASU(2).
ASU(2) and its universal enveloping algebra

In practical calculations one often finds that having just the generators as the basis set and just the Lie
bracket multiplication is not sufficient — extra operators are required, such as non-Hermitian raising and
lowering operators l; = ix iiiY, as well as powers of the generators, which do not belong to
ASU(Z) . The operator describing nuclear quadrupolar interaction, for example

2 3e2‘IQ (”2 lAzj N2 1
Hy=—F"=—J| L[, -~ |+X(L3-L
¢ 4L(2L—1)h{ “ 3 +3(" Y)

contains powers of the generators or, equivalently, powers of the raising and lowering operators, which
behave differently for different representations:

The higher the rank of the representation, the higher the nilpotency index of LAi (incidentally, this ex-
plains indirectly why spin-1/2 systems never have quadrupole interactions). The external generators LAi ,
their various powers as well as the Casimir operator I? live in the universal enveloping algebra of
ASU(Z) , which is obtained by equipping ASU(Z) with a binary matrix product.



Multi-spin systems: direct products and Cartan decomposition

Because the state vector space of a multi-spin system is a direct product of state spaces of individual
spins, the algebra of operators acting on the state space of a multi-spin system is a direct product of sin-
gle-spin operator algebras.

Two-spin system: U(ASU(2))®U(ASU(2))

This is an instructive special case. In a spin-1/2 representation, the direct product alge-
bra has 16 basis operators:

E Sy S, S,
E E®E EQ®S, E®S, E®S,
| LL®E L[, ®S, L, ®S, L,®S,
v | L,®E L[,®S, L, ®S, L,®S,
L, |L,®F L[,®S, L[,®S, L,®S,

Similarly, the spin-1 representatlon would have 64 basis operators etc. In practical cal-
culations of multi-spin systems A® B is often abbreviated AB but only if the sym-
bols used for the operators for the two spins are different.

Definition: let G be a real semi-simple Lie algebra. A Cartan decomposition of G is a direct sum
G = P®Q, the terms in which satisfy the commutation relations

[0.0]cQ, [P,QO]=P, [P,P]cQ

For the two-spin system described above, it is easy to check (exercise) that

Q=span{£x,iY,iz,§X,§Y,§Z}

A A A A

P = Span {EXSxaLXSY:LxszoLYS LYSY:LYSzaf’Z§X7i’Z§Y:[’\‘ZSZ}

meaning that the O term in the Cartan decomposition is responsible for observables and RF pulses,

whereas the P term is responsible for all spin-spin couplings. Every sub-algebra of P is Abelian (exer-
cise).

Definition: the maximal Abelian subalgebra H of P is called a Cartan subalgebra of the pair (P,Q).

In the case of the two-spin system, the Cartan sub-algebra is one-dimensional and is generated by the
close relatives of the Casimir operator:

H —span{L SX,LYSy,LZSZ}
Actions, orbits and stabilizers

Definition: if G is a group of operators acting on a set A4, then the group action by G on A is a map
G:A4A— 4 ,thatis, a—>g(a),where acd, geq.

In spin dynamics context, an example of a group action would be an action of the elements of the
propagator group on the system state vector, taking it forward or backward in time.



Definition: given an element g of a Lie algebra G, the adjoint action of g on G is an endomorphism
ad, :G — G with ad, (h) =[g,h].

In other words, the adjoint action by g corresponds to the action by the commutation superoperator

induced by g.

Definition: an orbit Ga of an element a in a set 4 acted upon by a group G is the set of all elements
that a is transformed into, that is:

Gaz{g(a)|geG}.
The orbits induced by Lie groups are continuous with respect to the group parameters. In the case
where G is the propagator group and A is the state space if the spin system, the orbits of the general

form exp(—i]:t)f) are known as system trajectories. The set of all orbits of A under the action by G is

called the orbit space.

A subset B < A is called invariant under G if

VbeB VgeG g(b)eB
and fixed under G if

VbeB VgeG g(b)=b.

For every specific element a € 4, the stabilizer subgroup G, of a is a set of all elements in G that

leave a fixed:

Ga:{geG|g(a):a}



Lecture 17: strong, weak and secular coupling

Interaction representation

Because Zeeman interactions commonly encountered in magnetic resonance are fairly large
(from MHz to THz in practically encountered magnets), it is usually inconvenient to propagate the spin
system using the full Liouvillian

G(Ibo):{e_iitﬁm Z‘E[O,oo)}, G(ﬁO):{ﬁo:Pﬁoaﬁz,ﬁo,... : P =il

because the time step required to correctly sample the system trajectory is extremely small (microsec-
onds to picoseconds) on the time scale of the simulation (seconds). The following transformation (called
interaction representation transformation or rotating frame transformation) is often applied to get rid of

the large Zeeman terms in Liouville space:

6(1)=e"p(t)  IP()=e™Le™ = —il? (1)6 (1)

and similarly in Hilbert space:

OA_(t) _ eiﬁoz'b(t)e—iﬁlot I_‘IID (l‘) _ eilfluzl_‘lle—iﬁoz a(;ft) _ —i[]:[]D (t),é'(l‘)]

with the result that the “large and simple” term ]:0 = adl':I0 formally disappears from the equation and

the “small and complicated” term £1 = ad]:I1 acquires a time dependence by virtue of the fact that it
becomes wrapped in unitary propagators. This would, in principle, allow us to focus on the complicated

dynamics prescribed by l:l .

If we remember that SO(3) is a subgroup of SU(2) , tt\en we could say that the transformation above
is a (perhaps complicated) rotation. In the case where l:o is Zeeman interaction, the interaction repre-
sentation transformation does actually amount to a simple rotation in the physical sense (remember
that exp(—il:Z(D) rotates the system by an angle @ in the XY plane), hence the “rotating frame” term.
The case where interaction representation is invoked with respect to all Zeeman interactions in the sys-

tem is not easy to visualize and is best approached as a formal unitary transformation.

Secular parts of spin interactions

Because of its ubiquity, the case of interaction representation transformation with respect to the high-

A

field Zeeman Hamiltonian deserves special attention. Certain types of interactions commute with L,,

and therefore exp(—iizt), and are unaffected by the interaction representation transformation:



A A A

[L,,L,S,1=[S,,L,S,]1=0, [L,+S,,L.S, +L,S,+L,5,]1=0

Note (exercise) that the scalar coupling does not commute with iZ and §, individually. In general, the
irreducible spherical tensor basis is very convenient in that it is ordered with respect to this commuta-

tion property:
[L,.T,, (L)I=mT, (L), [L,+S,.T,(L,S)=mT,(L,S)
meaning that

eiwiztf; ( L) e—imizr _ e—ima)tf; ( L)
m m

lw(iz+gz)

ffw (L’S)e*iw(£z+~§z)f — e—imwtjvlm (L,S)

Im

Consider the rotating frame transformation of the irreducible spherical tensor expansion of a fairly typi-
cal Hamiltonian of a coupled two-spin system:

The “big” Hamiltonian contains the carrier Zeeman frequencies, the “small one” has the offsets and the
coupling. After the interaction representation transformation we have:

oL, +S A A 2 ~ —io(L,+$
[%ID (t) _ ela)(Lz+Sz>t |:0)le +a)2SZ n Z amsz (L,S)j|e l (Lz Sz)t

m=-2

A 2 . A
=oL,+»,S,+ > a,e"T, (L,S)

m=-2

(L.5)

2m

= |:a)1f‘Z + 0)232 + 610]’;2’0 (L, S)j| + Z ame—i{umt]’—‘v

m#0

We have two kinds of terms in the resulting rotating frame Hamiltonian — the time-independent terms
in square brackets and the very rapidly oscillating (MHz to THz) terms under the sum. The secular ap-
proximation (dating back to Kepler, no less) states that the effect of the rapidly oscillating terms can be
ignored, because they average to zero on the time scale of the evolution under the time-independent
terms (kHz). We therefore have:

A =ol,+®,S,+a,T,,(L,S)

meaning that the troublesome terms vanish from the Hamiltonian and the time-domain simulation can
be carried out with a fairly leisurely sub-millisecond time step with the additional benefit of not having

the double-quantum and mixed terms (LA#SA’H lzZLSl etc) around.

Weak coupling limit




The secular Hamiltonian derived in the previous section still contains quite a few terms:

AP <o, + 0, w2 (£8,-4(25 +L8.)]

we could get greedy and observe that in heteronuclear spin systems the difference in Zeeman frequen-

cies @, and @, is still very large. We could apply a second interaction representation transformation (or

amend the original one), with respect to the rest of the Zeeman Hamiltonian:

A=l +08, ]+ \E [LS Lisais )}

ei(WILZHOZSZ)tizgze_i(a)le+m2SZ)t _ iZ§Z

(o Ly+@,8; )t 2 A —i(oLy+0,8, ) idlo—-o) P A
Jodrni ] g A _ oob] g

—i(wll:z+wz.§z)t
and so the second interaction representation transformation yields:

N A A 1/ 0 v aoa (ool A A
HP =a, \/;LZSZ - ao\/% (e el f § 4 2)’L_S+)

In the cases where the frequency difference @, —®, is large (that is, in high-field heteronuclear sys-

tems), it is permissible to ignore the rapidly oscillating second term, yielding a particularly simple weak

[:IlD = aO\/;LAZSZ

coupling form for the interaction:

Summary
System Low-field High-field High-field
homonuclear heteronuclear
Approximation . .
available none secular coupling weak coupling




Lecture 18: perturbative relaxation theories

Time-dependent perturbation theory

Consider the Schrédinger equation with a very complicated time-dependent Hamiltonian

Ly () =L (0)lw (1),

for which, however, we only require a short-time (strictly speaking, <«

-1

A

H

convergence) solution. We could reasonably say that, to a first approximation, the wavefunction barely

condition guarantees

changes within that interval, so our initial condition ‘;//(O» would yield a decent approximation to the

wavefunction on the right hand side:

)=l ) L) =1 A0y (0)

We could integrate this equation to obtain a (hopefully) slightly better approximation to the wavefunc-

tion, because time dependence of the Hamiltonian is now explicitly factored in:

i ()=l (0) -3 [ () (O ar

We could plug this (hopefully) better wavefunction back into the original Schrédinger equation obtain

an even better approximation:

Iy

)= O) (] AO[AWWO)ar,

0

.t t'

)=l )2 [ O @)ar+(1] [y 0)aar

If we keep taking this procedure forward, we get the following iteration rule for the increasingly more

accurate approximations to the solution:

i ()=l ()= ()

This procedure is known as time-dependent perturbation theory (TDPT). It is not specific to quantum
mechanics and can be used with many linear and non-linear PDEs provided that they can be integrated
with respect to time in a straightforward way. Interaction representation with respect to strong static
interactions is very advantageous, because it significantly lowers the norm of the Hamiltonian and

therefore improves the convergence of the iterative procedure.

Bloch-Redfield-Wangsness (BRW) relaxation theory

Also known as Redfield theory, this is perhaps the most successful perturbative spin relaxation theory,

widely used (and at times abused, because it can apparently tolerate limited excursions outside of its



formal validity range) in all areas of Spin Dynamics. We start with the Liouville - von Neumann equation

for the state vector in Liouville space:

%=—i(io+

o>

- l(t))ﬁ(t), L =adf =[#,]

where the time-dependent “noisy” term i] (t) (containing interaction anisotropies modulated by ran-

dom molecular motion and rotation) is assumed to have a zero ensemble average and a small norm:

(0=0 |5

We will now move into the interaction representation with respect to the static part of the Liouvillian

L <L,

I:O and perform a second-order TDPT treatment. The interaction representation transformation

amounts to
OA'(t):e’i”tﬁ(t) f,? (t):eiiotil (Z)e—iiot
after which the original LvN equation becomes:

26(1)

Pt il (1)6(¢)

Formal integration and re-substitution yields a differential equation that looks similar to the second-

order TDPT approximation:

A
A

901 __f 2 (1) 12 ()6 (¢) e,

Wik 1)6(0)-

S C—
h))

but a careful examination would reveal that this equation is still formally exact, because we have not
plugged the initial condition into the integral, but rather the exact (and yet unknown) interaction repre-

sentation state vector.

At this point the approximations start. If we perform the ensemble averaging on the previous equation,

the first term on the right hand side would vanish because

~
A

P (1)6(0) =™ L, (1)e ™6(0) =0

and we are left with

W) [ B2 () 2 () (e)ie

We can now use the rotational factorization derived in the previous lectures and take advantage of the
fact that it completely hides the details of the interactions within the spin system, leaving only the over-

all molecular rotation explicit:



__‘h))
—_

t) = zggjn ka ngm ka

km

=X [ D2 ()0 (1) 0 0R o (e

kmpq (

(to facilitate subsequent treatment, one copy of the Hermitian Lllj superoperator has been pasted in a

conjugated form).

We need to introduce further assumptions at this point. Firstly, we shall assume that, because the per-
turbation Liouvillian is weak, the spin system dynamics is uncorrelated with the noise present in L, (t)

This would allow us to take ensemble averages separately for the Liouvillian and the state vector:

O (1D () OR.0% o () =02 (1) D% (r)0207 o (7)

~

(the rotational basis operators ka are static and do not change upon averaging). It is convenient to
introduce a separate symbol for the rotational correlation functions (which, in the general anisotropic

tumbling case can be different for different values of the k,m,p,q indices):

Gy (,7) =D (1)D2 (¢ +7)

The second significant assumption is that the noise in the system is stationary, and therefore the corre-
lation functions only depend on the time separation 7 between the functions to be correlated, and not

the absolute time ¢, therefore:

G

kmpq

(r) =22 (1) (t+7) =2 (0)2% (1)

Pq

The third assumption (and this is where the perturbation theory is finally applied) is that these functions
decay so fast on the time scale of the overall spin system evolution, that the latter barely happens and it

is permissible to take the state vector out of the integral:

)3 6,0, (1) 00821055

kmpq (
Because the implicit update schemes are known to be more stable, we take 6‘(t) out of the integral,
rather than &(0) — this may be the reason why Redfield theory also works where it is not supposed to,
but nobody knows for sure. We shall also drop the bars on the state vector for convenience. Another
consequence of the fast correlation function decay assumption is that the upper limit of the integral

may be extended to infinity:

2> [0l (0 (r)on 0z drs (1)
kmpgq
After returning to the Schrédinger representation, we get:
apagt):_ zj kaezLoz‘Q lLOTdTb(t),

kmpgq



which now has the familiar two-term form:

Qggl:_ing+éﬁo)

and in which the relaxation superoperator governing the evolution under the stochastic processes taking

place in the system has the following form:

R==3 [ Guyp, (7) 0, 0} dr
kmpg

The derivation above can be repeated in Hilbert space (exercise) to yield:

6A t JLY T 71A T A
m = _I[HOa Z J.kapq [kaa[elHo pq " ,p(t)]]dT
61 kmpq ©
op(1)

=il p(e)]+ RA(1)

';U»

0
ZJ. kmpq [kaa[elHOT pq 71HOT ]]dT
kmpgq 0

The brave souls are advised to prove (as an exercise) that the two expressions for the relaxation super-

operator are, in fact, equal.



Lecture 19: perturbative relaxation theories

Rotational factorization of real-life Hamiltonians

The primary source of stochastic interaction modulation that is responsible for spin relaxation in mag-
netic resonance systems is molecular rotation. We have seen in the SO(3) group lecture that irreducible

spherical tensor operators of a given rank only transform amongst themselves under any rotation:

R(a.p ZT o), (a,.7)

All major interactions in magnetic resonance are described by linear combinations of second-rank ISTs
and therefore it is reasonable to expect (and we had already used this in the previous lecture) that the

general transformation rule for the Hamiltonian under overall molecular rotation is

ﬁ(a,ﬂ, VH = A, +ZZ©km (o, 8.7)0,,

m==2 k=

where ka (called rotational basis operators) are linear combinations of irreducible spherical tensors
corresponding to the interactions within the spin system. We will now derive the expressions for them
in the case where the spin system has multiple spin interactions that have arbitrary orientations in the
molecular frame. The advantage that they offer is that no matter how large and complicated the spin
system may be, there are always just 25 rotational basis operators, and overall molecular rotations are

always described by the simple equation above.

For the traceless part of a bilinear interaction between spins L and S :

. Y
T (L,8)= +\g (LZ g —Z(L+S7 +L.8, ))

(i to be replaced with B in the case of Zeeman interaction and with S in the case of qguadratic inter-
actions, such as quadrupolar or ZFS). These have been derived when we were dealing with the SO(3)
group. It is easy to prove (exercise) that for a traceless interaction tensor A with eigenvalues
{ayx,ayy,a,,}, written in its eigenframe:

A

A-S=a, LSy +ay, LS, +a,,L,S, =

2a,, —(a., +a n
77 ( XX YY)]—E)(2)(L’S)+aXX2aYYT (L S) aXXzaYYT )(L S)

J6

Irreducible spherical tensors form the basis of irreducible representations of the rotation group and

therefore have very regular rotation properties:



R(apr) 1 = 3 2000 (@ B.7),

m=—1

where R denotes a rotation (which for our purposes is a superoperator) and @Eé)k are Wigner func-
tions, accepting any rotation specification (Euler angles, quaternions etc) as an argument. For a multi-
spin system in a rigid molecule, with the stochastic molecular rotation Iémol (t) applied on top of static

internal rotation R, for each interaction, we therefore have:

z { L(1?(B,1)+1Y (B,L))+ Ax6 A()(B,L)}
ﬁ:ﬁiso—’_]%mol leﬁf|:RzLS (]’;2(2)(L’S)+]’;—(22)(L’S)) 6 f()(L S):|+ ’
L,S

ZRlif{Rz”( 72 (5,5)+ 79 (5.5)) + L 712 s, S)}

N

&|

where H._ is the isotropic part of the Hamiltonian, axiality and rhombicity parameters for each interac-

180

tion tensor are defined as:

Ax =2a,, —(axx +ayy, ) Rh=ay —ayy,

and the three terms in brackets correspond to linear, bilinear and quadratic couplings within the spin

system. After we apply the internal rotations, we get:

A, + R, S 7P (B.L)®, (L)+ R, zj 7(L,8), (L.S)+
LS m=

L m=-2 -2

R Z 1Y (s.5)®,(S)

S m=

where the interaction amplitudes and orientations in the molecular frame have been collected into

static internal orientation functions:

@, (1) =52, (1) + L) (1) + 00 (1)
@, (L,S)= RZLS (91, (L,5)+D) (L,S))+Ajés 2% (L,S)
@, (5)= s (22, (5)+ 021 (5)) + “3%%;1)(5)

Finally, after we apply the overall molecular rotation, we obtain
~ ~ 2 2 (2) ~
H = Hiso + Z z gkakm
m==2 k=-2

where all information about the amplitudes and internal orientations of all interactions has been pack-

aged into 25 operators:

n =2 (L )+ 20, (LTI (L.S)+ 20, () (S.5)

N



Correlation functions — isotropic rotational diffusion

The other part of the relaxation theory treatment that we have so far left unevaluated is the correlation

function, defined (under the stationary noise assumption) as

Gy (7) =00} () (1+7) = D) (0)Dy' ()

Pq

The ensemble average can be recast in terms of probabilities of encountering systems in a particular

orientation within the ensemble:

Gope (1) =02 (0)D0) (1) = jj@ﬁjj (9,)D () P(Q,) P(€,7]9,,0)dQ,d

where P(QO) is the probability density of the initial orientations and P(Q,T | QO,O) is the probability

density of a molecule having an orientation €2 at time 7, having had an orientation €, at time zero.

We will assume in this section that the molecules in our sample are approximately spherical particles
undergoing isotropic rotational diffusion. That means that the initial probability distribution P(QO) is
isotropic, meaning that P(QO) =1/4s, and so the integral simplifies to:
L (1o (o)
Gy (7) :E” 22 (Q,)D2" (Q) P(Q,79Q,,0)dQ,dQ

The probability density P(Q,z’ | QO,O) , known to chemists as fractional concentration, conforms to the

isotropic diffusion equation:

o0 o0 0
+—+
ox> oy’ oz

%P(Q,HQO,O):—D( jP(Q,t|QO,O)

where D is the diffusion constant. In spherical coordinates (which are more appropriate for our case),

this transforms into:

2
gP(Q,t|QO,O):—D izg(rzgj+2;i(sm91j+%a{ P(Q,f|QO,O)
ot r-or or) r°sind 06 00) rsin" @ 0p

and if the diffusion takes place on the surface of a unit sphere, the radial part vanishes:

0 1 o(. ,0 1 &

—P(Q,t\QO,O):—D —— —| sinf— = P(Q,t|QO,0)

ot sinf 06 00 ) sin" 6 op
The operator in brackets is [ —the Casimir operator of SO(3). We have seen a few lectures ago that the
eigenfunctions of I are spherical harmonics, and therefore the general solution for the equation above

has the form:
0 l
P(Q,t]Q,,0) =Z z 4, (t19,,0)7, (Q)
1=0 m=-1

If we substitute this solution back into the diffusion equation, we get the expression for the time-

dependent coefficients 4, (¢|€,,0):



iigA,mHQO,O :—DZZZHI . (1194,0)7,,(Q)

1=0 m=—-1 t 1=0 m=-1

9 4, (119,,0)=-Di(1+1) 4, (1],,0)

A, (119,,0)=e """ 4, (0)

The general solution therefore acquires the form:
Dl (1+1)
P(Q,119,,0) IZ;‘ 2,

where C

Im

are the coefficients determined by the initial condition. The initial condition is known (all

systems pointing at (2, at time zero, and therefore

meaning that

Q t|Qo’0 Z Z /m e —DI(I+1)t

=0 m=—1

We can now return to the definition of the correlation function and compute the integral:

abcd Ijgab cd ) (Q T|QO,O)dQ dQ—

p—
8

— Ze e el (@ (Q)7,(Q,)Y,, (Q2)dQ,dQ =
3 3 o (195 (@)1, (no>dszo)( J95 ()7, (2)d0)-
3 Y ([0 (@, 00 (2,)49, ) ([ 95 (2) 4 (@)40) -

1=0 m=—1

_z Z 51 25a 05}) m5d m€ Dk - 4_5a o5c 05;) a€ o

L e g—

And the final expression for the correlation function in the case of the isotropic rotational diffusion is:

1 47z77r

G L 65,66, e
o (7) = feT6D 3T

mq

The equation for the correlation time 7. (the characteristic decay time of the correlation function) is

known as the Stokes-Einstein equation.



Lecture 20: perturbative relaxation theories

Correlation functions — anisotropic rotational diffusion

The rotational diffusion of a spherical molecule could be described by a single scalar — the diffusion con-

stant (see the previous lecture):

2 2 2
%P(Q,t|QO,0)=—D[8—2+6—2+6—2JP(QJ|QO,O)

ox~ oy° 0Oz
For a non-spherical particle the diffusion constant becomes a positive-definite tensor:
T
9 p0,0=-2 2 2 pl 2 2 Zlpasa,0)=
ot ox Oy Oz Ox 8y oz
o

2
P(Q,1]9,,0)= ZD a P(Q,1]9,,0)

i,j=
X,y,z

While slightly more complicated, this equation is still separable:

2
> D, -0 |B(Q)=1P()
— " oror,
PO=R(@QPR() = oo
0
—P(t)=—-AP
R ()= (1)

where A are the eigenvalues of the differential operator in square brackets. The general solutions to

the two equations have the form:

P@=YCw.(@)  R=R (0

¥ (Q)

Z b, ar or,

i,j=
X,y,Z

and therefore the general solution is:
)=2.C¥ (Q)e™
k

The expressions for the eigenfunctions ‘¥, (Q) are, in general, unknown. The only thing that we know
about them is that they form a complete orthonormal set of functions of Euler angles Q. Taking into

account the initial condition, we get:

[zk:ck\yk(g)e-*kf} =5(Q-Q,)) = C( =Y,(9)

t=0

P(Q,1]9,,0)=D"W, (Q) ¥, (Q)e™
k

After plugging this back into the expression for the ensemble correlation function (see the previous lec-

ture), we get:



I w ., o
Gy (7)== 226 [[ D) (90) D) (Q)¥),(2) ¥, (9) 4242 =

L5 e [0 (2) v, (QO)dQO]* [[21 (@), (@)d]

2
Y/ A

While the closed-form expressions for ‘¥, (Q) functions do not exist, their integrals with Wigner func-

tions yield simple analytical expressions in terms of the elements of the D matrix:

S & . .
kapq (T) = % _Zz anm anpe &
n | -2 -1 0 1 2
4, | 6D,-2A 3D, +3D, 3D,+3D,, 3D +3D, 6D, +2A
2 1 0 -1 -2
u w u
2 0 — 0
N2 N N2
1 1
1 0 — 0 — 0
4 = V2 V2

nm ~ 1 1
0 — 0 0 0 ——
2 V2

1 1
-1 0 — 0 - 0
V2 2
u w u
2 |-———= 0 — 0o -
N2 N N2

1
A=\(D,~Dy)(D,~Dy,)+(Dy -Dy)’ D, =5(Dy+D,+D,)

w=2D, —(Dy + Dy )+2A u=+3(Dy-Dy)
N =2JwA Dy <D, <D,

The original literature on the subject is full of errors — this partially explains the reluctance with which

the anisotropic rotational diffusion expressions are used at present.

Spectral density functions

Let us look at a specific element of the relaxation superoperator in Hilbert space in a representation
where the static Hamiltonian is diagonal (this is a significant assumption — it is not always feasible, for
purely numerical reasons, to diagonalize a Hamiltonian):

5 1A\ AT A iHyr AT —iHyr A

Rab pb> - Z .[kapq (T)Tr(pa [Qk,m’[e OTQp,qe Ori‘pb]])dz-

kmpq

</ba

Using the cyclic permutation rule, we can reorder the commutators under the trace:



Tr( PO, [ 0! e, ,31,]]) - Tr(eiHOTQAL, 51510, ,,,]])
Tr(eiHOTQA;’qe—iHnr}")k(;b) ), P(a b) [pa , [pb , Qk . 11

The trace of a product of four matrices can be computed explicitly in the indexed notation:
Tr(eiHUr L’qe—iHOTBC(’Z;b)) _ Z[eiHOT} [ L,q:| |:e—iH0r:| | [ﬂ(’gb)] =
irsj i rs s/ Ji
_N et [ At Ao [ Ban | N ilee) [ At plab) | _ N o plad)
_ze |:Qp’q:|j/'e [Pkm L—Ze |: p,ql},[Pk,m :|ji_z |:Q :| [ ]ji
i - i - i

and the integral becomes a collection of Fourier transforms:

(Bl Ral )=~ T [0, ] [T, [Gu ()6 e == 3 [0],] [227], s ()
ijkmpq ijkmpq
kapq (a)u) = _[kapq (T) eiwijrdr

0
The Fourier transform of the correlation function is called the spectral density function. It has a physical
meaning of energy density of the stochastic perturbation at a given frequency. In the isotropic tumbling

approximation we have:

K A 1 T iot?
- J‘e_r/rcew"’rdr = = € &

. 2_2 22
0 l/r.+io 1+o'r. 1+o't

The real part of this function is a Lorentzian curve. It determines the relaxation rate (it would acquire a
minus when it appears in the Liouville — von Neumann equation). The (usually much smaller) imaginary
part contributes to the frequency part of the LvN equation and for that reason is known as dynamic fre-

quency shift. The DFS is usually ignored in practical simulations.

Spectral densities in non-rigid molecules: the Lipari-Szabo model

Analytical simplicity is a rare virtue in relaxation theory, and it is probably the only virtue of the Lipari-
Szabo restricted local motion model. We can observe that, in a spherical molecule where the overall
rotational diffusion is independent from the restricted local diffusion of a particular group, the correla-

tion function can be factored as

G(T) = Gglobal (T) Glocal (T)
Lipari-Szabo approximation assumes that both functions are exponential and the resulting spectral den-
sity function therefore is:

J(w) =57 +(1—52)T’ r:(i+i]_l

1+@’} 1+’ T. T,

nt

where S? is called order parameter. It can be interpreted as a fraction of the full body angle that is
spanned by the restriction cone of the internal motion. This form for the spectral density function is

widely used in protein NMR spectroscopy.



Lecture 21: generalized cumulant expansion

GCE method is a generalization and rectification of BRW theory — it explicitly considers terms of all or-
ders in the perturbation expansion and avoids the convoluted handwaving (coarse-graining of time, fast
correlation function decay, lack of correlation between the system and the bath, etc) that is inherent in
BRW theory. The core argument of this method is that, to be correct, the ensemble averaging must be
performed on the exponential propagator applied to the initial state of the system, rather than the dif-
ferential equation of motion. As all perturbative theories, GCE leads to meaningfully convergent results

only for HI:]1 (t)” 7. <1, but it is the most accurate of those theories.

Definitions

The n-th moment m, of a real-valued distribution function f(x) around the centre x, is defined as

m, =<(x—x0)”>= T(x—xo)"f(x)dx

The centre is often chosen so as to have m, = <x—x0> = 0. In the context of spin dynamics, the distribu-

tion function f(x) corresponds to the frequency-domain spectrum.

The moment-generating function M (t) of a random variable X is

M, (t)=(e")
Z X"t”> = (X" &m s

uy (=(FEL) S _5ms

n=0 N ' n=0 n ' n=0

it has its name because the moments of the variable X are its derivatives, specifically:

an
o),

The cumulant-generating function K, (t) of a random variable X is the logarithm of the moment-

generating function

Ke(r)=In((e")). (e")=e"0

The Taylor terms in the expansion of K, (t), or, equivalently, its derivatives with respect to time

o0 t}’l al’l
KX(t):ZKn , Kn:(atn[(x(l‘)j
: t=0

are called the cumulants x, of X .

Cumulant expansion method
The cumulant expansion theorem states that for a stochastic variable x(t), which is a function of a con-

tinuous parameter ¢, we have:



<exp(j J>_exp(i}drjdt "{drn<x<a>x(r2>--.x<rn>>c}

a n=l 4

in which the cumulant average <>C is defined as:

(¥ >c =(x)
(3, >c =(nx,) = (x )(x,)
<x1x2x3 >c = <x1x2x3 > B <x1 > <x2x3 > B <x2 > <x3xl > - <x3 > <x1x2> +2 <x1 ><x2 > <x3>

(further terms are tabulated in the literature).

Proof: let us suppose that we have several random variables {Xl,...XN} . The joint moment and cumu-

lant generating functions are going to be

My (tnity) = <exp[§)ﬂfk]> ] <2%[ixktkjn>

—ZZ[H j< ~>_exp[ﬁz Z[H j( .ch]:exp(KX(tl,...zN))

..ty n=0 klk ry n=0 klk

Equating the terms of the same order in ¢ (exercise), we get the expressions for the cumulative aver-
ages in terms of plain averages. Taking the Riemann limit on the sum and moving to a stochastic variable

x(t) which is a function of a continuous parameter ¢, we get:

<exp@x() ]>—exp( jdtjdz jdz (t”)>cJ:
—exp[iidrfdf "[da<x(a>x<r2>..-x<zn>>cJ

n=l 4

this completes the proof.

To relate this theorem to perturbative relaxation theory, we note that we have seen in the TDPT section

that the interaction representation of the Liouville — von Neumann equation

U i (1) (1

ot
may be formally integrated to yield

toA

& (1) =6(0)+(=) [ £ (¢') & (¢')dr'

0

in principle, this process may be continued indefinitely to eventually yield
5(t)=6 jdzjdt jdt ()2 (1,)...L° (1,)6(0)
n= 1

This defines the time-ordered exponential propagator that takes the system forward from O to ¢ in the

case where the Liouvillian is time-dependent:



&(t)=exp0[—ii.£?(t')dt’J&(0)
expo(—i.:[L:?(t' }HZ j j jdtLD (1)L (1,)...L° (1)

The time ordering is necessary because li? (t) need not commute with itself at different times. The ex-
ponential propagator, however, is not very helpful if we are after the relaxation rates and other proper-
ties of the spin system, rather than brute-force numerical simulation. Therefore, a very important ques-
tion is this context is whgther we can find the logarithm of the ensemble average of this propagator,

that is, a superoperator I%(t) , such that

<expo [—zji?<z'>df}>=expo(zé(r))

If we can, then the differential equation governing the spin system evolution in the interaction repre-

sentation becomes:
06 (1)

. ~K'(1)6(1)

and it may be analysed and solved in any standard way. It is reasonable to partition the superoperator
Ie(z‘) into terms of different order in i? (t) , So that:

)-3h0. £ 0-ol(B0)]

Using the cumulant expansion theorem and assuming (without Igss of generality) that <i? (t)> =0, we

>>

N))

obtain the following expressions for the generalized cumulants [%n (t) :

e [(BORER )R- 0B @) E ) )

4 A A A A A A A A
v (BB O)E B ) (B 6B ) E (1) B ()
and so :che first term that is different from we could have obtained from a naive extension of BRW the-
ory is 164 . The three extra terms serve to eliminate some divergences that BRW theory exhibits for large

values of 7. The simple connection from the GCE truncated at the second term to BRW theory is left as

an exercise.



Lecture 22: stochastic Liouville equation

General formalism
For each specific molecule in the ensemble, the Liouville — von Neumann equation is a stochastic differ-

ential equation defining the stochastic process ,b(t) in terms of the stochastic process I:I1 (Q(t)):

DO i (2(0) 600

where Q(t) are the time-dependent parameters (coordinates, angles, etc.), for which some model is
assumed (Markovian, Brownian, etc.). In this equation, the state vector ,5(1‘) records the dynamics of
probabilities of the spin system being in a particular set of states. For a large ensemble of systems, we
could extend this description to also describe the spatial aspect of the dynamics, that is, the probabili-
ties of occupying a certain region in the physical as well as spin coordinate space. We would assume that
the spatial probability density p(Q,t) also evolves according to some deterministic law:

@:f‘gp(ﬂ,t), fgp(Q,oo):O

where fQ is a static operator. It could, for example, be the diffusion equation, in which case:

op (¢ o> o0 0
%:—D(6x2+ayz+azzJp(Q,t), Q:(x,y,z)

We can then merge the space and the spin part by introducing the joint probability density P(Q, ﬁ,t)
of systems in a particular physical space point € (which is now a parameter that is independent from
time) and spin space point p (which is similarly a time-independent variable specifying location in spin
space). It would allow us to compute the ensemble-averaged density matrix:

p(Q1)=[pP(Q.p1)dp

This, however, is a very high-dimensional integral — our only hope is to obtain the equation of motion for

[)(Q,t) directly. Quite remarkably, this can be done (a lot of background reasoning is skipped here, see
the original papers by Kubo and Freed):
a -

- ) o) A A ; N A
Ep(Q,t)ZJ(EP(Q,,O,I)),Odp:j(—lH(Q)+FQ)P(Q,p,t)pdp:

= (—iﬁl(Q)ﬁQ)jP(Q,,a,z)ﬁd,a = (—iﬁ(g)ﬁg)f)(g,z)
and so we get (after dropping the bars):

%ﬁ(Q,t) = i (Q) (1) + o p(Qut) =~ (Q), p(Q0)]+ T (1)

where H(Q,t) is the Hamiltonian written as a function of space coordinates Q2 and fQ is the opera-
tor from the equation describing the space dynamics of the system in those coordinates. Collectively this

is known as the Stochastic Liouville Equation (SLE).



Consider now the expansion of the Hamiltonian in terms of algebraic functlons g (Q) of space vari-

ables (which we choose to be eigenfunctions of F ) and static superoperators h

zgk }; ngk (Q)=7kgk (Q)

(in the case of isotropic rotational diffusion these would be Wigner functions and irreducible spherical

tensor operators). The state vector admits a similar expansion, but with a time-dependent spin part:

t)zzk:gk(Q 7,

With this notation in place, the SLE can be re-written as:

Zgn ———ngn };19 Zykgk (1)
Because the functions g, (Q) are a complete set, they have the property of an algebra, that is
2,(2)2(Q)=2 g, (2), o =] 2,(Q)g (Q) g, (Q)d

where (as we hopefully remember) the coefficients ¢ , are called the structure coefficients. Using this

nkm

property on our SLE, we get:

Zgn Zngk )

For this equation, we can take a scalar product with each of the g (Q) functions in turn and get a sys-

:N‘»

lz nkm g m

nkm

tem of equations for the expansion the state vector:

{—__lzcnkm n +7m m( )

This is a system of linear equations that can be solved using standard techniques. The sums are, in prin-
ciple, infinite, but in practice they can be truncated according to a user-specified accuracy tolerance (as
we shall see later, the higher ranks decay faster). Note that the matrix dimensions involved in solving
this system are considerably greater than in BRW theory — essentially the spin state space is crossed
with the space state space, and the latter can be huge. SLE solutions are therefore only practical for the

smallest spin systems.

SLE treatment of isotropic rotational diffusion
Below is a practical walkthrough done for the (by now) familiar case of isotropic rotational diffusion. We
take the Hamiltonian (interaction representation with respect to all isotropic interactions) and the spa-

tial dynamics operator from the earlier lectures (note the sum over ranks in ﬁ(Q,t) ):

. 18 oy 1 @
R . fo=-p| 19 snel
Z i ()0, @ [sin&’ 00 (Sm ae}+ sin” 0 Og)zj
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With this notation in place, the SLE becomes:

>, (Q)a —-i' Y, D0 (Q)2))(2)0,7 (1)- DX H(1+1)2L) (@) (1
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where Cf%,,m, are Clebsch-Gordan coefficients. After separating the ranks and projections of the

Wigner functions, we get:

0 . AL .
(ST e et 0 ()DL )
LM ,N
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If different fA(;V) (t) state vectors are concatenated vertically, this system of equations may be laid out

into a single block matrix equation of the following general structure:

0,0 00 A 0,0 0,0 A
ZCZkIOCZmIOka ZC2k11C2ml—lem

] fo()%)(t) m ) hm A fo(’%)(t)
A, ’:151—)1(t) =i ZC;’,lk,l,OC;:r_nl,l,Oka ZC;:L,I,IC;’,;J,—Ika+2Di i;lfl—)l(t)

ot : lhm thm

with the initial condition that (for example) all systems are pointing in random directions and all systems
start in the same state [)O , the initial condition for the block matrix equation becomes

Q=T (@ ()=p, = A(0)=p (0)=0

lkm

Examples
Analytical SLE solutions, even for simple systems, tend to be quite cumbersome. Consider a single spin

with an axial secular Zeeman interaction, tumbling isotropically:

2
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The SLE becomes:
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The product of Winger functions falls apart into several terms:



1+2 L L
D (D55 (Q)= 3 X X il (Q)
L=[-2) M=—L N=-L

After Winger function rank separation, and evaluation (with considerable effort, even in Mathematica)

we get the following system of equations:

0 . CAx A R

54}?} (£)=—i N fg T, A% (1) ioL,A" (1)

0 . CAx A . 2. 2. . A\ A
L0 =- 25, (r;? (0+ 28 1)+ 20 (t)j (op-+iol, )i (1)

A

0 . Ax A (18 20 . 45 | .2 ) a
2= \/%7“20(35 2 (t)+%ro(j))(t)+mr0(f))(t))—(ZODJrla)LZ)rO(f))(t)

This is a block-tridiagonal system of differential equations. If we (very crudely) ignore terms of rank 4

and higher, we get the following closed differential equation:

2 Ax -
R —iwL —1 T R
2[1"0(,(())) (t)J _ z Lro(,(())) (t)J ’;(o) (O) _ /3 f(z) (0) —0
A A A H 0,0 0> 70,0
ot ’”o(f))(t) _i%f’m 2Ax (6D+za)L ) ”o(,zo) (t)

which may be solved using standard methods. For accurate practical calculations all L ranks upto ~15

may be required.
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