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Preface

The present book is based on lectures given for the past several years at the
Technical University of Denmark. The lectures have primarily been attended
by students wanting to specialize in advanced fundamental chemistry (includ-
ing quantum chemistry) or solid-state physics. They have also been attended
by Ph.D. students.

Quantum mechanics is one of the greatest intellectual achievements of the
twentieth century. It constitutes the firm foundation of modern physics and
chemistry, and has to a large extent led to a synthesis of these sciences. Ac-
cordingly, every modern physicist and chemist must familiarize him/herself
with the laws of quantum mechanics, in order to understand the basis of the
enormous scientific and technological progress that the application of these
laws has brought about.

The present treatise is an introduction to the quantum-mechanical laws
with a molecular angle of approach. It should, however, be useful for most
students of ordinary matter. I have chosen to make the presentation exact,
but at the same time pedagogically obliging.

I value the historic tradition. I have, therefore, in the first two chapters
tried to draw a picture of the way quantum mechanics emerged at the beginning
of the twentieth century, in reply to efforts spent by chemists and physicists
throughout the nineteenth century to make atoms real.

It took a quarter of a century to develop the proper basis of quantum me-
chanics. The highlights of the process are included in the second chapter. The
Schrodinger equation is presented in Chapter 3. It is this equation that gov-
erns the behavior of electrons and atomic nuclei and thus supplies the basis for
our understanding of atomic and molecular structure and molecular processes.
The Schrodinger equation is solved for some simple, yet illustrative examples
in Chapter 4. On this background the quantum-mechanical formalism is culti-
vated in Chapter 5. Emphasis is put on the properties of operators, quantum
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theory and measurements, and matrix algebra.

In Chapters 6-9 we discuss some exactly solvable systems in detail, namely,
the free particle, the harmonic oscillator, and the hydrogen atom. In addition
to solving these problems analytically, we also become familiar with wave pack-
ets, ladder operators, angular-momentum theory, and the general central-field
problem.

A very fundamental concept in the theory of atoms and molecules is the
electron spin. The magnetic moment that accompanies the spin gives rise
to important effects. But the conceptual importance of spin is greatest in the
interplay between spin and the antisymmetry requirement that is laid on many-
electron wavefunctions. It is, for instance, in this interplay that one finds the
origin of the periodic table and directed valence. Chapter 10 is devoted to a
detailed description of the electron spin and its interaction with external fields.
The interplay with the antisymmetry requirement is discussed in Chapter 11,
which also gives a description of the many-electron atom on the basis of electron
configurations and introduces determinantal wavefunctions.

The Schrodinger equation is exactly solvable only for the simplest systems,
but very effective methods have been developed by means of which good ap-
proximate solutions may be determined even for quite complicated systems.
The most frequently applied method is the variational method. Chapter 12
gives an introduction to this method.

In Chapters 13 and 14 we give the general principles for the quantum-
mechanical description of molecules in terms of molecular electronic structure,
molecular vibrations, and rotation. The discussion is concretized for diatomic
molecules. The description of the electronic structure is based on exact wave-
functions for the single-electron molecule, and on electron configurations for
many-electron molecules.

The remaining five chapters of the book are devoted to a deeper study
of many-electron atoms and molecules. The concepts of terms and multi-
plets are discussed in Chapter 15, after a thorough discussion of the theory
of angular-momentum coupling. In Chapters 16 and 17, we construct proper
many-electron wavefunctions for selected atoms and molecules. We also derive
expressions for the term energies of these systems by exploiting expressions for
matrix elements between determinantal wavefunctions.

In Chapters 18 and 19, we discuss the determination of atomic and molec-
ular orbitals by self-consistent field methods. The Hartree-Fock method is
discussed in Chapter 18, by the author’s own pedagogical approach, in which
the so-called Lagrangian multipliers play a less dominant role than in most
standard presentations. The multipliers are usually introduced in a fairly me-
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chanical way that causes difficulties for many students.

The alternative self-consistent field method, the Kohn-Sham method, is
discussed in Chapter 19. The method is based on the premises of density-
functional theory, according to which all ground-state properties of an atom or
a molecule are functionals of the electron density. We discuss density functional
theory by imbedding it in the theory of reduced density matrices. This makes
the energy expressions more trangparent, and also demonstrates that the gap
between Hartree—Fock theory and density-functional theory is smaller than one
might otherwise suspect.

I believe that the present book gives the student a good understanding of
the basic structures and the basic concepts of atomic and molecular quantum
mechanics, although the coverage is far from complete. As to applications of
atomic and molecular quantum mechanics, they are extensive and very suc-
cessful. Some applications are included in the text and in the end-of-chapter
problems, but the number is naturally quite limited. Fortunately, more and
more textbooks now appear that do in fact focus on the various applications
of atomic and molecular quantum mechanics. Those books are the ones that
should be consulted for detailed information about each application.

The end-of-chapter problems have been carefully designed to support the
main text. Solutions to the problems will be available on the World Wide Web
from the fall, 2001. For further information, contact jpd@kemi.dtu.dk

During the preparation of the lecture notes behind this book, I have re-
ceived many valuable comments from both students and colleagues, for which
I am very grateful. My particular thanks are due to Dr. Helge Johansen for
many years’ fruitful collaboration in teaching quantum chemistry, and to Dr.
Bjarne Amstrup for his enthusiasm and his expert assistance with the initial
typesetting of the emanuscript with ITEX.

Finally, and most importantly, I am grateful to my wife Asta for her pa-
tience and constant encouragement.

Jens Peder Dahl

Professor of Chemical Physics
Technical University of Denmark
March, 2001
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Fundamental Physical Constants
1998-values

Speed of light in vacuum
Planck constant

Permittivity of vacuum
Elementary charge

Electron mass

Proton mass

Neutron mass

Deuteron mass

Atomic mass constant, m(**C)/12

Avogadro constant
Faraday constant
Boltzmann constant
Molar gas constant

Bohr radius

Hartree energy

Bohr magneton, eh/2m,
Nuclear magneton, ek /2m,

c=299792458 ms~!

h =6.62607 x 10734 Js
h=1.05457 x 10731 Js

€0 = 8.85419 x 10712 Fm™!
4meg = 1.11265 x 10719 Fm~!
e =1.60218 x 10~1° C

me = 9.10938 x 10~3! kg
m, = 1.67262 x 10~27 kg
m, = 1.67493 x 10-%7 kg
mq = 3.34358 x 10~27 kg
my = 1u=1.66054 x 10727 kg

N4 =6.02214 x 1023 mol~?
F = 96485C mol 1

k= 1.38065 x 10-23 JK~1!
R =8.31447 Jmol~! K-!

ao = 0.52918 x 1071 m

En =4.35975 x 1018 J = 27.2114 eV
pp = 9.27401 x 10724 JT-!

N = 5.05078 x 10-27 JT~!

1 eV =1.60218 x 1071° J = 96.4853 kJ mol~! = 8065.55 cm ™!

1A=10"1m

For additional significant figures and more constants, consult one of the fol-

lowing sources:

Reviews of Modern Physics 72, No.2, 2000.
Journal of Physical and Chemical Reference Data 28, No. 6, 1999.

http://physics.nist.gov/cuu/Constants
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Chapter 1

The Rise of Atomic Theory

Contents
1.1 Early Atomic Theories .. .. .. .. .... e e 2
1.2 TheChemical Atom . ... ... .. s+ 3
1.3 TheKineticMolecule . . . .. ... ... ... ... 4
1.4 The Spectroscopic Atom . . . . ¢« v v v v e v s u 7
1.5 Antiatomism .. ... ... vt ees 9
1.6 The Discovery of the Electron. The Planetary
AfOM « v vt v v s st it s e e e s v e 10
1.7 Constituents of Atoms and Molecules.
The Modern View . , . . ... ....... v e 13

1.8 External Interactions. Photons .. ......... 16

Qur present understanding of the chemistry and physics of matter rests
firmly on the idea of atomism and the theories of quantum mechanics and
statistical mechanics. The idea of atomism is very old and has assumed differ-
ent forms throughout the centuries. The theory of statistical mechanics was
founded in the nineteenth century. Quantum mechanics is, however, a product
of the twentieth century. It was born in the year 1900 and emerged as a result
of the efforts spent by chemists and physicists throughout the previous century

1



2 Chapter 1. The Rise of Atomic Theory

to make atoms real. The first chapter describes these efforts and the way they
connect to our modern view of matter.

1.1 Eaﬂy Atomic Theories

The idea of atomism, which states that matter is composed of ultimate and
indivisible particles (atoms) that move with respect to each other in empty
space, can be traced back to the Greek philosopher Leukippos and his pupil
Demokritos, in the fifth century B.C. The idea met considerable resistance from
the Platonists and the Aristotelians who dominated the philosophical scene
for many centuries. Still, it was accepted and further developed by Epicurus
(about 300 B.C.), and it was highly praised by the Roman poet Lucretius
(about 65 B.C.) in the didactic poem De rerum natura. This extensive work is
an important source to the understanding of the atomic theories of the classical
antiquity.

It is likely that the antique idea of atomism has been familiar to most edu-
cated men since the days of Leukippos and Demokritos. The idea was, however,
purely philosophical. It was a stimulation to the intellect, but lacked any doc-
umented connection with the real world outside the minds of the philosophers.
Hence its impact remained very small.

It doesn’t seem that the atomicidea played any noticeable role in the Middle
Ages, but it was revived during the scientific revolution of the sixteenth and
seventeenth centuries, in particular by René Descartes and Pierre Gassendi in
France, and by Robert Boyle and Isaac Newton in England. A detailed and
interesting contribution was made by the influential Croatian Jesuit scholar
Ruder Boskovié in his Philosophiae naturalis theoria published in 1758.1 What
Boskovié tried in his treatise was, inter alia, to create a general theory of matter
based on the idea of atoms and Newton’s concept of force. Unlike the Greeks
he assumed the atoms to be point-like, and he also assumed that Newton’s law
of attraction became a law of repulsion at small distances. This implies that
two atoms are pulled toward each other by an attractive force until the distance
between them reaches the point where the force starts to become repulsive. At
this distance we must have stability of matter because the force is now neither
attractive nor repulsive. BoSkovié even assumed that the force might change
sign more than once as the distance between atoms varied, and in this way he

1Until 1757 the Roman Catholic Church did not allow the publication of books that
supported views implying the motion of the Earth. Between 1616 and 1757, such books
were entered in the Index of Forbidden Books (Index Librorum Prohibitorum).
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could account for the existence of more than one stable form of the same kind
of matter in a qualitative way. Thus, the theory proposed by Boskovié had
some intuitively appealing features, but it was still a purely speculative theory
and a theory devoted to generalities. Like its predecessors, it was of little help
in the solution of specific problems.

1.2 The Chemical Atom

The first practical atomic theory was put forward by the English chemist and
physicist John Dalton during the years 1803 to 1808. The background for this
theory was the law of conservation of mass and the law of constant proportions.
The first of these laws had been formulated by the French chemist Antoine
Laurent Lavoisier in 1785. It was based on the exact process of weighing and
states that there is no measurable change in mass during a chemical reaction.
The second law was enunciated by the French chemist Joseph Louis Proust in
1799. It states that different samples of a substance contain its elements in the
same proportions. .

An element had been defined by Lavoisier as being a substance that cannot
be decomposed (by chemical means), and he had given a list of 33 substances
that he considered to be elements (among them light and caloric, or heat).
Dalton’s hypothesis was then that all elements consist of atoms, and that all
atoms of the same element have the same weight, but the weights of atoms
of different elements are different. Dalton also formulated the law of simple
multiple proportions. This law states that when two elements combine to form
more than one chemical compound, the weights of one element that combine
with the same weight of the other are in the ratio of small integers. The
meaning that Dalton gave to this law was that a chemical compound consists
of units of a characteristic number of atoms.

The radically new in Dalton’s atomic theory, as compared to earlier atomic
theories, was its quantitative element. It was based on the process of weighing.
This made it a practical theory that could grow and expand over the years to
come.

The first addition to the theory was proposed in 1811 by the Italian physi-
cist Amadeo Avogadro, and independently in 1814 by the French physicist
André Marie Ampére. It is known as Avogadro’s hypothesis. It gives inde-
pendent existence to the smallest units of a compound by referring to them
as molecules and states that any two gases, taken under the same conditions
of temperature and pressure, contain in the same volume the same number of
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molecules. The hypothesis was, however, relatively unnoticed for many years.
Its implication for the determination of a rational table of atomic weights was
in fact not fully appreciated until 1858, when the Italian chemist Stanislao
Cannizzaro published his Sketch of a Course of Chemical Philosophy, and it
was only after then that the concept of free molecules gained its immense
importance.

But in the meantime, a large number of new elements were discovered,
and the atomic theory was enriched with the concept of valency, by the con-
tributions of many chemists. The elements were grouped according to their
valencies and general properties, and this allowed the Russian chemist Dmitri
Ivanovich Mendeleev to construct his periodic table of the elements, in 1869.

Next, the chemical formulae were extended into space. The molecules be-
came three-dimensional. It was in 1874 that the Dutch chemist Jacobus Hen-
ricus van’t Hoff and the French chemist Joseph Achille le Bel independently
documented that the valencies of the carbon atom are directed toward the
corners of a tetrahedron of which the carbon atom itself occupies the center.

With the three-dimensional structure of molecules understood, the valence
concept became too narrow to account for the binding capacity of all atoms,
especially transition metal atoms. It was accordingly supplemented with the
concept of coordination number, by the German chemist Alfred Werner, in
1893. This was the last major addition to Dalton’s atomic theory in the nine-
teenth century. The theory of the chemical atom had now reached a high
level of development and had shown its ability to rationalize a huge amount of
chemical data.

But how big were atoms and molecules, and how should they be visualized?

1.3 The Kinetic Molecule

The first serious estimate of the size of atoms and molecules was made by the
Austrian physicist Joseph Loschmidt in 1865. It was based on the results of
a new science, the kinetic theory of gases, which had been initiated by the
physicists Rudolf Clausius in Germany and James Clerk Maxwell in England.

Together with the English physicist William Thomson (Lord Kelvin), Ru-
dolf Clausius was the founder of thermodynamics as an exact phenomenological
science of energetics. He was the first to formulate the second law of thermo-
dynamics, and the father of the concept of entropy. But he also wanted to
understand the mechanical (microscopic) basis of the thermodynamic laws,
and he realized that this basis must be statistical.
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Thus, the kinetic theory of gases is a statistical theory which deals with
the average behavior of an immense number of particles. It operates with
concepts like mean free path and collision time, and it allows the derivation
of theoretical expressions for coefficients of diffusion, coefficients of thermal
conductivity, coefficients of viscosity, etc. Maxwell had shown that the mean
free path of a gas could be calculated from measured values of the coefficient
of viscosity, and Loschmidt was now able to derive a simple expression for the
diameter, s, of a molecule, viz.

s = 8el, (1.1)

in which | = mean free path, and ¢ is a condensation coefficient, expressing the
ratio of the actual volume of condensed gas molecules to the volume they take
up in the gas phase. Using the values I = 1.40 x 10" m and & = 0.000866, he
obtained s = 10~ m = 1 nm as his estimate for the diameter of a molecule of
air. This result compares reasonably well with the currently accepted value of
about 0.3 nm for the diameter of O2 and N3 molecules.

The mean free path is the average distance which a molecule traverses
between two collisions, so by combining ! with s it is possible to derive the
number of atoms or molecules in the volume of 1cm3 at standard conditions.
This number is referred to as Loschmidt’s constant. Equivalently, one may
calculate the number of atoms or molecules in a molar mass. This number is
Avogadro’s constant, whose value is?

N4 = 6.02214 x 10* mole™". (1.2)

The estimate one obtains from Loschmidt’s data is 0.4 x 10?3 mole™".

The kinetic molecule of the nineteenth century was essentially the kind of
entity we have just implied, i. e., an impenetrable, perhaps spherical particle
without internal structure which moves according to the laws of Newtonian
mechanics and undergoes collisions with other particles. This was a simple
picture, and it did not distinguish between atoms and molecules, but in the
hands of some of the great scientists of the time it was a very fruitful one. The
foremost of these scientists was the Austrian physicist Ludwig Boltzmann.

Boltzmann studied the mechanics of collisions between the particles of a
gas in great detail, and as a result he succeeded in constructing a statistical
function that he could identify with the entropy of the gas. Entropy, he stated,
is a measure of the disorder of a physical system, and he showed (1877) that

2An abbreviated list of the values of the fundamental constants of physics and chemistry
is given in the back of this book.
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if the physical system is left to itself its statistical entropy will always either

increase in time or remain constant, rather than decrease. Thus, he had given

the second law of thermodynamics an intuitively clear formulation.
Boltzmann’s definition of entropy is contained in the equation

S=klnW (1.3)

where S is the entropy and W the so-called thermodynamic probability, i. e.,
the number of microstates which are compatible with the same macroscopic
properties. k is Boltzmann’s constant, with the value

k = 1.38065 x 10" JK~1. (1.4)

Actually, Boltzmann never specified the constant k, nor did his analysis allow
him to, for his counting of microstates was necessarily relative rather than
absolute. It was the German physicist Max Planck who first wrote Eq. (1.3)
in this explicit form and obtained the numerical value of k, in his important
work on the black-body radiation that we shall discuss in the next chapter.

Eq. (1.3) is not only a central equation in the kinetic theory of gases. It
is also a fundamental equation in the broader theory of statistical mechanics
which deals with a general macroscopic system. The remarkable development
of this science during the second half of the nineteenth century was also to a
large extent due to Boltzmann. The other great contributor was the American
physicist Josiah Willard Gibbs.

Boltzmann arrived at his definition of entropy and his interpretation of
the second law of thermodynamics through his studies of the kinetic theory
of gases, and it was the simplistic assumption of kinetic molecules without
internal structure that allowed him to carry his analysis so far. This did not
imply, however, that molecules were actually believed to be devoid of internal
structure. Rather, motion of a particle was imagined to mean motion of its
center of mass.

Both Maxwell and Boltzmann, as well as several others, considered a mole-
cule to be a rotating and vibrating cluster of atoms, and they tried to estimate
the heat capacity of molecules from this picture, by using the general relations
of statistical mechanics. For a diatomic molecule, for instance, this resulted in
the value Cy = 3.5 R for the molar heat capacity of a gas at constant volume,
where R is the general gas constant, with the value

R =8.31447JK 'mole™! = kN,4. (1.5)

The value 3.5 R is made up of separate contributions from the various degrees of
freedom. There are three degrees of freedom which correspond to the motion of
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the center of mass along the three coordinate axes, and each of these contribute
0.5 RT to the molar internal energy at absolute temperature T', according to
the kinetic theory of gases, and hence 0.5 R to Cy. In addition, there are
two rotational degrees of freedom according to the two angles that describe
the direction of the internuclear axis in space, and by a general assumption
about equipartition of energy each of these also contribute 0.5 R to Cy . Finally,
there is one vibrational degree of freedom corresponding to the variation of the
internuclear distance. By the equipartition theorem this gives a contribution
of 1.0 R because kinetic and potential energy contribute separately to Cy.
Adding up the various contributions, we arrive at the value Cy = 3.5 R. This
value for Cy is, however, only observed at very high temperatures (several
thousand degrees), whereas at normal temperatures the molar heat capacity
of diatomic gases is only about 2.5 R.

The failure of statistical mechanics to describe the temperature dependence
of Cy was, of course, a serious shortcoming. It remained a riddle until the
advent of quantum mechanics.

1.4 The Spectroscopic Atom

The nineteenth-century attempts to determine the heat capacity of molecular
gases from first principles were, as we have seen, only modestly successful. The
situation was, however, even worse when it came to the understanding of the
optical spectra of atoms and molecules.

Optical spectroscopy became a well-developed subject during the nine-
teenth century. It was realized early that elements liberated from a chemi-
cal compound in a flame or an electric arc would emit light at discrete and
characteristic wavelengths, and in 1859 the German chemist Robert Wilhelm
Bunsen and his colleague, the physicist Gustav Robert Kirchhoff founded the
method of spectral analysis based on this fact. The presence of many elements
could now be verified by their line spectra. The elements rubidium, cesium,
indium, and thallium were, in fact, discovered spectroscopically, and helium
was detected by observation of the sun (1868) long before it was found on the
earth (1895).

The line spectrum of an element has in general a very complex structure,
but with marked constellations of lines. The simplest line spectrum is that of
atomic hydrogen. It consists of three lines in the visible part of the spectrum,
a red line called H,, a blue-green line called Hs , and a violet line called
H,. On the photographic plate it is found that the spectrum continues in the
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ultraviolet region with a large number of close-lying lines which form a spectral
series that converges to a limiting wavelength of 364.6 nm. It was of course a
challenge to try to represent the series by some simple arithmetic law, and in
1885 the Swiss school teacher Johann Jacob Balmer succeeded in showing that
the following formula would reproduce the series,

m2

where ) is the wavelength and m is an integer parameter that runs from 3 to
o0o. The visible lines are reproduced by putting m equal to 3, 4, and 5. If,
instead of A, we introduce the wavenumber, ¥ = 1/A, the formula becomes

U= Ry (2% - #) (1.7)

where Ry is the so-called Rydberg constant, with the numerical value
Ry =1.097x 10" m™1. (1.8)

The constant is named after the Swedish physicist Johannes Robert Rydberg
who generalized Eq. (1.7) to other series and other simple atoms. For the
hydrogen atom, the set of all spectral series may be represented by the general
formula

. 1 1

v = RH (n—2 — m) . (19)
For n = 2 we get the above Balmer series. n = 1 gives the Lyman series with
wavelengths in the ultraviolet part of the spectrum, n = 3 gives the Paschen
series with wavelengths in the infrared region, etc.

Light is electromagnetic radiation, and this was fully understood by the
end of the nineteenth century. Maxwell had succeeded in combining all the-
oretical knowledge about electric and magnetic phenomena into a set of four
differential equations (1873). The equations are expressed in terms of electric
charges, electric currents, and electric and magnetic fields, and they allow the
calculation of the fields once the charges and the currents are specified. The
equations show, in particular, that an accelerated charge, for instance an os-
cillating charge, will generate electromagnetic waves that spread in space with
the speed of light. Such waves were first produced and studied by the German
physicist Heinrich Rudolf Hertz in 1886.

It was accordingly natural to assume that the emission of light from agi-
tated atoms and molecules was caused by oscillations of electric charge. It was
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well known from electrochemistry that electric charge was intimately connected
with the forces of chemical combination, and chemical affinity had often been
ascribed to the attraction between opposite charges. This led, in turn, to the
suggestion that both positive and negative electric charge existed in discrete
units. But nothing definite was known about the way electric charge operated
in the atomic and molecular world, and it was consequently completely im-
possible to calculate the nature of the light that an atom or a molecule might
emit.

It was obvious, however, that the atomic emission of light must reflect
some internal structure of the atom, and speculative suggestions as to what
this structure might possibly be were certainly made, also prior to the appear-
ance of Maxwell’s equations, and independent of the assumption of charges.
Thus proposed William Thomson, in 1867, that atoms should be thought of
as being vortex rings in the omnipresent ether. The motion and mutual inter-
actions of such vortices, he contended, could account for the kinetic behavior
of atoms. They could be linked together to form molecules, and their funda-
mental vibrations could supposedly account for the spectral lines of an atomic
gas.

The vortex atom was an intelligent construction, and it was highly regarded
by several scientists. But it had to be abandoned as a working model, because
it was unable to give a quantitative description of the real world after all. No
other model could do better either.

1.5 Antiatomism

As we have discussed it in the previous sections, chemistry, experimental spec-
troscopy, and statistical mechanics were highly developed sciences at the end
of the last century. But nobody had been able to unite the various aspects
of atomic behavior met in these sciences into a single and coherent picture of
the atom. As a result, there were several scientists who did not believe in the
physical reality of atoms and molecules, and some of them were very influen-
tial indeed, like the German chemists Hermann Kolbe and Friedrich Wilhelm
Ostwald, and the Austrian physicist Ernst Mach.

The criticism by these scientists was both deep and varied. The cardinal
point was their objection to the metaphysical aspect of atomic theories. These
theories, they said, work with forces whose existence we cannot prove between
atoms that we cannot observe. So it is better to consider atoms and molecules
as purely formal, albeit useful entities and concentrate on what we can in fact
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measure, and on the pure energetics of processes.

The strong opposition of the antiatomists led to many fierce debates and
much bitterness. And their attitude survived long into the twentieth century,
but quite unwarranted, for soon new experimental results provided unambigu-
ous proofs of the reality of atoms.

1.6 The Discovery of the Electron.
The Planetary Atom

The experimental study of the interaction of an electric current with chemical
substances in a melt or a solution played a considerable role for the devel-
opment of chemistry and chemical ideas during the nineteenth century. The
process of decomposing a chemical compound by an electric current is known as
electrolysis, and the first quantitative laws concerning this process were formu-
lated in 1834 by the English scientist Michael Faraday who also introduced the
notion of ions for the carriers of the current. The laws state that the amount
of matter decomposed by an electric current is proportional to the amount of
electricity which passes, and that the weights of different substances produced
by the same quantity of electricity are proportional to the equivalent weights
of the substances. (The equivalent weights of different substances are defined
in chemistry as the weights than can combine with each other or a same third
substance, to saturate a single unit of valence.)

It is, of course, tempting to speculate from Faraday’s laws, that if chemical
compunds are composed of atoms, then electricity too, positive as well as
negative, is divided into discrete units which attach themselves to the atoms
and thus behave like atoms of electricity. This possibility was suggested by the
English scientist George Johnstone Stoney in 1874 and, with great strength,
by the German scientist Hermann von Helmholtz in 1881. The postulated unit
of electricity was given the name electron by Stoney in 1891. By hypothesis,
an ion will either accept or deliver an integer number of elementary electric
units at an electrode during electrolysis. Hence, we may refer to N4 electrons
as one mole of electrons and conclude, from the quantitative measurements by
Faraday and other scientists, that the electric charge of one mole of electrons
is 96485 C. This gives us Faraday’s constant,

F = 96485 Cmole™!. (1.10)

We also conclude, that if the charge of the electron is denoted by e and the
mass of a hydrogen atom by M, then e/M is approximately equal to F (since
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the atomic weight of hydrogen is almost exactly equal to 1).

Toward the end of the century, several studies were performed on electrical
discharges in gases and on the conductivity of gases subjected to radiation.
The experiments were carried out in glass tubes fitted with electrodes and at
different gas pressure. It was then found that when a tube was evacuated,
rays were observed to cross the tube from a negative electrode (the cathode)
to the positive electrode (the anode). These rays were given the name cathode
rays. There was much discussion as to the nature of the rays, but in 1897 the
physicists Emil Wiechert in Germany and Joseph John Thomson in England
demonstrated that they were in fact negatively charged particles. By a very
careful study, which involved deflections of the rays by both electric and mag-
netic fields, J. J. Thomson succeeded in determining the ratio of the electric
charge (e) to mass (m) for cathode rays, showing that e/m was at least 1000
times as great as the value for hydrogen mentioned above. Later, the value
was corrected to become almost twice as large.

This experiment ts considered to mark the discovery of the electron.

The study of cathode rays only allowed the determination of the e/m ratio
and not the values of ¢ and m separately. Approximate values for e and m
were estimated, but exact values were not determined until 1909. In that year
the American physicist Robert Andrews Millikan succeeded in determining the
value of e to within 1%, by measuring the velocity in an electric field, of falling
oil drops charged with electrons that had been produced by irradiating the air
with a beam of X-rays. With the value of e thus determined, the value of m
could of course be found from the e/m ratio.3

X-rays had been discovered already in 1895, by the German physicist Wil-
helm Konrad Rontgen, and the next year the French physicist Henri Becquerel
had discovered the phenomenon of radioactivity. During the following years
it was found that radioactivity involved no less than three distinct types of
radiation. They were called o (alpha) radiation, § (beta) radiation, and ¥
(gamma) radiation respectively. It was also found that beta rays consist of
electrons, wheras gamma rays and X-rays are electromagnetic waves like visi-
ble light, but with much shorter wavelengths. Alpha rays were shown, by the
British physicist Ernest Rutherford, to be the dipositive ions of helium atoms,
moving at high speed. He showed this, partly by measuring the deflection of
the rays in electric and magnetic fields, partly by shooting the rays through
a thin metal foil into a chamber and demonstrating the presence of helium in
the chamber.

3Millikan’s determination of the electronic charge became also the first truly direct deter-
mination of Avogadro’s constant, by comparison of e with the known charge of the Faraday.
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Much work was done on the scattering of the newly discovered rays by
matter. J. J. Thomson derived a formula which showed that the scattering of
X-rays should be proportional to the number of electrons in the target, and this
led to the experimental finding that the number of electrons in an atom equals
its atomic number, Z. Studies of radioactive decay, by Rutherford and others,
pointed in the same direction. But if an atom contains Z electrons each of
charge —e, then by charge neutrality it must also contain a positive charge Ze.
And because the mass of Z electrons is only a tiny part of the atomic mass, the
positive charge and the majority of the atom’s mass must belong together. But
how is this positive charge and remaining mass distributed within the atom?

J. J. Thomson, who incidentally had been working on Kelvin’s theory of
vortex atoms several years earlier, made the simplest possible assumption. He
suggested that the mass and the positive charge was uniformly distributed
within a sphere with an approximate radius of 10~!°m, a value supported
by the kinetic theory of gases and other evidence. The electrons were then
supposed to form an electrostatically stable constellation inside the sphere.
This model of the atom is referred to as Thomson’s model, and thus its name
also does justice to Kelvin who earlier had presented some ideas of a similar
type.

Thomson’s atomic model was of course unable to account for the large
number of spectral lines and laws like those hidden in Balmer’s and Rydberg’s
formulae. It was again a new model based on speculation and incomplete
knowledge.

The final step toward a correct picture of the atom was taken by Rutherford
in 1911. It was based on experimental results on the scattering of alpha rays,
obtained in 1909 by his collaborators Hans Geiger and Ernest Marsden. Geiger
and Marsden had allowed a beam of alpha particles to pass through a thin gold
foil and observed that most of the particles showed very slight deviations from
a straight path. However, a small fraction of the particles showed deflections
through very large angles. Rutherford went carefully through the dynamics of
possible collision processes and showed that such large deflections could come
only from a collision of a heavy particle with another particle of comparable
mass, and at such a small distance that the electric force of interaction was
extremely great.

On the basis of his analysis, Rutherford introduced his model of the plan-
etary atom, or solar atom, according to which the positive charge and the
majority of the atomic mass is concentrated in a tiny nucleus at the center
of the atom. The electrons, on the other hand, are distributed throughout a
sphere of atomic dimensions.
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Rutherford’s analysis marked the end of a long search for an objective model
of the atom, a search in which both chemists and physicists had taken part,
and a search during which several false models had emerged and led the way for
some time. The new atom became the principle of unification for chemistry
and physics, but so far only its constitution was known. To understand its
internal dynamics it became necessary to enter a whole new world, the world
of quantum mechanics, in which the classical laws of motion lose their validity.
Thus, the end of a long development also became the beginning of a new epoch
for science.

It is this epoch that the present exposition is about. But before we enter
the discussion of quantum mechanics, let us update the description and give a
brief sketch of our present picture of the constitution of atoms and molecules
and their interactions.

1.7 The Constituents of Atoms and Molecules.
The Modern View

The constituents of atoms and molecules are electrons and atomic nuclei. The
present section specifies the basic physical parameters of these particles.

Modern physics considers the electron to be a true elementary particle, i. e.,
it is believed that the electron cannot be divided into smaller constituents. Its
mass is

m, = 9.10938 x 107 kg. (1.11)
The electron is a carrier of the negative elementary electric charge —e, where
e = 1.60218 x 1071 C. (1.12)

As to the spatial extension of the electron, its radius is known to be less
than 10~'8m. There is in fact nothing in our present knowledge that conflicts
the assumption that the electron is contracted into a point.

However, it is incorrect to consider the electron to be merely a charged
mass point. The contraction into a point is such that it produces an anisotropy
which, in a certain sense, allows us to talk about the orientation of an electron.
This orientation is defined by the so-called spin of the electron and the magnetic
dipole accompanying this spin. The spin, which we shall consider in much
more detail later, is the intrinsic angular momentum of the electron. It has
the magnitude %/2 where

h=h/2n (1.13)
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and h is Planck’s constant (the quantum of action), with the numerical value
h =6.62607 x 1072 Js. (1.14)

The introduction of this natural constant will be the first thing to be discussed
in the following chapter.

The magnetic dipole accompanying the spin has a magnetic moment whose
magnitude is almost exactly given by

pp = eh/2m, = 9.27401 x 10”2 JT~L. (1.15)

This quantity is called the Bohr magneton.
Unlike the electron, atomic nuclei are composite particles, the constituents
being protons and neutrons. The masses of the proton and the neutron are

mp = 1.67262 x 10727 kg = 1836.15m, (1.16)
and
my, = 1.67493 x 10~ kg = 1838.67 m,, (1.17)

respectively. The proton carries the positive electric charge e, whereas the
charge of the neutron is zero. Protons and neutrons are collectively referred
to as nucleons. The number of nucleons in a nucleus consisting of Z protons
and N neutrons is therefore

A=Z+N. (1.18)

A is called the mass number and Z the atomic number.

Protons and neutrons are each composed of three so-called quarks and
are not point-like. They both have a radius of approximately 10~1®m. The
volume of a nucleus increases essentially linearly with its mass number A, and
in accordance with this it is found that the approximate radius of a nucleus
may be represented by the formula

R=11x10"14Y3m, (1.19)

The nuclear surface is, however, often deformed from the spherical shape and,
in addition, it should be considered as diffuse rather than sharp.

Just like the electron, a nucleon has a spin and a magnetic dipole associated
with it. The spin is the same as for the electron, but the magnetic moment is
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three orders of magnitude smaller than that of the electron. It is expressed in
terms of the so-called nuclear magneton

pn = eh/2m, = 5.05078 x 10-27J T~1. (1.20)

Both the spin and the magnetic dipole are vector quantities, and when the
nucleus is formed, these quantities add like vectors. This implies that the
resulting spin and magnetic dipole of the nucleus may be zero or only a few
times larger than the spin and magnetic dipole of a free nucleon.

Electric charge is, however, a scalar quantity, and the total electric charge
of a nucleus with atomic number Z is consequently Ze. Such a nucleus may
bind Z electrons to form a neutral atom.

The radius of a neutral atom is of the order of 10~1°m. This is five orders
of magnitude larger than the radius of the nucleus. In discussing the properties
of the electronic cloud, it is accordingly an extremely good first approximation
to consider the nucleus as point-like.

An atom, X, with only Z — n electrons is referred to as the positive ion
X"+, and an atom, X, with Z + n electrons is referred to as the negative ion
X", For a positive ion, n may take any value between 1 and Z. On the other
hand, no free negative ion is known for which n is larger than one.

An atomic nucleus consists of nucleons in interaction. The nuclear forces
that govern this interaction will not be discussed in the present text. Such a
discussion belongs in the realm of nuclear physics. Hence, we shall always ex-
press nuclear properties in terms of parameters like charge, magnetic moment,
and electric moments describing the shape of nuclei.

As a result of this simplification, we may now treat an atom or a molecule
as a collection of nuclei and electrons in interaction. The forces responsible
for this interaction are the electromagnetic forces between the particles.

In spite of the complexity of the problem, we shall see that quantum me-
chanics allows us to obtain a clear and exact description of atoms and molecules
in their various internal states, on the basis of the above picture of nucleons
and electrons in interaction. This description moves naturally from the smaller
systems toward the larger ones. Thus, we obtain the so-called shell structure
of atoms, and the picture of molecules as assemblies of atoms. But we also
learn that shells in atoms, and atoms in molecules, are soft concepts that must
be used with care.
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1.8 External Interactions. Photons

Experimentally, one studies the structure and properties of atoms and mole-
cules by letting them interact with each other in a vessel or a beam, and letting
them interact with external media. An external medium may, for instance,
be a static electric or magnetic field, or it may be a beam of free particles
like electrons and neutrons. But the most widely applied external medium is
electromagnetic radiation.

Electromagnetic radiation is, for instance, produced in light bulbs, electric
arcs, lasers, X-ray generators, and synchrotrons. As we shall discuss it in the
following chapter, it consists of photons of distinct energy.

Like the electron, the photon is a true elementary particle. It has a spin
of magnitude A, but its mass is zero and it has no intrinsic magnetic moment.
It may have any energy, but it always moves with the speed of light which, in
vacuum, is defined as

¢ = 299792458 ms™". (1.21)

A photon of energy ¢ carries a linear momentum whose direction is the direction
of propagation, and whose magnitude is

p=¢/c. (1.22)

When a photon interacts with an atom or molecule, there may be three
different outcomes. Thus, the photon may leave the region of interaction with
its energy unchanged, but with a different direction of its momentum. Such a
process is called elastic scattering. Or the energy, and hence also the magnitude
of the photon’s momentum, may be changed. This is the process of inelastic
scattering. Finally, the photon may be destroyed as a result of the interaction.
Its energy and momentum are absorbed by the atom or molecule affected. We
call this an absorption process.

The reverse of the process of absorption is the process of emission, during
which an atom or a molecule emits a photon and loses corresponding quanta
of energy and momentum.

Although electromagnetic rays are composed of photons, and although in-
teraction processes are elementary events that only involve one or a few photons
at a time, it is usually possible to represent a ray composed of many photons
by an electromagnetic wave. This is certainly the case for all situations studied
in the nineteenth century. All such situations are, as we know, governed by
Maxwell’s equations which predict electromagnetic radiation to be true wave



1.8. External Interactions. Photons 17

motion. For a ray consisting of photons with energy £, the frequency v that
characterizes the wave is given by the relation

€ = hv. (1.23)

The corresponding wavelength is related to the frequency through the general
equation

vi=c¢ (1.24)
which simply states that an electromagnetic wave propagates with the speed
of light.

Eqs. (1.23) and (1.24) allow us to write Eq. (1.22) as

p=nh/A (1.25)

The remarkable dualism between particle properties (¢ and p} and wave prop-
erties (v and A), expressed by Eqs.(1.23) and (1.25), is a genuine and general
feature of quantum mechanics. It also plays a most fundamental role in the
description of electrons and nucleons and will be properly discussed in the
following chapters.

The elastic scattering of photons is observed as Rayleigh scattering and
Thomson scattering, the inelastic scattering as Compton scattering and Ra-
man scattering. The measurements of photon absorption and photon emission
are called absorption and emission spectroscopy, respectively. Depending on
the energy of the photons, and the nature of the atomic or molecular changes
brought about through the interaction with the photons, different experimen-
tal techniques are used, and thus many different branches of spectroscopy have
developed. This has, in turn, led to a natural division of the so-called electro-
magnetic spectrum into subregions.

The spectrum of a physical quantity is the set of values that the quantity
may take. This set may be discrete or continuous, or it may have both a
discrete and a continuous part. The energy of a photon may take any value
between zero and infinity (in arbitrary units). The energy spectrum is accord-
ingly continuous. It is this energy spectrum that is called the electromagnetic
spectrum. It may, of course, equally well be characterized by the possible
values of v, or the possible values of A, for the associated wave, and this is
common practice. The range of values is again from zero to infinity, and so is
the range for the so-called wavenumber

p=1/A=¢/he (1.26)
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Table 1.1: The Electromagnetic Spectrum

L A i Spectral region j
< 10pm ~-ray
10 pm—-10nm X-ray
10-180 nm Vacuum ultraviolet
180-400 nm Quartz ultraviolet
400-760 nm Visible region
760- 1000 nm Photographic infrared
1-5pum Near infrared
5—40 pm Medium infrared
40-400 pm Far infrared
> 400 pm Micro- and radiowaves

which we already introduced in Section 1.4. It is a frequently used quantity in
spectroscopy.

A coarse division of the electromagnetic spectrum into subregions is shown
in Table 1.1. Each subregion may, of course, be further divided. The visible
region may, for instance, be divided into subregions according to the various
colors.

We shall now return to our historical approach and discuss how the study of
electromagnetic radiation in equilibrium with matter led to quantum mechan-
ics, and hence to the discovery of the photon and the dynamics that governs
the behavior of the particles in the atomic and molecular world.

Supplementary Reading

The bibliography, entries [1], [2] and [3].

Problems

1.1. From your favorite physics textbook, repeat the classical description of the
harmonic oscillator, i. e., a particle with mass m and position coordinate z, bound
to the origin (z = 0) by the elastic force F' = —kz. Set up Newton’s second law and
determine r as a function of time. Express the frequency of oscillation in terms of k
and m.

1.2. In the atomic model suggested by J. J. Thomson (page 12), the hydrogen atom
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is imagined to consist of a positive charge e, uniformly distributed inside a sphere
with radius R, and an electron with the negative charge —e, originally placed at the
center of the sphere, O.

a. Write down the expression for the force acting on the electron if it
is pulled out to a distance r < R from O. (According to the laws of
electrostatics, one may calculate this force by assuming that the positive
charge inside the sphere of radius r is concentrated at O, while the
positive charge outside this sphere is neglected.)

b. Show that the force just calculated is a harmonic force (Problem 1),
and write down the expression for the frequency of the oscillations that
the electron may execute under the influence of this force.

c. Assume that R = 0.53 x 107!% m, corresponding to the radius of the
first Bohr orbit defined in the following chapter. Determine the numeri-
cal value of the frequency of oscillation under this assumption. Calculate
also the corresponding wavenumber & and relate it to the Rydberg con-
stant defined by Eq. (1.8).

The Thomson model has a quantum-mechanical parallel in the so-called jellium model
which is sometimes used as a first description of large systems, for instance a crystal
or a cluster of atoms. The sum of nuclear charges is uniformly distributed over the
region of the crystal or the cluster. The motion of the electrons is then modelled
by solving the Schrodinger equation with the electrostatic potential arising from the
positive “jellium”.
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In this chapter we cover the first twenty-five years of quantum mechanics.
Those were the years of the so-called early quantum mechanics, which was the
precursor of the modern theory. As far as solving problems were concerned,
the idea behind the early quantum theory was to first write down all possible
classical motions of a system and then pick out ‘the quantum-mechanically
allowed motions’ by means of a set of cleverly devised quantization conditions.
This method of attack was successful for simple systems like the harmonic
oscillator and the hydrogen atom, but it failed for more complex systems. It

was not the true theory.

20
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We devote a full chapter to early quantum mechanics for three reasons.
Firstly, there is the obvious historical reason. Secondly, the period of the early
quantum theory produced a number of concepts that are of lasting value. The
third reason for still studying the methods of early quantum mechanics is that
the so-called semiclassical mechanics—which is a proper and frequently used
limit form of modern quantum mechanics—has many similarities with it and
hence uses much of its language.

We begin with Max Planck’s important discovery of the quantum of action,
the Planck constant.

2.1 Black-Body Radiation and Planck’s
Discovery

The official birthday of quantum mechanics is the 14th of December, year
1900, the day when Max Planck, in der Deutschen Physikalischen Gesellschaft,
presented his final analysis of the energy distribution in what he called the
normal spectrum.! This is the part of the electromagnetic spectrum seen in
the radiation from a so-called black body at a definite temperature.

A black body is an object which absorbs all radiant energy incident upon it,
without discriminating between wavelengths. A good candidate is a perfectly
insulated electric oven with only a tiny hole in it. For even if the walls of the
oven are not ideal absorbers practically all radiation shone upon the opening
of the oven will be absorbed, for it would have to bounce back and forth many
times within the oven before it would have any chance of hitting the opening
again and escape.

When the oven is heated, electromagnetic radiation will build up in the
cavity of the oven, and the intensity and spectral composition of this black-
body radiation may be observed and measured through the hole of the oven. It
is a thermodynamic system just as well as a gas or piece of matter is, and we
may also describe it in the same way, by means of the usual thermodynamic
functions. In particular, the radiation may be characterized by the same tem-
perature, T, as the walls with which it is in thermodynamic equilibrium. The
internal energy of the radiation is proportional to the volume of the cavity, and
so is the entropy. We shall therefore let © and s denote energy and entropy
densities respectively, 1. e., energy and entropy per unit volume.

The first quantitative information about these densities was derived by the
Austrian physicists Josef Stefan (1879) and Ludwig Boltzmann (1884). Stefan

IM. Planck, Ann. Physik 4, 563 (1901).
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found experimentally that the intensity, J, of emission from a black body has
the form

J=oT* (2.1)

where ¢ is a constant whose value is the same for all black bodies and is
called the Stefan-Boltzmann constant. The intensity of emission is defined as
the total energy radiated per unit area per unit time, and elementary though
somewhat lengthy considerations show that it is connected to u through the
relation u = 4J/c. Hence, we also have that

y = %T‘; =aT? (2.2
where a = 4o /c.

It was Boltzmann’s achievement that he was able to derive the form of
this expression theoretically,? on the basis of thermodynamic arguments and
Maxwell’s theory of electromagnetic radiation, to which we alluded in Sec-
tion 1.4. He also derived the following form for the entropy density:

s = $aT® + const. (2.3)

Eqs. (2.2) and (2.3) give the energy and entropy densities of the black-body
radiation, but the expressions say nothing about the spectral composition of
the radiation. In order to describe this composition we need universal func-
tions p(v, T} and o{v,T) such that p{v, T)dv gives the partial energy density
corresponding to the frequencies between v and v + dv, while o(v, T)dv gives
the corresponding partial entropy density. p(v,T) and (v, T) are called spec-
tral distributions, or just distributions. They must satisfy the normalization
conditions:

/000 p(v, T)dv = u(T), /:0 o(v, T)dv = s(T), (2.4)

with the T dependence of u(7") and s(T) as given by Egs. (2.2) and (2.3),
respectively.

Instead of p(v, T), much of the original work used a function E(A, T') show-
ing how the energy density is distributed with respect to the wavelength A.
Since vA = ¢, we have that dv = ~(c/A?)dA. E(\, T) must be normalized with
respect to A. Hence, we get

E(\T) = (¢/N)p(»,T). (2.5)

2L.Boltzmann, Ann. Physik 22, 291 (1884).
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We may, of course, also introduce the wavenumber # = 1/A = v/c and define
the corresponding distribution function

(2, T)=cp(v,T). (2.6)

The actual form of the function E(\,T) was much discussed during the
1890s. For a given T, it has a maximum at some definite value, A. In Berlin,
Wilhelm Wien found the remarkable result that the product of 7" and A is a
universal constant, today called &:

TA =b. (2.7)

This relation is known as Wien’s displacement law. Wien also found an ex-
pression for the function E(A,T) which was correct for higher frequencies.
For lower frequencies, an independent expression was found by the English
physicist Lord Rayleigh. For the actual form of these expressions, see the
introduction to the next section.

In Berlin, in 1899, Otto Lummer and Ernst Pringsheim produced experi-
mental graphs of E(\, T') for different values of T and hence derived the value
of b. The value of the constant ¢ in Eq. (2.1) had been accurately determined
in 1898 by Ferdinand Kurlbaum. On the basis of these results and Wien’s and
Rayleigh’s expressions, Max Planck found the analytic form of E()A,T), in the
pioneering contribution mentioned at the beginning of this section.

From the very outset of his analysis, Planck looked not only for the form of
the function E(A,T), or p(v,T), but also for the form of the entropy function
o(v,T). To determine the form of these functions, he introduced a collection
of harmonic oscillators (resonators) with which the radiation was supposed to
be in thermal equilibrium. He then used Newton’s and Maxwell’s equations
to find relations between the energy and entropy of the oscillator system on
the one hand, and the energy and entropy functions, p(v,T) and o(v,T), for
the radiation on the other. In this way, he reduced the problem to that of
determining the energy and the entropy of the oscillator system from first
principles.

To this end, he wrote the entropy of the oscillator system in the form (1.3),
with k as a parameter, and set out to evaluate the thermodynamic probability,
W. He then arrived at the remarkable conclusion that in order to obtain a
qualitative agreement with the form of Lummer and Pringsheim’s curves, it
was necessary to limit the possible energy values of an oscillator with frequency
v to a discrete set and write

en=nhvy, n=0,1,2,... (2.8)
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where h is a constant. A quantitative agreement was obtained by treating h
and k as adjustable parameters with values to be determined from the values
of the constants ¢ and b that we mentioned above. k is Boltzmann’s constant,
and h is Planck’s constant. Their numerical values have already been given,
in Egs. (1.4) and (1.14) respectively.

Thus, Planck’s struggle to understand the energy and entropy re-
lations for electromagnetic radiation simultaneously crowned the
science of statistical mechanics with Boltzmann’s constant, and
gave birth to quantum mechanics with the introduction of the
constant h.

We shall not attempt to reproduce Planck’s analysis here. It is quite an
exercise in classical mechanics, electrodynamics, and statistical mechanics. So,
we shall pass on to a direct presentation of the fundamental function p(v, T).
Its analytic expression is

1

_ 3,3
p(v,T) = (87hv*/c )exp(hl//kT) — (2.9)
The corresponding function E()\,T), defined by Eq. (2.5) becomes
1
E(\,T) = (87he/)?) (2.10)

exp(he/AkT) — 1~

By integrating p(v,T) over v, as in Eq. (2.4), we obtain the energy density
u(T). The integration is readily performed by utilizing that?

e8] ma 71'4
/0' ez_ld.’c—ﬁ. (211)

The result is

_ 8ok

u(T) = WT‘* =7.56598 x 107 T*K~*Jm~3, (2.12)

Hence we find, by comparison with Eq. (2.2), that the Stefan-Boltzmann con-
stant has the value

o= 8ok
" 60R3c2

3See, for example, 1. S. Gradshteyn and I. M. Ryshik, Table of Integrals, Series and
Products, Academic Press, New York, 1965, Sec. 3.411.

=5.67051 x 107®Wm™2K™*, (2.13)
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We also find, by standard methods, that p(v,T) and E(A,T) attain their
maximum values when

hv/kT =2.821440 and hc/AkT = 4.965114, (2.14)

respectively. That these values correspond to different wavelengths {and fre-
quencies) is a consequence of the relation (2.5), according to which the func-
tions p(v,T) and E(),T) differ by the factor ¢/A2.

By Eq. (2.14), the constant b in Wien’s displacement law, Eq. (2.7), attains
the value

_ he
T 4965114 k

Egs. (2.13) and (2.15) provide theoretical expressions for ¢ and b. On the
other hand, they also allow a determination of h and k from experimentally
determined values of o and b, and as we mentioned above, this was the route
that Planck had to follow.

It is instructive to write Eq. (2.9) in the form

hu(T) _hy
o f(z), T = (2.16)

where u(T) is given by Eq. (2.12), and z is a dimensionless variable, while f(z)
is given by

=2.89776 x 10~*mK. (2.15)

p(v,T) =

ﬂ'4 ex

flzy= 3 ’”3 / f(z)dz = 1. (2.17)

Since f(z) is normalized to unity, we may interpret f(z)dz as the fraction of
the radiation that corresponds to values of hv/kT between z and z + dz. We
see that this fraction is the same for all black bodies.

The function f(z) is shown in Fig. 2.1 and, with logarithmic axes, in
Fig. 2.2.

We close this section by evaluating a few A values from Eqs. (2.7) and (2.15).
The results are presented in Table 2.1. In the table, 7' = 300K corresponds
to room temperature, T = 1808 K to the melting point of iron, T = 5800K
to the temperature of the solar surface, T' = 10K to the temperature in a
nuclear explosion and T' = 2.9K to the temperature of the cosmic background
radiation (which was created approximately 300 000 years after the big bang, at
a temperature around 3000 K). We note that the cosmic background radiation
falls in the microwave region (see Table 1.1). The A values corresponding
to room temperature and the temperature of molten iron fall in the infrared
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Figure 2.1: Universal Planck distribution.

region. However, a large part of the radiation from the surface of the sun
falls in what we call the visible region. This coincidence may, of course, be
considered to be a result of evolution which has adapted our eyes so that we
may take maximum advantage of the light from the sun. Finally, we note that
the radiation from an atomic explosion has its highest intensity in the X-ray
region.

The last column in Table 2.1 gives the photon density, i. e., the number of
photons per unit volume, as calculated from Eq. (2.27) below.

Table 2.1: Properties of the black-body radiation as function of temperature, T. A:
Characteristic wavelength (Wien’s displacement law). N(T): Number of photons per
unit volume.

[ T A N(T)
2.9K 1mm 495cm™3
300K 9659 nm 5.48 x 108 cm—3

1808K 1603 nm 1.20 x 10t ¢m—3
5800 K 500 nm 3.96 x 102¢m—3
10°K 290 pm 2.03 x 102 ¢cm™3
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Figure 2.2: Universal Planck distribution. Logarithmic axes.

2.2 Photons and the Photoelectric Effect

In Eq. (2.9) we presented the analytic expression for the distribution function
p(v, T). We shall now consider the limits of low and high frequencies. Hereby,
we arrive at expressions whose qualitative forms were already known to Planck
and used by him in his derivation of Eq. (2.9)—as mentioned on page 23 above.
In the low-frequency limit we replace exp(hv/kT) by 1+ hv/kT and get:

p(v,T) ~ (8702 /c3)kT. (2.18)

This expression is known as the Rayleigh-Jeans formula.® It was suggested
by Lord Rayleigh on the basis of the equipartition theorem for energy and a
simple counting of standing waves in a cavity. The number of possible standing
waves per unit volume, with frequencies between v and v + dv, is shown to
be (8wv?/c®)dv, and by assigning to each standing wave an energy of kT one
arrives directly at Eq. (2.18). We note that this expression does not involve the
Planck constant. It is the so-called classical limit of Eq. (2.9). Working from
the classical limit we may, with some hindsight, replace the kT in Eq. (2.18)
with the average energy of a quantized harmonic oscillator. The expression
for that energy is derived in Sec. 2.4 and is given by Eq. (2.36). When it is

4Lord Rayleigh, Phil. Mag. 49, 539 (1900). J. H. Jeans, Phil. Mag. 10, 91 (1905).
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inserted in Eq. (2.18), it correctly gives Planck’s distribution function (2.9).
This was pointed out by the Dutch physicist Petrus Debye in 1910.5

The high-frequency limit of Eq. (2.9) is obtained by neglecting the number
1 against exp(hv/kT). Thus we get:

p(v,T) ~ (87hv3/c3) exp(—hv /kT). (2.19)

This expression is known as the Wien formula, because it is similar to the
formula suggested by Wien a few years prior to Planck’s work—with arbitrary
constants instead of 8wh/c3 and h/k.® The background for the formula was a
statistical analysis of the interaction between radiation and the molecules of a
gas.

We recall that Planck’s quantum condition (2.8) is a condition on the oscil-
lators representing the matter with which the blackbody radiation is supposed
to be in equilibrium. It implies that energy is exchanged with the radiation in
multiples of hv. But Planck did not suggest that the radiation itself consist of
energy quanta. This suggestion was made in 1905 by the German (later Amer-
ican) physicist Albert Einstein,” on the basis of an analysis of the entropy of
the radiation, in the high-frequency limit. He derived an expression for the
entropy of the radiation from general considerations and Wien’s formula, and
he demonstrated that the volume dependence of the entropy thus derived was
the same as for an ideal gas. This convinced him that radiation should be
conceived of as consisting of particles, with energy hv. These particles are, of
course, the photons which we described in Section 1.8.8

To give an experimental proof of the existence of photons, Einstein merely
had to refer to a large series of measurements by the German physicist Philipp
Lenard on the so-called photoelectric effect. The photoelectric effect amounts
to the observation that free electrons may be emitted from a metal surface
when it is illuminated by ultraviolet light. Such photoelectrons had already
been detected by J. J. Thomson in 1898 as cathode rays. Lenard had found
that the velocity of the liberated electrons was independent of the intensity of
the incident light, and Einstein took this as a proof that the liberation of an
electron was an elementary process that only involved a single photon. The
photon would transfer its energy, hv, to an electron which would then come
out of the metal with a kinetic energy, %mer, which equals the difference

5P. Debye, Ann. Physik 38, 1427 (1910).

8W. Wien, Ann. Physik 58, 662 (1896).

"A. Einstein, Ann. Physik 17, 132 (1905).

8Einstein merely referred to the particles as energy quanta. The name photon was de-
signed much later by G. N. Lewis, Nature 118, 874 (1926).
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between the received energy, hv, and the so-called work function, W, of the
metal. The work function is simply the minimum energy required to liberate
an electron. Thus, we get Einstein’s equation

gmevt =hv— W (2.20)

v is, of course, the velocity of the electron.®

Since the left-hand side of Eq. (2.20) is invariably non-negative, a threshold
value of v must exist, below which no electrons are ejected at all, because the
photon energy is too small. This threshold value, vg, is obviously determined
by the condition

hvo = W. (2.21)

The existence of the threshold is amply borne out by experiment.

In practice, one measures the number of photoelectrons by registering the
charge transferred from the photoelectrode to a metallic plate placed at some
distance from it. The velocity of the photoelectrons is measured by applying a
negative voltage to the plate, just big enough to stop the flow of electrons. Let
the necessary potential difference between the photoelectrode and the plate be
£. Then the electron must have been emitted with an initial kinetic energy of
ek i e,

%mev2 =ef. (2.22)

The kinetic energy which an electron acquires (or loses) by traversing an electric
potential difference of 1 Volt is denoted 1eV (1 electron Volt). Thus we get,
by inserting the value of e from Eq. (1.12):

leV = (1.60218 x 10~1°C)(1V) = 1.60218 x 10~1°J (2.23)

This is a practical unit of energy which we shall often use in the following.
The value of the work function, W, varies for pure metals from 1.9eV (for
cesium) to several eV,

? Actually, v is the maximum velocity of an outgoing electron. One sees a distribution of
velocities, corresponding to the fact that the photon energy is transferred to the solid as a
whole. So a single electron will, in general, only receive part of the photon energy.
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In Fig. 2.3 we show a graphic representation of Eq. (2.20) with the metal
of barium as an example. The work function for barium is 2.5eV. This
gives the threshold frequency

vo = W/h (2.5 % 1.60218 x 107*° J)/(6.62608 x 10™>* J )

= 6.0 x 10" Hz

or, if we prefer to measure the frequency in wavenumbers,

Do=wfc = (6.0x10"s7")/(2.99792 x 10° ms™")
= 2.0x10°m™" =20000cm™".

This corresponds to a wavelength of 500 nm, and hence to light in the
visible region.

Now that we have convinced ourselves of the reality of photons, let us
calculate the density of photons in the black-body radiation. We recall that
p(v, T)dv, with p(v, T) given by Planck’s formula (2.9), is the contribution to
the energy density from frequencies between v and v + dv. Hence the number
of photons (per unit volume) in the same frequency interval is n(v, T')dv, where

p(v, T) 243 1
=0 . 24
n( T) hv (8 )exp(hu/kT) -1 (2:24)
The total number of photons per unit volume is
o0
N(T) = / n(v, T)dv. (2.25)
0
We evaluate this integral by utilizing that!®
00 :1:2
/ dz = 2¢(3) = 2.40411 (2.26)
p € —1
where ((n) is the Riemann zeta function.!! The result is
2N 78 K-8 =3
N(T) = 60.422 e =2.0287x 10" T°K ™" m™". (2.27)
c

A set of calculated N(T')-values have been included in Table (2.1).

105¢e footnote 3.
l1gee, for example, M. Abramowitz and I. A. Stegun, Handbook of Mathematical Func-
tions, Dover, 1965, Chapter 23.
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Figure 2.3: Kinetic energy of photoelectrons as a function of
frequency of incident light, for the metal of barium.

After having proved the existence of photons, Einstein turned to the de-
scription of matter and, in particular, to the problem of correctly calculating
the molar heat capacity of a gas or a solid. We shall return to this problem in
Section 2.4, after the following brief section which teaches us more about the
nature of the photon.

2.3 The Photon is a Relativistic Particle

1905 was also the year when Einstein presented his special theory of relativity,
according to which ¢, the speed of light, is the same in all inertial systems.!? An
important concept in the theory of relativity is that of the 4-vector. Thisis a
quantity with four components that transform into linear combinations of each
other under a Lorentz transformation, 1. e., & transformation from one inertial

2 An inertial system is a coordinate system in which any free particle moves along &
straight line with constant velocity.
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system to another. The three position coordinates of a free particle, together
with ¢t where t is the time coordinate, form one such 4-vector. Another is
formed by the three components of the linear momentum p, together with E/¢
where E is the energy, and one shows the following relation:

c?p? + m2ct (2.28)

where m is the mass of the particle.
For a free particle at rest the linear momentum is zero, and hence

Eo = mc® (2-29)

where Ej is the rest energy of the particle. This is the famous equation that
introduces the equivalence of mass and energy.

If p is small as compared with me, we take a factor mc? outside the square-
root sign and replace the new square root function with the two first terms in
its Taylor expansion. This yields

1 2,2 2
E ~ me? <1+§;2”c4) =mc2+2”—m. (2.30)

In the same approximation, we have that p = muv, where v is the velocity of
the particle. Hence we see that the relativistic energy is the sum of the rest
energy and the non-relativistic kinetic energy, T', where

p2
T= % = -é—mvz. (231)

For a particle whose velocity is small as compared with ¢, the non-relativistic
description is a good one.

But the photon is a truly relativistic particle, for it moves with the speed
of light. Moreover, its mass is zero, and Eq. (2.28) gives:

e=cp (2.32)

where ¢ is the photon energy. This is Eq. (1.22) again. The momentum of a
photon is a vector whose direction is the direction of propagation, and whose
magnitude is ¢/c.

If we go from one inertial system to another the energy and the momentum
of the photon will change, and hence also the wavelength and the frequency
of an associated electromagnetic wave. Light emitted by a body moving away
from us will reach us with a smaller frequency than similar light emitted from a
body at rest. This is the reason for the red shift of the light from stars moving
away from us.
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2.4 The Heat-Capacity Problem

In Section 1.3 we described how classical statistical mechanics led to the value
Cyv = 3.5R for the molar heat capacity of a diatomic gas. In particular, the
vibrational motion was claimed to contribute RT to the molar internal energy
at absolute temperature T, and hence R to Cy. We also mentioned that these
results only match the experimental findings for high values of T'.

For a monatomic crystal, the molar heat capacity has the value 3R at
high temperatures. This is the law of Dulong and Petit (1819). But the heat
capacity decreases with the temperature and goes to zero when the temperature
does. Again, it is easy to account for the high temperature value, for each
atom in the crystal can vibrate about its equilibrium position in three different
directions. It has, therefore, three vibrational degrees of freedom, and with N4
atoms in the crystal this leads to a contribution of 3RT to the internal molar
energy, and hence to a contribution of 3R to the molar heaf capacity. But again
a statistical description based on classical mechanics is unable to account for
the observed temperature dependence of Cy.

In a classical harmonic oscillator, the position coordinate executes sinu-
soidal oscillations around a fixed value with a definite frequency, v, and the
energy is a continuous function of the maximum amplitude. Thus, the oscilla-
tor has a continuous energy spectrum. In his study of the black-body radiation,
Planck replaced this continuous energy spectrum with a discrete one: The only
allowed energy values are nhv, as in Eq. (2.8), with n=10,1,2,...

In an important paper from 1907,' Einstein made the suggestion that if
the energy of the black-body oscillators should be treated as quantized, then
one might expect the same to hold for the energy of any other oscillator. He
therefore went on to calculate Cy for a monatomic crystal under this assump-
tion. Let us take the opportunity to be more specific about the statistical
method.

Assume that the only possible energies of an oscillator are gg, €1, €2,...
and that we have a large collection of oscillators as we do in a gas or a crystal,
and assume also that all these oscillators correspond to the same frequency, v.
Each oscillator may exchange energy with the other oscillators, and as a result
of this it only makes sense to talk about the mean energy, €, of an oscillator.
This mean energy must be a function of the temperature, and each allowed

13 A, Binstein, Ann. Physik 22, 180 (1907).
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energy value will contribute to it with a definite weight:
o0
E(T) =) wa(T)en (2.33)
n=0

where wy, is the weight corresponding to the energy ¢,. The sum of all weights
must equal 1,

> wa(T) =1, (2.34)

and we may therefore also refer to the weights as probabilities.

The way to determine the weights is by finding the maximium contribution
to the entropy function (1.3). This is a fundamental problem in statistical
mechanics,'4 and the result is that

exp(—en /kT)
wn(T) = .
1) = S exples /o)
These weights define the so-called Boltzmann distribution. When we put ¢,, =
nhy in the above expressions, the sum in Eq. (2.33) may be evaluated explicitly,

(2.35)

to give

hv

(1) = ot AT =T (2.36)

For a monatomic crystal with 3N 4 vibrational degrees of freedom we must
multiply € by 3N4 to get the internal molar energy, U(7T'). The result may be
written

hv/kT

U = 3RTW . (2.37)

Cv is the derivative of U(T") with respect to T', and becomes

o/T)
- )2 exp( .
Cv =3R(©/T) (exp(0/T) = 12 (2.38)
where

© =hv/k. (2.39)

© is called the Einstein temperature. It is readily seen that the expression for
Cy approaches the classical one, Cv ~ 3R, for T sufficiently large.
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Figure 2.4: Einstein’s heat-capacity curve.

Eq. (2.38) gives a reasonable agreement with experimental Cy versus T
curves for monatomic crystals when proper values are assigned to ©. These
values lie largely between 100 and 2000 K. The agreement with experiment
is, however, not exact. But this was to be expected, for it is obviously a
very crude approximation to treat the oscillators on different atomic centers as
being dynamically independent. When this approximation is removed, at the
expense of a more complex analysis, a perfect agreement between theory and
experiment is obtained.

Figure 2.4 shows a graph of Einstein’s C, curve, as defined by Eq. (2.38).
With 3R replaced by R, the curve also represents the vibrational contribution
to the molar heat capacity of a diatomic gas.

Thus the problem of explaining the temperature dependence of the molar
heat capacity had been solved, and it became obvious that the discrete energy
spectrum of an oscillator was a very real thing.

It should be noted that the expression for C, remains unchanged if one
introduces a so-called zero-point energy £q by replacing Planck’s original ex-

148ee any standard textbook on statistical thermodynamics.
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pression (2.8) for the energy spectrum by an expression of the form
En =€ +nhy, n=0,1,2,... (2.40)

For Egs. (2.33) and (2.34) show that Z(T') is merely modified by £ and hence
becomes

hyv

exp(hv/kT) - 1" (241)

E(T) =€p+
Similarly, the expression (2.37) is modified by 3N4eo. This temperature-
independent term does not contribute to Cyv which therefore remains un-
changed, as claimed.
In this context it is interesting to rewrite the expression (2.41) as &g plus
kT times a Taylor series in Av/kT. In this way we get:
1 (hv)? 1 (hv)t

1
BT) = o+ kT~ ~hw+ =20 .
BT) =eo+ kT~ shv+ o ~ 0Ty (242)

For large values of T this approaches kT + (g9 — %hu). Thus, a pure approach
to kT is obtained with ep = $hv.
The concept of zero-point energy was suggested by Max Planck in a second
discussion of the black-body problem!®, in which he was led to the expression
_ 1, exp(hv/kT)+1
g(T) = Ehym)——_l' (2.43)
It is readily seen that this expression may be written in the form (2.41), with
€0 = $hv. Subsequently, Einstein and Stern!® discussed an expansion similar
to (2.42) and presented some independent arguments for the existence of a
zero-point energy equal to %hu. These arguments were based on a compari-
son between the rotational and vibrational contributions to Cy for diatomic
molecules. Today, these arguments can hardly be considered conclusive,'” but
they stirred some interest at the time.
In modern quantum mechanics, a zero-point energy of %hu shows up auto-
matically (See Chapter 7). The correct expression for the energy spectrum of
the harmonic oscillator is accordingly '

en=3hv+nhy, n=0,1,2,... (2.44)

15M. Planck, Ann. Physik 37, 642 (1912).
16 A. Einstein and O. Stern, Ann. Physik 40, 551 (1913).
17). P. Dahl, . Chem. Phys. 109, 10688 (1998).
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But if the energy spectrum of an oscillator is always discrete, should we
not expect the energy spectra of other physical systems to be discrete as well?
The first explicit answer to this question was given by Niels Bohr.

2.5 Bohr’s Theory of the Hydrogen Atom

In Section 1.6 we described Rutherford’s picture of the atom as a solar system,
with the light electrons circling the heavy, positively charged nucleus at the
center of the atom. This is an intuitively simple picture. But as it was realized
at the time, it is a picture of an unstable mechanical system if the laws of
classical mechanics hold. For while the electrons move, they must be continu-
ously changing their directions in order to stay within the atomic region. But
an electron changing its direction is an accelerated electron, and as a charged
particle it should therefore emit electromagnetic radiation, as mentioned in
Section 1.4. And because of the energy loss associated with such an emission,
the electron should spiral toward the nucleus. The atom would collapse, and
during the collapse it would emit radiation of all possible wavelengths. Nothing
like the well-known line spectra could possibly emerge in this way.

Also, it would not help to assume that the electrons form some fixed elec-
trostatic configuration around the nucleus For it may be shown that no elec-
trostatic configuration of point charges can be stable (Earnshaw’s theorem).

It was obvious that drastic modifications of the classical description of
moving particles would be required to account for the stability of the planetary
atom and the observation of spectral lines. This was where the Danish physicist
Niels Bohr entered the scene, in 1913.18

With reference to Planck’s and Einstein’s work, Bohr made the suggestion
that we hinted at in the previous section, namely, that also the energy of an
atom should be quantized. Thus, he simply postulated that an atom possesses
a series of discrete stationary states just as a harmonic oscillator does, and
in each of these states the atom has a definite energy. (We may denote the
energies of these stationary states by E, E2, Es,... and assume an energy
ordering such that E; < E2 < F3<...)

Next, Bohr suggested that the atom may pass from one stationary state
to another under emission or absorption of a light quantum with an energy
equal to the energy difference, AE, between the two states. This leads to the

!8N. Bohr, Phil. Mag. 26, 1 (1913).
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fundamental energy-frequency condition:

AE = hy (2.45)

where v is the frequency characterizing the absorbed or emitted photon. Thus,
Bohr treated the absorption and emission of radiation as an elementary process
that merely involves a single atom and a single photon.

It is obvious that such a model leads to the appearance of line spectra, for
the values of v that are in accordance with Eq. (2.45) form a discrete set. But
so far, the model is an entirely qualitative one. To turn it into a quantitative
model, Bohr suggested that the allowed energies could be calculated, and he
devised a method of doing so for the one-electron atom. He contended that in a
stationary state of a one-electron atom the electron moves around the nucleus
in a stationary circular orbit, subject to the laws of classical mechanics. The
stationary orbits and hence the allowed energies, he postulated, would then be
determined from the condition that the angular momentum, I, be a multiple

of h = h/2m:
I =nh, n=12.3,... (2.46)

This quantum condition was ad hoc, 1. e., it was exclusively introduced
because it worked. But so was, of course, Planck’s quantum condition (2.8).
Let us, without further ado, accept Bohr’s quantum condition and calculate
the allowed energies of the one-electron atom.

To this end we introduce a Cartesian coordinate system centered on the
atomic nucleus which, for the time being, we consider to be at rest. The
electron, whose position vector we denote by r, is then subject to an attractive
electrostatic force, F, from the nucleus. According to the well-known Coulomb
law, F' has the form:

Ze? r
where Z is the nuclear charge (Z = 1 for hydrogen) and £, which is the
so-called permittivity of vacuum, has the value

g0 = 8.85419 x 10" ?Fm™!, (2.48)
r is the electron’s distance form the nucleus. For the magnitude of the force,
we get:
_ Ze? 1
- 41[‘60 r2 )

(2.49)
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Figure 2.5: Circular motion as viewed in position space (left) and mo-
mentumn space (right). The origin of position space 1s the atomic nu-
cleus, and 7 is the instantaneous position vector of the electron. The
origin of momentum space corresponds to an electron at rest. p is the
instantaneous linear momentum of the electron. For circular motion,
corresponding values of r» and p are mutually perpendicular.

The linear momentum of the electron is
P =mev (2.50)

where v is the velocity.
The angular momentum of the electron is defined as

l=rxp. (2.51)
Its magnitude is
I = rp|sinu| (2.52)

where u is the angle between r and p. For a circular orbit, » and p are constant,
u equals w/2, and [ = rp.
Bohr’s quantum condition (2.46) may now be written

rp=nh, n=123,... (2.53)

To proceed, we introduce Fig. 2.5 which shows the increments of the vectors
r and p, corresponding to the infinitesimally small time interval dt during
which both vectors traverse the angle element dy. From the left part of the
figure, we see that |dr| = rdy and hence

dr
dt

_ .
=r=. (2.54)
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From the right part of the figure, we get that |dp| = pdy and thus
2.
42| = s (2.55)

From Eq. (2.54) we see that dy/dt = v/r, and by inserting this in Eq. (2.55)
while using Eq. (2.50), we get:

’E = (2.56)
Newton’s second law states that
% - F. (2.57)
Hence we get, from Eqs. (2.49) and (2.56):
P12 1 (2.58)

2m, 2 4meg

This equation must be satisfied for any circular orbit.

The orbits that satisfy the quantum condition (2.53) may now be found by
utilizing that the n’th orbit for which the quantum condition is satisfied has
its r-value, r,,, and its p-value, p,, correlated by the condition r,p, = nh. The
value of p, is found from this condition and Eq. (2.58) divided by p. We get

Ze? me Zh
Pn = 4meq nh nag (2.59)
where
fl.z 41‘(’60
apg = T—n—e' e (260)

Inserting the value of p,, on the left-hand side of Eq. (2.58) gives subsequently:

3

Pn = =g (2.61)
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ap 1s the so-called Bohr radius. It is the radius of the first allowed orbit for
hydrogen (n =1 and Z = 1). It has the numerical value
ap = 0.52918 x 10~ %m. (2.62)

For the energy we write:

E=T+V (2.63)
where T is the kinetic energy,
2
P
T= 2.
2me ’ (2:64)
and V is the potential energy,
Ze?\ 1
V=- (Meo) - (2.65)
Eq. (2.58) tells us that
T=-1v (2.66)

This relation is called the virial theorem. It implies that £ = V/2. Hence, we

get that
Ze*\ 1
E, =- —. 2.67
(47['60) 21y, ( )
Substituting the expression for r, from Eq. (2.61) gives finally:
e2 \? Z22m,
=—|—] =—— 2.
En (471'60) 2h*n? (2:68)

This is Bohr’s expression for the allowed energies of the one-electron atom.
We now turn to Eq. (2.45) which gives the possible spectral lines. We
rewrite the equation in the form

V=v/e=(Em— Ey)/he n<m, (2.69)

and insert the values for E,;, and E, from the above equation. This gives

7= Z?Re (i -1 > (2.70)

n? m?
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where

62 2 m
R = ¢ =1.09737x 10°m™! 2.71
*° (4#50) 4mch? X m (2.71)

Eq. (2.70) has exactly the same form as the experimentally derived Ryd-
berg formula (1.9). We even see that R., and Ry are identical to within the
accuracy with which the latter is quoted in Eq. (1.8). Thus, Bohr’s theory is in
fact capable of reproducing the actual spectrum of hydrogen, and the quantum
condition {2.46) must conceal something essential about the internal dynamics
of the one-electron atom.

A more exact value for Ry is, however

Ry = 1.09679 x 10" m™! (2.72)

which deviates 0.05% from R.,. But this discrepancy is readily accounted
for by relaxing the condition that the atomic nucleus be at rest. As we shall
discuss it later (Sec. 8.1), the effect of taking the motion of the nucleus into
account simply amounts to replacing m, in Eq. (2.71) by the reduced mass

MeMy,
== 7 2.73
# me + My ( )
where m,, is the mass of the nucleus. Thus, R, really corresponds to an
infinitely heavy nucleus. With m,; equal to the proton mass m, as given by

Eq. (1.16) we get
p = 0.99946 m.. (2.74)

The replacement of m, by u yields Ry = 1.09677 x 10°m~!. Thus, the
agreement with Bohr’s theory is restored.

Still, the position of spectral lines may be measured with an accuracy that
corresponds to three more digits in Ry and R than given above. Such
accurate measurements reveal that what was so far treated as single lines are
in fact groups of two or more lines that lie very close together. The spectrum
shows a so-called fine structure. This fine structure is further enhanced when
the emitting or absorbing atoms are subjected to electric and magnetic fields.

In the years following 1913, great efforts were made to extend the Bohr
theory so that the fine structure could be accounted for. These efforts were to
a large extent successful. The German physicist Arnold Sommerfeld replaced
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Bohr’s circular orbits with elliptical orbits, and new quantum numbers were
introduced in addition to the quantum number n above. Also, relativistic
corrections were included and their effect accounted for.

But the extension to atoms with more than a single electron turned out
to represent too big a challenge for Bohr-like theories. Some very impor-
tant qualitative results were obtained, however, the most conspicuous being
Bohr’s explanation of the periodic table in terms of rings of electrons at var-
ious distances from the nucleus, in 1921.}° This account was almost directly
translatable to the proper quantum-mechanical language that finally came into
being,.

The quantum mechanical theories that we have considered in the present
chapter constitute what we now call the old quantum mechanics. It developed
over a period of 25 years and, in spite of all its incompleteness, it gave con-
siderable insight in atomic structure, much less insight in molecular structure,
however.

The old quantum mechanics was, as we have seen, really classical mechanics
subjected to quantization conditions. A rich formalism was developed around
the problem of quantization, but we shall not consider this formalism further
here. It is, however, worth while emphasizing that it is still a very useful for-
malism. It includes, in particular, valuable formulations of quantum mechanics
in the so-called semiclassical limit.

We complete this chapter on the birth of quantum mechanics with the
introduction of matter waves, the so-called de Broglie waves.

2.6 De Broglie Waves

In the previous sections we have learned that electrodynamic radiation is com-
posed of photons. A photon has zero mass and moves with the speed of light.
It is defined by its energy, ¢, and its linear momentum, p, whose direction is
the direction of propagation and whose magnitude is p = ¢/c.

We have, however, also learned that we may associate an electromagnetic
wave with the same photon. The frequency, v, and the wavelength, A, of this
wave correspond to the relation

1 h 1
(P, ‘0'5) = (Xn’ ;’W) (2.75)

where n is a unit vector in p’s direction.

19N, Bohr, Dansk Fys. Tidsskr. 19, 153 (1921), Z. Phys. 9, 1 (1922).
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In 1924, the French physicist Louis de Broglie made the suggestion that
this relation is valid for all types of particles, whether or not they are carriers
of mass, when ¢ is taken to be the relativistic energy as defined by Eq. (2.28),
or Eq. (2.30) when v/c is small.2® He was led to this suggestion by studying
a parallelism between the description of wave propagation and the description
of particle motion in an advanced formulation of classical mechanics due to
the nineteenth century mathematical physicists William Rowan Hamilton in
Ireland and Carl Gustav Jacobi in Germany. He was also governed by rela-
tivistic considerations, of which the simplest was that both sides of Eq. (2.75)
represent 4-vectors. This has the consequence that the relation is invariant
under Lorentz transformations. We must of course desist from reproducing de
Broglie’s analysis here.

For a particle with mass m (and v/c small) we have that p = mwv, and
hence that

) is called the de Broglie wavelength of the particle. We see that heavy particles
and particles moving at high speed have the shorter de Broglie wavelengths.

Let us calculate the de Broglie wavelength, A, for an electron in the n’th
Bohr orbit. The radius, r,, of the orbit and the linear momentum, p,,, are
related by the quantum condition (2.53), i. e.,

TnPn = nh. (277)
We get, accordingly:
h  2mr,
Ap= — = 0 (2.78)
Pn n
or,
271, = NAg. (2.79)

Thus, the circumference of the n’th Bohr orbit equals exactly n de Broglie
wavelengths. If we view the amplitude of a wave as a succession of troughs
and crests, then the wavelength is defined as the distance between neighboring

20L. de Broglie, Ann. de Physique 3, 22 (1925). The article is based on de Broglie's thesis
from 1924, republished under the title Recherches sur la théorie des quanta, Masson, Paris,
1963.
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crests (or troughs). That a de Broglie wave satisfies Eq. (2.79) implies, there-
fore, that the amplitude varies continuously and matches itself as we follow it
all the way around a Bohr orbit. Such a way wave may be construed of as a
stationary, or standing wave.

The fact that the stationary states of Bohr are exactly those that corre-
spond to stationary waves associated with the atomic electron threw new light
on the real meaning of the quantum condition (2.46). It was an important
finding on the way toward the exact theory. But apart from that, the concept
of de Broglie waves alone was unable to throw further light on the internal
structure of atoms and molecules.

The concept has proven much more useful in the description of free parti-
cles and the center-of-mass motion of atoms and molecules. For electrons, the
reality of matter waves was experimentally proven in 1927 by the American
physicists Clinton Davisson and Lester Halbert Germer, and by the English
physicist George Paget Thomson (the son of J. J. Thomson). Davisson and
Germer obtained diffraction patterns of electrons reflected from a nickel sur-
face, of a similar type as the diffraction patterns produced by x-rays. Thom-
son, on the other hand, observed diffraction rings upon the passage of electrons
through thin metal sheets.

Precise studies of matter waves may be carried out by experiments based
on the diffraction at single-, double- and multiple-slit assemblies. Consider, for
instance, a planar plate with a narrow rectangular opening of width 4—this is
a slit, and imagine a wave with wavelength A falling perpendicularly upon the
plate. We may then observe a diffracted wave behind the slit and study it in
a plane parallel to the plate. Let the distance between the plate and the plane
of observation be L, and let z be the coordinate in the direction across the slit.
The intensity in the plane of observation may for instance vary with z as shown
by the upper graph in Fig. 2.6. Next, add another slit parallel to the first. The
intensity we observe will now have a much richer structure, like the one shown
by the lower graph (for which the distance between the centerlines of the two
slits was chosen to be 5b). This richer structure is due to interference between
the elementary waves emerging from the two slits. The interference may be
understood as follows, by drawing on the general rule that the intensity of a
wave with amplitude ¢ is |p|?> = ¢* ¢, where * means complex conjugation.

Let ¢1(2) be the amplitude of the wave emerging from the first slit. With
the second slit absent, we measure the intensity |;(z)|? along z (upper graph
in Fig. 2.6). Next, let ¢2(z) be the amplitude of the wave emerging from the
second slit. With the first slit absent, it gives rise to the intensity |p2(2)]?
along z. If the two slits are exactly similar, and L is large, we have that
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Figure 2.6: Single- and double-slit experiments. See the text for

a detailed description.

Jp2(2)|? ~ |p1(2)]*. With both slits open, we might therefore expect to observe
the intensity distribution 2|1 (2)|2. But this is not how waves behave. The rule
of superposition for waves is that it is the amplitudes that should be added, not
the intensities. With both slits open, we will therefore observe the amplitude

0(2) = p1(2) + pa(2) (2.80)
along 2. The intensity will be
le(2)* = le1(2) [ + lp2(2)]* + 01 (2)p2(2) + p1(2)5(2). (2.81)

It is the last two terms that represent the interference between the ele-
mentary de Broglie waves emerging from the two slits and gives rise to the
oscillatory structure in the lower graph.
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The graphs of Fig. 2.6 are theoretically calculated graphs, based on what is
known as Kirchhoff diffraction theory?! in the Fraunhofer region. This region
corresponds to large values of L. For smaller values of L, one must work
in the so-called Fresnel region. This results in qualitatively similar graphs.
There are, however, quantitative differences, one being for instance that the
intensity as a function of z no longer drops completely to zero at the displayed
minima. The most precise experiments require the Fresnel description for their
interpretation.

Thanks to great advances in beam- and laser-technology it is now pos-
sible to perform very accurate diffraction experiments over a large range of
de Broglie wavelengths. Thus, accurate double- and multiple-slit experiments
have been carried out for systems as different as neutrons,?? Na atoms and
Nay molecules,?® and Cgo molecules.?? In every case, it has been possible to
interpret the results as diffraction of the de Broglie waves associated with the
center-of-mass motion of the particles.

It is essential to realize that the way graphs like those in Fig. 2.6 are ver-
ified experimentally is by directing a beam of particles toward the diffraction
plate and then measure the arrival of each particle in the plane of observation.
The beam is sufficiently dilute that the particles do not interact. Hence the
particles pass through the slits one after another and arrive at the plane of
observation independently. It appears that they arrive at mutually random
positions. However, after the passage of a large number of particles a pattern
begins to build up. There are positions where particles hit frequently and po-
sitions where only a few particles are observed. Eventually, when a sufficiently
large number of particles have arrived, it becomes possible to draw a stable
graph of the number of hits as a function of position. With a single slit open,
this graph will reproduce the upper graph in Fig. 2.6. With two slits open, it
will reproduce the lower graph.

Thus, the diffraction of a single de Broglie wave really reflects the cumula-
tive result obtained by performing the same experiment a very large number
of times on identical copies of a single particle. This is the essence of the
wave-particle dualism.

21Gee, for instance, M. Born and E. Wolf, Principles of Optics, Cambridge University
Press, Cambridge, 1999.

22, Zeilinger, R. Gahler, C. G. Shull, W, Treimer, and W. Mampe, Rev. Mod. Phys. 60,
1067 (1988).

23M. S. Chapman, C. R. Ekstrom, T. D. Hammond, R. A. Rubenstein, J. Schmiedmayer,
S. Wehinger, and D. E. Pritchard, Phys. Rev. Letters 74, 4783 (1995).

24M. Arndt, O. Nairz, J. Vos-Andreae, C. Keller, G. van der Zouw, and A. Zeilinger,
Nature 401, 680 (1999).
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The wave-particle dualism is of fundamental importance for our descrip-
tion of atoms and molecules, and the elementary particles of which they are
composed. But how can we understand this dualism in a rational way, without
the many ad hoc assumptions that we have so far had to accept. The answer
to this question is given by the exact theory of modern quantum mechanics, to
which we now turn. As far as de Broglie waves are concerned, we shall meet
them again in Chapter 6, which deals with the exact quantum-mechanical
description of free-particle motion.

Supplementary Reading

The bibliography, entries [4] and [5].

Problems

2.1. Calculate the intensity of emission (W m™2) from a ‘black body’ at 800K (the
temperature of dark-red iron).

Next, calculate the energy density (Jcm™) in the radiation field inside an oven with
‘black walls’ at 800 K.

Calculate the number of photons/cm® in the oven, again at 800 K.

2.2. When a lithium crystal is irradiated with light of wavelengths 300 nm and 400 nm
photoelectrons are emitted with maximum kinetic energies 1.83eV and 0.80eV, re-
spectively. From this information, calculate the Planck constant, the wavelength
corresponding to the threshold frequency vp, and the work function W for lithium.

2.3. By means of lasers it has become possible to produce hydrogen-like atoms with
n-values exceeding 300, and in interstellar space atoms with even higher n-values
have been observed.
From the Bohr model calculate the ‘diameter’ of a hydrogen atom with n = 732.
Also calculate the value of the wavenumber & corresponding to to the transition from
n =732 ton=731.

2.4. What is the value of v/c for an electron in the first Bohr orbit for hydrogen,
and for a one-electron atom with Z = 547 (v is the velocity of the electron.)

2.5. Calculate the de Broglie wavelength of

a. An electron with the kinetic energy 10eV.
b. A neutron with the velocity 220 ms™?.
c. A Na atom with the velocity 830 ms™?.
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d. A Na; molecule with the velocity 830ms™!.
e. A Cgo molecule with the velocity 220ms™!.

(The atomic masses of Na and C are 22.990u and 12.000u, respectively; lu =
1.66054 x 10~%" kg.)

2.6. By directing a 589nm laser beam toward a well-focused beam of Na atoms
and Naz molecules, at right angles, it is possible to separate the Na atoms from the
Na; molecules. The wavelength 589 nm corresponds to a strongly allowed electronic
transition in the Na atom, and the atom is therefore most likely to absorb a photon
from the laser beam. The momentum delivered by the photon is essentially big
enough to remove the atom from the beam.

Calculate the magnitude of the momentum delivered by the photon, and the velocity
component that the atom acquires in the direction of the laser beam as a result of
the momentum transfer.



Chapter 3
Wave Mechanics

Contents

3.1 The Time-Dependent Schridinger Equation ... 51
3.2 The Time-Independent Schrédinger Equation .. 54
3.3 Schrédinger Operators . . . . .. ... ... «+... 5B
3.4 The Statistical Interpretation .. ... . ... ... B7

The exact foundation of modern quantum mechanics was laid within a few
consecutive months of 1925-1926, by the German physicists Werner Heisen-
berg, Max Born and Pascual Jordan,! and by the Austrian physicist Erwin
Schrédinger.? Important contributions were also made by the English physi-
cist Paul Adrien Maurice Dirac.® The formulation by the first three men is
usually referred to as Heisenberg’s matrix mechanics, while Schrodinger’s for-
mulation is known as Schrodinger’s wave mechanics.

At the outset, these two versions of quantum mechanics appeared very dif-
ferent, but it was soon realized that they were in fact equivalent, and that they

!W. Heizenberg, Z. Phys. 33, 879 (1925); M. Born and P. Jordan, Z. Phys. 34, 858 {1925);
M. Born, W. Heisenberg and P. Jordan, 35, 557 (1926).

2E. Schrédinger, Ann. Physik 79, 361 (1926); 79, 489 (1926); 80, 437 (1926); 81, 109
(1926).

3P. A. M. Dirac, Proc. Roy. Soc. A 109, 642 (1926); 110, 561 (1926).
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merely represented two different entrances to the same theory. Subsequently,
other entrances were added, and the science of quantum mechanics may today
be approached from several different angles. This diversity reflects the rich
structure of the science. It also deepens the understanding and facilitates the
applications. Schrodinger’s approach is probably the most readily accessible,
so it is the one we shall follow. But as we get deeper into the quantum me-
chanical world, we shall gradually enrich our language by looking out toward
some of the other entrances. Heisenberg’s formulation is, in particular, briefly
discussed at the end of Section 5.10.

In this chapter, we introduce the basic elements of wave mechanics and set
up the Schrédinger equation for a particle in a potential field. The Schrodinger
equation is the proper equation of motion for particles that move with a mod-
erate speed. For a particle that moves with velocities comparable to the speed
of light, it must be replaced by its relativistic counterpart, the Dirac equation.*

3.1 The Time-Dependent Schrodinger Equation

In Section 2.6 we saw how de Broglie was able to associate a stationary wave
with the stationary orbits in Bohr’s atomic model. Apart from this, the de
Broglie theory threw no new light on the structure of the atom. But it was
an important stepping stone, and it inspired the Austrian physicist Erwin
Schrodinger to look for a description of atomic structure in terms of functions,
but note, functions defined everywhere within the atom, not merely on selected
classical orbits. He set up a differential equation by means of which these
functions could be determined and found the energies of the one-electron atom
without any introduction of ad hoc assumptions. The new functions were
called wavefunctions.

Schrodinger published the results of his analysis in a series of four papers
(See footnote 2), and added a fifth® on the connection between his and Heisen-
berg’s approach. In the set of four papers he determined the wavefunctions
and energies for the stationary states of the one-electron atom, the harmonic
oscillator, and the rigid and non-rigid rotators that model the rotation of a
diatomic molecule. He also studied the influence of an external electric field
on the hydrogenic spectrum (the so-called Stark effect), and to this end he in-
troduced the approximate treatment now known as Schrédinger perturbation
theory. The stationary states and their changes in the electric field were de-

4P. A. M. Dirac, Proc. Roy. Soc. A 117, 610 (1926).
3E. Schrédinger, Ann. Physik 79, 734 (1926).
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scribed by means of time-independent functions. The actual time dependence
of the wavefunctions was introduced in the fourth paper, which therefore also
opened for an exact description of non-stationary quantum states.

We shall include the time from the very beginning and thus begin by pre-
senting the time-dependent Schrédinger equation. But let us first remind our-
selves that elementary particles are carriers of spin (Section 1.7). The hy-
pothesis of the spin had been forwarded by the Dutch physicists George Eu-
gene Uhlenbeck and Samuel Abraham Goudsmit in 1925. It was known to
Schrédinger, and the complications caused by the presence of spin were the
reason why he excluded the treatment of the hydrogenic atom in a static mag-
netic field from his analysis. As long as we exclude magnetic fields and only
treat single-particle problems it is a good approximation to neglect the spin.
Like Schrodinger, we shall therefore postpone its incorporation into the the-
ory. With these remarks, the time-dependent Schrodinger equation for a single
particle with mass m reads

0¥ _ h? (02\1: o e

B3t " om \ o2 + 3y + 6z2>+V\I’ 3.1)

where i is the imaginary unit (i = —1). ¥ = ¥(z,y,2,t) = ¥(r,t) is the
wavefunction and V = V(z,y, z,t) = V(r,t) is the potential-energy function.
This is the same function as in classical mechanics. It determines the force on
the particle, as the negative gradient of V,

(3.2)

F(r,t)=-VV(r,t)= - (3V 4 av)

dz' By’ 0z

Eq. (3.1) is an equation of motion for ¥. For if we know the wavefunction
¥(r,tp) at some initial time g, then the equation gives us the wavefunction
at time tg + dt, where 8t is infinitesimal. To see this, we write the unknown
function ¥(r,to + dt) as ¥(r,to +t) = ¥(r,t0) + §¥(r), and ask for the form
of 6¥(r). Replacing 8¥/0t in Eq. (3.1) by 6%/t gives

_ 4t h? [(82W(r,to) O*W(r,to)  O2W(r,to)
‘N"_{‘%( 322 T o T a2 )

ih (3.3)

+ V(’I’, io)‘I’(’r, to)} .
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This equation determines §¥(r) and hence ¥(r,ty + dt) from the known func-
tion W(r,to). Next, we can determine ¥(r,to + 26t) from ¥(r,to + 6t) in a
similar way. Thus, by continued iteration, Eq. (3.1) determines ¥(r,t) at any
later time from ¥(r,%p) at time ¢y. So, it is in fact an equation of motion.

As to the permissible form of ¥(r,1p), it is only restricted by the conditions
of continuity and integrability to be discussed in Section 3.4. In practice, we
fix ¥(r,to) by the preparation of the system, i. e., through some controlled
experimental situation at time 2o.

Let us now consider a so-called conservative system, 1. e. a system for which
the potential energy function V is independent of time,

V=V(yz)=V(r). (3:4)

Eq. (3.1) will then have particular solutions of the form

U(r,1) = P(r)e EH/M (3.5)

To verify this, one simply inserts the expression (3.5) in Eq. (3.1) and
performs the differentiation with respect to ¢. This gives

h? (3%p(r)  8%P(r)  8%Y(r)
_%< Oz t Oy? + 822 ) (3.6)

+ V(r)t/)(r)}e'iE‘/".

ih(—iE/R)p(r)e /P = {

The exponentials on the two sides of the equation cancel out, and ¢(—i) = 1.
Thus, Eq. (3.1) will be satisfied, provided (r) is a solution of the equation

L alamat & (r)

2m \ 8z? a2 522 > +V(r)d(r) = E¥(r) (3.7

A wavefunction of the particular form (3.5) is said to describe a station-
ary state with energy E. Wavefunctions describing stationary states play a
fundamental role in the applications. They are the exact substitutes for the
Bohr orbits of the old quantum mechanics. Eq. (3.7) is the time-independent
Schriédinger equation which we shall now proceed to discuss. Later, we shall
consider non-stationary states, for which the time dependence of the wave-
function is more complicated than in Eq. (3.5). We shall also consider non-
conservative systems, for which the potential energy function depends on the
time.
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3.2 The Time-Independent Schrodinger
Equation

Eq. (3.7) which determines the stationary states of a particle with mass m
in the potential V(r) is a second-order partial differential equation. It has
solutions for every value of F, but only certain solutions are physically accept-
able. Schrodinger put the restrictions on an acceptable 1, that it should be
singlevalued and finite everywhere, and that the second derivatives in Eq. (3.7)
should exist and be continuous everywhere (except perhaps at isolated points).
With these restrictions it is found that not all values of E lead to acceptable
solutions. Those values that do are called the eigenvalues of the equation, and
in accordance with this, Schrodinger called his set of four papers Quantisierung
als Eigenwertproblem (Quantization as an eigenvalue problem).

The eigenvalues E determine the spectrum of the energy.® For the hydro-
gen-like atom, the spectrum is found to consist of a discrete part with negative
values of £ and a continuous part with positive values of E. For the harmonic
oscillator, all allowed values of E are positive and the whole energy spectrum
is discrete.

It is found that a wavefunction going with a value of E from the discrete
part of an energy spectrum vanishes at infinity and moreover is square inte-
grable, i. e., the integral of || = ¢*¢ taken over all space is finite. For a
wavefunction going with an energy value from a continuous spectrum, ¥ stays
non-zero at infinity and the integral of ¢* 1 does not exist. As in Sec. 2.6, the
symbol * means complex conjugation. ¥* is the complex conjugate of 1, and
hence different from ¥ unless 1 is real. The quantity ¥*v is always real and
non-negative (See also Appendix A).

A square-integrable wavefunction, v, may always be so chosen that it is
normalized to unity, by which we mean that

/ ¥t pdv = / P pdzdydz = 1, (3.8)

where the integration is extended over all space. The possibility of imposing
this normalization condition on 1 becomes obvious when we look at the form
of the Schrédinger equation (3.7). For it is readily seen, by insertion, that if ¢
is a solution then so is ¢y, where ¢ is any real or complex number. We say that
Eq. (3.7) is a homogeneous differential equation. All functions of the form ¢y,

6The spectrum of a physical quantity was defined in Section 1.8 as the set of values that
the quantity may take.
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with ¢ different from zero, are understood to define the same physical state,
and hence we may choose to represent the state by a normalized wavefunction.
At this stage two questions present themselves:

1. How did Schrodinger arrive at the exact form of his equation?
2. What is the interpretation of the wavefunction?

We shall answer these questions in the following sections.

3.3 Schrodinger Operators

The answer to the first question above is that Schrédinger, like de Broglie
before him, was well versed in the Hamilton-Jacobi formalism of classical me-
chanics, and that his intuition led him the one and decisive step beyond de
Broglie. Schrédinger did not derive his equation from classical mechanics. For
that is impossible since quantum mechanics is not a part of classical mechanics.
But classical mechanics is, on the other hand, a certain limit form of quan-
tum mechanics, and so it is in fact possible to derive classical mechanics from
quantum mechanics. It is especially easy to pass from quantum mechanics to
the Hamilton—-Jacobi formulation of classical mechanics. There is no route the
other way. Yet, Schrodinger saw how to make the jump.

Although the Schrodinger equation cannot be derived from classical me-
chanics it is found that we can, in fact, generate it from the expressions of
classical mechanics in a purely formal way. Namely, one replaces the dynam-
ical functions of classical mechanics (like position, linear momentum, energy,
etc.) by operators. The remarkable recipe, which is also due to Schrodinger, is
the following.

Turn the three Cartesian components of the linear momentum (p,, py, ps)
into three operators (P, Py, P.) according to the rule

A Y
(pxypy;pz) - <_zh6$ ] _zhgy-; —zhgz') (3.9)

and let, for instance, p2 mean p, applied twice, such that

2
5= (—iha%) (—z‘h(%) = —h"’gw—z. (3.10)
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Then the kinetic energy 7" = p?/2m is transformed into the operator

~2 2 2 2 2
o Pl oy RO O 07
T= — =5 (P2 +p.+p7) = 5o (6m2+6y2+6z2 ) (8.11)

[

Next, turn the position coordinates (z, y, z) into operators according to the
trivial rule

(2,9,2) = (z,9,2) (3.12)
Then the potential energy is trivially transformed into
V(£ 8,2) = V(e,y, 2). (3.13)
The so-called Hamiltonian,

H(pz,py Pz, 2,9, 2) = T(ps, Py, p2) + V (2,9, 2), (3.14)

which gives the classical energy of a particle, if its kinetic energy is 7" and its
position is (z,y, z), is transformed into the operator

H=T+V (3.15)

~ B2 8 92 B
H=—-—— (&E-Fb—y—Z-l'gf)'f'v(w,y»m) (3.16)

Having constructed our quantum-mechanical operators, we must introduce
something for them to act upon. Otherwise they are devoid of meaning. This
something is the wavefunction. We see that the Schrodinger equation (3.7)
may in fact be written

Hy = Ey (3.17)

In words: When the Hamiltonian (operator) acts on the wavefunction of a
stationary state, we get the wavefunction back again, but multiplied by the
energy of the state. We say that ¥ is an eigenfunction of fI, and that FE is its
etgenvalue.
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Eq. (3.17) is a transparent way of writing the time-independent Schrodinger
equation. The time-dependent Schrodinger equation, Eq. (3.1), may be written
in the equally transparent way,

.
ih% = HY (3.18)

With reference to the discussion around Eq. (3.3), this equation says that the
Hamiltonian H is the generator of the motion: from the wavefunction at some
time tg, it generates the wavefunction at any later time ¢. This is a very
fundamental way of interpreting H.

The process of quantization which we have carried through in the present
section may be directly transferred to systems with more than a single particle.
Thus, the Schrédinger equation for such systems is easily written down, and we
shall of course give several examples of this in the following chapters. For now,
we shall turn to the second of the questions posed at the end of the preceding
section.

3.4 The Statistical Interpretation

Having introduced the wavefunction, Schrédinger worried a lot about its phys-
ical interpretation. At first, he believed that an atomic wavefunction in some
way must describe a real oscillation within the atom and that ¥(r,t)* ¥(r,¢)
might represent the distribution of negative charge. It was, however, difficult
to apply this picture to a many-electron atom, and it had to be abandoned.

It was Max Born who gave the wavefunction its present interpretation.” It
is one that we will have to look at from different angles in order to understand
its full implication, and we shall do so as we go along. But for the present, the
simple statement will do, that provided the wavefunction ¥(r,) is normalized
to unity,

/\If‘(r,t)\lf(r,t)dv =1, (3.19)

with the integration extended over all space, then

[¥(r,1)|? = &*(r,t)¥(r,t) is a probability density (3.20)

7M. Born, Z. Phys. 87, 863 (1926); Nature 119, 354 (1927).
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What this means is that the quantity
U ¥dv = ¥* (v, t)¥(r,t)dedydz (3.21)

is the probability of finding the electron (or whatever particle we are studying)
around the point » = (z,y, z) in the volume element dv = dzdydz, at time ¢.
This interpretation allows our particle to be observed around a definite point
in space, but only with a certain probability. We can never say exactly where
the particle is or claim that we can describe exactly how it moves. The only
statements that may be made are entirely statistical.

With this interpretation of ¥(r,t), Eq. (3.19) simply states that the prob-
ability of finding the particle somewhere in space is unity. It is of course an
absolute requirement that the particle must be somewhere, and hence we de-
duce that only square-integrable wavefunctions can represent physical states.
For a stationary state with the wavefunction (3.5) we get, in particular

U (r, 1) ¥(r, t) = * (r)e B Pp(r)e B = y* (r)y(r). (3.22)

Thus, we learn that the probability density associated with a stationary state is
independent of time. This is, in fact, the reason for calling the state stationary.

In Section 3.2 we pointed out, that for a stationary-state wavefunction to
be square integrable, it must go with a value of E from the discrete part of
the energy spectrum. For a wavefunction going with an energy value from a
continuous spectrum, ¥ stays non-zero at infinity and the integral of ¥*¢ does
not exist. Hence, wavefunctions of this type cannot represent physical states
in a strict sense. This, however, does not imply that such wavefunctions are
without physical significance. We shall come back to this point in Section 6.1.

The interpretation of ¥*(r,t)¥(r,t) as a probability density might well
lead us to believe that all information about the quantum mechanical state of
a particle is contained in this quantity. This is, however, far from being so.
We shall see that ¥ may carry substantial information beyond that of ¥ ¥,
and that this information allows us to make statistical predictions about other
properties than the position of the particle. One such property is, for instance,
the linear momentum.

We shall often use the word probability amplitude for ¥. This notion reflects
that ¥ is a quantity from which various probabilities may be calculated and
used to predict the possible outcome of experiments. A quantity of this type is
all that we can ever arrive at. Correspondingly, the outcome of an experiment
involving an elementary particle like an electron must also be statistical. The
fact that this is always found to be the case is the confirmation that our
interpretation of ¥ is the correct one.
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That the outcome of an experiment must be statistical, marks a fundamen-
tal difference between classical mechanics and quantum mechanics. As we have
put it above: we can never say exactly where the particle is or claim that we
can describe exactly how it moves. Yet, the wavefunction that describes the
motion in the quantum mechanical sense is a well-defined quantity, and the
time-dependent Schrédinger equation allows us to follow its detailed evolution
in time.

Note that these considerations are similar to those we made in order to
interpret the diffraction of a de Broglie wave at the end of the previous chapter.
The de Broglie wave is a well-defined quantity that leads to a unique intensity
distribution in the plane of observation. Yet, we cannot tell where a particular
particle will hit the plane. What the said intensity distribution gives us is the
probability with which the particle hits at the various points in the plane.

This is indeed a new world. It takes some time and effort to become familiar
with it. So let us try to gain understanding by solving real problems, and let us
actually begin by determining the form of the stationary-state wavefunctions in
some simple cases. We shall enter into thorougher discussion of the statistical
interpretation in Section 5.5.

Supplementary Reading

The bibliography, entries [6], [10], [7] and [11].

Problems

3.1. For a particle restricted to moving in a single dimension,which of the following
functions are physically acceptable as wavefunctions according to the criteria set up
in Sec. 3.2:

(z) =2°, 77, e_zz, cosz, €, —00 < & < 00

Which of the functions are square integrable?

3.2. Show that the function

Y(z) =V2e~"
is normalized to unity on the interval 0 < z < oo.
Determine the constants N; and N; such that the functions

¥1(0) = Nicos 8

and

¥2(8) = Nqe'®
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are normalized to unity on the interval 0 < § < 27,
Plot the probability densities 11(6)*¥1(8) and 2 (8)*¥2(8).

3.3. The function
2
b(a) = (1) dem"
is normalized to unity on the interval —co < z < oco. Evaluate
Pat(x), Poip(z), Ep=(x), Peith(x)
and
'21'('%131 + Pa&)¢(z), %(;’}}51 — Pz 2)Y(x).
Note that zp, = p.z, whereas Zp, # ps&. Hence, Schrodinger’s prescription does
not give a unique result for the operator corresponding to the classical quantity zps.

The proper operator to use here is generally taken to be the symmetrized expression
$(#pe + pot).
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The time-independent Schrodinger equation for the one-electron atom is
obtained from Eq. (3.7) by inserting the expression (2.65) for V(r). The re-
sulting differential equation is, however, too complicated to serve as our first

example. We shall consider it later and study some easier problems first.

Much is learned by studying the simple problem called the particle in a
box, which is the problem of free motion within a box, or cavity, of a specified
shape. We shall consequently devote the present chapter to this problem. In

particular, we shall consider a box of rectangular shape, as in Fig. 4.1.

61
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We begin by noticing that the problem of solving the time-independent
Schrodinger equation for the rectangular box may be reduced to that of solving
the Schriodinger equation for the one-dimensional box, i. e., the motions in the
z-, y- and z-directions may be treated separately. We shall therefore study the
one-dimensional problem in detail, and subsequently construct the solution of
the three-dimensional problem.

The wavefunctions for the particle in a box are analytically very simple, yet
they have many qualitative properties in common with wavefunctions for more
complicated systems. These properties, which include mutual orthogonality,
nodal structure, symmetry, and degeneracy, are accordingly also illustrated
and discussed in the present chapter.

Solving the Schrodinger equation for the particle in a box is, as already
implied, not a big mathematical exercise. It is hence gratifying to note that
the solutions of this problem may sometimes be used to crudely model the
behavior of much more complex systems. As an example of this, we consider
the electronic stucture of conjugated hydrocarbons in some detail.—We might
equally well have considered an atomic nucleus, a molecular cluster or a simple
metal.

The final section of the present chapter illustrates how the solutions of the
time-independent Schrédinger equation allow us to construct wavefunctions
for a general non-stationary state. It is also illustrated how the explicit time
evolution of such a state may be easily determined from the time-dependent
Schrodinger equation. Again, we use the solutions of a simple problem to
display general behavior of quantum systems.

4.1 Introduction

To set up the Schrodinger equation for a particle enclosed in the rectangular
box of Fig. 4.1, we must specify the potential energy function V(r). Except
for its confinement to the interior of the box, the particle is assumed to be free.
Hence, we take the potential energy to be zero inside the box, so that the force
defined by Eq. (3.2) vanishes. Qutside the box, we let the potential energy
tend to infinity. The wavefunction must therefore be zero outside the box, for
otherwise Vi would be infinite there, and Eq. (3.7) could not be satisfied for a
finite value of E. But if the wavefunction is zero outside the box, then it must
also vanish on the walls of the box, by the requirement of continuity.
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Figure 4.1: Three-dimensional rectangular box.

The acceptable solutions of Eq. (3.7) must accordingly satisfy the equation

B2 (0% 8% | 0%\ _
~2m (555*‘“ ozt ?97) =By (41

within the box and vanish on the walls of the box.
The requirement that ¢ vanish on the walls of the box is called a boundary
condition. Hence

Our problem is to solve a partial differential equation with
specified boundary conditions.

The problem of finding those solutions of a partial differential equation that
satisfy a specified set of boundary conditions is a fundamental problem in
mathematics, and it is frequently met in theoretical chemistry and physics. We
meet it, for instance, in the study of sound, the study of electromagnetic fields,
the study of heat conduction, and now in the study of quantum mechanics.
The general theory is extensive, but specific methods have been developed to
deal with large classes of special differential equations.’

Eq. (4.1) may be solved by the method called separation of variables, ac-
cording to which one seeks solutions of the form

¥(z,9,2) = X(2)Y (y)Z(2). (4.2)

1See, for example, P. Morse and H. Feshbach, Methods of Theoretical Physics, McGraw-
Hill, New York, 1953, Chapter 5; or P. Dennery and A. Krzywicki, Mathematics for Physi-
cists, Harper and Row, New York, 1967, Chapter 4.
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That such a method may be applied here is due to the simplicity of the equation
and the fact that the boundary conditions refer to planes of constant z, y, and
z.
We begin by substituting the ansatz expression (4.2) into Eq. (4.1). This
yields
5 > X d*Y d*z
e e 7(2) —— e Y(y)— = .
Y {Y(y)?(z) T2 + X(z)Z(z) 77 + X (2)Y (y) 777 } EX(2)Y (y)Z(2)
(4.3)

We then divide on both sides of this equation by X (z)Y (y)Z(z) and get

R? (1d*X  1d%Y | 1d°Z
— {4 N = 4.4
2m{Xd:c2 Ydy2+Zdz2} B (44)
Next, we rewrite this equation in the form
A2 1 42X AP [ 1 4% 1 d*z
e = Vo t e os ¢ T B (4.5)
2m X(z) dz 2m | Y(y) dy Z(2) dz*

The left-hand side of this equation, taken as a whole, is obviously a function
of z, whereas the right-hand side is independent of z. Thus, the left-hand side
is a function of  which does not depend upon z. The only such function is a
constant Hence, the left-hand side must be a constant, E, say. It follows that
X must satisfy the differential equation

_Bax
2m dz?

By a similar argument we find that Y and Z must satisfy the equations

=E.X. (4.6)

h? d%y
I = E,Y (4.7)
and
R 42z
“amdz - Y (“48)

Finally, a comparison with Eq. (4.4) shows that
Ex+E,+E, =FE. 4.9)

These four equations, Egs. (4.6)-(4.9), are a direct consequence of the ansatz
(4.2).
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Thus, the problem of solving a differential equation of three variables has
been reduced to that of solving three differential equations of a single variable.
Moreover, the equations (4.6), (4.7), and (4.8) are all of the same form, so if
we have solved one of them we have in fact solved them all. The boundary
condition, that ¥(z, ¥, #) vanish on the walls of the three-dimensional box, will
be satisfied if

X(0)=X(a)=0, Y(0)=Y()=0, Z(0)=2Z(c)=0, (4.10)
where a, b, and c are the lengths of the box edges, as in Fig. 4.1.
Let us now solve the first of the above equations, i. e., Eq. (4.6), with the
boundary condition X(0) = X(a) = 0.
4.2 The One-Dimensional Box

Eq. (4.6), rewrittten here for convenience,

—o— T = E. X (4.11)

may be interpreted as the Schrédinger equation for a particle restricted to
move in a single dimension, the corresponding Hamiltonian being

g B __Bd&
T om T 2mdz?’
In the following chapter, we shall see that Hamiltonians are so-called Her-
mitian operators, and that the eigenvalues of such operators are always real.
Anticipating this result, we may assume E, to be real in the ensuing analysis.
Now, we observe that not only is Eq. (4.11) a homogeneous differential
equation (see Sec. 3.2), it is also a linear equation. By this we simply mean
that it is linear in X and its derivatives (it contains no terms like X? or
XdX/dz). Thus, Eq. (4.11) is a homogeneous linear differential equation of
second order, and of a single variable, «.
The general theory of differential equations tells us that the complete so-
lution of such an equation (for a given E;) may be written in the form

X(z) = aaXi(z) + c2X2(z), (4.13)

(4.12)

where X; and X are two linearly independent solutions of the equation and
¢y and ¢y are arbitrary constants.
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Eq. (4.11) has solutions of the type (4.13) for all real values of E,. We must
determine the values of E, for which it is also possible to satisfy the boundary
conditions X(0) = 0 and X(e) = 0.

Let us first consider negative values of E,. It is then expedient to write:

hik?

By=——, &>, (4.14)

so that Eq. (4.11) assumes the simple form

%1—)2( =X, (4.15)
It has the two independent solutions:
Xi(z) =€, Xa(z)=e"**, (4.16)
and hence the complete solution
X(z) = c1€™ + coe™". (4.17)

This is the complete mathematical solution. To get the possible physical
solutions we must observe the above-mentioned boundary conditions X (0) = 0
and X (a) = 0. Since €° = 1, the first of these becomes

c1+co = 0. (418)
It shows that c; = —c;. Using this result, the second condition reads
¢y (e" — e %%) =0. (4.19)

But this equation is only satisfied for ¢; = 0, and this does certainly not lead to
an acceptable solution, because it defines nothing but a vanishing wavefunction.
Thus, Eq. (4.11) does not have acceptable solutions for negative values
of E;. But this is exactly what we would expect on physical grounds. For
the energy of the particle in a box is purely kinetic and should therefore be
non-negative.
Next, we consider positive values of E, and write

h2k2
E; = = ) ks , 4.2
o >0 (4.20)
so that Eq. (4.11) becomes
2
X _ —k2X. (4.21)
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This equation has the two independent solutions:
Xi(z) =sin(kyz), Xa(z) = cos(ksz), (4.22)
and hence the complete solution
X(z) = ¢y sin(kyz) + ¢ cos{kgyz). (4.23)

Again, this is the complete mathematical solution. To get the physical
solutions we must observe the boundary conditions X (0) = 0 and X(a) = 0.
The first of these gives

c18in(0) + ¢z cos(0) = 0. (4.24)
It shows that c; must be zero. Using this result, the second condition reads
c1sin(kgza) = 0. (4.25)

Here we cannot put c; equal to zero, for this would cause X (z) to vanish.
Hence, Eq. (4.25) is a condition on k;. It is satisfied for the following set of
values

k; =nym/a, n, =1,2,3,... (4.26)
The corresponding allowed energies are then, by Eq. (4.20)

242
Th*

Er = oma? e

ne=12,3,... (4.27)

or, by writing F,,_ instead of E; and remembering that A = h/2m,

h2

E,, = S—m?ni, ny;=1,2,3,... (4.28)

Having considered both negative and positive values of E, we must finally
examine what happens when E, = 0. Eq. (4.11) becomes then

d’X

Tz =0 (4.29)

It has the complete solution

X(z) =e1 + c2z, (4.30)
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and it is readily seen that this solution cannot be made to satisfy the boundary
conditions X (0) = 0 and X (a) = 0 for any values of ¢; and cs.

Consequently, the quantum mechanical particle in a box cannot have zero
energy, i.e., it cannot be at rest as it can in classical mechanics. The lowest
possible energy is obtained by putting n, = 1 in the expression (4.28). This
energy is called the zero-point energy:

h2

Zero-point energy = (4.31)

8ma?

The result of our analysis is, then, that the only allowed energies of the
particle in a one-dimensional box are those of Eq. (4.28). The energy spectrum
is accordingly discrete. This result is a consequence of the fact that the motion
is bounded by the ‘walls’ at = 0 and ¢ = a. The wavefunction corresponding
to the quantum number n, is

Xn.(2) = c1 sin{mnzz/a) (4.32)

where the value of ¢; is at our disposal. Let us determine it such that X is
normalized to unity (see Eq. (3.8)). The condition is

/0 " X2 (2) Xn, (2)d = 1. (4.33)
We have that
/Oa sin®(rngyz/a)dz = a/2, (4.34)
and thus Eq. (4.33) will be fulfilled if we choose ¢; to be
c1 = e%\/2/a (4.35)

where § is any real number. €' is called a phase factor.?

The value of § is left undefined by the normalization condition, since the
product cjc; = (e~%\/2/a)(e’*\/2/a) = 2/a, for any value of §. We are
therefore free to assign to § any value that we want. Let us, by convention,
choose § = 0. We get then the following normalized wavefunctions

Xn, () = \/2/a sin(rnzz/a), ny=1,2,3,... (4.36)

2See Appendix A for a brief introduction to the complex exponential function.
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Figure 4.2: Energy level diagram for a particle in a one-dimensional
box. Energies in units of h?/8ma?.

Thus, we have found both the energies and the wavefunctions for the
stationary states of the particle in a one-dimensional box, by solving the
Schrédinger equation (4.11) with the boundary conditions X (0) = X(a) = 0.
The energy spectrum is defined by Eq. (4.28). Each energy value is said to
define an energy level. There is one wavefunction per energy level, and its form
is given by Eq. (4.36).

The energy spectrum is represented graphically in Fig. 4.2 which is called
an energy level diagram. The wavefunctions and their squares are shown in
Fig. 4.3, for some selected values of n;. In this figure, we have discarded the
subscript « on the quantum number n, and written ¢(z) instead of X(z).
We recall that ¥(z)? is a probability density, (z)?dz being the probability of
finding the particle around the point 2 in the interval dz.

We proceed by emphasizing some very general properties of the set of wave-
functions given by Eq. (4.36).
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Figure 4.3: Wavefunctions, left, and probability densities, right, for particle in
a one-dimensional box. n = 1, 2, 3,4, 7, 10. The amplitudes are measured from
the indicated base lines, the distance between two tick marks on the vertical
axes being 1 dimensionless unit.

4.3 Orthogonality of Wavefunctions

Let us introduce the so-called scalar product, or overlap integral, between two
functions, f(z) and g(z). We denote it by (f|g) and define it by the relation:

(flg) = / *(2)9(z)dz (4.37)

where the integration is extended over the range of . Note that the first factor
in the integrand is the complex conjugate of f(z) rather than f(z) itself. This
is, of course, of no importance when we only deal with real functions, but
when complex functions are used the complex conjugation is essential. Let us
evaluate the integral (flg) when f and g are two different functions taken from
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the set (4.36).
For simplicity, we drop the index z on the quantum number n; (as in

Fig. 4.2), and get:

(Xm|Xa) = /oa X (2) X (z)de = %/04 sin(mnz/a)sin(nre/a)dz

[ () (e
= - cos mr | — cos nz ) ¢ dz,
a 0 a a
where we have used the general formula
2sinu sinv = cos(u — v) — cos(u + v). (4.39)

From a graph of the function cos(l7z/a), where ! is a non-zero integer, or
from a table of integrals, it is readily seen that

/a cos(Irz/a)de = 0, L #0. (4.40)
0

It is exactly this type of integral that occurs in Eq. (4.38), for both m —n and
m + n are non-zero integers. Hence, we get:

(Xm|Xn) =0, m# n. (4.41)

We express this result by saying that X,, and X,, are orthogonal.
Thus, our function set (4.36) fulfills the condition

<Xm|Xn> = Jmn (4.42)
where
1 fm=n
S = { 0 fm#n (4.43)

The useful symbol §,,, is called the Kronecker delta.

The condition (4.42) is called the orthonormality condition, and we say that
our function set is an orthonormal set. We shall later be able to prove that any
two solutions of a given Schrodinger equation are orthogonal, if they correspond
to different energies (See Chapter 5). The relation (4.42) is therefore a specific
example of a general relation.
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4.4 Number of Nodes Versus Energy

A point in the interval 0 < ¢ < a at which a wavefunction changes sign (be-
comes zero) is called a node of the wavefunction. It is obvious, both from Eq.
(4.36) and Fig. 4.3, that the number of nodes equals n, — 1, and hence that the
number of nodes increases with the energy. This is a general result which may
be transferred to more complicated systems. It is closely connected with the
orthogonality theorem of the previous section, for the product X7 (z)X3(x)
must necessarily change sign at least once in the interval 0 < ¢ < @ in or-
der that (X;|X,) may become zero. A similar remark holds for X7 (z)X3(z),
X5 (2)X3(x), ete.

4.5 Inversion Symmetry

The last, albeit rather lengthy remark concerning the wavefunctions for a par-
ticle in a one-dimensional box deals with their inversion symmetry. A glance at
Fig. 4.3 shows that X, X3, X5, ... are unchanged when reflected with respect
to the midpoint of the box, whereas X3, X4, X¢, ... change sign under such a
reflection. We say that the functions are alternately even (or gerade) and odd
(or ungerade).

Analytically, the inversion symmetry of the wavefunction is most clearly
displayed, if we place the origin of the z-coordinate at the midpoint of the box
rather than at one end. Such a shift of the origin corresponds to replacing =
by « + a/2 in the analytical expression (4.36) for the wavefunctions. Thus we
obtain, by using elementary properties of the trigonometric functions

_ (=1)(==1/2, /374 cos(nngyz/a), ny, =1,3,5,...
Xn,(2) = { (—1)"=/2\/2/a sin(mnzz/a), ny =2,4,6,... (4.44)

where the range of z is —§ < z < 5. We would, of course have obtained
these analytical expressions from the outset, if we had subjected the general
solution (4.23) to the boundary conditions X(—a/2) = X(a/2) = 0 rather
than X (0) = X(a) = 0. Had we done so, we would probably also have defined
the functions (4.44) without the phase factors (—1)(==1)/2 and (—1)"=/2, As
pointed out in connection with Eq. (4.35), the choice of a phase factor is always
at our disposal.

A reflection with respect to the midpoint of the box is an inversion in the
new origin and corresponds to replacing z by —z. The even/odd character of
the wavefunctions is therefore easily read off the analytical expressions (4.44),
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by remembering the elementary relations

{ cos(—kz) = cos(kz)

sin(—kz) = —sin(kz) (4.45)

So far we have done nothing but observe that the wavefunctions which
we found by solving the Schrédinger equation (4.11) turned out to be either
even or odd. We shall now show that this symmetry property can actually be
derived by a simple formal consideration.

Let X (z) be one of the above functions. It satisfies the Schrodinger equation
(4.11) which we rewrite as

H.X(2) = B, X(z), (4.46)

with B, as given by Eq. (4.12),i.e.,
N B d?

Hy = ———. 4.47
‘ 2m dz? (4.47)
Now it is obvious that an inversion in the point £ = 0 (the new origin) leaves
this Hamiltonian unchanged. In addition, it carries the “walls” at z = —a/2

and z = a/2 into each other. The whole physical setup is accordingly invariant
under the inversion. But this does not imply that X (z) must be invariant.

Let us introduce an operator, /, which per definition carries a function f (z)
into its mirror image, If(z), with respect to the origin. This new function,
If(z), is defined by

if(z) = f(~a). (4.48)
Applying the inversion operator to both sides of Eq. (4.46) gives
i (ﬁ,X(:n)) = [ (B, X(z)). (4.49)
But since the Hamiltonian is invariant under I, and E, is a constant, this
becomes
H X (2) = B, I X (). (4.50)

What this equation tells us, is that the function ix (2) is an eigenfunction of
H, with the eigenvalue E,. But according to what we have found in Sec. 4.2,
there is only a single eigenfunction per energy level. Hence, /X (z) can at most
differ from X (z) by a constant factor, ¢ say. It follows that

IX(z) = X (). (4.51)
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If we now apply the inversion operator to both sides of this equation we
get

*X(z) = cl X (z) (4.52)
and hence, by using Eq. (4.51) again (on the right-hand side)
’X(z) = *X (). (4.53)

But it is obvious that two inversions performed after each other restores the
original, i.e,

I*X(z) = X(z). (4.54)

This follows also from the explicit definition (4.48). Comparing Eqs. (4.53)
and (4.54) then shows that

t=1 (4.55)
which obviously implies that
c=1or ¢=-1 (4.56)
¢ = 1 defines an even function, ¢ = —1 an odd function.

What we have obtained by this simple analysis is the important result that
the presence of symmetry allows a classification of wavefunctions according to
their symmetry properties. For more complicated symmetries this classification
must be carried through by means of the mathematical discipline known as
group theory. The group that characterizes the present problem is defined by
the inversion operator I together with the identity operator E. 1t is called C;
and is defined by a so-called group multiplication table of the form

> h] _Q
> t-l] m]>
t't]> jan R

The identity operator is the trivial operator which leaves everything unchanged.
It appears in many formal considerations.

We have now given a rather thorough discussion of the one-dimensional
problem and must return to the three-dimensional case.
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4.6 The Three-Dimensional Box

As discussed in Sec. 4.1, the Schrodinger equation (4.1) for a particle in a
three-dimensional box is solved once we have solved the three one-dimensional
problems given by Eqgs. (4.6)—(4.8). Each of the three problems is, however,
equivalent to the problem of a particle in a one-dimensional box which we have
solved above. We may accordingly write the solution of the three-dimensional
problem down immediately. The possible energies are obtained from Eqgs. (4.9)
and (4.28), and become

h? n?
E=E3+Ey+Ez=Tn' '_x+_y+_;' y nmy"ysnz=1)2s3;-~~

(4.57)

The wavefunctions are obtained by inserting the analytical result (4.38) into
the factorized expression (4.2). They are

Ynonyn, (2,4, 2) = /8/abe sin(rngz/a) sin(rnyy/b) sin(rn, z/c),

ng,ny,n; = 1,2,3,...

(4.58)

Thus, the solutions are characterized by three quantum numbers n;,ny,n,
which independently take the values 1,2,3,... The wavefunctions form an
orthonormal set, i.e.,

(d’ﬂzﬂyﬂ.lwn;n;’n’,) = Jn,n;‘sn,,n;‘sn,n’, (459)

where the scalar product now is defined as

ww)=[(de [(ay [ @uaven  wso)

Eq. (4.59) follows immediately by noticing that the analytical form (4.58)
causes the integral to factor into three, each of which satisfies an orthonormality
condition of the type (4.42).

In Sec. 4.4 we discussed the nodal structure of the wavefunctions in a one-
dimensional box and found that a wavefunction with quantum number n,
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possesses 1 — 1 nodes. The three-dimensional analog of a node is a nodal
surface {and the two-dimensional analog a nodal curve). It is obvious that
any node, say £ = zq, of a single-coordinate wavefunction of the type (4.36)
produces a nodal plane (z = z¢) once it is a factor in the wavefunction (4.58).
Thus, the nodal surfaces of the wavefunction (4.58) are planes parallel to one
or the other of the coordinate planes. We don’t count the walls of the box
as nodal planes, so the wavefunction (4.58) possesses ng + ny + n, — 3 nodal
planes.

As to inversion symmetry, we note that the point (a/2,6/2, ¢/2})is an inver-
sion center, i.e., the whole physical setup is invariant under an inversion in this
point. To study this symmetry analytically it is expedient to shift the origin
of coordinates so that it coincides with the inversion center. We then obtain
new analytical expressions for the wavefunctions, which may be obtained by
inserting the alternative expressions (4.44) for the one-dimensional wavefunc-
tions into the factorized expression (4.2). Under an inversion, which we denote
by I as in the one-dimensional case, these functions are transformed according
to the relation

ff(x$y;z) :f(_wr"y)_z)' (461)

Drawing on the discussion of Sec. 4.5, we then see that the three factors in
the wavefunction (4.58) are multiplied by (—1)"=~1, (=1)"¥~1 and (—=1)"+!
respectively under the inversion. Thus, the total wavefunction is multiplied by
the factor (—1)"=+Ps+7:=3 and is therefore either even or odd. We call this
factor the parity of the wavefunction, so

The parity of the wavefunction (4.58) is (—1)"=+ny+n:=3 (4.62)

The ground-state wavefunction {(n, = ny = n, = 1) is, in particular, a nodeless
and even function.

4.7 The Concept of Degeneracy

An interesting situation occurs if two or all three of the box lengths a, b,
¢ become equal, for in that case the same value of the energy may well be
obtained for more than one set of the quantum numbers n,, ny, and n;, and
an energy level will have more than one wavefunction associated with it. This
does not occur for one-dimensional bound states, but it is frequently met in
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Figure 4.4: Energy level diagram and level-degeneracies, g, for a par-
ticle in a cubic box. Energies in units of A% /8ma®.

two- and three-dimensional systems. We say that the level is degenerate and
call the number of linearly independent wavefunctions associated with the level
for its degeneracy.

Assume that we have a cubic boz, so that a = b = ¢. Then the energy
expression (4.57) becomes

2

Ecubic = -8:17 (ni +ni+ nf), ng,ng,n; = 1,2,3,... (4.63)
The ground state is obtained by putting n, = ny = n, = 1. It is non-
degenerate. The first excited state corresponds to three sets of quantum num-
bers, namely (2,1,1), (1,2,1), and (1,1,2). Thus, the level is three-fold de-
generate, and the wavefunctions 711, ¥121 and v¥;12 have the same energy.
Continuing the counting procedure we obtain the energy level diagram shown
in Fig. 4.4.

To fully appreciate the concept of degeneracy, let us consider a general level
with degeneracy g. We have, then, g linearly independent wavefunctions, say
¥1,%2,...,%y. That these functions are linearly independent means that none
of them can be expressed as a linear combination of the others. In other words,
the only solution of the equation

1L +eatha + -+ cgy =0 (464)

is the trivial solution ¢y = c2 = - =¢4 = 0.
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The functions ¥1,%2,...,9, are all eigenfunctions of the Hamiltonian H
with the same energy, E:

Hyy = By
Hyy = By,

Let us multiply the first of these equations by an arbitrary constant c;, the
second by an arbitrary constant ¢z, etc., and add the resulting equations to
get

ﬁ(cli/& +catha + -+ cgthg) = E(crthr + catha + - - - + cgthy). (4.66)

What this equation says, is that any function of the form
g
=) s (4.67)
i=1

is an eigenfunction of H with energy E.
The set of all functions of the form (4.67) are said to form a linear function
space, V, of dimension g. Thus, we realize that

A g-fold degenerate level is characterized by a linear function
space, V, of dimension g. Any function belonging to V is an (4.68)
eigenfunction of the Hamiltonian with the same energy.

The set of the g linearly independent functions 1, %2, ..., ¥, is called a basis
set, or simply a basis for V, because any function in Y may be represented in
the form (4.67). It is obvious that any set of g linearly independent functions
in V may serve as a basis, and that any such set therefore characterizes V just
as well as the set ¢, 92,... 1y does.

A g-fold degenerate level is defined once a basis has been written down, but
as just said, there are many equivalent ways of choosing a basis. In particular,
it is always possible to choose an orthonormal basis,? i.e., a set of functions,

¥1, %2, ... ,%q, for which

3See Problem 4.
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Any orthonormal set of g functions belonging to V may in fact serve as a basis.
For we have the general theorem

Orthogonality implies linear independence, and any set of (4.70)
m orthogonal functions is therefore a basis. )
To prove this theorem, we assume that 1,%2,...,1%, is a set of g mutually
orthogonal functions in V and look for values of the coefficients ¢1,¢2,...,¢4
for which Eq. (4.64) is satisfied. Scalar multiplication with ¢ gives
c1($1lv1) + c2(P1ltpa) + - -+ cg(hilhg) = 0 (4.71)
and hence, by using the orthogonality relations (4.69)
ei{yrl) =0, (4.72)
i.e. ¢; = 0. Similarly, scalar multiplication with 5 gives ¢, = 0, etc. Thus, Eq.
(4.64) is only satisfied by ¢; = ¢ = ... = ¢4 = 0. Consequently, ¥1,¥2,...,¥%q

is a linearly independent set, and hence a basis, which was to be proved.

The wavefunctions (4.58) define a natural orthonormal basis in the case of
degeneracy, but other choices are equally valid. We shall not consider other
choices here, but only mention that when we come to discuss the free particle
and the hydrogen atom, we shall find it natural to set up two alternative basis
sets for each degenerate level.

Apart from the null-function, any function belonging to the function space
V defines a physical state (Sec. 3.2). But since all functions of the form ¢y,
where ¢ is a non-vanishing constant, define the same state, we may as usual
(Sec. 3.4) restrict our attention to functions that are normalized to unity, i. e.,
functions for which

(W|y) =1. (4.73)

In view of this, let us derive the condition that the coefficients in the linear
combination (4.67) has to satisfy in order that the resulting function be normal-
ized. We assume that the basis functions ¥y, ¢, ... ,%, form an orthonormal
set (Eq. (4.69)), remember the definition (4.37) of the scalar product, and
hence also of the normalization integral (4.73), and get

g g g g
Wl =YD (eitiless) = Y ) clei(wiles)

i=1j=1 i=1 j=1

g g g g
— .8 — *o. — .2
= E E cjcibij = E cjci = E lei ]
i=1 i=1

i=1 j=1

(4.74)
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Hence, the normalization condition (4.73) requires that

g
ciei = Z lc;!g = 1. (4.75)

1 [E-31

g
=
This is a condition that we shall often have the opportunity to use. Note that
nowhere in its derivation have we used that the basis functions ¥, %s,... , ¥,
have the same energy. We have only used that they form an orthonormal set.
The condition holds therefore for any expansion of a normalized function on

an orthonormal set:

Let 91, ¥z, ..., % be an orthonormal set of functions:
(Wily) =di5, 4,5=1,2,....9

and let 9 belong to the function space defined by this set, i. e,
1 may be written in the form:

g
V= ity
i=l
The condition for 1 to be normalized to unity,

(¢‘¢> =1,

(4.76)

is then that

g g
Zc,’?c; = ch;lz =1

i=1 $=1

Let us now finally mention that degeneracy, just like parity, is closely as-
sociated with the symmetry of the problem. For a cubic box, there are 48
geometrical symmetry operations which leave the physical setup unchanged.
They define the so-called octahedral group Oyn. If ¥ is an eigenfunction of i
with energy E, then so is R where R represents one of the operations of O,
This follows by an argument similar to the one used for the inversion operator
in Sec. 4.5. Next, let R and S represent two different symmetry operations.
The combinations RS and SR will then also represent symmetry operations.
The functions RSy and SRy will accordingly also be eigenfunctions of H with
energy E. But if RS # SR, then RSy and SRy must in general be linearly
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independent functions. For this to be possible, the energy level must, of course,
be degenerate.

A simple example of a symmetry related degeneracy is provided by the first
excited state with wavefunctions g1, %121 and ¢119. These three functions
are carried into each other under a rotation of magnitude 27 /3 around the axis
defined by the vector (1,1,1). This is readily verified from the analytical ex-
pressions for these functions when it is noted that the said rotation transforms
z, y and z into each other.

In most cases, the degree of degeneracy of a level may be completely “un-
derstood” on the basis of symmetry. In some cases, however, additional de-
generacy occurs which is then referred to as accidental degeneracy. Some of
the degeneracies met in the present problem are in fact accidental, for it may
be shown that the group Oy supports no higher degeneracy than three. This
special situation is caused by the extremely simple form of the potential en-
ergy function: V() is a constant (chosen to be zero). We shall, however, not
discuss this problem further at present.*

With these remarks on symmetry and degeneracy, our analysis of the sta-
tionary states of the particle in a box has come to a natural end. The box
problem is sufficiently simple that we have been able to solve it exactly with-
out much effort. Yet, its solutions possess a number of important properties of
a general nature, and we shall meet analogous properties over and over again
in the following chapters.

The particle in a box is a useful first-model system for the description of
“nearly free” particles in atomic nuclei, atomic clusters, molecules, and solids—
especially when spherical and ellipsoidal box shapes are also allowed. We shall
consider a simple application and then terminate the present chapter with a
discussion of non-stationary states of the particle in a box.

4For a discussion of the degeneracies in the square-box problem, see W.-K. Li, Am. J.
Phys. 50, 666 (1982); F. Leyvraz, A. Frank, R. Lemus, and M. V. Andrés, Am. J. Phys. 65,
1087 (1997).
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4.8 The Free-Electron Model

Consider the following planar hydrocarbon molecules:

= e

Ethylene Butadiene

~
SR
oo

Hexatriene Octatetraene

The displayed valence-bond structures show that ethylene contains a single
double bond, and that the three other molecules contain respectively two, three
and four double bonds “in conjugation”. The two bonds in a double bond are,
however, not considered to be equivalent. Much like a C-H single bond, one of
them is formed by an electron pair that is fairly localized in the bond region.
The two electrons that are responsible for the other part of a double bond
are more delocalized. They are accordingly called mobile electrons. Ethylene,
butadiene, hexatriene, and octatetraene contain respectively 2, 4, 6, and 8
mobile electrons, and one should in fact think of these electrons as being shared
between all the carbon atoms in a chain rather than between separate atom
pairs. Accordingly, the above. valence formulae don’t do full justice to the
distribution of the mobile electrons.

In the usual quantum mechanical description of the mobile electrons they
are placed in so-called molecular orbitals that extend over all the carbon atoms.
We shall later discuss how molecular orbitals may be constructed from the
atomic orbitals of the individual atoms. Here we shall show, however, that
some general properties of the mobile electrons may already be gotten by the
so-called free-electron model, which is constructed from the solutions of the par-
ticle in a box problem. The word orbital means one-electron wavefunction, and
we shall therefore also, in the present context, refer to the box wavefunctions
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as orbitals,

Consider, then, a conjugated hydrocarbon, CxHp 42, with an even number
of carbon atoms, N. The average length of a C-C bond in such a molecule is
about 1.40 A = 1.40x10~1%m, and by making the approximation of considering
all C-atoms to lie on a straight line we may therefore fit the molecule into a
rectangular box of length a = 1.40(NV + 1) A. This gives a free distance of one
bond length at each end of the chain.® We consider the box lengths b and ¢ in
Fig. 4.1 to be quite small, so that the lower energy levels defined by the energy
expression (4.57) all correspond to ny = n, = 1 while n, takes on the values
1,2,8,...

The number of mobile electrons in the molecule CyHy 42 equals N, We
neglect the electrostatic interaction between the electrons, and assign to each of
them a stationary-state wavefunction of the form (4.58). But according to the
so-called Pauli principle, whose origin we shall discuss later, we may associate
no more than two electrons with the same orbital. The energetically lowest
state of the N-electron system, i.e. its ground state, is therefore obtained by
assigning two electrons to each of the orbitals defined by n, = 1,2,...,N/2
while keeping ny and n, equal to 1. The condition ny = n, = 1 implies that the
motion in the y- and z-directions is locked into a stiff pattern. The chemically
interesting behavior of the mobile electrons is accordingly tied to their motion
in the z-direction. The system is said to be quasi one-dimensional.

Let us therefore neglect the y- and z-motion altogether and simply work
with the wavefunctions and energies of the one-dimensional box (Sec. 4.2). Let
us also, in the same way as in Figs. 4.2 and 4.3, discard the subscript = on
the quantum number n; and write ¥,(z) instead of X,_{z). The electron
configurations of the above mentioned molecules are then

Ethylene: v, Butadiene: ¥#¢Z,

Hexatriene: ¢3y3¢3, Octatetraene: ¥#y3piv3,
where, for instance, the symbol /2933 implies that each of the orbitals 91, ¢s
and 3 are occupied by two electrons, and it is understood that corresponding
orbitals for different molecules refer to different values of the box length a in
the expression (4.36) for the box wavefunctions. It is important to realize that
the designations given for the electron configurations are in fact nothing but
symbols. They are not many-electron wavefunctions. Later, we shall learn how
to construct proper many-electron wavefunctions for an N-electron system.

5How much free space there should be allowed at each end of the chain is a matter of
choice. After all, our description is only a model. Many authors allow only a free distance of
half a bond length. This gives slightly better transition energies, but somewhat less realistic
electron densities.
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According to the statistical interpretation of quantum mechanics, the quan-
tity 9! (z)¥i(x)dz is the probability of observing an electron in the interval dz
around the point z, when its wavefunction is known to be ;. This makes us
define the electron density for each of the above molecules by the expression

N/2

n(z) —22¢, )i () (4.77)

The number of electrons that we are likely to find in the interval dz around =
is then n(z)dz. Each ¢; is normalized to unity, and we get therefore

/‘“ n(z)dz = N, (4.78)

showing that the electron density integrates to the total number of electrons,
as it should.

Starting from the analytical expression (4.36) for the box wavefunctions
and remembering that the box length a should be taken to be 1.40(N + 1) A
for a particular molecule, it is straightforward to evaluate the electron density
n(z) for some chosen values of z and hence plot n(z) as a function of z along
the molecular axis. In this way we obtain the graphs shown in Fig. 4.5. The
ethylene molecule is not included in the figure, but its electron density is simply
2X,(z)? with X;(z)? as shown in Fig. 4.3.

The electron densities of Fig. 4.5 exhibit a characteristic oscillating behavior
as functions of z. They show in fact a certain resemblance with the electron
densities indicated by the valence-bond formulae shown at the beginning of
this section, in the sense that they accumulate more electron density between
carbon atoms connected by a double bond than between atoms connected by
a single bond. A similar behavior is found by the molecular orbital method.

That such a simple model as the above is able to reproduce some quali-
tatively correct features of the charge oscillation in conjugated hydrocarbons
is at first sight rather surprising, for the model entirely neglects the strong
variation of the electron-nuclear attraction along the chain. The reason for
the agreement must be sought in the fact that the free-electron orbitals and
the true molecular orbitals have similar nodal structures with respect to the
x-coordinate, i.e., the lowest orbital is nodeless, the second has a nodal plane
at the middle of the molecule, etc. What we see, therefore, is that when we
perform the summation (4.77) to get the electron density n(z), then similar
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Figure 4.5: Electron densities in some conjugated hydrocarbons according
to the free-electron model. The positions of the carbon atoms are indicated

by the vertical grid lines.
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nodal structures of the free-electron orbitals and the true molecular orbitals
have similar effects on n(z).

The calculation of electron densities is an important problem in quantum
chemistry, but far from being the only one of course. Another important
problem is, for instance, the calculation of transition energies. The first strong
electronic absorption bands of the molecules ethylene, butadiene, hexatriene,
and octatetraene have their maxima at the wavelengths 162, 217, 268, and
304 nm, respectively. These bands are known to be associated with the mobile
electrons. We note that the absorption maxima are progressively displaced to
longer wavelengths as the number of carbon atoms in the polyenes increases.
We shall now show that this important trend can be understood on the basis
of the free-electron model, whereas the positions of the absorption maxima
cannot be calculated with any reasonable accuracy within the model.

The highest occupied orbital of a conjugated polyene with N electrons is
¥ny/2, as discussed earlier in this section. The first electronic absorption band
may be assumed to originate when an electron is removed from this orbital and
placed in the lowest unoccupied orbital which is ¥n/541. The energy required
to affect this transition is

AFE = EN/2+1 - EN/2 (479)

The orbital energies are given by Eq. (4.28), with the box length a being equal
to (N + 1)d, where d = 1.40 A. Thus, we get:

N 2 /N\? 21
(3*1)-(3)}—2@3??1- (4.80)

The transition may be effected by the absorption of a photon with frequency v
determined by the Bohr condition, AE = hv. The corresponding wavelength
is connected to v by the usual relation, ¥A = ¢. Hence, we get:

h2

AL = e BN ¥ 1)

he 8med?

A=RE~ " n

(N +1), (4.81)

or, by inserting d = 1.40 x 10~ 1%m together with the values of m, ¢ and h:
A =64.6(N + 1)nm = 646(N + 1) A, (4.82)

For N = 2, 4, 6, and 8 this gives: A = 194, 323, 452, 582nm, respectively.
These values are not in good agreement with the measured values, but they do
show the experimentally observed trend, that A increases with N. The effect,
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which is predicted to be linear by Eq. (4.82), is however highly overestimated.
The red color of carrots is, for instance, due do the presence of carotenes which
are hydrocarbons with about ten double bonds in conjugation. The carotenes
absorb light in the blue-green region with A ~# 500 nm; the above formula would
predict a much longer wavelength. That carrots actually appear red is caused
by the fact that the blue-green light is removed by the absorption, and hence
the complementary color, which is red, will dominate in the light that reaches
the eye.

This concludes our discussion of the free-electron model. It has shown us
both the strengths and the weaknesses of a crude model. It is easy to apply
and it does describe some important qualitative aspects correctly. But one
may not hope to get anything like quantitatively correct predictions from the
model. It is, of course, possible to improve on a model like the free-electron
model, but it is usually more rewarding to adopt a more realistic description
of the system under study.

4.9 Non-Stationary States

In the previous sections we have discussed the stationary states of the particle
in a box. We shall now show how the acquired knowledge may be used to
study more general time-dependent states. The procedure that will be used
may be transferred to other systems with different Hamiltonians, so the idea
is again to illustrate general principles by means of a simple model.

Let us restrict our attention to the one-dimensional box. Let us also, in the
same way as in the previous section, denote the wavefunctions (4.36) by ¥ (z)
instead of X,,_ (), and denote the energies of Eq. (4.28) by E,,. We have then:

2
Yn(z) = /2/asin(nrz/a), E, = 8_:1?"2’ n=1,2.3,... (4.83)

The time-dependent stationary-state wavefunctions are, according to Eq. (3.7)

U, (2,1) = Yn(x)e~ Ent/A (4.84)

The time evolution of any—stationary or non-stationary—state described
by a wavefunction ¥(z,t) is given by the time-dependent Schrodinger equation
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(3.18),

9V (x,t)
ot

ih = HY(z,t) (4.85)

with the Hamiltonian (4.12), which we now simply denote by g

R? d?

A==

(4.86)

We have of course that
Hin(z) = Epbn(z), n=1,2,3,... (4.87)

Assume, now, that we are given the form, ¥(z, 0), of the wavefunction at
some initial time { = (0. We may then determine the time evolution of ¥ by
continued iteration by the method indicated in Eq. (3.3). Such an iteration
may, for instance, be performed numerically on a computer. There is, however,
another useful way of representing the time dependence of ¥.

As we emphasized in Sec. 3.1 and 3.4, there are no severe restrictions on the
possible form of ¥(z, 0), except that it must be smooth and square integrable,
and of course satisfy the boundary conditions of the problem. But now it is
known from the theory of Fourier series, that any well-behaved function which
vanishes at £ = 0 and £ = a may be written as a linear combination of the
functions sin(nmz/a), n = 1,2,3,... These functions are, however, just the
functions in (4.83). It is, consequently, possible to expand ¥(z,0) on the set
{¥n(z)} and write

00
U(z,0) =) cnthn(2). (4.88)
n=1
The wavefunction at any later time will then be
U(z,t) =Y cn¥n(z,t), (4.89)
n=1

where ¥, (z,t) is given by Eq. (4.84). For this function reduces to ¥(z, 0) for
t = 0, and it also satisfies Eq. (4.85). To see this, note that Eq. (4.87) implies
that

H¥(z,t)= Y calUn(z,t) = 3 caEn¥a(a,t), (4.90)

n=1 n=1
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while Eq. (4.84) yields

0] [e o]

ihos 9 SU(z,t) = Z =Y enEn¥n(z,t). (4.91)

n=1 n=1

The right-hand sides of these two equations are identical. Hence, Eq. (4.85)
is satisfied, and this is the condition for the function (4.89) to be the correct
time-dependent function.

It follows, from this exercise, that the wavefunction associated with any
non-stationary state may be written in the form (4.89) with time-independent
coefficients c¢,. We have been able to prove this for the one-dimensional box
by referring to the theory of Fourier series, but the result is generally valid and
holds for any system. Thus we can state the important principle of superposi-
tion:

For a given system, any time-dependent wavefunction
can be written as a superposition of the system’s time-
dependent stationary-state wavefunctions, with coefficients
that are independent of time.

(4.92)

The coefficients are determined by the way the system is prepared at ¢ = 0.
As an illustration, let us consider the simple initial function

= /172{t1(2) + ¥a(2)} (4.93)

where ¥ and i, are given by Eq. (4.83). This is a properly normalized func-
tion, for the expansion coefficients satisfy the condition spelled out in statement

(4.76). We get then, by Eq. (4.89):
1) = \/1/2{¢1 (x)e " ErtIP 4 oy (z)e " Eat/h}, (4.94)
and hence (See Appendix A):

W (2, )U(z,1) = 5 {41 ()7 + ¥2(2)? + 200 (@)a(2) cosl (B ~ E)t/R]}.
(4.95)

The probability density is % times a sum of three terms: The first term is the
probability density associated with the stationary state ¥;(z,?). Similarly,
the second term is the probability density associated with the stationary state
Wy(z,t). The third term is said to describe the interference between the two
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Figure 4.6: Probability density for a non-stationary state of the particle in a box.
See text.

stationary states ¥;(z,t) and W¥y(z,t). Note that this contribution to the
probability density oscillates in time.

The origin of the interference term is similar to the origin of the interference
terms in Eq. (2.81) for the double-slit experiment. In both cases, the interfer-
ence terms occur because the principle of superposition applies to amplitudes
rather than probability densities.

We remind the reader that a function of the type cos(27vt) is said to
oscillate in time with frequency v, period T = 1/v, and angular frequency
w = 27v. For the above oscillation, the angular frequency is seen to have the
magnitude:

w={Ey —- Ey)/h. (4.98)
We may also write
E2 - E1 = hw = hl/, (497)

which reminds us of the Bohr frequency rule, Eq. (2.45), but the content is of
course different.

In Fig. 4.6 we show graphs of the probability density (4.95), here denoted
by P(z,t):

P(z,t) = ¥*(z,1)¥(z, 1). (4.98)
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The graphs are instant pictures of P(z,t) corresponding to t = 0, T/8, T/4,
3T'/8, T2, where

h

T=—"
Es - B

(4.99)
is the period of the oscillation.

We have now studied the wavefunctions associated with both stationary
and non-stationary states of a single particle, and we have plotted probability
densities, P(z,t), for both types of states. The probability densities give sta-
tistical information about the behavior of the particle. Important aspects of
this behavior are reflected in the so-called expectation values and uncertainties.
This will be discussed in some detail in the next chapter.

Supplementary Reading

The bibliography, entries [6], [11] and [9].

Problems

4.1, Imagine an electron confined to a cubic box with edge a. Determine the value
of a for which the electron’s zero-point energy equals its rest-mass energy, m.c’.
Express the result in units of the so-called Compton wavelength, A\c = hf(m.c), and
in atomic units (Appendix B.2).

4.2, According to the kinetic theory of gases, the average speed of an atom in an
atomic gas at the absolute temperature T is given by the expression

[3kT
v=4/—
m

where m is the mass of the atom and k is the Boltzmann constant.

a. Write down an expression for the de Broglie wavelength A correspond-
ing to v.
b. Calculate the value of A for a Na atom in a Na gas at T = 300K

and at T = 100 x 107° K. (The atomic mass of Na is 22.990u, with
lu = 1.66054 x 10™?" kg.)

¢. Assume that a Na atom is enclosed in a cubic box with edge A. Give
an expression for the energy separation AE between the ground state
and the first excited state of such an atom.

d. Determine the value of kT /AE.
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4.3. Write down the energy levels and the stationary-state wavefunctions for a
particle in a two-dimensional box with edges a and b.

For a = b (a square box), construct the energy level diagram corresponding to that
of Fig. (4.4). Specify the sets of quantum numbers (ng,ny) corresponding to each
level in the diagram.

Sketch the form of the ground-state wavefunction by means of contour curves in the
z, y-plane, i. e., curves on which the wavefunction has a constant value.

4.4. At time t = 0, a particle in a one-dimensional box is known to be in a non-
stationary state described by the wavefunction of Eq. (4.93). Calculate the quantity

5(t) = /0 20 (, £)¥(z, t)dz,

1. e., the mean position of the particle as a function of t. Specify the z-interval
traversed by the possible values of Z.
Use, for instance, that

2sin asin 8 = cos(a — B) — cos(a + B)

-/:u cos(nu)du = -r—ll—Q- [(-1)" - 1].

4.5. Consider a two-dimensional linear function space, V, with basis (11, ¢2) where
¥1 and 2 are linearly independent functions. t; and 3, are assumed to be normal-
ized to unity, but they are not orthogonal. Thus, we have.

<¢1|¢1> = 11 (¢2|¢2> = 11 <¢l|¢2) = S1

where S is the overlap integral between ¢; and ¢, (cf. Eq. (4.37)).
In what follows, it may be assumed that S is real-valued.

a. Construct an orthonormal basis in V defined by the functions

Y1 =41, $2 = N(¢2+ath).

First, determine a such that (11|¢%) = 0. Next, determine the value of
the normalization constant N.

(This method of orthogonalization is called Gram-Schmidt orthogonal-
ization. It is readily extended to function spaces of higher dimensions.)

b. Construct another orthonormal basis, defined by the functions

¥ = Ni(th +¥2), 2 = Na(¥ + by).

First, determine the value of b. Next, determine the normalization con-
stants N; and N.
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We have now performed a rather detailed study of a concrete quantum-
mechanical problem. On the way, we have made some important observations
on the general behavior of quantum systems. It was possible to make these
observations because of the simplicity of the problem. But for more complex
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problems, we may benefit considerably from a refinement of the formalism.
Consequently, we shall devote the present chapter to a formal study of the
properties of quantum-mechanical operators.

In Sec. (3.3) we discussed the process of quantization by means of which
the dynamical functions of classical mechanics (like position, linear momentum,
angular momentum, etc.) are replaced by operators in quantum mechanics.
This process induces a fundamental algebraic difference between the dynam-
ical quantities in classical mechanics and quantum mechanics: Two classical
functions like £ and p, multiply together as 2p, and p,z with the same result,
whereas the result of multiplying the two corresponding operators # and p;
depends on the order of multiplication. Thus, the operators £p, and p,& are
different. The difference between the two operators is called a commutator.
As may well be imagined, commutators play a fundamental role in quantum
mechanics. We shall lay the basis for the understanding of that role in this
chapter.

Operators like & and p,, and the Hamiltonian " , are all operators that
represent quantities that can be measured. Such quantities are called observ-
ables. There are other interesting operators in quantum mechanics besides
those that represent observables, but operators representing observables have
special properties. They belong to the class of so-called Hermitian operators.
We shall accordingly put much focus on Hermitian operators and their prop-
erties in what follows.

The commutator between two Hermitian operators is obviously an impor-
tant quantity. We shall see that if it vanishes, then it is possible to construct
quantum states for which both observables involved have so-called sharp val-
ues. But if the commutator between the two operators is different from zero,
then it is impossible to construct such states in general. The famous uncer-
tainty relation puts a well-defined limit on the accuracy with which the two
observables may be measured simultaneously. This limit is determined by the
commutator. The discussion in the present chapter is sufficiently precise that
it enables us to derive the exact form of the uncertainty relation and we shall
accordingly do so, before we close the chapter with a more general discussion
of quantum theory and measurements, and a section on matrix mechanics.

5.1 The Bra-Ket Notation

In Chapter 3 we introduced the Schrédinger wave mechanics according to which
the state of a physical system is determined by a wavefunction, ¥. The wave-
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function depends on the time and all the coordinates of the system. For the
latter, we shall use the collective notation ¢ in what follows and thus write
¥ = ¥(q,t). The time development of the wavefunction is governed by the
system’s Hamiltonian, Jg , through the time-dependent Schrodinger equation,

ov -~
ih— = HWY. 1
ih—, H (5.1)
The stationary states are described by wavefunctions of the particular form
Un(g,t) = Ya(g)e™*Brt/P, (5.2)

where E, is the energy of the state, and t¥,(¢) is a solution of the time-
independent Schrodinger equation,

HY = EV. (5.3)

In the preceding chapters we have considered this equation in some detail and
found its solutions for the particle in a box, in a single dimension and in three
dimensions.

It was pointed out in Sec. 3.2, that if ¢ is a solution of Eq. (5.3) then so
is cy, where ¢ is any nonvanishing complex constant. In a similar way, c¥
satisfies Eq. (5.1) whenever ¥ does. Accordingly, all functions of the form c¥
are understood to define the same physical state. One sometimes says that the
state is determined by the ray c¥.

For ¥ to represent a physical state it must be square integrable, i.e., the
integral

(|0 = / ¥ (q,4)¥(g, t)dg, (5.4)

where dg denotes integration over all the coordinates of the system, must be
finite. We may consequently choose the constant ¢ such that the integral is
unity, which is useful in most applications. ¥* ¥ is then a probability density,
and ¥*(g,t)¥(q,t)dq is the probability of finding the system in the ‘volume
element’ dg around the configuration ¢, at time ¢. But we need not normalize
the wavefunction to unity. If we don’t, then the quantity to be interpreted as
a probability density is U*(g,t)¥(q,t)/(¥|¥).

We begin the next section with some basic definitions. They all refer to
a given quantum system at some instant of time. Hence, we shall omit the
argument ¢ and write ¥(g) for a possible wavefunction of the system. We do
not assume that ¥(q) is an eigenfunction of the Hamiltonian. On the contrary,
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we allow ¥ to be a very general function of the system coordinates ¢. The only
requirements are that ¥ be a smooth function of the arguments, and that it
be square integrable so that the integral

) = [ @¥ad (5.5)

is finite.
For two square integrable functions, ¥, and ¥,, we introduce the scalar
product, or overlap integral, by the definition

(1) = [0 @v.(0)ds, (5.6)

in analogy with Eq. (4.39). As in Sec. 4.3, we underline that the first factor in
the integrand is the complex conjugate of ¥, (g) rather than ¥, (q) itself. Asa
result of this, we have the general relation

(s [0r) = (¥, [E,) (6.7

Note, also, that Eq. (5.5) is but a special case of Eq. (5.6).

As we have stated, ¢ is a collective notion for all coordinates of the system.
When we need a more explicit notation and the number of coordinates is f,
we may write

{g} ={=z1,22,... 2} (5.8)

If, for instance, the system consists of N particles, then we might let 21, 29, z3
represent the z,y, z coordinates of particle 1, 24, z5, £¢ the x,y, z coordinates
of particle 2, etc. Thus, we would write

{a} ={=z1,22,... ;23N }. (5.9)

The notation (¥,|¥,) which we have used above, and also in the previous
chapter, is the so-called bra-ket notation. The terms bra and ket were coined
by Dirac. They were extracted as the left and right parts of the word bracket
and denote quantities of the type (¥,| and |¥,), respectively. A ket |¥) was
meant by Dirac to designate a vector in an abstract space. Hence it is written
without reference to specific variables, except possibly the time. ¥(q) is the
so-called position-space representation of |¥), and one writes

U(q) = (q]¥) (5.10)
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and
¥ (q) = (¥lg)- (5.11)

But since we shall mainly work in position space, we may generally think of |¥)
as being simply ¥(q), and of (¥| as being simply ¥*(gq). Obviously, we obtain
the symbol (¥, |¥,) for the scalar product (5.6) by a simple juxtaposition of
the bra symbol (¥,| and the ket symbol |[¥,), the two vertical lines being
contracted to one for brevity.

The bra-ket notation is both useful and elegant, and we shall extend its use
in the following sections.

5.2 Linear Operators. The Commutator

An operator €1 is called linear if the relation

Q(Cl\lfl + 02\1’2) = 61Q\I’1 + CzQ‘I’z (512)

is satisfied for arbitrary complex coefficients, ¢; and ¢y, and for arbitrary func-
tions, ¥y and ¥;. We shall only meet linear operators in the following.

Let us consider the successive application of two operators, €, and Q, to
a function ¥. Applying 2 first results in a new function (¥, and when ,
is applied next we get the function Qb‘If Applying Q. before €2 results,
on the other hand, in the function .9, U. The difference between the two
functions is

QaQb\I’ - QanW = (QaQb — Qbﬂa)‘l’. (5.13)

If this function vanishes, it does not matter in which order we apply Q. and
3. And if this is found to be true for any ¥, we say that Q. and Q commute.
However, quantum-mechanical operators do not commute in general, so an
important quantity is the commutator:

(€24, 2] = Quls — 24 (5.14)

It follows from the definition that this is an antisymmetric quantity, in the
sense that

(0, Qa] = —[a, ] (5.15)
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Let us consider some important examples.
As the first example we take

0.=0 Wb=c, (5.16)
where (2 is an arbitrary operator and ¢ an arbitrary complex constant. Since

{2 is assumed to be linear we get, for any function ¥, that Qe¥ = ¢}, and
hence that (Qc — ¢2)¥ = 0. But this implies that

Q,c=0 (5.17)

In our second example we put

A ol

Qa = “a—_z—ly Qb =, (5.18)
in the notation of Eq. (5.9). We get
¢} 4
— e —_— ‘I’ .
oY = ng Y+ (5.19)
and hence
7] 8
(5;1'231 - Iy E) ¥ = (520)
Since this holds for any ¥, we have derived the following commulation relation
0
[5;‘1', 311] =1. (5.21)

Provided that the coordinates involved are Cartesian, 8/0z; defines the mo-
mentum operator p; by the definition (3.11)

A L 0
m= —Zﬁgx—l. (522)

Hence we get, by multiplying Eq. (5.20) by ik

[z1, p1] = ik (5.23)

A similar relation holds, of course, for the commutator between p, and z3. To
derive the commutator between p; and r, we note that

O ¥ = 2y

5 oY =205,V (5.24)
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which shows that
[z2, p1] = 0. (5.25)

Extending these findings to all the Cartesian coordinates in a set of the type
(5.9) allows us to write

[#i, p;] = ihé;; (5.26)

This is a very basic quantum-mechanical result.

In our last, and somewhat more complicated example we consider a single
particle in three dimensions. Its Cartesian coordinates are called (z,y, z) as
usual. We seek the commutation relations between the angular-momentum
operators (l;,l;,,l;), which are defined as the Cartesian components of the
angular-momentum vector operator

I=#xp. (5.29)

These components are

I, = ybs — 2B, = —ih i_.i)

T — ypZ Zpy - 4 yaz zay )

- . L o] ]

ly = 2pg — xp, = —th (255 -z z) , (5.28)
7] ]

iz =$ﬁy—yﬁz = —th (Ia—y— a—x) .

The square of the angular momentum is represented by the operator

>

02 =02 42 412, (5.29)

Straightforward evaluation gives first

= —h? { (ya—z - z%) (267 - ”a_z> (5.30)
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and next,

P 0 ov o oV o oV o ov
— _ B2 IR e IRURL AV el e
=) 1,10 = —h {yazzam Y5270z zayzc'):c +z6yr62

—-Zi 3_‘Il+ _8_ (_9_\?.4_ i a_‘I’_ iza_‘ll (5 31)
0:90z T 2By T T8:0:  Y8:7 by '
ov ov d d -
32 o _OF N s 9 .0 — )
=h (m By y(?x) ih(—ih) (x(')y yam) ¥ = ¢hi, ¥
The result of the exercise is that
iz, Iy] = ihi,. (5.32)

Similar results are obtained for the commutators [iy, l;] and [l;, l;] Thus, we
arrive at the fundamental commutation relations

Iz, §,] = ihl,,
iy, I.] = ihi,, (5.33)
(0., &) = ih,.

Note that these three commutation relations are transformed into each other
under a cyclic shifting of the indices (z = y, y = 2, z = z). For the square
of the angular momentum, as defined by Eq. (5.29), one finds

[A2, l;] = [i2, iy] = [[2, l;] =0 (5.34)

so that /2 commutes with each of the components i,, iy, and .

In the derivation of more complicated commutation relations it is often
helpful to take advantage of the following general relations, in which the s
are arbitrary operators and the ¢’s arbitrary complex constants,

[, 1% + 2] = [, Qa] + 22, ]
[Qaﬂba Qc] = Qa[ﬂba Qc] + [Qaa Qc]Qb (535)
[Qav Qch] = Qb[ﬂa; Qc] + [Qa; Qb]ﬂc
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Each of these relations is easily verified by evaluating the two sides of the
relation separately and comparing the results. We get, for instance, for the
second relation

Qa8 Q] = Qa2 — Q6 h, (5.36)
and

ﬁa [ﬁb) Qc] + [Qa, Qc](zb = Qaﬁbéc — Qa
= Q.00 -Q

which verifies the relation.
As an example of using the relation just proven, let us evaluate the com-
mutator [{2, I;]. We get

~ rq

(% L) = 025+, L]+ 12, L]
= 0+lylly, L]+ Uy, LYy, +1 Wl L]+ e, i
= Iy (—ihl) + (—ikl,)ly + I, (ihly) + (3R,
0. (5.38)

This verifies the first part of the relation (5.34). The rest is verified in a similar
manner.

In closing this section, let us note that we may also use the bra-ket notation
freely when operators are involved. The effect of operating with an operator
€ on the ket |¥) is written 2| ¥). It equals the ket |2®), which we may think
of as Q\Il(q) as long as we stay in the position representation.

5.3 Hermitian Operators. Hermitian
Conjugation

An important class of quantum-mechanical operators are the so-called Herms-
tian operators. The Hamiltonian is a Hermitian operator, and the same is true
for any other operator that represents an observable. We shall show this in the
following section. Here, we shall merely introduce the definition of Hermitian
operators and make ourselves familiar with the definition through some simple,
but-important examples.

Let us consider an operator (2, together with two functions, ¥,(¢) and
¥,(q), which so far are completely arbitrary except for the condition that the
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integral

= (W[ = (%, 100,) = [ ¥ ()08, (0)dg (5.39)

must exist. Integrals of this type play an important role in quantum mechanics,
and are often referred to as matrix elements, because any set of functions,
¥i(q),¥a(q),..., allows us to construct a matrix, namely, the matrix with
elements Q1, Qy7, Qa1, a9, etc. The notation (‘I’r|f)|\ll,) is a natural extension
of the bra-ket notation. We recall again that whenever a function appears
in a bra position, as ¥, does in the above expression, then it is the complex
conjugate of the function that is involved. Remembering this, we may establish
the following relation,

(Q0,|0,) = (T,|Q¥,)*, (5.40)

for when we specify the integrals involved, the relation becomes

/(Q\Il,)*\ll,dq = (/ \II:Q\II,dq)* (5.41)

which is a trivial identity.

With the definition of the matrix element (¥, |Q|¥,) completely under-
stood, let us recall the relation (5.7), which says that if we interchange the
two functions ¥, and ¥, in the scalar product (¥, |¥,), then the value of the
scalar product is merely replaced by its complex conjugate. This implies, in
particular, that the absolute value |[(¥,|¥,)| is unchanged. We cannot expect
the relation between (¥, |Q|¥,) and (¥,|Q|¥,) to be equally simple. But for
a certain class of operators it is. This is just the class of Hermitian operators.
The proper definition of a Hermitian operator is

An operator F is said to be Hermitian if and only if
(B FIW,) = (9, F|¥,)"

for arbitrary, well-behaved functions ¥, and ¥,. (5.42)

The condition may also be written

(Ve |F|¥,) = (FU,|¥,).

The latter form of the definition is readily obtained from the first by exploiting
the relation (5.40). By a well-behaved function we understand a function that
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may, at least in principle, serve as a wavefunction for the system under study
(in general a non-stationary wavefunction). This implies, as we know, that the
function must be square integrable, and that it must honor the boundary con-
ditions imposed on the system. A well-behaved wavefunction for the particle
in a box must, for instance, vanish on the walls of the box. The importance
of requiring the functions ¥, and ¥, to be well-behaved in the present con-
text will become clear through the following examples. (See, in particular, the
derivation of Eqgs. (5.50) and (5.52).)

For a general operator {2 we may introduce the so-called Hermitian con-
Jugate operator Qt by the requirement that the matrix element (\PTIQTI\II,)
equal (¥,|Q|¥,)* for arbitrary functions ¥, and ¥,. We may again exploit
the relation (5.40) and turn the expression (¥, |Q[¥,)* into (Q¥,|¥,). Thus,
we have,

An operator Q! is said to be the Hermitian conjugate
of the operator ) if and only if
(T 11 ,) = (T, |09, )*
for arbitrary, well-behaved functions ¥, and ¥,. (5.43)
The condition may also be written
(‘I’r|QT|‘I’a> = (Q¥,[T,).
This relation is known as the turn-over rule..

Hermitian conjugation is a symmetric relationship between the operators {2 and
Qt, in the sense that € is also the Hermitian conjugate of 2f. The relation
that certifies this is simply the complex conjugate of the first of the relations
(5.43).

The condition for F' to be a Hermitian operator may now be rephrased: The
operators F' and F1 must be identical.

To proceed, let us determine the Hermitian conjugates of the operators
studied in the previous section. In each case, the easiest route to follow is to
write down the expression (¥, |¥,), and then manipulate this expression such
that it is brought on the form (¥,|Qf|¥,), from which Q' may be identified
by the turn-over rule.

First, we consider a complex constant ¢, and hence the expression (c¥,|¥,).
We obviously have that

/ (c¥r(9))*¥s(g)dg = / ;7 (g)c"¥,(g)dg, (5.44)
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that is,
(WU, |¥,) = (T, |c*|T,). (5.45)
This shows that

et =¢* (5.46)

The steps just carried through may be repeated without modification for an
arbitrary function of ¢, V(q) say. Thus, we have that

Vi(g) =V(9)" (5.47)

These simple examples might let us believe that Hermitian conjugation
is the same thing as complex conjugation. That this is not so in general, is
inherent in the following examples.

In the example to be taken up next, we want to determine the Hermitian
conjugate of the operator 8/0z;, where z; belongs to a coordinate set of the
type (5.9), i.e., we assume that we are dealing with a set of Cartesian coordi-
nates £q,&s,...,z3n. We also assume that the functions involved satisfy the
following boundary condition,

\I’(al,:cg,... ,.’63N) = \I’(bl,xg,... ,Z'3N), (548)

where ay and b, define the range of z,. The condition is certainly satisfied if
z1 is defined on the interval —oo < z; < 0o, for the integral (¥|¥) will only
exist if ¥ tends to zero when |z;| tends to infinity. But the condition is, for
instance, also satisfied for the particle in a box, where we require all physically
acceptable wavefunctions to vanish on the walls of the box.

By observing Eq. (5.48), and introducing the notation d¢’ for the incomplete
volume element dzodzs. .. dzsy, we get:

< 7, |\Il> /dq/h(——w)wm
:/dq’{[w:w,] ‘ —/bl ,36 ¥ d:cl}
“ 71 (5.49)
fr (e
- <\1: 2 w>

6m1




5.3. Hermitian Operators. Hermitian Conjugation 105

which shows that

o \! K]
(-371) =~ %2 (5.50)

Hence, 8/8z; is not Hermitian. The operator is said to be anti-Hermitian.
If, however, we multiply all expressions in (5.49) by ik, we get

<—ih 8 Wr ‘I,a> = <‘I,1‘

61}1
which shows that —ihd/0z1, is Hermitian. But this operator is nothing but
the linear momentum operator 5. Hence p; is Hermitian,

_ind

61’1

\1:> , (5.51)

B =51 (5.52)

A similar result holds, of course, for the operators ps, ps, ..., Psn, provided
the functions involved also satisfy boundary conditions similar to (5.48) for
the coordinates z1,z2,...,zaN-

The operators that represent the position variables z1,zs,...,Zan are,
as we know, just the functions 2y, zs,...,z3y. These functions are all real-
valued and therefore Hermitian operators, according to Eq. (5.47). We have
thus learned that Cartesian position and momentum variables are represented
by Hermitian operators.

In determining the Hermitian conjugates of more complicated operators,
the following expression for the Hermitian conjugate of a product of operators
is useful,

Q... Q) = Qf..QIO1. (5.53)

To prove the relation, it is sufficient to consider the product of two operators.
We use the turn-over rule, (¥, |¥,) = (¥,|Q|¥,), twice and get

(09, |9,) = (BT, |04 0,) = (¥, |Q]QL|T,). (5.54)

In the first step we have let ), play the role of the operator 2 in the above
reproduction of the turn-over rule, in the second step we have let €2, play that
role. A comparison of the first and the last expression in Eq. (5.54) shows that

(Qall)t = QIOL. (5.55)
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An iteration of this result gives Eq. (5.53).
As an obvious deduction from the relations (5.55) and (5.46) we get that

(190 + c20) = ¢} + 3. (5.56)
For two Hermitian operators, F; and Fy, Eq. (5.55) reads
(FaFo)t = FyFo. (6.57)

The right-hand side equals ﬁ‘aﬁ'b if F, and ﬁ’b commute. Hence the following
theorem,

The product of two Hermitian operators is Hermitian

if and only if the two operators commute. (5.58)

This theorem guarantees, for instance, that the angular momentum oper-
ators (5.28) are Hermitian, as the following sequence of arguments shows: We
have that [, = yp, — 2py, and we know that the Cartesian coordinates and
momenta y, p,, z, and p, are Hermitian. We also know that y and p, commute,
and so do z and py, cf. Eq. (5.26). yp, and zp, are accordingly Hermitian, and
the same must therefore hold for their difference, which equals {,. A similar
series of arguments may be carried through for fy and [, .

Thus, the theorem (5.58) causes l;,,l;, and l; to be Hermitian. It also
guarantees that {2 is Hermitian (because [x,iy and [, are).

Finally, the theorem also guarantees that Hamiltonians are Hermitian op-
erators. Thus, the Hamiltonian for a single particle in three dimensions reads

~ 1, .
H=— B2+p2+p2) +V(r). (5.59)

This is a sum of Hermitian operators, for p2 is Hermitian because p, is (the
above theorem), and V is Hermitian because it is a real-valued function (Eq.
(5.47)). Being a sum of Hermitian operators  is itself Hermitian, as claimed.

At the beginning of this section, we stated that quantum mechanical oper-
ators representing observables must be Hermitian. We have now demonstrated
that this is in fact the case for a number of such operators. A general proof of
the statement is contained in the following section.

In closing the present section we note that any non-Hermitian operator, €2,
determines two Hermitian operators, {4y and Q,, by the definitions

& = La+a,

Q= = (- Oh. (5.60)
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Conversely, the operators

Ot =0 —iQy, (5.61)

are each other’s Hermitian conjugates whenever Ql and {2, are Hermitian. An
example of such a pair of operators is, for instance, supplied by the angular-
momentum operators [+ and !~ defined by the relations

i
>8
>«

It=10, +il

i~ =10, —il,. (5.62)

~—

5.4 Some Properties of Hermitian Operators

On the basis of the definition (5.42), we shall now derive some important results
concerning the eigenvalues and eigenfunctions of Hermitian operators. First
we prove that

The eigenvalues of a Hermitian operator are all real. (5.63)

Let ¥ be eigenfunction of a Hermitian operator, F', with eigenvalue f,
o = fy. (5.64)
Scalar multiplication from the left with ¥ gives then:
(U|F|¥) = f(¥|9). (5.65)

Now, it is obvious from the definition (5.5) that (¥|¥) is real. It also follows
from the definition (5.42) that

(¥ F|¥) = (| F|¥)*, (5.66)

so (¥|F|W) is also real. Hence f must be real. This proves the theorem.
Next, we prove the theorem

Eigenfunctions corresponding to different eigenvalues
of a Hermitian operator are orthogonal.

(5.67)




108 Chapter 5. Quantum-Mechanical Operators

Let the two eigenfunctions be ¥, and ¥s, and let f; and fa be the correspond-
ing eigenvalues, so that

PA’\I,I = fl\I,la
Py = fo0,. (5.68)

We shall evaluate the matrix element (¥;|F|¥5,) in two different ways. First,
we use that ¥, has the eigenvalue fy and get

(U1 |F|¥) = (01| f2¥3) = fo(W1]Ts). (5.69)

Secondly, we use that F is Hermitian, that ¥, has the eigenvalue f;, and that
fi is real (Theorem (5.63)). This gives

(01| F|s) = (FU1|¥s) = (/¥ |¥s) = fT(¥1[¥s) = fi(T1|¥2).  (5.70)
Thus, we have derived the relations
(U1 F|¥5) = f2(T1|¥2),
(U1|F|¥2) = fL{¥1[¥2). (5.71)
Subtracting these two relations from each other gives

(f2 — fL)(¥1|¥3) = 0. (5.72)

So, whenever f; # f2 we must have that
(U1]¥2) =0, (5.73)

which proves the theorem.

In the previous section, we observed that the Hamiltonian is a Hermitian
operator. Eigenfunctions corresponding to different energies must consequently
be orthogonal. But this is exactly what we have found in the previous chapter,
so the theorem (5.67) is the rationale for our earlier observation.

The theorem may be considered a special case (G‘ = 1) of the more general
theorem:

When two functions, \Ill and W¥,, are eigenfunctions of a
Hermitian operator F with different eigenvalues, and
G is any operator that commutes with F', then
(¥]G|¥;) = 0.

(5.74)
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This theorem may be proved in a similar way as the previous one. We get first
(01|GF|¥s3) = (91|G|f2¥32) = f2(¥1|G|T), (5.75)

and then
(U1 [FG|W2) = (F,|GI¥2) = (fL¥1|G]¥2) = f1(¥1|G|¥). (5.76)

But because we have assumed that FG = GF, the results of the two cal-
culations must be the same. Subtracting the results from each other gives
therefore

(fa = A)E1|GIE2) = 0. (5.77)
We agsume that f; # fo. Hence,
(¥1]G|W5) =0, (5.78)

which finishes the proof.

We have now made ourselves familiar with Hermitian operators and their
properties, and it is time to prove the assertion made at the beginning of Sec.
5.3:

Observables must be represented by Hermitian operators. (5.79)

Observables are physical quantities that can be measured, like position, linear
momentum, energy etc. The problem of deriving the values of observables from
a given wavefunction will be discussed in the following section. The basis of
the discussion will be the postulate that the quantity

(Y| F|¥)

)= ey

(5.80)
is the expectation value of F in the quantum state ¥. By this we mean that if
we have a very large number of identical systems, each in a state described by
the wavefunction ¥, and if we measure the value of the physical quantity F for
each of these systems, then the average value will be (¥). The wavefunction is
not supposed to be an eigenfunction of . All that is required is that it should
be well-behaved, in the sense discussed in connection with the definition (5.42)
of Hermitian operators.

The important point is now, that the result of a measurement must be a
real number. As a consequence, we must demand that the expectation value
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(ﬁ') be real, and this must hold no matter what the function ¥ looks like, as
long as it is a well-behaved function. The quantity (U|¥) is always real. It
follows therefore, from Eq. (5.80), that (¥) will be real whenever (¥|F|¥) is.
We have learned, by Eq. (5.66), that (\Il|ﬁ'|\Il) is real if F' is Hermitian. What
we shall now show is, that if (¥|F|¥) is real for any well-behaved ¥, then F
is Hermitian. We proceed as follows.

We assume that (¥|F|¥) is in fact real for any well-behaved ¥ and let
¥, and ¥, be two well-behaved, but otherwise arbitrary (complex-valued)
functions. We then construct the two new functions

¥, = ‘I’1+‘I’2)
U, = ¥ +1V¥,, (581)

and evaluate (¥|F|¥) for each of them. The result is

(Va|FWa) = (U1|F[¥) + (Ua] F|W2) + {(¥1|F|W2) + (¥3| F|¥y)},
(W | F|Ws) (U1 F|01) + (02 F|W2) + i{ (U1 F| W) — (W) F|T,)p.82)

We have assumed that (¥|F |¥) is real for any well-behaved function. Hence
(Ua|F|Ws), (Up|F|¥s), (¥,|F|¥,), and (¥y|F|¥,) are all real. This in turn
implies that

(W1|F|Ws) + (U5|F|T1) s real,

(01| F|¥5) — (Uy|F|¥,) is imaginary. (5.83)
But if the sum of two complex numbers is real while their difference is imagi-

nary, then the two numbers must be complex conjugates. The proof is elemen-
tary: We assume that the relations (5.83) are fulfilled and write

(91|F|s) = A+B,
(Uy|F|¥,) = C - iD, (5.84)
where A, B, C, and D are real per definition We get then
(U1 |F|W2) + (W2 F|¥1) = (A+ C) +i(B - D),
(9, | F|¥3) — (¥5|F|¥,) = (A — C) + (B + D). (5.85)

Since the sum is real we conclude that B = D, and since the difference is
imaginary we conclude that A = C. Thus, the expressions (5.83) do in fact
give that

(U |F| 1) = (01| F|W5)*. (5.86)
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But this is, according to the definition (5.42), exactly the condition for Fto
be Hermitian, since ¥; and Ws are arbitrary.
This completes the proof of the theorem (5.79).

5.5 Expectation Values and Uncertainties

In Sec. 3.4, we introduced the statistical interpretation of the wavefunction,
and touched upon it again in Sections 4.9 and 5.1. We shall now consider the
general problem of extracting statistical information from a wavefunction.

Let us, for simplicity, begin by considering a particle which is restricted to
move in a single dimension, as in the case of a one-dimensional box. Let ¥(z,t)
be a normalized (stationary or non-stationary) wavefunction for the particle.
Our previous considerations tell us then that the quantity

P(z,t) = ¥"(z,t)¥(z,1) (5.87)

is a probability density, in the sense that P(z,t)dz is the probability of ob-
serving the particle in the small interval dz at z, at time ¢. It integrates to
unity:

/P(z,t)d:c = /\I!*(x,t)\ll(x,t)dm =1, (5.88)

the integration being extended over the range of z.
As in ordinary probability theory, we may now introduce the average value
of the variable ¢ at time ¢ by the definition

(z) = / 2P(z,t)dz, (5.89)

The average value of z is also referred to as the expectation value of . To
stress that it depends on ¢ whenever ¥ does, it is sometimes convenient to use
the symbol Z(t) instead of {(z).

In a similar way, we may introduce the average or expectation value of an
arbitrary function of the type v(z,t) by the definition

(v(z,t)) = /v(x,t)P(z,t)d:c. (5.90)
The expectation value of z2 is, in particular

(z?) = /mzP(a:,t)dm, (5.91)
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and the average value of a constant is seen to be the constant itself.

The so-called variance of z i1s defined by the relation

(o= @) = [ (o= @PP(,td. (5:92)

Finally, the standard deviation of z, denoted by Az, is defined as the square
root of the variance, l.e.,

Az = ({z — (2)}?)3. (5.93)

One refers to this quantity as the uncertainty of x, since it measures the mag-
nitude of the fluctuation of # about its average value, at time . We note that
the variance of z, and hence also Az, may be calculated from the expectation
values of z and z? in the following way

(@)= (e~ ()) = ("~ 20(e) + () (5.94)
= () - Az)(=) + (2)? = (&%) — (2)*,

The above expressions are all similar to the expressions of ordinary prob-
ability theory, but they only give information about the expectation value of
z and about the expectation values of functions of z. A wavefunction hides,
however, much more information than that. It enables us, in fact, to calcu-
late the expectation value of any relevant observable. Let us note, that the
elementary manipulations

v(z,t)P(z,t) = v(z, )" (x,t)¥(z,t) = " (z, t)v(z, ) ¥(z,t) (5.95)
allow us to write the expressions (5.89), (5.90) and (5.92) as follows:

(z) = (T|e| L),
(Az)” = (¥l|{z — (2)}*|¥), (5.96)
(v(z, 1)) = (¥|v(2,1)|¥).

These are expressions that may be generalized to arbitrary observables.
This is done by the following postulate, in which we again use the notation ¢
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for the coordinates and F for a general Hermitian operator:

The expectation value of the observable F
in the state |¥) = ¥(q,1), is given by the expression

s _ (UIF|T)
FyY= ——"-,
=y
When ¥ is normﬁahzed to unity, this becomes 5.97
(F) = (¥|F|w). (6.97)

The uncertainty of F is
AF = ({F = (F)}3)3.

AF is a measure of the fluctuation of F
about its average value.

The variance, (AF)2, may be calculated from the expectation values of F' and
F? by the relation

(AF)? = ({F —(F)Y)) = (F*) - (F)*. (5.98)

The validity of the postulate, that the expressions in (5.97) are the correct
ones to use for the expectation value and hence the uncertainty of a physical
quantity, hinges of course on experimental verification. To verify it experi-
mentally, prepare a large number of identical systems, each described by the
wavefunction ¥(z,t), then measure the value of F for each system at time ¢.
This results in a distribution of values of F. Then compare the mean value
and the variance of this distribution with the values calculated for (¥) and
(AF)? by the expressions in (5.97). If the experimental and theoretical values
are the same for any operator, then the postulate has been verified. Needless
to say, one knows of no examples where the agreement between the two sets
of values breaks down.

That the measurement of a physical quantity F results in a distribution of
values in the above sense, implies that the result of a single experiment is, in
general, irreproducible. The only thing that is reproducible is the form of the
distribution. This is a genuine feature of quantum mechanics.

The only case in which the result of a single experiment is in fact repro-
ducible, is when ¥(g,?) is an eigenfunction of F', with eigenvalue f, say. For
then we have that

F‘I’(q:t) = f\I’(q,t), (599)
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so that
(Fy= / U*(g,) F¥(g,t)dg = f / U (q,)¥(q, t)dg = f (5.100)
and
(AF)? = /\I'*(q,t)(ﬁ — IUF — f)¥(q,t)dz = 0. (5.101)

We have used that F — f annihilates ¥(q,t), which follows from Eq. (5.99).
Thus all experiments give the value f in this case.

An important example of such a situation is encountered when F' is the
Hamiltonian H and U(q,t) is the wavefunction associated with a stationary
state. For ¥(q,1) is then an eigenfunction of H. Thus, we always get the same
value when we measure the energy of a stationary state—we say that we get a
sharp value of the energy. It is for this reason that we have been able to refer
to the value of £ in the time-independent Schrodinger equation as the energy
of the state.

A non-stationary state does not have a well-defined energy. It is merely
characterized by a distribution of energy values, but the average value (ﬁ )
and the uncertainty AH associated with the distribution are, of course, well
defined.

To illustrate the above concepts, let us again turn to the particle in a
one-dimensional box.

5.6 The Particle in a Box Revisited

The stationary-state wavefunctions for the particle in a one-dimensional box
are given by the expressions (4.83) and (4.84). These expressions show that

(U |F|Wn) = (0] Fl¥n) (5.102)

whenever F is independent of ¢.

This is a general result: In a stationary state, the expectation value of a
physical quantity F is independent of time, unless the operator F depends
explicitly on time. Important time-independent operators are operators like
z and p, and the Hamiltonian for a conservative system. For a conservative
system, the potential energy function is independent of time, cf. Sec. 3.1. It is
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The integral of an
odd function vanishes

f(x)

Figure 5.1: The function f (z) is odd (ungerade) under inversion in the point
o, i. €., f(z0o—£) = — f(za+£) for all £&. The value of the integral [* f(z)ds
is equal to the sign-valued area between the curve f(z) and the z-axis. With
z' ~ 3o = zo —z", as on the figure, the two contributions f(z')ds and f(z")dr
to the integral are numerically equal but of opposite sign, and hence cancel
out. This is true wherever s’ is chosen on the z-axis, so the contribution to
[ f(z)dz from the interval ¥ > x¢ is exactly cancelled by the contribution
from the interval z < xo.

only for such systems that the time-independent Schrédinger equation is at all
relevant.

For the stationary states of the particle in a one-dimensional box, the prob-
ability densities defined by Eq. (5.87) become:

Pp(z) = ¢n(2)¢n(z) = —sm }(nrz/a). (5.103)

They are plotted on the right-hand side of Fig. 4.3. They are all even under
inversion in the point z = a/2. Hence we get that

f a(z ~ a/2)Py(z)dz = 0, (5.104)

for all n. For since the function z ~a/2 is odd under the inversion, the product
function (z — a/2)P,(z) is also odd, and the integral of an odd function is
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strictly zero (See Fig. (5.1)). By combining the result (5.104) with that of Eq.
(5.88) we see that

(z) = /Oa zPp(z)dr = f:(m — a/2)Py(z)de + -g]: P,(z)dz =0+ g- = g.
(5.105)

This result is just what one would expect by simply looking at the graphs of
Pn(z). (It falls out a little easier, but now in the form (z) = 0, by shifting the
origin to the midpoint of the box, as in Sec. 4.5.)

To evaluate the variance and hence the uncertainty of z, we use that

(Az)? = (2?) — ()2, as in Eqgs. (5.94) and (5.98). For (z?) we find

3 nw
(2?) = g—/ z?sin’(nrz/a)dr = 2 (_a;_) / u?sin?udu
a 0

a
a Jg nw
2 /7a\3[(n®*r® ar 2 (1 1
_5(;;) ( 6 —T)_a (:";_21;271'2)’

and when we combine this result with the result of Eq. (5.105), we get

11 a?) # 1 1 \?
— 2 —— —— e = —_—— —— . .
Az = {“ (3 2n27r2> 4 } ¢ (12 2n27r2> (5.107)

Thus, the uncertainty of z increases from the value 0.1808a in the ground state
to the value 0.2887a in highly excited states.

Next, let us evaluate {$,) and Ap, for the linear momentum which corre-
sponds to the operator

(5.106)

P = »ih%. (5.108)

We find that
(pz) = 2 /a sin(nwz/a) | —ih— }sin(nwz/a)d
" a ), 1 a . Yde

a (5.109)
2, _.nw .
= —(——zh)—/ sin(nrz/a)cos(nrz/a)dz = 0,
a a 0
where the last integral vanishes because the integrand is odd under inversion
in the point # = a/2. Alternatively, we may argue that (p,) must be real
because P, is Hermitian. The integral expression is, however, imaginary—so a
contradiction occurs unless the integral and hence (p;) vanishes.
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To evaluate (p2), we observe that

Piopn(z) = "f o(2) = 2mApa(z) = 2mEntn(z)

(5.110)
n? (?) ¥n(a),
so that
/ ¥n () P20 (2)dz = h"’( ; )2, (5.111)
and hence
Apy = E_E_";' (5.112)

Thus, Ap, increases linearly with n, the ground-state value being nh/a.

An important quantity is the uncertainty product AzAp;. For it follows
from general operator relations to be discussed in Sections 5.7 and 5.8, that it
is impossible to construct a quantum state for which this product is smaller
than %/2. This is an example of the famous uncertainty relation, attributed to
Heisenberg,

Heisenberg’s uncertainty relation

for position and momentum: (6.113)
AzAp, > h

For the stationary states of the particle in a one-dimensional box we get,
by combining Eq. (5.107) and Eq. (5.112),

1 1 \?}
A:L‘Ap,,- = nrh (ﬁ - m) . (5.114)

The product increases roughly linearly with n, the ground-state value being
0.5679h. The values are seen to be in accordance with the relation (5.113).

After this example, let us return to the discussion of arbitrary quantum
systems.

5.7 Commuting Hermitian Operators

In the light of the uncertainty principle for position and momentum, it is of
interest to evaluate the uncertainty product AFAQG for arbitrary operators
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and states. This we shall do in the following section. In the present section,
we shall consider a related important problem.
Assume that we have a set of linearly independent functions,

¥1(a), ¥2(9),- - ¥nla), - - (5.115)

which is complete in the sense that any well-behaved function, ¥(g), may
be expanded on the set. By this we mean that a unique set of coeflicients,

€1,¢2, . . ., exists such that we may write
U(g) =D eathn(e). (5.116)
n=1

Assume also that each function in the set (5.115) is a common eigenfunction
of two linear Hermitian operators F' and G,

F'pn:fnwn, n=12...

A (6.117)
GYp =gntn, n=12,...

Under which conditions is this possible?
To answer this questlon we act on the first of the above eigenvalue relations
with the operator G on the second with the operator F. We get

GFn =p Gn,= fagnhn n=1,2,...

9 A (5.118)
FGYpn = gnFn, = gnfatbn n=12,...

Subtraction gives
(GF-FQ)y,=0, n=12,... (5.119)

and hence (GF — FG)¥ = 0 for any function that is a linear combination of
the functions 1, v2,.... But the set (5.115) is complete, so any ¥ is of that
type. Thus, the commutator [G’, F‘] annihilates any function, and is therefore
by definition zero.

A necessary condition for the relations (5. 117) to be poss1ble is, accordingly,
that the commutator between the operators F' and G vanish. This, then,
raises the question whether one can always construct common eigenfunctions
of two commuting Hermitian operators. The question may be answered in
the affirmative, although we shall not go through the somewhat elaborate
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derivation.! We have, therefore, the following theorem

A necessary and sufficient condition for two Hermitian
operators to have a complete set of eigenfunctions in (5.120)
common, is that the operators commute.

The theorem (5.120) is of great importance because it allows us to classify
the eigenstates of a physical system by the eigenvalues of a maximum set of
mutually commuting operators. We shall take great advantage of this possibil-
ity in the following chapters. In fact, we have already applied the possibility
in Sec. (4.5), where we showed that the eigenfunctions of the Hamiltonian (the
solutions of the time-independent Schrodinger equation) were also eigenfunc-
tions of the inversion operator. The inversion operator is a Hermitian operator,
and it commutes with the Hamiltonian for the particle in a box.

The theorem (5.120) also tells us something about the possibility of con-
structing quantum states for which sharp values of more than one observable
may be obtained during a measurement. For the discussion at the end of Sec.
5.5 is readily generalized to other observables besides the energy. The condi-
tion that a sharp value is obtained for an observable F is, therefore, that the
quantum state under observation is an eigenstate of the operator F. Similarly,
it must be an eigenstate of the operator G for G to have a sharp value. But
according to the discussion above this is, in general, only possible when F and
G commute.

If the operators F and G fail to commute, then we cannot generally have
common eigenfunctions for ' and G. Consequently, the uncertainties AF and
AG cannot both vanish for the same quantum state. For the non-commuting
operators £ and p, of the previous section, we have the uncertainty relation
(5.113). This relation is a special case of the general relation

The uncertainty relation
for two arbitrary observables F' and G: (5.121)
AFAG > F(i[F, G])I.

< i[F,G] > is the expectation value of i times the commutator between F

and G.

1The derivation draws on the methods of linear algebra and the possibility of simultane-
ously diagonalizing two Hermitian matrices.
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The commutator [z, ;] has, according to Eq. (5.23), the value ih. The
expectation value of i times this number is —h for any state. The absolute
value is h. Hence, the uncertainty relation (5.113) follows immediately from
the general uncertainty relation (5.121).

A proof of the relation (5.121) is given in the following section.

5.8 The General Uncertainty Principle

We begin by noticing that for any operator A and any wavefunction ¥, we
have the relation (A\IIM\II) > 0. This follows immediately from the definition
(5.5), which shows that (AW|A¥) is the integral of a real and non-negative
function, and such an integral can, of course, never be negative.

Next, let us consider two Hermitian operators, F' and G, a normalized
wavefunction, ¥, and a real constant, a. The relation

((F + iaG)¥|(F + iaG)¥) > 0 (5.122)

will then hold for all values of a. A straightforward expansion of the expression
on the left-hand side of this relation gives

(FUIF®) + o2 (G¥|GY) + ia((FE|GT) — (GY|FT)) > 0. (5.123)

We now use the definition (5.42) of a Hermitian operator, together with Eq.
(5.46), to get

(U|F2|0) + o(U|G?|W) + ia(¥|FG — GF|¥) > 0. (5.124)
Written in terms of expectation values, this becomes
(F?) + o*(G?) + a(i(FG — GF)) > 0. (5.125)

According to Eq. (5.60), the operator i[F',G] is Hermitian. Its expectation
value is therefore real. Thus, all three terms on the left-hand side of the above
relation are real.

To appreciate the next step in the derivation, recall that a second-order
polynomiumin z, say Az%?4 Bz +C, has two real roots whenever B2—4AC > 0.
When B? — 4AC < 0, the polynomium is positive valued for all z. The
condition that the relation (5.125) hold for all values of « is therefore

((FG — GF))? —4G*)(F?) <0, (5.126)
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or,
(FW(G? > L(FG - GF))2. (5.127)

To proceed, we introduce two real constants, a and b, and note that
(F—a)(G—-b)~(G-b)(F—a)=FG-GF =[F,Q). (5.128)

The relation (5.127), applied to the operators F —a and G — b instead of F
and G, implies therefore that

((F = a)*)((G - )*) 2 {(ilF, G))*. (5.129)

We now put a equal to (F) and b equal to (G). The definition of uncer-
tainties, (Eq. (5.97)), gives then

(AF)X(AG)? > §(ilF, Q). (5.130)
We may therefore conclude that
AFAG > |([F,G))|. (5.131)

But this is just the uncertainty relation (5.121) which we set out to prove.

5.9 Quantum Theory and Measurements

In the preceding sections we have stressed that observables must be represented
by Hermitian operators. We have also postulated that if we have a system
described by a coordinate set ¢, then the average value, or expectation value,
of a general observable F' in the state |¥) = W¥(q,t), at time ¢, is given by
(F) = (¥|F|¥), assuming of course that ¥(g,t) is properly normalized to
unity. We also learned how to calculate the uncertainty AF that measures the
fluctuations of F' about its average value.

Expectation values and uncertainties play important roles in the interpre-
tation of quantum mechanics and in the applications. Yet, they merely express
the average result of a series of measurements on identical systems, in the sense
spelled out in the text following Eq. (5.80). We shall now consider the pos-
sible outcome of a single measurement on a single system. As we know, the
outcome of such a measurement is statistical. The predictions we can make
concerning the outcome are formulated in the following. They are part of a
generally accepted theory of measurements on quantum systems.
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First, we have the general statement, or postulate

The measurement of an observable F gives an eigenvalue of
the operator F. As a result of the measurement, the state (5.132)
of the system is turned into a corresponding eigenstate of '

F.

The very concept of an observable is delimited by the statement 2

An observable F is represented by a Hermitian operator £ (5.133)
whose eigenstates form a complete set. '

That the eigenstates of the Hamiltonian must form a complete set has already
been formulated as the principle of superposition, in Sec. 4.9. Now we require
that a similar condition hold for any operator F' that represents an observable.
What the requirement really says is that if we consider a complete, orthonormal
set of functions,

Py (Q)x ¢2(q)1 oo y"']’n(‘ﬂ; sy (d)nhbm) =dnm, (5134)

then this set may be so chosen that the basis functions are eigenfunctions of
F,

Flgn) = faltn), n=1,2,... (5.135)

The eigenvalues need not all be different.
Next, we consider a particular state |¥) = ¥(q,t), at time ¢, and write

W01 = 3 en(¥n(a), (5.136)
n=1

or

() = 3 ealt)ln)- (5.137)

n=1

?Dirac lets any Hermitian operator whose eigenstates form a complete set define an
observable, and he even uses the term observable for the operator itself (See Sec. 10 of
reference [12] in the bibliography). This practise is today quite common, but it implies a
higher level of abstraction than the one we have adopted throughout the present treatise.
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Knowing the basis set (5.134) and the form of the wavefunction ¥(g, t), we may
determine the value of each of the coefficients ¢y, (t), say ck(t), by multiplication
of Eq. (5.136) by ¥k (q)* followed by integration. For in that way we get

/¢k q)"¥(t)dg = f: /wk(q)‘wn(q)dq =) calt)dkn = ck(t).

) (5.138)

More elegantly, we may say that we take the scalar product of |yx) with Eq.
(5.137) to get

00

(V| (2)) Z @) (Unl¥n) = D cn(t)dkn = ck(t). (5.139)
n=1

Thus, the values of the coefficients are given by the expression

cult) = (hul¥®) = [ wile) (O (5.140)

With reference to Eq. (4.76), we note that
o [e ]
Y ealt)en(t) =D lenl®)? =1, (5.141)
n=1 n=1

provided that ¥(q,t) is normalized to unity. This leads us to the following
definitions

The quantity
cx(t) = (¥ |¥(1))
is the probability amplitude of |¢,) in |¥(2)) at time ¢, and (5.142)
cx () cx (t) = (PaW())" (e [ U (1)) = (P ()X (v [ ¥ (2))
is the weight of |t;) in |¥(t)) at time ¢.

According to Eq. (5.141) the sum of the weights equals 1, as it should for the
use of the word weight to be justified in the statistical sense.
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We can now make the following postulate

If the basis function |y;) is the only eigenfunction of F that
corresponds to the eigenvalue fi, then the probability for a
measurement of F' at time t to give the value fi equals the
weight of [¢x) in [¥(2)), i. e., it equals cx()*ck(t). If a mea-
surement actually gives the value fi, then the state of the
system immediately after the measurement will be |¢x).

If, on the other hand, there is a set of basis functions,
lk1), |¥r2), - - |¥em), corresponding to the eigenvalue fi, (5.143)
then the probability that a measurement of F' at time ¢ give
the value f; equals

ckl(t)'ckl(t) + ckg(t)'ckg(t) + .-+ Ckm(t)*ckm(t).

If a measurement actually gives the value fi, then the state of
the system immediately after the measurement will be a linear
superposition of the states |¥k1), [¥k2), - . . [¥km)-

With the above postulates, we have extended the discussion of the preceding
sections, and it is therefore worth-while returning to a few of our previous
definitions and results.

First, there is the definition (5.97) of the expectation value, or average
value, of an observable F. Inserting the expansion (5.137) into the expression
for the definition of (F) gives

(o]

(F)y = (UIFIB) = D" 3" en(t) em () (UnlFleom) = Y ca(t) cn(t) fa.
n=1 1 n=1

(5.144)

We have used Eq. (5.9) and the orthonormality relation (5.134). The final
expression in Eq. (5.144) is just the sum of the eigenvalues of F' multiplied by
their statistical weights. It corresponds to the ususal definition of an average
value in probability theory. That the expectation value of F' equals (\Illﬁ' (@)
needs therefore not be introduced as an independent postulate. It is derivable
from the theory of the present section. Yet, the expression plays such an
important role in the applications that it is natural to give it a central position
in the discussion.

Next, there is the lemma (5.120) concerning two commuting Hermitian
operators F and G. Letting F and G represent observables, it implies that

m=
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the functions defining the basis set (5.134) may be chosen as eigenfunctions of
both F and G. Hence, a combined measurement of the observables F' and G
may be performed. The result of a single measurement wil be an eigenvalue
pair (fn,gm) and an eigenstate of both F and G.

It is also of interest to look at the time-dependent function (4.89) which is
written as a linear superposition of eigenfunctions of the Hamiltonian. Here,
the weight cXe,, gives the probability of getting the value E,; as the result of
measuring the energy of the particle. After the measurement, the wavefunction
will be an eigenfunction of the Hamiltonian and hence describe a stationary
state.

The fact that a wavefunction like that of Eq. (5.136) is changed in a dis-
continuous way during a measurement is often referred to as the reduction or
the collapse of a wave packet. It has given rise to much discussion in the past
and together with other facets of measurement theory it is still being elabo-
rated upon, with the purpose of clarifying all its physical and philosophical
implications. But here we must refer the reader to the rich and diversified
literature.3

We close our chapter on quantum-mechanical operators with a section on
matrix algebra.

5.10 Matrix Algebra

In Sec. 5.3 we referred to an integral of the type (¥, |Q2|¥,) as a matrix element,
Q,,. The use of this notation reflects a close connection between the algebra
of linear operators and the algebra of square matrices. The connection is a
fundamental and important one, and we shall study it in the present section.

Let us consider a general quantum system and assume that we have an
operator A that operates in a linear function space V of dimension m. The
function space is defined by an orthonormal basis of m functions,

{q>"} = ¢1)<I>2) e v(I)My (erq)s) = ‘srs- (5145)

A general function in V has the form

m
T=3 e (5.146)

r=1

3See, for instance, the reprint collection by Wheeler and Zurek; the bibliography, entry
[13].
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That A operates in V is understood to imply that A¥ also belongs to V, i. e.,
the function

v = AU (5.147)
may be written
m
V=) o, (5.148)
r=1

To obtain the coefficients ¢, in terms of the coefficients c,, let us first
consider the function A®,. We write

A%, =) And (5.149)

t=1

where the coefficients A,, are to be determined. To determine these coefficients,
multiply Eq. (5.149) from the left by ®; and integrate over the variables on
which the ® functions depend. In this way we get

m m
(@] A12,) =) A (@|®0) =) Arebye = Aur, (5.150)
t=1 t=1

where we have utilized the orthonormality of the basis set (5.145). The desired
expression for A,, is therefore

Ay = (B:|A]@,), (5.151)

i. e., Asr is the tr’th element of a matrix A which, according to the definitions
of Sec. 5.3, is just the matrix that we conventionally associate with the operator
A and the set of functions (5.145). A relation like (5.149) holds, of course, for
each ®, in the set (5.145). It is convenient to collect the functions in a row
matrix and write

An Az - Am
. A A oA
A(®1,®s,...,®m) = (01,8s,...,Bm) | 20 T T

Aml AmZ Amm

(5.152)
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We are now prepared to determine the coefficients ¢! in Eq. (5.148). We
get

m m m
¥ = AU = Zc,/up, = ch,At,qn

r=1 r=1t=1

m 7 m (5.153)
= Z (Z Atrcr> (I)t,
t=1 \r=1
and hence
m
=Y Awcr, (5.154)
r=1
i.e.,
°:1 An Az 0 Aim 2
€2 _| Az Az - A 2 (5.155)
c:n Aml Am2 oo Amm c;n
or,
¢ = Ac. (5.156)

This is the matrix representation of Eq. (5.147). The functions ¥ and ¥
are represented by the column vectors

[4] C’l
/
Cz Cz
c= . , d = . (5.157)
Cm Cra

respectively, and the operator A is represented by the matrix

A A - Aim
a=| An Ano i (5.158)
Aml Am?, Amm

Similar matrix representations may, of course, be set up for other relations.
Thus, the eigenvalue equation

FU = fy, (5.159)
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where F is some operator acting in V, has the matrix representation
Fe= fe. (56.160)

In this way, the problem of determining the eigenvalues of an operator becomes
transformed into the problem of determining the eigenvalues of a square matrix.
In particular, the Schrodinger equation (5.3) becomes

He= Ee, (5.161)

where H is the Hamiltonian matriz.

To proceed, let us show that the matrix C corresponding to the operator
product C = AB, is the product of the matrices A and B. We make successive
use of the analogues of Eq. (5.149) to get

m m
= Z tr Z Aud, (5162)

B
t=1 s=x1
m m
= Z (Z AatBtr) CI)‘,,
s=x1 \tm1
which shows that
m
Csr = ZAstBtr- (5.163)
t=1
This is just the matrix equation
C = AB. (5.164)

Hence C is the product of A and B, as claimed.

As a special consequence of Eq. (5.164), we note that the matrix repre-
sentation of a commutator between operators is the commutator between the
corresponding matrices. Thus, a commutator relation like

[A,B]=iD (5.165)
implies the corresponding matrix relation

(A, B] = iD. (5.166)
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The results of the present section are of great importance in many applica-
tions of quantum mechanics. A statement of warning is, however, in order. We
have everywhere assumed that the operators referred to act within the finite
function space V, such that relations like (5.149) are exact. This condition
will in general not be satisfied for all operators of a given physical system. It
will, in particular, never be satisfied for the familiar position and momentum
operators #; and p;. In order to have the condition fulfilled for these operators,
it is necessary to let the dimension m of the function space V go to infinity.
One then encounters infinite matrices, and such matrices must be treated with
great care.

It is, in this context, of interest to notice that Heisenberg’s formulation of
quantum mechanics, to which we alluded in the introduction to Chapter 3, was
a theory based on infinite matrices. It was prior to Schrédinger’s formulation.
Infinite matrices, #; and p;, were postulated to exist, and in terms of these
the Hamiltonian matrix was to be constructed. A basic role was played by the
commutator relation

(@i, p;] = ihdi;1 (5.167)

where 1 is the unit matrix (of infinite dimension). The idea was to search
for matrices #; and p; that would cause the Hamiltonian matrix to become
diagonal, with the diagonal elements postulated to be the observed energies
of the system. This was a difficult task, but in the cases where it could be
carried through its results were reproduced by Schrédinger’s theory. Amazed
by this, Schrodinger produced his fifth paper? in which he showed that Heisen-
berg’s matrices could be understood as the matrix representives of his own
operators. The search for a diagonal Hamiltonian matrix, he showed, cor-
responds to choosing the basis functions (5.145) as the eigenfunctions of the
Hamiltonian, for in that case we have that

H,ys = <¢r|ﬁ|¢a> = Eds. (5168)

In closing the present section, it is important to stress that the relations
we have derived all hinge on the assumption that the basis functions (5.145)
form an orthonormal set. If the basis functions are non-orthogonal, the setup
of the correspondence between operators and matrices is best performed by
introducing an additional basis in V, viz.

{97} = @}, 8%,..., 0™, (5.169)

4See footnote 3.2.
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such that
(®7|®s) = 6rs. (5.170)

The two bases are said to be the duals of each other, and are collectively
referred to as a biorthonormal basis. We shall not discuss the use of such a
basis here, but refer the reader to the literature.®

By working with a biorthonormal basis, one may preserve relations like
(5.161), (5.164) and (5.166). If, however, this is not essential and the main
object is to solve the time-independent Schrodinger equation

(H - BE)¥ =0, (5.171)

then one may proceed as follows.
Write ¥ on the form (5.146) and substitute it into Eq. (5.171), to get

i(f? — E)e,®, = 0. (5.172)

s=1

Then multiply from the left by ®* and integrate over all the coordinates of the
system. We get then

m

) (@ |H - E|®)e,,  r=1,2,...,m, (5.173)
s=1
or,
m
> (Hys— ESpp)es =0,  r=1,2,...,m (5.174)
s=1
where

Hy, = (®,|H|®,) (5.175)
is an element of the Hamiltonian matrix and

Sps = (2 |D,) . (5.176)

3For an introduction to the properties of biorthonormal sets and their use in quantum
chemistry, see J. P. Dahl, Int. J. Quantum Chem. 14, 191 (1978).
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is an element of the overlap matrix. Eq. (5.174) may be written
Hc¢=ESec. (6.177)

Eq. (5.177) is also a matrix form of the Schrédinger equation. In the same
way as Eq. (5.161), it is equivalent to the Schrédinger equation when the
representation (5.146) is exact. But even if the representation is not exact,
i. e., the function A¥ does not entirely belong to V, then Eq. (5.177) will
still determine an approximate solution to the Schrédinger equation, and this
solution is the best one within V in a variational sense, as we shall discuss it
at length in Sec. 12.5. It is an observation of great practical value.

Supplementary Reading

The bibliography, entries [10], [11], [12], and [13].

Problems

5.1. Starting from the commutation relation (5.26), use the relations (5.35) to derive
the first of the commutation relations (5.33).

5.2. Evaluate the commutators [1,p:), [fz,2"] and [z,P7], where n is a positive
integer.

5.3. Evaluate the commutators [z, [;], [z,];] and [z,1).

5.4. Determine the Hermitian conjugate to each of the operators z°, zps, zp2 and
TP,

5.5. Let A be the operator

Py

A=z +1p:.

Write down the Hermitian conjugate operator A! and evaluate the commutator
(4, A1)

5.6. Use the fact that d/dz is an anti-Hermitian operator (Eq. (5.50)) to show that
/ f(@)f'(z)dz = 0

whenever f(z) is real and well-behaved, and f'(z) = df(z)/dz.

5.7. Let ¥(t) be a wavefunction that develops in time in accordance with the time-
dependent Schrodinger equation and a time-independent Hamiltonian H. Let F
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be some other time-independent operator. The expectation value of F is then, in
general, a function of time. We denote it f(t):

F(&) = (R(B)| FI¥(2)).
In forming this expression, we have assumed that (¥(¢)]¥(¢)) = 1 at all times. That
this is a consistent assumption is shown in b,
a. Show that
IO _ i),
where ) iie
F' = ;}—[H , Fl.
b. By putting F' = 1, show that the normalization integral (¥(t)|¥(t))
is, in fact, independent of time.

¢. Assume, now, that we consider a one-dimensional system with the
Hamiltonian 2

=2 4v(@).

Evaluate the expressions

[H x} and p:r = E[H $z)

“*‘l

for z' and p..

5.8. Consider the one-dimensional box, but with the origin placed at the inversion
center as in Sec. (4.5), and approximate the ground-state wavefunction by the ‘trial
function’

Y(z) = (-; - x’) ~af2 <z < af2.

a. Determine the constant N such that ¥(z) is normalized to 1,

b. Determine the expectation value of ﬁ i e.,
(A) = (91 Aly) = -/w) L d(x)de

and verify that (H) is larger than the true ground-state energy Ei.

c. Evaluate the overlap integral (1, ]y)) between the trial function ¥(z)
and the true ground-state wavefunction 1 ().

5.9, Consider the time-dependent wavefunction (4.94) and show that the average
value £ = (H) of the energy, and the uncertainty AE = AH, are given by the
expressions

_ 1 1
E= E(El 4 EQ), AE = -2‘(52 — E1)
Use that ¢;(z) and ¢2(2) are eigenfunctions of H.
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The Free Particle
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After the refinement of the quantum-mechanical formalism performed in
the previous chapter, let us continue our study of actual problems.

In Chapter 4 we determined the stationary states of the particle in a box.
In the next chapter we shall determine the stationary states of the harmonic
oscillator. In both cases the energy spectrum is entirely discrete, because the
potential energy function rises to infinity in all directions. In the present chap-
ter we shall consider the free particle, for which the potential energy function
is everywhere zero. This causes the energy spectrum to become entirely con-
tinuous. It is also found that the wavefunctions associated with the stationary
states no longer vanish at infinity. Hence they cannot be normalized to unity.
This implies in turn that the stationary states of a free particle cannot be phys-
ically realized. The only genuine states of a free particle are the non-stationary
states. The principle of superposition, (4.92), remains valid however, so it is
still of great importance to study the stationary states. This we shall do in the
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following section. We shall see that the stationary-state wavefunctions may
be considered to be de Broglie waves. A linear superposition of stationary-
state wavefunctions is hence a superposition of de Broglie waves, and since
any non-stationary wavefunction may, at least in principle, be written as such
a superposition, one often refers to a non-stationary wavefunction as a wave
packet.

In Sec. 2 we study the time evolution of a particular non-stationary wave-
function known as the Gaussian wave packet. This kind of wavefunction plays
an important role in many applications and in general discussions on the nature
of quantum mechanics. The wavefunction retains a simple analytical form as
a function of time, and simple expressions hold for the statistical parameters
introduced in the previous chapter. These parameters include mean values,
uncertainties and uncertainty product. They are derived and discussed in Sec.
3.

Throughout the first three sections we confine the motion of the free particle
to a single dimension. The generalization to ordinary three-dimensional space
is presented in the last section of the chapter.

6.1 The Stationary States of the Free Particle

For the free particle, the time-independent Schrodinger equation has the form
(4.1) everywhere. We may separate the variables in the same way as it was
done for the particle in the box in Sec. 4.1, and we are thus led to study the
Schrédinger equation

Hi(z) = E(=) (6.1)
for a free particle in one dimension. Its Hamiltonian is
) 2 g2
jobe _ B 4
H= 2m = 2mdx? (6.2)

where m is the mass of the particle as usual, and g, is the linear momentum
operator:

d

Pz = —1ha . (63)
Thus, Eq. (6.1) takes the familiar form
2 d2
_ B d9GE) _ gy, (6.4)

2m dz?
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Apart from a slight difference in notation, this equation is the same as Eq.
(4.11), and it has the same mathematical solutions.

The physically relevant solutions of Eq. (6.4) are those that stay finite for
all values of z (cf. Sec. (3.2)). It follows from the discussion of Sec. 4.2 that
no such solutions exist for negative values of E; for any function of the form
(4.17) becomes infinite at either +00 or —co. For E = 0 we must put c; equal
to zero in the expression (4.30) for the general solution, so there is just one
physically acceptable solution, namely a constant. For positive values of E we
have the mathematical solution (4.23); the general solution is oscillatory and
stays finite everywhere; it is accordingly a physically acceptable solution for
all values of E and for all values of the arbitrary coefficients ¢; and c3.

Let us, for simplicity, write k for the k. of Sec. 4.2. The stationary-state
energies of the free particle are then

h?k?

E=Ey=——. (6.5)

The corresponding wavefunctions have the form (4.23), i. e.,
P(x) = ¢y sin(kz) + c2 cos(kz). (6.6)

This expression also covers the case E = 0, since ¢(z) reduces to the constant
c2 when k becomes zero.

Apart from the level E = 0, each energy level is twofold degenerate, i. e.,
there are two linearly independent eigenfunctions for each value of E, and
any linear combination of these functions is again an eigenfunction (cf. the
discussion of degeneracy in Sec. 4.7). The two basis functions are sin(kz) and
cos(kz), or any two linearly independent combinations of these functions. It
is particularly useful to select the functions e’** and e~%¥% which are related
to sin(kz) and cos(kz) by Euler’s relations (See Appendix A). Thus, we may
write the general eigenfunction (6.6) in the alternative form

P(x) = Ae*? + Age™** (6.7)

where A; and A are new arbitrary constants.

Not only are the basis functions ¢**¢ and e~**¢ eigenfunctions of the Hamil-
tonian (6.2). They are also eigenfunctions of the momentum operator (6.3). It
is, in fact, easily verified that

ﬁze:i:ikx — :thke:l:s'ka: (68)
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We say that e’* describes a particle with momentum hk, and e~*¥7 3 particle
with momentum —hk.

In the above expressions it is sufficient to work with non-negative k-values
to cover all stationary states of the free particle, as we did in Sec. 4.2, But now
it is expedient to allow k to become negative, and thus let the notation e'**
cover both positive and negative k-values. Our results may then be formulated
as follows:

The functions e***, —0o0 < k < 00, are common eigenfunctions of
the free-particle Hamiltonian (6.2) and the momentum operator
(6.3). The momentum eigenvalue is p, = hk, and the energy
eigenvalue is E = h’k*/2m = p2/2m. For a given k # 0, the
two functions e~**% and €**? corresponding to opposite values of
k have the same energy: The energy level is twofold degenerate,
and the most general energy eigenfunction may be written as in
Eq. (6.7} or Eq. {6.6).

(6.9)

The complex exponential function is periodic with the period 2ai (See
Appendix A}. We have accordingly

eh(@am/k) . ks (6.10)

Thus, the function e**® repeats itself when z is augmented by 27 /k. In other
words, the function e*** may be characterized by the wavelength A\ = 2x/|k|.
And since €**% is an eigenfunction of p, with eigenvalue p, = hk, we also
get that A = h/|p.|. But this is nothing but the expression for the de Broglie
wavelength, which we introduced in Sec. 2.6. Thus, we have made an important
contact with the concepts of early quantum mechanics:

The energy- and momentum-wavefunction e*** is a
de Broglie wave with the de Broglie wavelength

A= h/lps] = 2/ k|-

(6.11)

We shall now consider the orthogonality and normalization properties of the
free-electron wavefunctions, We have already stated several times that these
functions fail to be square integrable. Let us, however, consider the following
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integral

(eiklx |e|'kg:v> —_ /

— 00

00 o0
(e12)" efkardy =/ ef(ka=k1)z g (6.12)

-0

where the integral from —oo to oo is evaluated by the prescription

[o0] a
/ f(z)dz = lim / f(z)dz. (6.13)
oo a—+oo [_,
This is the so-called Cauchy value of the integral. We get then
'(kq—kl)x a 1 k - k
fkix | fkaT\ __ e _ s Sln[( 2 1)(1]
(e'F1% 3%y = all)rgo [———,(k2 sy i 201_1210 S — (6.14)

where we have used the Euler relation (A.5) in Appendix A.

At this stage the reader is referred to Appendix E in which the Dirac 4-
function is discussed. In the appendix, the independent variable is denoted u.
Here we want it to be k. The é-function, d(k), is defined such that

d(k) =0 for k#£0,
(6.15)
/ 5(k
In addition we have, for any function g(k), that
/ g(k)3(k — ko)dk = g(ko). (6.16)
~00

These relations are the equivalents of the relations (E.4) and (E.5).

As shown in the appendix, several one-parameter families of functions have
the d-function as limit function when the parameter tends to 0 or oo, say. Egs.
(E.10) and (E.13) show in fact that

lim 1 sin(ak)
a—+o0 T

= §(k). (6.17)

Eq. (6.14) may accordingly be written

(e'*1% €% = 2mb (kg — k1) (6.18)
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Thus, functions corresponding to different values of k are mutually orthogonal.
We may avoid the factor 27 on the right-hand side of Eq. (6.18) by defining

Yi(w) = @e"“" (6.19)

for then we get

(¥k, (@) |Yr, (2)) = O(kg — k1) (6.20)

This relation bears a strong resemblance to the orthonormality relation (4.42)
for the box wavefunctions. The only difference is that the Kronecker delta
symbol has been replaced by the Dirac d-function. Hence, we also refer to
the relation (6.20) as an orthonormality relation, but talk about d-function
normalization rather than normalization to unity.

Having determined the solutions of the time-independent Schrédinger equa-
tion for the free particle, we must as always remember that the proper station-
ary-state wavefunctions contain the time-dependent factor e~*Et/® (cf. Eq.
(3.5)). With this time dependence included, the stationary-state wavefunction
(6.19) becomes

¥ — ‘__}'___ iky  ~iEt/h EL = ﬁzkz 21
k(ﬂ},i) - 2?!_6 € 3 k= m (6 )

Although we say that the function (6.21) describes a particle with momen-
tum hk, it is not square integrable and hence does not describe a bona fide
state of the free particle. It may, however, be proved that the functions e*%,
with k being a continuous parameter extending from —oo to oo, form a com-
plete set in the sense that any well-behaved and square-integrable function,
f(z), may be written on the form

@) = \/; [_ z g(k)e*=dE. (6.22)

This is the so-called Fourier representation of f(z). The function g(k) is
called the Fourier transform of f(z}, and vice versa, since the following inverse

relation also holds:
1 ™ ,
g(k) =/ =— f flz)e *odz, (6.23)
27 J oo
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To prove this inverse relation, we isolate the right-hand side of Eq. (6.23)
and insert the expression (6.22) for f(z), to show that the result in fact equals
g(k).We get

1 [ ik L[ [ nik'e —ik
— f(2)e ¥ dx = ——/ / dzdk’g(k')e'™ Ze*57, 6.24
Ve [ 1@ 5w [ dsdtaw) (6.29

But the integration over z results in a é-function, according to Eq. (6.18).

Hence we get
,/% / f(z)e *%dz = / dk'g(k")o(k' — k). (6.25)

The right-hand side is now of the form (6.16). Thus, we reproduce the expres-
sion (6.23) for g(k).
It may also be proven that

o0 oQ

/ £ (2)f(z)dz = / g* (K)g(k)dk. (6.26)
-0 -0

This relation is known as Parseval’s theorem.! The reader may find it interest-

ing to prove this theorem by inserting the expression (6.22) for f(z) twice on

the left-hand side of Eq. (6.26) and then use the properties of the §-function

to obtain the right-hand side of the equation.

In connection with our study of non-stationary states of the particle in a
box in Sec. 4.9, we stressed on the principle of superposition (4.92), accord-
ing to which the wavefunction associated with any non-stationary state could
be written in the form (4.89), i. e., as a sum over the stationary-state wave-
functions. Because of the possibility of writing a general function in the form
(6.22), a similar principle holds in the present case, the only difference being
that the sum over n in Eq. (4.89) now has to be replaced by an integral over
k. In this sense, the stationary states of the free particle play a similar role as
the stationary states of a bound system. In the next section, we shall consider
a typical time-dependent state of a free particle on this background.

6.2 Non-Stationary States of the Free Particle

Let ¥(z,0) be some properly normalized wavefunction for a free particle at
time ¢t = 0. As always, we may then try to determine the form of ¥ at any

1The theory of Fourier transforms is discussed in a large number of textbooks. But at
present it is sufficient to realize the mere existence of the relations (6.22), (6.23) and (6.26).



140 Chapter 6. The Free Particle

later time by continued iteration based on the time-dependent Schrodinger
equation. But in accordance with the discussion at the end of the last section,
and in analogy with the discussion in Sec. 4.9, we may prefer to start from the
Fourier representation of ¥(z,0), i. e., we draw on Eq. (6.22) and write

U(z,0) = \/;l;/_w o(k)e*dk. (6.27)

The analogs of Eqs. (4.88)—(4.91) give then

U(z,t) = @/_x B(k)ekTemiBrt/ Mg (6.28)

We shall use this expression to study the time evolution of a so-called Gaussian
wave packet which plays an important role in many contexts. The designa-
tion wave packet refers to the representation (6.28), according to which the
wavefunction is written as a superposition of de Broglie waves. It is, however,
important to realize that one need not use that representation. The only thing
that matters is the function ¥(z,t) itself.

A Gaussian wave packet centered at £ = 0 at time ¢ = 0 has the form 2

o? : —La?2? jikex
¥(z,0) = —) e 3T gtho (6.29)

The corresponding position probability density is

P(z,0) = ¥*(z,0)¥(z,0) = —\;‘—;e-a’“. (6.30)

This density is independent of the value of ky. But we shall see below that
the factor e**°? nevertheless is essential in determining the momentum of the
particle. The wavefunction (6.29} is therefore a good example of a wavefunction
that carries essential information beyond that contained in its absolute square
(cf. the discussion in Sec. 3.4).

The wavefunction (6.29) is normalized to unity, which is easily verified from

?The term Gaussian has its origin in probability theory where a distribution described
by a function of the form (6.30) is called normal or Gaussian.



6.2. Non-Stationary States of the Free Particle 141

the first expression in the following list of useful integrals

To(8) = /°° o g \/g, 850
7,(8) = /_ °:° 2Pt g _ _dzgéﬂ) _ % \/;1: (6.31)

00 2
Z4(B) =/ ule~P dy = d gggﬂ) = %\/'3—75

These integrals also allow us to evaluate ¢(k) from the analog of Eq. (6.23),

$(k) = \/;-; /_ o:o ¥(z,0)e”*"dz. (6.32)

The result is

T

1\
o4 = () e (6.3

Inserting this expression into Eq. (6.28) together with the expression of Eq.
(6.21) for E; gives, after some tedious but straightforward algebra,

o? i 1 a2 Bko \ 2
¥(z,1) = (W—(T;T)) exp{‘imﬁ; ( - T)

] (6.34)
+ik0 (m —_ E.]_cﬂt) + 1%1}
m 2 m
where
m
T = —az—h . (635)

Thus, we have been able to derive an analytic expression for ¥(z,t). The
associated position probability density is found to be

Plat)= ¥z, ¥(z,0) = <a t)z)%exp {_a(t)2 (x - %’;ﬂt>z}

s

(6.36)
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Px,Ha

ox

Figure 6.1: Motion of a Gaussian wave packet. 7 is the natural unit of
time defined by Eq. (6.35).

with

1

o? 3
a(t) = (W) . (6.37)

Eq. (6.36) shows that the probability density P(z,t) is a Gaussian at all
times. It propagates along the x-axis with velocity v = hky/m, broadening as
it moves. This broadening is referred to as the spreading of the wave packet.
It makes predictions about the position of the particle increasingly imprecise
as time goes on. The spreading of the wave packet is illustrated in Figure 6.1.

The wavefunction (6.34) contains more information than is displayed in
Eq. (6.36) or Figure 6.1, in particular information about the momentum dis-
tribution. In the following section, we shall display such information in terms
of expectation values and uncertainties. But in the light of the discussion of
Sec. 5.9 it is possible to go further. For Eq. (6.27) is really an expansion of
¥(z,0) in terms of the eigenfunctions (6.19) of pz. In analogy with the pos-
tulate (5.143), we may therefore interpret the absolute square of the function
#(k)/Vh, where ¢(k) is given by Eq. (6.33), as the distribution function for
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the linear momentum of the particle.® In accordance with this, the function
o(k)/ V% becomes the wavefunction in momentum space if one transforms the
quantum-mechanical description to the so-called momentum-space representa-
tion.

6.3 The Gaussian Wave Packet

An evaluation of the mean values and uncertainties for the Gaussian wave
packet (6.34) is straightforward, but the calculations are rather lengthy. Hence,
we only give the final results,

Az(t) = /i —— (6.38)

These expressions show that the center of the wave packet, as defined by
Z(t), moves with the constant velocity

_

- (6.39)

v

The expectation value of the momentum, p,(t), is seen to be independent of
time and equal to mv. Thus, the center of the wave packet moves like a free
classical particle with mass m.

A Gaussian wave packet is the most precise wavefunction that we can con-
struct for a free particle, in the sense that the uncertainty product Az(t)Apz(t)
has its smallest possible value, %h, at t = 0. This is why this kind of wavefunc-
tion is so important in the applications. For the optimal initial state is one in

3The linear momentum corresponding to & is hk, and |¢(k)|2dk = |é(k)/VA[*d(fik).
Hence, the probability amplitude for the linear momentum is ¢(k)/\/fi rather than just
$(k).
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which the uncertainties in the quantities by which one wants to characterize
the state are as small as possible. The exact meaning of this statement is the
following.

Assume that we want the momentum in our initial state to be very well
defined, i.e., we want Ap,(0) to be quite small. Then the uncertainty principle
tells us that Az(0) must necessarily be relatively large, for it is impossible to
construct a wavefunction for which AzAp, is smaller than %h. But we don’t
want to make Az(0) unnecessarily large; we make it as small as possible by con-
structing a Gaussian wave packet. Conversely, if we find it useful to construct
an initial state with a small Az value, we avoid making Ap, unnecessarily
large, again by choosing a Gaussian wave packet.

So far, so good. But our formulae also tell us that even if we have prepared
an optimal state at t = 0, and even though the center of the wave packet
moves in a classical way, we loose information about the particle as time goes
on. This loss of information takes place in the position coordinate. For Eq.
(6.38) shows that Ap, is independent of time, whereas Az increases in time.
The rate of increase is governed by the parameter 7 defined by Eq. (6.35). A
small value of this parameter makes Az increase fast. A larger value of the
parameter leads to a slower increase.

As Eq. (6.38) and Figure 6.1 show, the rate at which the wave packet
spreads is determined by the parameter 7. By choosing ¢ = 7 in Eq. (6.37) we
get

a(r) = (6.40)

e

and hence
Az(r) = V2A2(0). (6.41)

Thus, the width of the Gaussian increases by a factor of /2 during a time
interval 7.

For an electron with m = m, and a = 1/agp, where ay is the Bohr radius, we
get 7= 2.4x 10175, For a particle with m = 10~6kg and a = 1/(10~m) we
find 7 = 9.5 x 102”5 = 3.0 x 102° years. Thus, the spreading of the wave packet
is very important in the realm of the elementary particles, but irrelevant for
particles of macroscopic dimensions.

We close our discussion of the free particle with a generalization to three-
dimensional space.
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6.4 From One to Three Dimensions

The Schrédinger equation for a free particle in ordinary three-dimensional
space is the same as that for the particle in the three-dimensional box (Eq.
(4.1)). Consequently, the stationary-state wavefunctions may be constructed
from those for a free particle in a single dimension in a manner which is en-
tirely analogous to that applied in Sec. 4.6. Thus, the wavefunction () of
Eq. (6.19) becomes replaced by the wavefunction

2

Viokyh, (2,9, 2) = (2_175) " gilkemthyythas) (6.42)

Let us introduce the usual notation for the position vector,
r=(2,y,2) (6.43)
and the notation k for the vector
k = (kg ky, kz). (6.44)

This vector is usually referred to as the wave vector. The wavefunction (6.42)
may then be written

k3

Y(r) = (517;) s (6.45)

This function is referred to as a plane wave because it is constant in any
plane perpendicular to k, and because it repeats itself whenever one moves the
distance

2

A= —
||

(6.46)

in the direction parallel to & (cf. Eq. (6.11)).
The equivalent of Eq. (6.21) becomes

2 25,2 2 2
{1 \? kr —iBut/n _R%k? RA(RZ 4R+ KD)
Vu(r,t) = (2#) e e ! B = 2m 2m

(6.47)
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Similarly, the Gaussian wave packet (6.29) becomes replaced by the three-
dimensional wave packet

2,252

1
B
Q0,0 .
¥(r,0) = (—;’5—) e~ Hedatvajy ralsh) gikor (6.48)

The center of the wave packet moves in the direction ko with the velocity
hko/m, just like a free classical particle with mass m and linear momentum
hko. The form of ¥(»r,t) is the straightforward generalization of the one-
dimensional form (6.34).

Supplementary Reading

The bibliography, entries [10] and [11].

Problems

6.1. Let [ be the inversion operator defined by Eq. (4.48) and let p, be the linear-
momentum operator (6.3). By simplifying the expression [/, §;]f(z), show that the
commutator [/, p;] is different from zero.

6.2. For a given value of k (> 0) , the basis functions ¢'** and e™*** are common
eigenfunctions of the Hamiltonian (6.2) and the momentum operator (6.3), whereas
the basis functions sin kz and cos kx are common eigenfunctions of the Hamiltonian
and the inversion operator defined by Eq. (4.48). Relate these observations to the
theorem (5.120), and relate the presence of degeneracy to the non-vanishing of the
commutator [, P=) and the discussion at the end of Sec. 4.7.

6.3. Calculate the quantities E = (F[ ) and AE = AH for the free-particle wave-
function (6.29). Use the integral expressions (6.31).
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In Sec. 2.1 we described how Planck was able to account for the intensity
and spectral composition of the black-body radiation by assuming that the
energy of an oscillator was quantized according to the rule

E,=nhy, n=0,12,... (7.1)

And in Sec. 2.4 we described how Einstein, by applying the same assump-
tion to the atomic vibrations in a monatomic crystal, could account for the
temperature dependence of its specific heat. In the present chapter we shall
solve the Schrédinger equation for the harmonic oscillator and thus justify the
expression (7.1), albeit in the modified form

En=(n+}hy, n=0,1,2,... (7.2)

147
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which differs from the older expression by the inclusion of the zero-point energy
$hv, as already discussed at the end of Sec. 2.4.

The harmonic oscillator is one of the most important model systems in
quantum mechanics. The solutions of the harmonic-oscillator problem find
extensive application in theoretical physics and chemistry. Central applications
include the description of vibrations in molecules and crystals, and the theory
of the electromagnetic field.

We shall determine the stationary states of the harmonic oscillator by two
different methods. One is the so-called polynomial method in which one pro-
ceeds in essentially the same manner as for the particle in a box, i. e., one
determines all the mathematical solutions of a second-order differential equa-
tion and subsequently picks out the physically acceptable ones. This is the
classical method. The other method is called the algebraic method. For the
harmonic oscillator, this method simply amounts to solving a first-order dif-
ferential equation for the ground state. The higher states are then determined
from the known ground state by means of a ladder operator. The algebraic
method plays an important role in modern quantum mechanics. We shall
encounter it again in the following chapters.

7.1 Definitions

Let z be the coordinate associated with a one-dimensional oscillator, —co <
z < oo and let m be the mass. The oscillator is said to be harmonic, with
force constant k > 0, if the potential energy function has the form

V(e) = Lka?, (7.3)

The particle is then pulled toward the origin, £ = 0, with an attractive force
which is the negative gradient of the potential (cf. Eq. (3.2)):

dV(z)
F=—-—"7F"= ks .
o kz (7.4)
Classically, the oscillator performs harmonic vibrations whose frequency v is

determined by the expression

k
w=2rv= - (7.5)

with w being the angular frequency. Eq. (7.5) allows us to write the expression
(7.3) for the potential-energy function as

V(z) = tmwa?, (7.6)
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and this is the form that we shall prefer to use in the following.
The classical kinetic energy is as usual given by the expression

2
D
T=%2 .
2m’ (7.7)
and the Hamiltonian is
2
Pz 1 2,2
H= =243 . .
o T MW’z (7.8)

The coordinate, x, of a classical oscillator with energy E varies sinusoidally
between —z; and z.;, where . is the maximum amplitude. It is determined
by the condition that the kinetic energy at this amplitude vanishes, i.e., the
energy equals the value of the potential energy at that amplitude,

2E
E=jmwizsl,  za=\ — (7.9)

The points £z are called the classical turning points..
To the quantum mechanical energies (7.2),

Es=(n+3hv=(n+1hw, n=0,12,... (7.10)
correspond the classical turning points
2 = 2E,; _ \/(2n+ D (7.11)
mw mw

Thus, we may expect that the quantity

h
To = —1’an- (712)

RIm

is a characteristic length in the quantum mechanical problem, in a similar way
as ag i8 a characteristic length in the quantum theory of the hydrogen atom.
This is borne out in the following section.

7.2 The Schrodinger Equation for the
Harmonic Oscillator

By the usual process of quantization (Sec. 3.3), the Hamiltonian (7.8) gives
the time-independent Schrédinger equation
h? d*y(z)

~ o5 T ymwietY(z) = By(z). (7.13)



150 Chapter 7. The Harmonic Oscillator

To clear the equation for dimensional constants we first divide both sides by
fw. This gives

e ——2?%P(z) = e9(z) (7.14)

£ = — (7.15)

Then we introduce the dimensionless coordinate

Q:ax:\/ﬂ;—x (7.16)

defined in terms of the characteristic length 1/« of Eq. (7.12), and get
_1d%(Q)
27dQ?
Thus, we have reduced the original equation (7.13) to a standard form which is
the same for all harmonic oscillators, no matter what their defining parameters
(m and w) are.

The relation between ¢(z) and (Q) is, of course, that ¥(z) = p(az), or
more general, that ¢(z) = cp(az), where ¢ is an arbitrary constant that allows
us to work with different normalization conditions for ¥ and (. Assume, in
fact, that ¢(Q) is normalized to unity with respect to @,

i " S (@e(@d@ = 1, (7.18)

+3Q%¢(Q) = e¢(Q). (7.17)

but that we want ¥(z) to be normalized to unity with respect to z,
/ P (2)yY(x)dz = L. (7.19)

We must then choose ¢ such that c¢*c¢ = a, for inserting ¥(z) = cp(az) into
Eq. (7.19) gives

[ v@saus=ce [ p(aiplaz)is

e - ) (7.20)
kol " (Q)p(Q)dQ = Cac-
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Eqs. (7.18) and (7.19) will thus be compatible if we choose ¢ as v/a. This gives
the important relation

¥e) = Vaplas), a=,|7" (7.21)

Together with the dimensionless coordinate @ we may introduce the di-
mensionless momentum operator

P=—i

- 8
8|=

R

[

8

Q

&

)

(7.22)

The new variables @) and P define the uncertainty product AQAP, for which
we find

AQAP = (aAx) (i’;’) = %AwAp,,. (7.23)

So, Heisenberg’s uncertainty relation (5.113) for AQ and AP becomes

AQAP > 1 (7.24)

We shall now go on and find the proper solutions of the Schrodinger equa-
tion as expressed in the form (7.17).

7.3 Solving the Schrodinger Equation

Let us, for convenience, rewrite the Schrédinger equation (7.17) in the form

d2
L(?—) + (26 — @H)p(Q) =0. (7.25)
dqQ
We shall solve this equation in three steps.
In the first step we consider the equation for so large values of |Q[ that 2¢
may be neglected in comparison with Q2. As it is easily verified by insertion,

this gives us the asymptotic solution

P(Q) ~ AreH9 + (46397), |Q) large, (7.26)



152 Chapter 7. The Harmonic Oscillator

where A; and A; are arbitrary constants. A physically acceptable solution
must stay finite in the limit |@] — oo and hence have A; equal to zero. In
Eq. (7.26), we have indicated this by putting the unacceptable part of the
asymptotic solution in brackets.

Inspired by the known asymptotic behavior of an acceptable ¢(Q) we pro-
ceed by writing

p(Q) = F(Q)e 57", (7.27)
and find
d(p _ ilE _ Qz
dQ ~ (dQ QF) (7.28)
d2<p _ sz 2 F _%Qz '
g = {0 @ -0 e
Inserting these expressions in Eq. (7.25) gives
d*F
107 2Q Q +(2e-1)F=0. (7.29)

We have thus transformed the problem of solving Eq. (7.25) into that of solving
Eq. (7.29). This completes the first step.

Eq. (7.29) has one very simple solution when ¢ = %, for it is then satisfied
by putting F(Q) equal to a constant. We are thus led to what appears to be
the ground-state wavefunction:

gOQ(Q) = Noe_%qz, €g = %, Ey = %hw, (730)

where Ny is a normalization constant.

For other values of ¢ we must take a second step. This step amounts to
expanding F'(Q) as a power series in ) and determining the coefficients in the
expansion. Thus, we write

o0

F(Q) = Z anQn’ (7.31)
n=>0
and find
dF > o = n
z_ia = anz:laan ! :nz_%aan
£2F 0 =Y - (7.32)

d—Qi = Z ann(n - I)Qn—z = Z an+2(n + 2)(n + 1)Qn
n=2 n=0
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Inserting these expressions in Eq. (7.29) gives

i [ans2(n+2)(n+1) = an(2n — 2%+ 1)]Q" = 0. (7.33)

n=0

The various powers of ) are linearly independent functions, and hence the
sum in Eq. (7.33) can only vanish if the coefficients of each power of () are
separately zero. Thus, F(Q) is a solution of Eq. (7.29) if and only if

a _ n41-—2¢ a
Ty Dn+2) "

for all n. This is called a recursion relation. It shows that once a value of ag
has been chosen, then the values of az, a4, ag,... are determined. Similarly,
the values of ag, as, a7,... are determined once the value of a; is fixed. A
direct application of the recursion relation gives in fact

+on {Q+ 3o, G202 0, } (7.35)

= apFo(Q) + a1 F1(Q)

where ap and a; are arbitrary constants.

By multiplying the expression (7.35) by exp(—%Qz) we obtain the complete
solution of the original Eq. (7.25). As it should, the solution contains two
arbitrary constants, ag and a;. We must now extract the solutions that behave
properly at +o00. This defines the third step in our effort to solve Eq. (7.25).

In this third step, we begin by comparing the behavior of F(Q) for large
values of |Q| with that of the function exp(Q?). The latter has the well-known
power-geries expansion

(7.34)

QZ — 2 1 4 1 n 1 n+2
eV =14+Q°+ Q%+ ...+ Q" + QM4 ...
2! (n/2)!" 7 (n/2+1)! (7.36)
=bo+02Q> +54Q* + ...+ 5, Q" 4 b2 Q"2 4.
As we see, this expansion is characterized by the recursion relation
bata = —sb (7.37)
n+2 — n+2 - .

When we compare this relation with the corresponding relation (7.34) for F(Q),
we observe that the two relations approach each other for sufficiently large
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values of n, for fixed . We get in fact that

Ap42 byya ~ g
. 5, S w (7.38)
What this means is that both Fy(Q) and Fi(Q) behave like exp(Q?) in the
limits @ — oo and Q — —oo. The function F(Q) = agFo(Q) + a1 F1(Q) will
accordingly also behave like exp(Q?), at least on the side of the origin where
the terms of aoFo(Q) and a; F1{Q) have the same sign for large values of n.
When ap and a; have the same sign this corresponds to the limit @ — oo,
when ap and a1 have opposite signs it corresponds to the limit Q@ — —oo.

That F(Q) behaves like exp(Q?) implies in turn that ¢(Q), as defined by
Eq. (7.27), behaves like exp(%Qz). But this is exactly the behavior which we
rejected in Eq. (7.26). So it looks as if no proper solutions exist at all.

But there is a way out. For our considerations around the relations (7.38)
lose their validity if the power series (7.31) terminates after a finite number
of terms. This causes F(Q) to become a polynomial, and a polynomial times
exp(—+Q?) tends to zero when |Q| becomes large.

So, if Fo(Q) is a polynomial, we put a; = 0 and construct the function
Fo(@) exp(u%Qz). And if F1(Q) is a polynomial, we put ag = 0 and construct
the function F1(Q) exp({~ ~%Q?). These functions are then the proper solutions
of the Schrodinger equation (7.25).

For the power series (7.31) to become a polynomial of the nth degree, we
must have that a, # 0, with all subsequent coefficients vanishing. Eq. (7.34)
shows that this situation will be met with if and only if 26 = 2n + 1.

Thus, we have arrived at the conclusion that acceptable solutions of Eq.
(7.25) only exist when ¢ = ¢, with

En=n+ 3, n=20,1,2,... (7.39)

There is one proper solution for each value.of £,. It has the form of a Gaus-
sian function, exp(—%Qz), times an nth degree polynomial which we denote
Hy(Q). Its defining coefficients may be read off Eq. (7.35). We write the
proper solutions as

en(Q) = NaHa(Q)e™ 3¢ (7.40)

where N, is a normalization constant. We shall devote the following section
to a more detailed presentation of these functions.
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In closing this section, let us recall that ¢ is the dimensionless energy defined
by Eq. (7.15). The energy spectrum of our original oscillator is accordingly
given by the formula

Ep=(n+ ko= (n+ })hy, n=0,1,2,... (7.41)

as anticipated in Eq. (7.2).

7.4 The Wavefunctions

By substituting 2n + 1 for 2¢ in Eq. (7.29) we see that the polynomial H,(Q)
satisfies the differential equation

sz
-2 2nF = 0. 7.42
This is a well-known differential equation in applied mathematics. It is called
Hermite’s differential equation, and the polynomials H,(Q) are called Hermite
polynomials. They have a number of interesting properties, ! but here we shall
merely mention the independent definition

Ha(Q) = (-1)e?" 7 (7). (7.43)
the identity
dH.(Q) _
dQ - 2nHﬂ—1(Q)1 (744)

and the recursion relation

Hp11(Q) = 2QH,(Q) — 2nH,_1(Q). (7.45)

The first few Hermite polynomials are listed in Table 7.1. The reader will
find it easy to generate them from Eq. (7.43), or from Eq. (7.35) where the
values of ap and a; are at our disposal.

The wavefunctions (7.40) have now been fully specified, apart from the
normalization constant N,. For lower values of n, it is easy to evaluate a
particular N, from the list (6.31) of integral expressions. We get, for instance,

o0

(polwo) = / - 20 (Q)¥o(Q)dQ = Ng No f e=9°dQ = /AN Ny  (7.46)

— o0 -0

1See, for example, Chapter 22 in the reference of footnote 2.11.
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Table 7.1: Hermite Polynomials

H()(Q) =1
H:i(Q) =2Q
Hy(Q) =4Q° -2

Hi(Q) = 8Q% - 12Q

Hi(Q) = 16Q* - 48Q% + 12

H3(Q) = 32Q° — 16Q°% + 120Q

He(Q) = 64Q° — 480Q* + 720Q% — 120
H7(Q) = 128Q7 — 1344Q° + 3360Q° — 1680Q

and

iley = [ pi@e@d@= N [ 49%0aq

(7.47)
= 4NNy 3/ =27 N{ My

and hence, by applying the normalization condition (7.18),

No=(vm) 73, N =(ava)7t. (7.48)

We have made rational phase choices similar to the one made in Eq. (4.36).

For other n-values, the normalization constant may be evaluated in a similar
fashion. It is, however, also possible to use the mathematical properties of the
Hermite polynomials to derive the following general expression ?

No = (@"niy/m) 75 (7.49)

The properly normalized solutions of Eq. (7.25) are therefore

¥ a
0ol@ = { oz} Ha(@e73 (7.50)

They are normalized according to Eq. (7.18). We have, in fact, that

(‘Putﬂam) = /w ‘P:(Q)‘Pm(Q)dQ =dnm (7'51)

2See, for example, the second reference of footnote 1.
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Thus, these functions form an orthonormal set, just like the wavefunctions
for the particle in a box (cf. Eq. (4.42)). The orthogonality of the wavefunc-
tions may be demonstrated by using the general properties of the Hermite
polynomials, but this is really not necessary, for we proved in Sec. 5.4 that
eigenfunctions corresponding to different eigenvalues of a Hermitian operator
are always orthogonal. The relation (7.51) is therefore tied to a very general
rule.

The wavefunctions of our original oscillator are related to the functions of
Eq. (7.50) through Eq. (7.21). Thus, we have

W

3 oo
Yn(z) = {-2-7‘:;"————\/;} Hy(az)e™ 3% % a= —+ (7.52)

These functions are normalized according to Eq. (7.19) and satisfy the or-
thonormality relation

(Cnlom) = 52 ¥n(2)¥m(z)dz = dnm (7.53)

Their energies are given by the familiar expression (7.41).

In Fig. 7.1 we give a graphic picture of some of the results obtained above,
in the dimensionless representation based on the coordinate ). Shown are the
wavefunctions and their squares, in a presentation that allows their values at a
point @) to be directly compared with the value of the potential energy function
V(Q) at the same point.

The base lines from which the amplitudes of the wavefunctions and their
squares are measured are defined by the dimensionless energies of the states.
Hence, the base lines intersect the potential energy curve at the classical turn-
ing points. A classical particle is unable to cross these points, but we see that
a quantum-mechanical particle can. There is, in fact, a non-vanishing proba-
bility of finding the particle in the region beyond the turning points. We say
that the particle tunnels into the classically forbidden regions.

Apart from this, the wavefunctions in Fig. 7.1 share some characteris-
tic features with the wavefunctions for the particle in a one-dimensional box
(Fig. 4.3): The number of nodes increases with the energy, the ground-state
wavefunction being a nodeless function, and the wavefunctions are alternately
even and odd. The latter feature reflects the inversion symmetry of the prob-
lem: the potential energy function, and hence the Hamiltonian, is invariant
under an inversion in the origin (cf. Sec. 4.5).
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Figure 7.1: Harmonic oscillator wavefunctions ¢.(Q), left, and probability
densities ¢n{Q)*wn(Q), right, for n = 0,1,2,3,4. The amplitudes are mea-
sured from the positions of the energy levels. The potential energy function
V(Q) = 1+Q* is also shown,

We have now determined both the energies and the wavefunctions for the
one-dimensional harmonic oscillator. The method we have been using to solve
the Schrodinger equation is the polynomial method which may be applied to
a large class of quantum-mechanical eigenvalue problems. Most often, such
problems may also be treated by the already mentioned algebraic method. This
method is particularly simple and elegant for the harmonic oscillator problem.
We discuss this case in the following section.

7.5 The Algebraic Method
We begin by writing the dimensionless Schrodinger equation (7.17) as

hlp) = elp) (7.54)
with

P o
i

(22 +Q?), (7.55)

e
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where @ = Q and P = —id/dQ, as in Eq. (7.22). We have the commutation
relation

[Q, P =i. (7.56)

In the following, this relation is more important than what the operators Q
and P actually stand for. We have therefore kept the operator symbol on the

variable @.
Let us now introduce the operators
a=/3(@+iP) (7.57)
and
at = /1@~ iP). (7.58)

They are not Hermitian, but as the notation indicates, they are the Hermitian
conjugates of each other (cf. Eq. (5.61)). Utilizing the commutation relation
(7.56) we get

aal = §(P*+Q7) ~ £1Q. Pl = (P + Q) +5, (7.59)
ala=1(P2+Q?) - L.
Hence,
@,al) = 1 (7.60)
and
h=ala+i. (7.61)

The last equation shows that & and &' have the same eigenfunctions. Solving
Eq. (7.54) is therefore equivalent to solving the eigenvalue equation

a'ale) = Ap). (7.62)
The eigenvalues are connected by the relation
e=A+3. (7.63)

We note that A must be non-negative, for Eq. (7.62) implies the relation

(platalp) = Meplp), or (aplag) = Mplp), and both (plp) and (dp|ap) are
non-negative (See the introductory remarks of Sec. 5.8).
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To determine the possible values of A, and hence of ¢, let us imagine that
we already know one A-value and the corresponding ). Operating with & on
both sides of Eq. (7.62) gives then

aatale) = Adlep). (7.64)

The commutation relation (7.60) shows that aa' = a'a + 1. Inserting this in
Eq. (7.64) gives

atadly) + alg) = Aalp), (7.65)
or

(a'a)alp) = (A~ 1)ale). (7.66)

This relation shows that a|p) is an eigenfunction of a'a with eigenvalue A — 1,
or else a|p) vanishes. If a|y) is in fact different from zero, then we may repeat
the argument with a|p) as the target function and conclude that a%|p) is an
eigenfunction of a!'a with eigenvalue A — 2, or else it is zero. This process may
be continued, but not indefinitely, for we have learned that all eigenvalues of
ata are non-negative. Consequently, there must exist a [¢p) that is annihilated
by d, so that

o) = 0. (7.67)
Operating with a! gives
alalpo) = 0. (7.68)

Thus, |pg) has the eigenvalue 0.

Because the operator & lowers the eigenvalue of d'@ by one (unless it oper-
ates on |pqg)), it is called a lowering operator, or a step-down operator. Simi-
larly, the operator a! is called a raising operator, or a step-up operator, because
it raises the eigenvalue of a'a by one. To see this, operate with a' on both
sides of Eq. (7.62) and use the commutation relation (7.60). This gives first

atatale) = ally), (7.69)
and then

at(aa' — 1)|p) = Aa'|p). (7.70)
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Thus, we have
(@a)atly) = (A + 1)atly), (7.71)

showing that a'|p) is in fact an eigenfunction of a'a with eigenvalue A + 1.

A common designation for step-up and step-down operators is the term
ladder operators.

The algebraic method has now led us to the conclusion that a'd has the
eigenvalues 0,1,2,.... We may express this result by the equation

a'alpn) = nlen), n=0,12,... (7.72)

Since a'éa is a Hermitian operator, we know that wavefunctions corresponding
to different values of n are orthogonal. We may assume that all eigenfunctions
have been normalized to unity, and thus we have

(¢nlem) = dpm (7.73)

The results of operating with & and & may now be written

alpn) = cnlon-1),
'l@n-1) = dnlpn),
where ¢, and dy, are constants to be determined. By taking the scalar product

with |@n~1) in the first of these equations and with [, ) in the second equation,
we get immediately

(7.74)

¢n = {Pa-1lélpa), (7.75)
= (‘Pniétlﬁaﬂ’l)‘

The coefficients ¢, and d,, are not independent, for we know that & and af are
Hermitian conjugate operators. According to the first of the relations (5.43)
we have therefore that

dn = c},. (7.76)

Thus, we only need to determine the ¢, coeflicients.
From Eq. (7.74) we get that

{dpnlipn) = cpen{Pn-1lpn-1) = cacn. (7.77)

But by using the second of the relations (5.43) together with Eq. (7.72) we
also get that

(8¢nlapn) = (Paldalpn) = n{pnlen) = n. (1.78)
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We may therefore conclude that ¢, = €'*~\/n where the phase J, is real. We
may, however, choose the relative phases of the |¢,) functions such that all é,,
are zero, because the normalization condition only determines the normaliza-
tion constant of |p,,) to within a phase factor e® (cf. Eq. (4.35)). Making the
proper choice of phases gives us accordingly

&|90n> = \/7_7"5071—1)1

7.79
&TI‘PH> =vn+ ll‘Pn-H)- ( )

Note that the first of these equations includes the special case alpp) = 0
The relations (7.79) allow us to determine all the eigenfunctions of ata, and
hence of h, by a recursive procedure starting from |po). To do so, we again

put Q=Q and P = —id/dQ) and get

. 1(d
“-\@(WQ)’

(7.80)
al = \/I (_i +Q
V2 \ d@ ‘
The relation @|pq) = 0 becomes then
dpo(Q)
T B Qpo(Q) = 0. (7.81)
This first-order differential equation has the normalized solution
1 12 ‘
0o(Q) = 77~ 29@° (7.82)
To determine ¢, (Q) we use the relation al|pg) = |1) which gives
1 2
(pl(Q)Z\/;( ot Q)r 29
(7.83)

1
[ 1179039
‘{2ﬁ} 2@

Successive application of the relation @!|p,_1) = /n|p,) gives

wn(Q)={ﬁ}%( 2+2) (@, (7.84
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The functions obtained in this way are the same as those presented in Eq.
(7.50), as the vo(Q) and ¢,(Q) of Egs. (7.82) and (7.83) indicate.

This concludes our present discussion of the algebraic method. The method
has allowed us to determine the energy spectrum of the harmonic oscillator
solely from the commutation relation (7.60) and the form (7.61) for the Hamil-
tonian. The ladder operators @ and a! connect the various eigenstates by the
scheme (7.79). For many purposes, these relations are more important than
the actual form of the wavefunctions. They invite us to simply talk about the
eigenkets (cf. Sec. 5.1) and the relations between them, instead of worrying
about the actual form of the wavefunctions.

Supplementary Reading

The bibliography, entries [10], [11] and [14].

Problems

7.1. Consider the harmonic oscillator defined by the Hamiltonian (7.8) and write
down the normalized wavefunctions $o(z) and :(z) for the ground state and the
first excited state, respectively.

a. Show that the expectation values (r) and (p.) both vanish for the
two states. Use symmetry arguments related to the inversion operator.

b. Evaluate the expectation values (%) and (p2) and the uncertainty
product AzAp; for both states. Exploit the integral list (6.31).

c. Evaluate (T') and (V) for both states and show that
(T = (V).
This is the virial theorem for the harmonic oscillator.

d. The virial theorem holds for all states of the harmonic oscillator. Use
this information together with the energy expression (7.41) to calculate
the uncertainty product AzAp; for the nth excited state.

7.2. The Schrédinger equation for the two-dimensional, isotropic harmonic oscillator

reads WPy &P
“om (% * a_;;f') + yme’(z® + ) = By,

where ¢ = ¢(z,y).
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a. Show that the Schrodinger equation has solutions of the form
¢'(.’l}, y) = X(Z)Y(g), E = E.’t + Ey,

and write the Schrédinger equations that determine X and Y. Specify
also the allowed energies E; and Ey, expressed in terms of the respective
quantum numbers n, and ny.

b. The allowed values of F may be written
En = (n+ Vhw, n=0,1,2,...

Express n in terms of the quantum numbers n; and n, and construct
an energy-level diagram similar to that of Fig. 4.4. Include at least
four levels and specify the degeneracy of each level together with the
(nz,ny)-values.

7.3. A particle with mass m executes a one-dimensional motion in the harmonic
potential (7.6). At time ¢ = 0, it may be described by the wavefunction

¥(2,0) = /20o(x) + iy/ T ()

where to(z) and ¢(z) are the wavefunctions for the ground state and the second
excited state, respectively, of the harmonic oscillator defined by the potential V(z).
a. Write down the formal expression for ¥(z,t), the wavefunction at a

later time ¢. It is not necessary to insert the analytical expressions for

Yo(z) and ¢2(z).

b. The probability density ¥(z,t)*¥(x,t) oscillates with the frequency
v. Write the expression for the probability density and determine v.



Chapter 8

The Central Field Problem

Contents

8.1 The Reduced Mass of a Two-Body System . . . . 187
8.2 Spherical Polar Coordinates . . ... ....... . 171
8.3 Spherical Harmonies . ..... et e e e e . 174
8.3.1 The Dimensionless Angular-Momentum Operators 175
8.3.2 Looking for Common Eigenfunctions of #2 and £; . 176

8.3.3 The Raising and Lowering Operators . . . . .. .. 178
834 TheQuantum Number€............... 180
835 APhaseConvention . ................ 181
8.3.6 The Analytical Expressions . . ... ... ..... 183
8.4 The Radial Function P(r). . . .. Ve e « ... 186

In this chapter, we shall consider the Schrédinger equation for a particle in
a central field. A central field is characterized by a potential energy function,
V(r), which only depends upon the distance, r, to a fixed point. This point is
taken as the origin of a rectangular Cartesian coordinate system. The central-
field problem may be easily set up in spaces of any dimension, but we shall
confine ourselves to the familiar three-dimensional space. The position vector
of the particle is then r = (z,y, ), with magnitude r = \/22 + y% + 22.

165
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The central-field problem is of paramount importance in quantum mechan-
ics and, of course, in classical mechanics too. The one-electron atom is a
central-field problem, with V(r) given by Eq. (2.65). But the central-field
problem is also encountered in the theory of many-electron atoms. V(r) is
then the sum of the Coulomb field from the nucleus and a suitably averaged
field from the electrons. Other central-field problems include, for instance,
the isotropic oscillator and the particle in a spherical box. These two model
systems have, in particular, been much used in simplified descriptions of the
atomic nucleus.

Talking about the one-electron atom we must be aware that even this—the
simplest atomic system—really is a two-body system. Both the nucleus and
the electron are quantum-mechanical particles, and even though the nucleus is
much heavier than the electron it cannot be brought to a complete standstill.
But in a similar way as in classical mechanics, it is possible to separate the
motion of two particles into the center-of-mass motion and the relative motion
when the interaction between the particles only depends upon the distance r
between the particles. The relative motion is then found to be a genuine one-
particle problem of the central-field type, but now for a particle with a reduced
mass. That it is the reduced mass rather than the mass of a free electron that
enters the description of the one-elctron atom was, as mentioned in Sec. 2.5,
properly realized by Bohr in his early theory of the hydrogen atom.

The fact, that any two-body problem in which the two particles interact
through a potential-energy function of the form V' (r) may be reduced to a one-
particle central-field problem, is also of essential importance in the description
of the vibration and rotation of a diatomic molecule. There, the introduction of
the reduced mass as an effective one-particle mass induces much larger effects
than in the one-electron atom.

Because it is important to be aware of the reduced-mass issue in many
applications, we shall begin our general description of the central-field problem
by actually demonstrating how a two-particle problem may be reduced to a
one-particle problem. This will be the subject matter of the following section.

After that, we address the true central-field problem. The procedure is to
introduce spherical polar coordinates which in turn leads to a separation of
the motion into a radial part and an angular part. The angular part is then
solved by introducing the so-called surface spherical harmonics. This is a very
important class of functions which is shared by all central-field problems. They
also occur in many problems of classical physics and were, in fact, introduced
by the French mathematician Pierre Simon de Laplace about two hundred
years ago.
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CM

LAB

Figure 8.1: The Two-Body Problem.

We devote a fairly long section to the introduction of the surface spherical
harmonics, and end the chapter with a discussion of the radial part of the
central-field problem. The functions that solve this part of the problem depend
on the actual form of the potential V' (r). Some general comments may be made,
but the actual determination of the radial functions must be postponed to the
ensuing sections containing the applications.

8.1 The Reduced Mass of a Two-Body System

Let us now demonstrate how the motion of a two-body system may be sepa-
rated into relative motion and center-of-mass motion of a particle with reduced
mass,

To this end, we introduce Figure 8.1 which shows the position of two parti-
cles (with masses m; and m;) relative to two coordinate systems, namely, the
laboratory system (marked LAB in the figure) and the center-of-mass system
(marked CM). The position vectors of the two particles in the LAB system are

{ 1= (21,51, 21), (8.1)

T2 = (1'2,’!/2, ZZ)’
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and the distance between them is

r=lry—r2| = V(x1 — 22)2 + (1 — ¥2)? + (21 — 22)%. (8.2)

We assume that the potential energy function of the two-body system is a
function of this distance alone,! i. e.,

V= V(r). (8.3)
Then the time-independent Schrédinger equation for the system has the form
K 8% 8t & h? ( 2 9 B
2m <67c?+6_y?+&?)¢"2mz 6_w%+5?/§+$§)¢
+ V(r)y = E**=ly (8.4)
where E'°*®! is the (total) energy, and the wavefunction is

¥ = P(x1, 3, 21, T2, Y2, 22) (8.5)

We shall show that the wavefunction may be factorized into a product of two
functions provided we introduce new variables.
These new variables are defined by the vectors

{ R=(X,Y,2), (8.6)

T:(x’y‘z))

where

M M (8.7)

my ma
R= —71 + /=79,
T=17;— T2,

and M is the total mass:

M =m; +mg (88)

R gives the position of the center of mass, and r gives the position of particle
1 with respect to particle 2. Both of these vectors are shown in Figure 8.1.

1The reader may easily verify that it is in fact sufficient to assume that V = V(r; — r2)
in order to carry the following demonstration through. A separation into relative motion
and center-of-mass motion is therefore also possible when the potential is a general function
of the relative position vector.
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We may equally well consider the wavefunction to be a function of the new
variables and write

v=9(X,Y,Z,2,y,2). (8.9)
We now note that Eq. (8.7) implies that

{ X = M’”1+ Th (8.10)

T==x — Ty,

with similar relations for the y and z coordinates. Hence we get, by implicit
differentiation,

op 0y 0X 8y 8z _my By | Y

32, ~ 0X 6a; | 0z 0z, M OX |z’ (6.11)
O Op8X Yoz mly Oy )

0z,  0X 0z, t o 8z 0z M 0X 0Oz
Repeating the process gives, for instance,

Py _mi 8% + &%y
62:1 M 39Xz, ' Oxdx,

_m 0 [moy 9], O [movy 0 19
TMAX|MSX T 8z 6 M 8X " bz
and hence
321/) my 2 3 ’(/) mi 32¢ 321/)
Eroie = (%) ox7 *¥3 5% t 37 (6.19)

@_(ﬂ)zﬂ_gm Oy 0%
9z~ \M/ 8X2 "M 0X0zx = 0z%’

Let us now insert these expressions and their y- and z-analogs into the
Schrédinger equation (8.4). We then recover that equation in the form

R? [ 82 2 o? 8 8 8
"m(axz+ayz+622)¢ <8m2+6 +6z2)¢

+V(r)y = E*%ly  (8.14)

where u is the reduced mass:

myma 1 1 1
= — or - — 4 — 8.15
# m; + ma Hoomp ma (8.12)
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Next, we make the ansatz that ¢ may be written as the product
¥ =9 (XY, 2)y (2, y, 2) (8.16)

and insert this product in the Schrédinger equation (8.14). We then proceed
in a similar way as in Section 4.1 and find that Eq. (8.14) splits into the two
equations

S R T
and

S (E D D iy = | ey
with

Etotal = Etrans + Ere! (819)

Eq. (8.17) is equivalent to the Schrédinger equation for a free particle with
mass M. It describes the motion of the center of mass and hence of the two-
body system as a whole. We may imagine that our molecule is enclosed in
a very large box. The center-of-mass wavefunction ¥*7*"*(X,Y,Z) and the
translational energy E'79"* will then be given by the expressions of Sec. 4.6.
Alternatively, we may choose ¥*"*"*(X,Y, Z) to be a free-particle wavefunc-
tion of the form (6.45). Subsequently, we may form superpositions of such
wavefunctions since Eq. (8.18) is the same for all values of E*"%"**. We may,
for instance, choose a Gaussian wave packet of the form (6.48). In either case,
we need not consider the center-of-mass motion further.

Equation (8.18) descibes the relative, or internal motion. This motion is
equivalent to that of a particle with mass y in the central field V(r), and we
have thus achieved the goal of reducing the two-body problem to a one-body
problem.

In the following section we shall show that if we introduce spherical polar
coordinates, then ¢"¢(z, y, ) may be factorized into the product of a function
of the angular coordinates of » and a function of r, the magnitude of r.
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The importance of the central-field problem transcends its natural occur-
rence as part of the two-body problem, as is clear from the comments made
in the introductory remarks to the present chapter. In accordance with this
universal importance of the problem, we shall adopt a general notation in the
following section and consider Eq. (8.18) as but a special case of the Schrédinger
equation

2
~ 9= V(r) +V(r)(r) = Bo(r), (820)

in which m is a general mass and V(r) a general central-field potential. For
convenience, we have also introduced a new operator symbol, V2, by the defi-
nition

o? o2 ik

2 < Y 9
v _6x2+6y2+0z2'

(8.21)
V2 is called the Laplacian. We now need the expression for this operator in
spherical polar coordinates.

8.2 Spherical Polar Coordinates

The spherical polar coordinates have the same natural relation to the central-
field problem as the Cartesian coordinates have to the rectangular box problem,
and they allow the variables in the Schrodinger equation to be separated in a
similar way. The definition of the coordinates is the familiar one,

z = rsinfcos ¢, 0<r<oo,
y =rsinfsing, 0<o<m, (8.22)
z=rcosb, 0< ¢ <2m.

See Fig. 8.2.

To express the Laplacian (8.21) and other useful operators in spherical polar
coordinates, one may take advantage of the theory of curvilinear coordinates,
of which the spherical polar coordinates form just one example. The most
fundamental ingredients of this theory are presented in Appendix C. It leads
to the following expression for the Laplacian in spherical polar coordinates

2 286 1[1 o ; 1 8
2 _ ~ il = : - -
Vi=mtintn [sin0 a6 (smoao) + sin2aa¢2] (823
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NZ
P(z,y,z2)
r
¢
Yy
z = rsinfcos ¢
T Yy =rsindsin ¢
z=rcosf

Figure 8.2: Spherical Polar Coordinates.

or

a2 29 2

2__ — — — —
v T 92 rdr g2

where the operator #2 only acts on the angular variables 8 and ¢:

P L O (0 1 0
T Tsin000 \*""80 )~ sing 942

It is also found that the volume element becomes

dv = r?sin 0 drdfd¢

Inserting the expression (8.24) into Eq. (8.20) gives

B [8%y 20y A2 B
“m (a— ;aT) T omer? TV = B

(8.24)

(8.25)

(8.26)

(8.27)
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This, then, is the Schrédinger equation (8.20) expressed in spherical polar
coordinates.
As discussed in Appendix C, the operator £2 may be written

P=0+0+8 (8.28)

where (f,,, fy, 2,) represents the dimensionless angular momentum of a particle
with radius vector . The connection to the true angular momentum{ is simply

~ A ~

Iz, by, 1) = h(ly, 4y, 8,). (8.29)
We may therefore also write Eq. (8.27) as
K (9% | 289 2 B
- (.573 +2 67') + 5 b+ V() = BY. (8.30)

To solve Eq. (8.27), we begin by rearranging terms and multiply from the

left with 2mr2/h%. This gives
oy 2 3¢
2 P2
—_—— == -F = —£*3. 31

o (-0t By - me) =B 3

Since #2 only acts on the angular variables we may accomplish a partial sepa-
ration of variables by writing

¥(r,8,4) = R(r)Y (0,4). (8.32)

For if we insert this expression into Eq. (8.31) and subsequently divide from
the left with R(r)Y (6, ¢), we get

1 ,( d*°R 2 dR 2m 1y
']—z"‘ ( d1'2 - r dr h2 [V( ) E]R) = —?f Y. (8.33)
The left-hand side of this equation depends only on r. On the other hand,
the right-hand side is independent of ». In a similar way as in the transition
from Eq. (4.5) to Eq. (4.6) we must therefore demand that both sides equal a
constant, —x say. Thus we conclude that Eq. (8.27), together with the ansatz
(8.32)), is equivalent to the following two differential equations

Y (6,4) = xY (8, ¢) (8.34)

and

_R? (dzR(r) 42 2 dR(r)

2m T2 T ) + Y= R(r) + V(r)R(r) = ER(r). (8.35)
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The well-behaved solutions of Eq. (8.34) are called surface spherical har-
monics. Well-behaved solutions exist only for specific values of the separation
constant y. We shall see below that these values may be written

x=£{+1), £=0,1,2,... (8.36)

We shall also find that there are 2¢ + 1 linearly independent solutions of Eq.
(8.34) for a given value of £. Inserting x = £(€ + 1)) into Eq. (8.35) gives

B (d R(r) ng@»)) U DR )R = ERE)

“om dr? r dr 2mr?

(8.37)

Solving this radial equation gives the allowed values of the energy F for each
f-value, and the corresponding radial functions R(r).

The form of the radial functions R(r) depends, of course, on the form
of the potential V(r). Thus, different central-field problems lead to different
radial functions. But all central-field problems share the same set of angular
functions since Eq. (8.34) is independent of V (r). These angular functions are,
as already mentioned, called surface spherical harmonics. They are of immense
importance in quantum mechanics—and also in other branches of physics and
theoretical chemistry. The quantum number £ is related to the magnitude of
the angular momentum associated with the central-field motion.

The following section and its subsections is a presentation of the surface
spherical harmonics.

8.3 Spherical Harmonics

Eq. (8.34) may be written in the form

2
{Sirlla(,—% (sinﬁa%) +ﬁg;—z+x} Y(0,4)=0  (8.38)
It is a second-order differential equation in § and ¢. It has been much studied,
and there are different ways of attacking it. The complete mathematical so-
lution for a given value of x may be found by separation of variables, whence
one obtains a second-order differential equation in ¢ and another second-order
differential equation in 8. The ¢-part is easy to handle, but to extract the
physically acceptable solutions from the @-part is a somewhat intricate matter.
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However, we do not need the complete mathematical solution of Eq. (8.38),
so it is really not necessary for us to write it down as an intermediate step
towards obtaining the physically well-behaved solutions. We shall therefore
adopt a different procedure.

8.3.1 The Dimensionless Angular-Momentum Operators

The idea is to use an algebraic method much related to the method used
in Sec. 7.5 for the harmonic- oscillator problem. The operators involved are
the angular-momentum operators, and it is expedient to take them in the
dimensionless form given in Appendix C. Thus, we consider the operators

PR
T - yaz ay 1
5 [ 0 8
< £ = —~i (25:; - za—z) ) (8.39)
- lij 0
= i)
and the square
E=02+2+2. (8.40)

It follows from Eqs. (5.33) and (5.34) that they obey the commutation relations

[Aﬂa‘: Zy] = ié
[y, £.] = i, (8.41)
[€2, l 2] = zé
and
(2, £,) = €2, ¢,] = [€%, £,] = 0. (8.42)

According to Eq. (8.34) we are looking for the eigenfunctions of the operator
#2. As mentioned above, we may expect degeneracy, in the sense that there
may be several linearly independent eigenfunctions for a given value of x.
Thus, we have a situation similar to the one discussed at length in Sec. 4.7.
The eigenfunctions in question define a linear function space, any function
belonging to this function space being an eigenfunction with eigenvalue x. If
the degeneracy is g, then any set of g linearly independent functions will be
a basis of the function space. But which criterion should we use to determine
an appropriate basis?
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Here we are helped by the theorem (5.120), according to which two Her-
mitian operators may have a complete set of eigenfunctions in common, if the
two operators commute. So, the procedure to follow is to find an operator that
commutes with 2, and then require that the eigenfunctions defining the basis
of the g-dimensional function space also be eigenfunctions of the new operator.
We may hope that the basis functions determined in this way correspond to
different eigenvalues of the new operator, so that these eigenvalues in fact char-
acterize the basis in a unique way. If, however, there still is some degeneracy
left with respect to the new eigenvalues, then we may go on and search for
a third operator which commutes with the two operators already discussed.
Hopefully, then, this will lead to a unique characterization of the basis.

The operators iy, I?y and £, all commute with £2, so it is natural to let
one of these operators define our basis in the case of degeneracy. Which one
we choose is immaterial, but each choice leads to a different basis, for s, fy
and f, do not commute with each other and hence cannot have a complete
set of eigenfunctions in common. Traditionally, one chooses to define the basis
by the eigenvalues of ¢, because this operator is represented by the simplest
expression in spherical polar coordinates.

8.3.2 Looking for Common Eigenfunctions of 2 and 4,

Consequently, we shall now be looking for the common solutions of the eigen-
value equation (8.34) and the eigenvalue equation

£,Y(8,4) = mY (8, 4), (8.43)

where m denotes the eigenvalue of l,.
The expressions for £z, £, and £, in spherical polar coordinates are presented
in Appendix C. They are

b, =i (sind}% +cot0cosd>—a—) ,

d¢
5 . 0 ., 0
by = —i (cos ¢5§ — cot @ sin ¢%> , (8.44)
. )
Zz = —‘EBE.

The eigenvalue equation (8.43) may accordingly be written

.
~igg¥(0.4)=mY (6,9). (8.45)
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It has the complete mathematical solution
Y (9, 4) = ©(0)e™?. (8.46)

where ©(f) is an arbitrary function of §. Thus, the ¢-dependence of Y (8, ¢} is
given by the complex exponential function. This is not a physically acceptable
¢-dependence for arbitrary m-values. For we must require that the function
Y (8, 4) be single valued, and as far as the ¢-dependence is concerned, this
amounts to the condition

Y (0,4 +2r) =Y(8,4), (8.47)

since ¢ and ¢ + 2r must define the same point in space, i. €., the same point
P in Fig. 8.2.
The implication of the condition (8.47) is that m must be an integer. For
only then will exp(im¢) be periodic in ¢ with period 27 (See Appendix A).
We may now let the common eigenfunctions of # and £, be denoted
Y$(8, ¢) and write

Y,0(0, ¢) = 6% (9)e™™. (8.48)

For a given value of x, we may expect not just one, but a whole set of m-values.
The basis discussed above will then be characterized by this set. We must now
determine the allowed values of x and the set of m-values going with each x.

In connection with functions of # and ¢, it is convenient to use a bra-ket
notation based on the definition

(YY) = / " i Y*(0,4)Y"(8, 6) sin 6d0de (8.49)

The integration involved in this definition is “integration over the unit sphere”,
the surface element being the angular part of the volume element dv of Eq.
(8.26). We shall assume that the functions in the set (8.48) are normalized to
unity in the sense

(Y0ly X0y = 1. (8.50)

Now, we may derive an imnportant relation between the value of x and the
corresponding values of m directly from the definition (8.40). The definition
implies that

(YI2Y) = (YIE2IY) + (Y IEIY) + (Y|E]Y) (8.51)
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for any Y (6, ¢). For a function in the set (8.48) this gives
x = (FRNEIYR0) + (V015 1Y, ) + m?. (8.52)
Since £, is a Hermitian operator, we have that
(VE2IY0) = (LY 218 v,50). (8.53)

By an argument similar to that of the opening remark of Sec. 5.8, we note that
the right-hand side of Eq. (8.53) is non-negative. The same holds therefore for
the left-hand side. From this result, and an equivalent result for the second
term on the right-hand side of Eq. (8.52), we conclude from Eq. (8.52) that

x > m. (8.54)

This is the relation that we wanted to derive.

8.3.3 The Raising and Lowering Operators

To proceed, let us introduce the operators

é+ = 2,,- + l.[y,
{ I (8.55)

which are the Hermitian conjugates of each other (cf. Eq. (5.62)). They both
commute with £2 (because £, and ¢, do). Utilizing this we get

Pi Y X(0,4) = £,22Y0(0, 6) = xE+ Y, (6, 6), (8.56)

showing that the functions é+Y,$.X) and £_Y,%9 both belong to the function
space defined by the eigenvalue y.

To learn more about the functions 2+Y,S,X) and £_Y,{¥), let us express £,
and £_ in spherical polar coordinates. The expressions (8.44) give immediately

. e
— oi® T
£y =e (60+zcot06¢)

. : 9
— i _ _.
£_=e ( 69+2C0t06¢)

(8.57)

Applying these relations to the function Y (6, ¢) of Eq. (8.48) shows that the
¢-dependence of the function £, Y,\ (x) (6, ¢) is exp(i(m+1)¢) (unless the function
vanishes), while that of the function £_Y,%)(6,¢) is exp(i(m — 1)¢) (unless



8.3. Spherical Harmonics 179

this function vanishes). The first function is accordingly an eigenfunction of i,
with eigenvalue m + 1, and the second function is an eigenfunction of £, with
eigenvalue m — 1.

The same conclusions may be arrived at in a more formal way by considering
the commutation relations [£,,£,] and [£,,£_]. We find easily that

[€.,8,) = [ff L)+ ilk;  £y) = by + i(—ib,) 658)
=l +ily = 4y,
and similarly,
(£, 8] =—£_. (8.59)
Exploiting these results gives
£0, Y0 = (8,8, + 2,)Y,0 = (m+ 1)8, Y0 (8.60)
and
£ Y = (£_8, — i)Y = (m-1)i_Yy . (8.61)

The first of these relations tell us that unless 2+Y,,(,") vanishes, it is an eigen-
function of £, with eigenvalue m + 1. Similarly, the function £_Y$ is an
eigenfunction of £, with eigenvalue m — 1, unless it vanishes. These conclu-
sions are the same as those obtained above.

Thus, the operator f+ raises the eigenvalue of £, by one (unless £+ (0
vanishes), and it is therefore called a raising operator, or a step-up operator.
Similarly, £_ is called a lowering operator, or a step-down operator. One also
refers to both types of operators as ladder operators. This is a similar notation
as that used for the operators a! and & in the discussion of the harmonic-
oscillator problem (Sec. 7.5).

These ﬁndmgs now lead to the conclusion, that if we repeatedly apply the
operators £, and £_ to the function v , then we generate a set of functions,

m"! o fm-D m

which successively differ in their m quantumn numbers by 1, but are eigenfunc-
tions of £2 with the same eigenvalue x (cf. Eq. (8.56)). The sequence must
terminate in both directions since the values of m are bounded by the relation
(8.54). Thus, we must have that

iy =, (8.63)
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and
oYW = (8.64)

We shall now show that m” = —m/.

8.3.4 The Quantum Number ¢

We may relate m’’ and m’ to the value of x in the following way.
From the definitions of ¢, £, and £_, and the commutation relations (8.41)

we first get
bl = (b +ily) (b —iby) = 8 + £ ~ illy, £, (8.65)
—B Bl =BoBl, |

and similarly,

0 b, =014, (8.66)

We then note that the relations (8.63) and (8.64) of course imply that also
£l Y,Eff,) and E_£+Y,$ff) vanish. When this observation is combined with the
results of Eqs. (8.65) and (8.66) we get

YN =(x—m?+m"Y¥ =0 (8.67)
and
b,y = (y—m?—m)¥¥ =o0. (8.68)

But the functions Ym’,‘,) and Y,f,’,‘) are not supposed to vanish since they are
defined as the terminal functions in the set (8.62). Eqgs. (8.67) and (8.68)
imply therefore that

P =m(m” = 1) (8.69)

X — mll
and
x=m?+m =m'(m +1). (8.70)

For both of these two equations to be true, we must have that m”(m'" — 1) =
m’(m’ + 1), or,

(m' + m")(m' —m"” + 1) = 0. (8.71)
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But the setup of the sequence (8.62) implies that m’ > m”. The second factor
on the right-hand side of Eq. (8.71) is consequently different from zero. Hence,
we conclude that m” = —m’ and therefore also that m’ > 0.

The value of x as well as the range of m-values is accordingly determined
by the value of m/. Let us change the notation and write £ instead of m’, and
hence also —£ instead of m'’. We have then that x = KEZ +1), according to Eq.
{8.70). Let us also write write Yy, (8, ¢) instead of Y l+1))(0, $). Our finding
is then (cf. the setup (8.62)) that each possible ¢-value (€ =0,1,2,...) defines
a sequence of 2¢ + 1 functions,

)/l,—la"- )n,m—ly)/lmy"' )),lts (872)

which are eigenfunctions of £2 with the same eigenvalue, and eigenfunctions of
£, with eigenvalues that vary in steps of one from —£ to ¢, i. e.,

2Yym (6, 9) = £(£ + 1)Yem (6, ),
] (8.73)
[z}’tm(0;¢)=mylm(0,¢), m=—f(—L+1,...,£~12
That the only possible values of £ are the numbers 0,1,2,... is obvious from
the definition of £, namely, £ = m’ = —m"’, and from the condition that any

m must be an integer. The latter condition was derived from the actual form
of £, via the relation (8.47) which required that any Y (8, 4) be a single-valued
function.

It is interesting to note that we may obtain a condition on the possible
values of £ from the pure algebra without worrying about the form of £,, and
that this condition is milder than the one above. The argument is the following,.

From the very way the sequence (8.62), and hence the sequence (8.72), was
constructed, it is obvious that the difference between m’ and m/’ must be an
integer. But this difference is just 2¢. Hence, 2¢ must be an integer. The values
of £ that the algebraic formalism allows are, therefore, 0,3,1,3,2,.... This
set of values differs from the above set by the inclusion of half-integral values
of £. We shall refer to this finding when we come to discuss the introduction
of spin, in Chapter 10. As far as the spherical harmonics are concerned, only
integral values of £ come into play.

8.3.5 A Phase Convention

The spherical harmonics in the set (8.72) are transformed into each other under
the action of the step-up and step-down operators £, and £_. We assume that
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each Yz, is normalized according to the prescription of Egs. (8.49) and (8.50).
In addition, we know that any two members of the set (8.72) are orthogonal,
because they correspond to different eigenvalues of the Hermitian operator £,

(This is the theorem (5.67)). Thus, we have
(thmpllm’) = 5mm’- (874)
The results of acting with £, and £_ may be written

é+Y[m (0, ¢) = CmYl,m+1 (0; ¢))

) (8.75)
£ Yem41(8,9) = dmYe,m(6, 6),

where ¢,, and d,, are constants to be determined. The constants are, however,
not independent, for if we take the scalar product with Yy ;u41(8, ¢) in the first
of the equations, and the scalar product with Y, (8, ¢) in the second equation
we get

(Yeme1 €4 ]Yem) = cm,
(Yemll-|Yemt1) = dm, (8.76)

and since é+ and £_ are Hermitian conjugate operators, we have that
(Yo |e-|Yem1) = (Yot (€4 Yem)®, (8.77)
according to the definition (5.43). This implies that
dm =c},. (8.78)

Thus, we only need to worry about the determination of the ¢,, coeflicients.
To determine the ¢, coefficients, we first note that the first of the relations
(8.75) gives

(é+ylm|é+ylm) = (CmYl,m+1(0a ¢)|chl,m+l (0) ‘f’)) = c:ncm = 'lez- (879)
Next, we use the turn-over rule (5.43) and then the relation (8.66) to get

(4 Yemles Yem) = (Yem|E- 84 |Yem) = (Yem |8 — £ — £,| Vi)

) mm—m= (e mar).

A comparison of these results shows that c,, = e**= ﬂf — m){€ 4+ m + 1) where
the phase J,, is real. We now choose the relative phases of the functions
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Yim (6, ¢) such that all §,,, become zero. This is possible because the normal-
ization condition only determines each Yy, (6, ¢) to within a phase factor (cf.
Eq. (4.35) and the discussion in Sec. 7.5). With this choice we get that

em =dm = V/(E-m)(l +m+1),

(8.81)
em-1=dm-1=V{E+m)(f—m+1),
and hence
€+Ylm(0: ¢) = \/(7— m)([ +m+ l)n.m-ﬁ'l(o’ ¢) (8 82)
L Yn(6,6) = VE+m)(f ~m+1)Yem—1(6,¢) '

Note that these relations show that 24.Y¢¢(0,¢) and 1?_5’2,_5(0,(#) vanish, in
accordance with Eqgs. (8.63) and (8.64).

The convention, by which the relative phases of the surface spherical har-
monics are so chosen that the relations (8.82) are valid, is called the Condon-
Shortley phase convention, in tribute to a classic book by Condon and Short-
ley.?

8.3.6 The Analytical Expressions

We are now able to derive the analytical expressions for the surface spherical
harmonics Y (6, ). From Eq. (8.46) we know that they have the general form

Yim (6, 6) = Om (6)e™™. (8.83)

The problem is therefore to determine the analytical form of the functions
Oim(0). To do so, we settle on a given £-value and begin by determining
the form of ©, _,(f) from the condition that i Ye,—¢(6,¢) vanish. With the
expression for £_ as given in Eq. (8.57), the condition reads

. 0 o ,
—-i¢ { __ . - —ifd =0. 84
e ( % +zcot03¢) O¢,—e(f)e 0 (8.84)
Hence, we must solve the first-order differential equation
d
(—Eé + £ cot, 0) @[,_[(0) =0. (885)

2E, U. Condon and G. H. Shortley, The Theory of Atomic Spectra. See the bibliography,
entry [15].
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The complete solution of this equation is an arbitrary constant, A, times sin® 4.
Thus, we have found that

Ye,-e(0, ¢) = Asin® fe=i%4, (8-86)

The constant A is obtained by normalizing Yy _¢(6,#) according to the
general normalization condition contained in Eq. (8.74), i. e.,

n 27
VinlVind = [ [ Yin0,0)¥im(0, ) sin0atdp =<1, (887
=0 J ¢=0
For £ = 0 we get
1
Yoo(8, ¢) = \/ 1~ (8.88)
and for £ # 0,
_ (LD 1 L
Ye,—1(0,9) = \/;r 30E—2). . 2 sin® §e~* ¢ (8.89)

where we have chosen the sign of the normalization constant to be positive.
Having determined the function Y; (¢, ¢), we may determine the remain-
ing 2¢ functions belonging to the same f-value by means of the first of the
relations in (8.82). We illustrate this for £ = 1.
For £ = 0, there is only one spherical harmonic, namely the function
Yoo(6, #) given by Eq. (8.88). For £ = 1, we have the three functions Yiy,
Y10 and Yi_;. Eq. (8.89) gives immediately:

/3 .
=4/ —si ~i¢
Y1_1(9, (ﬁ) oy sin fe . (890)
Next, we note that the first of the relations in (8.82) requires that
0Yi-1(0,¢) = VI + DT~ T+ 1)Y10(6, 9). (8.91)

With the expression (8.57) for £, , we may therefore determine Yio as follows
Yio(f, ¢) = \/gi«tyx—x(f?: ¢)
= % ( 388 +icotd L 88¢) \/;3—; sinfe=i®  (8.92)
= \/g cosf.
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Y1; may be determined by a similar procedure,

1.
Y11(8,¢) = \/;3+Y10(9,¢)
1 . a 0 3
S e (O Lieoted ) /2 8.93
\/;e (69+zcot00¢) 47l_cos6’ (8.93)
= /2 Gingeit
= — 8ﬂ_sm06.

For higher ¢-values we may proceed in a similar fashion and thus generate
any spherical harmonic needed. Table 8.1 gives all the spherical harmonics
with £ = 0, 1, 2, and 3.3 Note the factor —1 which occurs whenever m is
odd and positive. This factor is a consequence of the Condon-Shortley phase
convention, as the transition from Eq. (8.92) to Eq. (8.93) exemplifies.

The spherical harmonics in Table 8.1 are eigenfunctions of £ and £,. The
square of the true angular momentum (8.29) has the sharp value £(¢ + 1)A%,
and the projection of the true angular momentum onto the z-axis has the sharp
value mh. (The term sharp value was defined in Secs. 5.5 and 5.7. That an
observable has a sharp value, implies that the wavefunction of the system is
an eigenfunction of the operator representing the observable.)

For a given value of £, the 2£ + 1 spherical harmonics define a basis in
the function space defined by the eigenvalue £(¢ + 1) of #2. Other bases may
be obtained by taking linear combinations of the functions Yy, (6, ¢). In this
way, one might for instance construct 2¢ + 1 functions that are eigenfunctions
of #2 and #,. But one may also construct bases for which no component of
the angular momentum has a sharp value. A very useful basis of this type is
obtained by replacing each two functions of the type Yz, and Y, _y, by the sum
and difference of the two functions (normalization introduces an extra factor
of 1/4/2). After multiplication by i or —i, if necessary, one ends up with a set
of real surface spherical harmonics. Such a set is presented in Table 8.2. It
finds great application in, for instance, molecular-orbital theory.

The equivalent of the orthonormality relation (8.74) holds for the functions
of Table 8.2. We also note that spherical harmonics with different ¢-values
must be orthogonal, for such functions correspond to eigenfunctions of 2 with
different eigenvalues, so the theorem (5.67) may be applied once again. Thus,

3The symbols s, p,d, f associated with the ¢-values 0, 1, 2, 3, respectively, refer to the use
of the spherical harmonics in atomic theory (See the following chapter).
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we may write

k.4 2
(Yo Vo) = /8 / Y7, (0, )Yery (6, 4)5in 0d0d = Gypdyye | (8.94)
=0 J =0

The index « takes on 2¢ + 1 values for a given value of £. When the complex
harmonics of Table 8.1 are considered, it may be identified with the quantum
number m. For the real harmonics of Table 8.2, it is simply some symbol that
identifies the 2¢ + 1 different harmonics for fixed £.

We have now given a thorough description of the physically acceptable
solutions of Eq. (8.34). They are the surface spherical harmonics. We have
determined these functions by an algebraic procedure, but as mentioned at the
beginning of Sec. 8.3 they may also be determined by more classical means.
One then realizes that the #-dependence of the functions is that of the as-
sociated Legendre functions. For the sake of completeness, we present this
dependence in Appendix D.

After this thorough discussion of the solutions of Eq. (8.38), we must now
turn to the radial equation (8.37).

8.4 The Radial Function P(r)

In this short section, we shall replace the radial equation (8.37) with an equiv-
alent radial equation obtained in the following way.

We may assume that the general wavefunction (8.32) is a normalized wave-
function. The expression for the volume element in spherical polar coordinates
is given by Eq. (8.26), and the normalization condition is therefore

® 2m

(Wly) = /oo R*(r)R(’r)rzdr/ Y*(0,4)Y (8, $)sin6dbdé = 1. (8.95)

=0 =0 J =0

The spherical harmonic Y (8, ¢) is supposed to be normalized to unity in anal-
ogy with Eq. (8.87). Hence, we require that R(r) be normalized such that

/ ” [R(M))*ridr =1 (8.96)

=0

where we have assumed that R(r) is real .
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The form of the normalization expression for R(r) suggests that we intro-
duce a new radial function, P(r), by the definition

P(r) = rR(r) (8.97)

which will then be normalized such that

/ " P()Pdr =1 (8.98)

=0

The differential equation to be satisfied by P(r) is obtained by multiplying Eq.
(8.37) from the left with r and noting that Eq. (8.97) implies that

d’P d’R . dR

e =rTy +23_ (8.99)
Thus, we get

R &P(r)  f(t+ 1)h2P( )+ V(r)P(r) = EP(r) (8.100)

2m  dr? 2mr? " Ve .

The structure of this equation is somewhat simpler than that of Eq. (8.37),
and we shall accordingly base much of our future discussion of central-field
problems on the radial function P(r) instead of the original function R(r).

In terms of P(r), we may write the wavefunction (8.32) as

¥(r,0,4) = P(r)Y(6,¢) (8.101)

Eq. (8.100) has the same structure for all central-field problems. But since
the explicit form of V(r) is different for different problems, each problem must
be handled as a new case. In the following chapter, we shall solve Eq. (8.100)
for the hydrogen atom.
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Table 8.1: Normalized Surface Spherical Harmonics. Complex Form

Y00=\/:-;

Yio1 = %"‘_&‘r’ —\/ sin fe~%¢
/3 /a

Y10 = Gf = i cos f
p 3 . .

Y11 —\ls—nﬂr—’l :_”8% s1n6’e'¢

. 2 N

Yoo = \/3—125;£—-er ,.'y = \/% sin? ge—2¢
Ys 1 :\/gﬂx—r?ﬂ :\/g sin 6 cos fe~*?

i

e = 2 ] 2
Y20 :,/%gz—r;—"— :\/mn (3COS 6—1)
d
Yo, = —M%ﬂ%@ = és sin 0 cos fe*?
15 iy)? /
Yz 2 = 321 Q‘i"%ﬁ)_ = 3125 sin 062’4’
_ . /.35 (z—iy)® _ /35 _. 3p -3i¢
Yaa =+\/go s =1/ sin” e
—. 2 0 -
Ya_o = \/%ﬂ”—r;—yL = 105 sin? 6 cos fe =%
_ 21 (522 -r?)(z—iy) — /2 2 : -i¢
Yaoi =+v&n =5 gz (5cos® § — 1) sin e
£=3
7 2(52%-3r?
Yso = mz—(—ra—rl =1/ 1% cosB(5cos?§ — 3)
f 21 (527 —r?)(z+iy) ip
Ya1 = -\ & — = 641r (5cos 6 — 1) sinfe

N2
Y32 :\/%g—iz—@%& :\/;gf‘r sin? 6 cos 0e%¢

— _. /35 (z+iy)® — 35 3ig
Yss = Vear r = a1z sin’ fe
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Table 8.2: Normalized Surface Spherical Harmonics. Real Form

189

£=10
Yoo =1/
8
Y, = f;r-f =\/f’? sin @ cos ¢
£=1
Y,=1/2% =,/£ sinfsing
14
Y 3z — 3 g
z = inr 3x CO8
Y, — ./ _B_3:%-r* _ 5_(3cos?d —1
5 =Vir - =\ 18 (Bcos )
Yz =24 = /32 sinfcosfcos é
£=2
Yay =,/382 =1/ sinfcosfsing
d
2_,2 .
Yooy =1/7e23- =1/ sin’fcos2¢
Yey =,/1z = /3 sin®6sin 24
Y, =\j ﬁszﬁ-—?f—l = 1—;; cos (5 cos? § — 3)
Yia, = /2L L f 2L (50067 0 — 1) sinfcos ¢
- 52%—r? — . J/a 2 C g
r—3 Yi5:2-r3)y = 32" =1/ 355 (Bcos® @ — 1)sinfsin¢
- — . J105 3(z?—y? — . /105 s 2
; Yier-y3) =\1er— =1/ 5= sin” 6 cos f cos 2¢
2 .
Yizy =418 =1/182 sin’ f cos f sin 2¢
Yeay =1/ §-’”—351”— =1/ sin®fcos 3¢
_ /a5 #*-3y’z -, ]85 34
Yyﬁx = m.'—;y—— =2/ 45y S0 9811’13(}5
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Supplementary Reading

The bibliography, entry [15] and [16].

Problems

8.1. By actually evaluating the integrals involved, check that the surface spherical
harmonic Y, of Table 8.2 is normalized to unity. Check also that the harmonics Y,
and Y. are mutually orthogonal.

8.2. The normalized surface spherical harmonic Yio(#, ¢) is

Yio(8,¢) = %\/E(BSCOS"G — 30cos® 8 +3).

By applying the operators 2+ and #_, determine the normalized surface spherical
harmonics Y31 (8, ¢) and Yy, -1(8,¢).

8.3. A useful way of looking at a surface spherical harmonic is to relate it to the
function

Usy(@,y,2) = r'Yey (6, 6)
because this function, as the tables 8.1 and 8.2 show, is a homogeneous polynomial
of order £, i. e., a polynomial of the form

Uey(z,y,2) = E arse’ Y2, r4stit=_L
rat

The function Ugy(z,y, 2) is called a solid spherical harmonic.

a. Show that Upy(2,y,2) is a solution of the Laplace equation
VU =0,

by identifying the Laplace equation with the central-field equation (8.20)
for V{(r) = 0 and E = 0, and by showing that Eq. (8.37) then is satisfied
by R(r) = r’.

b. Equation (8.37} has two linearly independent solutions for a given

value of £. As just shown, one of them is R(r) = r! for V(r) = 0 and
E = 0. Try to guess the other solution.

¢. There are 6 linearly independent homogeneous polynomials of order

2, for instance:
2 .2 .2
¥, ¥, 2, ¥y, Yz, 2%,

but they do not all satisfy the Laplace equation. Find 5 linearly inde-
pendent polynomials that do, and compare these with the solid spherical
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harmonics that may be read off Table (8.2) for £ = 2.

An alternative way of introducing the surface spherical harmonics is, in
fact, to start out from the solid spherical harmonics, defined as the ho-
mogeneous polynomials that satisfy the Laplace equation. The relation
Uey(2,y,2) = r'Yey(8,4) gives then the form of the surface spherical
harmonics.
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In continuation of the previous chapter, let us now determine the energies
and wavefunctions for the electron in a one-electron atom. We consider the
general case corresponding to a nuclear charge Ze, and take the nucleus to be
infinitely heavy so that we may neglect its motion. But we understand that
we may correct for the finite nuclear mass by simply replacing the electronic
mass, e, with the reduced mass as discussed in Sec. 8.1. In light of this, it
might seem preferable to work with the reduced mass from the very outset,
but some natural physical quantities that occur on the way are conventionally
defined in terms of the mass m, rather than the reduced mass (which varies
from atom to atom). So it is better to work with m,. throughout and, when it
is needed, correct the final expressions by simply replacing m. with the proper
reduced mass.

192
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As mentioned in Sec. 4.8, it is customary to refer to a one-electron wave-
function as an orbital. The wavefunctions of a one-electron atom are hence
called atomic orbitals. The angular dependence of atomic orbitals is given by
the surface spherical harmonics, so the starting point of the present chapter
will be the radial equation (8.100).

We begin the chapter by introducing a standard notation for the radial
wavefunctions. The radial equation is then solved by the polynomial method
which is familiar to us from the harmonic-oscillator problem. Three equivalent
analytical expressions are set up for the radial functions, and the functions
defining the lowest energy levels are also represented as graphs. In the final
section, we consider the total wavefunctions obtained by multiplying the radial
functions by the proper surface spherical harmonics.

Wavefunctions on a three-dimensional space are, of course, more difficult
to visualize than wavefunctions on a one-dimensional space. But much may be
achieved by drawing contour curves in selected planes together with contour
surfaces in three-dimensional space. Because the orbitals of the one-electron
atom in various ways serve as elementary units in the construction of wave-
functions for many-electron atoms and molecules, it is important to form good
mental pictures of them. As a help in building such pictures, we present a
number of contour curves and contour surfaces for orbitals of the hydrogen
atomn in the last section.

The wavefunctions determined in the present chapter are said to describe
the orbital motion of the electron, and the angular momentum I is similarly
called the orbital angular momentum, a notation which reminds us of the pres-
ence of the electron spin. As remarked in Sec. 3.1, we may safely neglect the
spin as long as we exclude magnetic fields and only treat single-particle prob-
lems. We can live with these limitations throughout this chapter, but in order
to proceed we must definitely learn how to incorporate the spin. A proper
discussion of the spin problem will be included in the following chapter.

9.1 The Effective Potential. General Notation

As mentioned above, the starting point of the present chapter is the radial
equation (8.100), with the arbitrary mass m replaced by m,. The potential-
energy function V(r) is given by the Coulomb expression {2.65), so the actual
form of Eq. (8.100) becomes

__R? d&2P(r) L (He R®  Ze 1
2m, dr? 2mer? 4meg v

) P(r) = EP(r). 9.1)
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Ve (r) / hartree

[
0 10 20 30 40 50
r/ bohr

Figure 9.1: Effective radial potential for the hydrogen atom (Z = 1).
Atomic units as defined in Appendix B.

We note that each £-value gives a genuinely new equation.

We may interpret Eq. (9.1) as the Schrédinger equation for a one-dimen-
sional problem in which the particle moves between r = () and r & oo, in the
effective potential

_ e+ 1R Ze? 1
T 2mer? 4meg 1’

Veys (r) (9.2)

made up of the original Coulomb potential and an f-dependent centrifugal
potential. Each f-value gives a new effective potential and hence its own one-
dimensional Schrodinger equation. The effective potential for the four lowest
£-values, £ = 0,1,2,3, is shown in Fig. 9.1.

For a given £-value, we number the admissible energies and radial functions
by an additional index n which increases with the energy. It would seem natural
to let n take on the consecutive values 1,2,3,..., but traditionally one lets n
start with the value £+ 1. So, for a given {-value we number the energy levels
by the n-values

n=£+1,0+4+2,... (9.3)
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The reason is, that this numbering is natural for the hydrogen-like atom be-
cause n turns out to be the quantum number that determines the energy,
through the Bohr formula (2.68). Thus, we have the following radial wave-
functions, Pp(r),

Pis, Pas, Pas, Puy,... for£=10
ng, P3p, P4p, Ve foré=1 (94)
.Pad, P4d, ‘s for{ =2

............

As is customary, we have referred to the £-value by a letter symbol defined by
the following correspondence

f—value |0 1 2 3 4 5 6 7
Symbol |s p d f g h i k

This correspondence was also included in Tables 8.1 and 8.2. The radial func-
tions Ru¢(r) are indexed in a similar way as the functions P(r). When the
radial function Ry,(r) is combined with the surface spherical harmonic Ypg,
we get the 1s orbital. When the radial function Rp(r) is combined with the
three spherical harmonics with £ = 1, we get the three 2p orbitals, etc. The
notation is of spectroscopic origin: the letters s, p, d, and f refer, respectively,
to the so-called sharp, principal, diffuse, and fundamental series of the alkali
atom spectra, .

After these introductory remarks, let us now attack the radial Schrodinger
equation (9.1). As the form of the effective potentials in Fig. 9.1 indicates,
the energy spectrum is found to be discrete for E < 0 (bound states) and
continuous for £ > 0 (dissociative states). We shall only be interested in the
bound-state solutions, corresponding to states with negative energy. As we
shall see, there are infinitely many such states, for each value of £.

8 9
! (9.5)

m

9.2 The Radial Equation for the Hydrogen-Like
Atom

For a radial function P(r) to represent a bound state of the electron, it must

vanish at infinity. In addition, R(r) must stay finite at the origin, and hence

P(r)—which equals rR(r)—must tend to zero with r. The boundary condi-
tions on P(r) are therefore

P(0)=0, P(oo)=0. (9.6)
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To implement these conditions, we consider the limiting form of Eq. (9.1) for
small and for large values of r.

For sufficiently small values of 7, and £ # 0, it is obvious that the centrifugal
term in Eq. (9.1) will completely dominate the term containing E, and also
the term containing the Coulomb potential. Thus, we may replace Eq. (9.1)
by the equation

2 2 r
—2’;‘% (‘fdf;g ) _ E(E; 1)P(r)) =0. 9.7)

It has the complete solution
P(r) = ayr**! 4 agr™¢, (9.8)

and we must evidently take a, to be zero, to satisfy the first of the boundary
conditions (9.6). When £ = 0, there is no centrifugal term, and we must go
back to Eq. (9.1). Inserting a power series expansion, P(r) = a;r+asr’+...,
into this equation shows that @; must be different from zero. Hence, the well-
behaved solution goes as a constant times » for small values of r, and is covered
by the general expression P(r) = a;rttt.

In the other limit, i. e, for very large values of r, we replace Eq. (9.1) by
the equation

K d2P(r)
o aE = EP(r), (9.9)
or,
d*P(r) &?
P —4~P(r), (9.10)
where we have put
kZR?
) = — . A1
E S (9.11)

Real values of x correspond to negative energies, imaginary values of & 16
positive energies. Eq. (9.10) has the complete solution

P(r) = bye™""/? 4 bye™/2, (9.12)

For imaginary values of k, this is an oscillatory solution which stays finite at
infinity. Accordingly, it cannot represent a bound state, so bound states must
correspond to real values of «, and hence to negative energies, as claimed in
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the Introduction. We shall only consider bound states in the following, and
consequently always take « to be real, and in fact positive (since this is no
restriction, as Egs. (9.11) and (9.12) show). With « being positive, it follows
that the second of the boundary conditions in Eq. (9.6) requires bz to be zero.

We have thus seen that an acceptable solution of Eq. (9.1) must behave
like #¢+1 for small values of r, and like e™*"/2 for large values of 7. As we
would expect, such a solution only exists for certain discrete values of E. Let
us determine these values.

We begin by simplifying the look of Eq. (9.1) by introducing the new vari-
able ’

p = kr, (9.13)

whereby the equation becomes
d*P(r) L+1) n 1

272 - ( 7 - ; + 4) P(ry=0, (9.14)

with the constant n defined as
Ze? 2m,
= . 1
4meo Rk (9.15)

The values of n for which Eq. (9.14) has acceptable solutions determine the
corresponding values of £ and F, through Egs. (9.15) and (9.11). For & we get

27

where ag is the Bohr radius which we introduced in Sec. 2.5, Eq. (2.60),

h? 4meg
I e 1
ap e 82 (9 7)
Similarly, we get for E:
82 2 sze
Bn=- (mo) 2h%n? (9.18)

This is the Bohr expression (2.68) for the allowed energies of a one-electron
atom, provided n is an integer. This will turn out to be the case, but we are
not supposed to know yet.
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To actually determine the possible values of n, we take advantage of what
we know about P(r) for small and for large values of » and write

P(r) = p*tle?2F(p). (9.19)
Inserting this expression in Eq. (9.14) gives, after some algebra,

d’F

dF
,,W+(2/z+2_p)%+(n-z-1)zr_o. (9.20)

We shall see that this equation has an infinite number of solutions, correspond-
ington=4£+1,£+2,...,in accordance with the discussion around Eq. (9.4).
In fact, we immediately see that we get a solution by putting n = £+1, namely,
F = A, where A is a constant. Thus, we find that Pi,, Ps,, Pa4, ... must have
the general form

Papn-i(r) = Apte™?/?. (9.21)

To_determine A, which we take to be real and positive, we invoke the
normalization condition (8.98) and get

00 1 [® A2 > A?
lz/ P(r)dr = _/ Pdp = _/ pePdp="—(2n)!  (9.22)
0 k Jo K Jo K

We have used the standard integral

/ t"e~'dt = n! (9.23)
0

With A as determined from Eq. (9.22), and with « taken from Eq. (9.16),
Eq. (9.21) becomes

Papn-a(r) = \/ﬁ\/; fj: —;Za%) (9.24)

Hence, we get that the corresponding R-function, R(r) = P(r)/r, becomes
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wheren=1,2,3,...
In the general case, we solve Eq. (9.20) by expanding F(p) in a power series,
i. e., we write

F(p) =) cop’ (9.26)

5=0

where we know that ¢ # 0, for otherwise P(r) would not have the correct
limit form for small values of r. For the first derivative of F we find

dF XN, e .
5:20,@ =) eopa(s+1)p’. (9.27)

=1 =0

By evaluating also the second derivative and grouping terms with the same
power of p together, we get

2 {estil(s + Vs + (28 +2) (s +1)] —es[s —(n—£-1)]}p* =0. (9.28)

s=0

The various powers of p are linearly independent functions, and hence the
coefficient of p* must vanish for each s. This requirement gives the recursion
relation

rrn = £+1—n+s c
TN rs)(2+2+9) "

(9.29)

which determines the subsequent coefficients in terms of cg.
By iterating Eq. (9.29) we easily find that

_ S (f+1-n){f+2-n)--(f+s—n) ,
F(p)—CG{l'F; s'(2£+2)(2£+3)(2f+1+8) P}, (930)

where ¢g now plays the role of an arbitrary constant. The function

a ala+1)
AT S

is called a confluent hypergeometric function. 1t allows us to write F(p) as

+.. (9.31)

1Fi(a, fiz) =1+

F(p) =1F1i(l+1~n,2¢+2; p)co. (9.32)

15ee, for example, Chapter 13 in the reference of footnote 2.11.
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We now observe that as s increases without limit, the recursion formula
(9.29) states that

Csi1
Cs

P4

[N

(9.33)

This is the same ratio that we get from the exponential function

o0
ps
ef = ZO: ' (9.34)

so when the expression for F(p) is inserted in Eq. (9.19) we find that P(p)
behaves like exp(p/2) for large r. In other words, the solution which is regular
at the origin will in general not tend to zero at infinity, i.e., the coefficient bq
in Eq. (9.12) will not vanish.

This behavior will hold for any n-value which is not a positive integer. We
see, however, from Eq. (9.29), that if n is a positive integer larger than or equal
to £+ 1 then c,_; and all subsequent coefficients will vanish, and F(p) will
become a polynomial of degree n — £ — 1.

Thus, we have arrived at the result that Eq. (9.14) has acceptable solutions
if and only if, for a given value of ¢, n takes on one of the values

n=0+10+2,... (9.35)

The corresponding form of P(r) is, according to Egs. (9.19) and (9.32),

Poo(r) = Apttie P2 Fi(€+ 1 —n, 20+ 2; p) (9.36)

where A is a normalization constant. We note that P,s(r) equals e=#/? times
a polynomial of degree n, starting with the term Ap*t!. We also note, from
Egs. (9.13) and (9.16) that

2Z
P= (9.37)

n is called the principal quantum number. The quantum number ¢ is often
called the azimuthal quantum number. Similarly, one often refers to the quan-
tum number m that appears when the complex spherical harmonics are applied,
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as the magnetic quantum number. These designations have their origin in the
old Bohr-Sommerfeld theory. We shall usually refer to £ and m as angular-
momentum quantum numbers.

We have now, for each value of £, found all the acceptable solutions of the
radial Schrodinger equation (9.1). The allowed energies are those given by
Bohr’s formula (9.18). Eq. (9.35) shows that the solutions may be labeled as
in the diagram (9.4), each line in the diagram going with a different effective
potential of the type (9.2). The energy expression (9.18) shows that if we also
order the solutions as in the diagram (9.4), then functions in the same column
correspond to the same energy. To be specific,

Pro(r), Pa1(r), ... , Pan-1(r) go with the same energy. (9.38)

This is a remarkable result, for each line in the diagram (9.4) represents
a different radial equation—as discussed at length in the Introduction. So
there is no immediate reason why functions in the same column should have
the same energy. As a matter of fact, this will no longer be the case if the
Coulomb potential in Eq. (9.1) is replaced by a slightly different potential. The
energy is then found to depend on both n and £.

Let us now study the radial functions that we have determined in more
detail.

9.3 The Normalized Radial Functions

For lower values of n, the actual form of P,¢(r), and hence of R,.¢(r), is easily
written down from Eq. (9.36). Rn¢(r) may then be normalized by the same
procedure as the R, ,—1(r) of Eq. (9.25). In this way, one obtains Table 9.1,
which shows Ry¢(r) for all (n, £) values corresponding to n = 1,2, 3.

In the general case, we need an analytic expression for the normalization
constant A in Eq. (9.36). Such an expression has been derived and is contained
in the following general formula for R,.(r)

2z\** 1 (n+£)!
— {_1\n~i-1{ £~
Bue(r) = (-1) (nag) 20+ D1\ 2n(n—€-1)!
£
X (-2—?-7:) 1Fi{(f+1—-n,2042;2Zr/nay) exp (ugi)
nag nap

(9.39)
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The sign factor has been chosen such as to make Ry,¢(r) positive for large values
of r.

It is customary to state this result in terms of the so-called Laguerre poly-
nomials. There are essentially two different, albeit related, definitions of these
polynomials in the literature. The one most often used in textbook discussions
of the hydrogen atom is the following

m —_(_1\™ (n|)2 _ R

Ly (z) = (-1) m!(n_m)!lFl( n+m,m+1;z). (9.40)
L™(z) is called the associated Laguerre polynomial of degree n — m. An inde-
pendent definition is

",

LO(2), (9.41)

dzm "

L3 (z) =
where the Laguerre polynomial L3 (z) is defined as
Ly(z) = e L (z"e7%). (9.42)
n dzn»

When Ry¢(r) is expressed in terms of these functions by comparing Eqgs. (9.39)
and (9.40), we get

n— 27 3/2 (n -4 1)'
Rue(r) = (-1)"* (n_ao> 2n[(n + 02 (9.43)
, )

% (___2Zr) Lﬁ‘_&l(22r/nao)exp (“ﬁ)

nap nag

The alternative definition of the Laguerre polynomials is?

(m+n)!

L () = min!

1Fi(—n,m+ 1;2). (9.44)

We refer to these polynomials as generalized Laguerre polynomials, because the
independent definition that may be introduced does not presume that m is a
non-negative integer as in Eq. (9.41). The independent definition is

n

LM () = %e’m'"‘ (z™*™me™7). (9.45)

dzn

2See, for example, Chapters 13 and 22 in the reference of footnote 2.11.
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In terms of these polynomials we get

it (221 [n—t=1)!
Bpe(r) = (=1)"" 1(—) I+ O (9.46)

nay

X (£> L(ZH'I) 1(2Zr/nag) exp (——ZL)

nag nag

The reader will find it rather easy to generate the functions in Table 9.1
from any of these formulae. As an intermediate step in this process we list the
first few Laguerre polynomials, derived by the definition of Eq. (9.42),

Li(z) = LY(z )—1—:(: Li(z) = 2 — 4z + 22,
Li(z) —6— 18z + 92% — 23

LY(z) = 24 — 96z + 72z — 161: + z*

LY(x) = 120 — 600z + 600z% — 200z3 + 25z% — z5

(9.47)

Let us finally point out that the radial functions satisfy the orthonormality
relation

/00 Rue(r) Ry (r)ridr = /oo Pot(r) Prrg(r)dr = bpns (9.48)
0 0

which supplements the orthonormality relation (8.94) for the angular part of
the complete wavefunction. Eq. (9.48) follows as a straightforward consequence
of applying the theorem (5.67) to the solutions of Eq. (9.1).

9.4 Radial Probability Densities

In Figs. 9.2, 9.3 and 9.4 we present the graphs of the radial functions Rp(r) of
Table 9.1, together with graphs of the corresponding functions Pp(r). We have
put Z = 1, and thus let the graphs refer to the hydrogen atom. In addition, we
have put ag = 1, as in the system of atomic units. Atomic units are discussed
in Appendix B.

According to the statistical interpretation of the wavefunction (Sec. 3.4),
the quantity ¢* (»)4(r) is a probability density, and ¥* (r)#(r)dv is the proba-
bility of finding the electron in the volume element dv around the point 7. The
probability of finding the electron within a certain volume V is the integral of
¥*¢¥ over that volume.
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Table 9.1: Hydrogen-Like Radial Functions

Z\¥? /zr Zr
e @) T8
Z\¥? 1 z¢r Zr
Rop(r) = % §Z'0'e’(p ‘m
2N\ 1 { r22r\° 22Zr Zr
rat)= () 3 {(r) ~6(5ar) ro e (~)
ZN\¥Y? [T [ /220 \? 27r Ir
=3 - | = - o - pubnlll ——
" Rap(r) (3a0> 18 (3a0> 4(3a0> exp( 3a0)
ZN\Y? [1 /22r\? Zr
Rt = (i) Vi (5a) = (-3)

Thus, we understand that the probability of finding the electron of the
hydrogen-like atom in the spherical shell between the radii r; and r; is given
by the integral

r3 27 1 ra
f r2dr f db / in 88 Rne(r)?|Ye (6, 8)[° = / Poe(r)dr  (9.49)
Ty 4] 0 ry

where we have inserted the form of the total wavefunction as given by Egs.
(8.32) and (8.101). So, the quantity Pn(r)*dr may be interpreted as the
probability of finding the electron between r and r + dr, irrespective of its
angular coordinates. Consequently, we may refer to the functions Pp(r) and
Poe(r)? as the radial probability amplitude and the radial probability density,
respectively.

We also see, that if f(r) is some function of =, then its average value, the
so-called expectation value (Sec. 5.5), is given by the integral

{(f(r)y = /Ooo r2dr/(; ) d¢ /0" sin 8d6 f(r) Rne(r)?|Yey (6, )17, (9.50)
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Figure 9.2: Radial wavefunctions for the n = 1 level of the hydrogen
atom (Z = 1). Atomic units as defined in Appendix B.

which after integration over # and ¢ becomes

(fr)) = /Ooo F(r) Pae(r)?dr. (9.51)

These results demonstrate that the function P(r) plays a natural role in the
applications of the theory.

Eq. (9.51) may, for instance, be used to calculate the expectation values of
the various powers of ». We list the following useful results 3

( 1 2
(r):i[::n — o+ )] 2 =
(r?) = % [on? + 1 - 3¢+ 1)] (3 ),
1 Z
= A (9.52)

\ <;1§>=n3£(8+1)(25+1) (a) , £#0.

3For other powers of r, see Chapter 5 in the reference of footnote 8.2,
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Figure 9.3: Radial wavefunctions for the n = 2 level of the hydrogen
atom (Z = 1). Atomic units as defined in Appendix B.
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Figure 9.4: Radial wavefunctions for the n = 3 level of the hydrogen
atom (Z =1). Atomic units as defined in Appendix B.
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Figure 9.5: The lowest energy levels of the hydrogen atom.

9.5 The Complete Wavefunctions

The complete wavefunctions for the hydrogen-like atom have the form (8.32), or
(8.101). In particular, the complex wavefunctions are obtained by multiplying
the complex spherical harmonics in Table 8.1 by the radial functions in Table
9.1. They may accordingly be written

¢NCM¢ (7’, 9) é) = Rﬂl (T)Yfme (6: ¢)$ (953)

where we have introduced a generally accepted standard notation by writing
my instead of m.

Similarly, the real wavefunctions are obtained by multiplying the real spher-
ical harmonics in Table 8.2 by the radial functions in Table 9.1. In either case,
there are 2¢+ 1 independent wavefunctions. We may construct a notation that
embraces both cases by writing

d)nl'yg (T, 6) 96) = Rnl(r)yl’u (9) ¢)a (9'54)

where 4, is a label that identifies the members of a chosen set of 2£+1 indepen-
dent wavefunctions for a given £-value. In the special case where the chosen set
is the set {9.53), we identify v, with m,. In any case, a wavefunction (atomic
orbital) is characterized by three “quantum numbers”, (n,¢, ;). Obviously,
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we have the orthonormality relation
oo
(¢nl‘nl¢n’t"y}> = Rnl(r)Rﬂ'l'(r)rzdr
r=0

m 2
X / Ye,, (0, 8)Yery (0, 9)sinodods (059
9 0

=0 =

= dnnbeu J'yryé

which combines the orthonormality relations (8.94) and (9.48).

The quantum number n determines the energy through Bohr’s expression
(9.18). By introducing atomic units as discussed in Appendix B, we may write
the Bohr expression in the form

ZZ
En, = ~53 hartree, n=123,... (9.56)
with 1hartree = 4.35975 x 107'8J = 27.2114eV. For any n, the quantum
number £ takes on the values 0,1,...,n — 1, and for any £ we have 2¢ + 1 dif-
ferent values of v,. The degeneracy gy, i.€., the total number of wavefunctions
corresponding to the energy E,, is accordingly

n-1

gn =Y 20+ 1) =n? (9.57)

£=0

For other central potentials, the energy depends on both n and ¢, so the de-
generacy of an energy level will only be 2¢ + 1. Thus, the Coulomb potential
leads to a high degree of accidental degeneracy.

This degeneracy is often said to reflect the presence of a hidden, or dy-
namical, four-dimensional symmetry. For it turns out that if one constructs
an angular-momentum theory in a four-dimensional world, then an additional
quantum number—which we may also call n—appears. For each n, there are
n? surface spherical harmonics. It is possible to set up a well-defined corre-
spondence between those harmonics and the hydrogenic wavefunctions with
the same n-value. The correspondence breaks down as soon as one makes the
slightest change to the Coulomb potential.*

4The dynamical symmetry associated with the Coulomb potential has attracted much
attention in the scientific literature. For an entrance to the literature and a discussion of the
physical origin of the symmetry, see J. P. Dahl, J. Phys. A 80, 6831 (1997). See also the
bibliography, entry [18], Sec. 30.
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The energy levels of the hydrogen atom (Z = 1) are shown in Fig.9.5.
The accidental degeneracy is accentuated by showing separate energy levels
for each £ value.

It is important to note that the designations (9.53) and (9.54) may be used
for any central field. But the Bohr expression holds only for hydrogen-like
atoms. For other central fields, the energy will depend on both n and £. The
quantum number n is then nothing more than a useful index which, for each
value of £, increases with the energy in accordance with the setup (9.4).

In Figs. 9.6-9.9 we illustrate some of the real hydrogen atomic orbitals by
means of contour maps in suitably chosen planes through the nucleus. The
specific form of the orbitals is commented on in the respective figure captions.
Each figure also includes a so-called polar plot, the origin of which is the fol-
lowing,.

A polar plot is a plot of the angular part of an orbital. Let the angular part
be Y (8, ¢). The polar plot is then the surface such that the distance from the
origin to a point on the surface, in the direction (8, ¢), equals |Y (8, ¢)|. The
surface has, accordingly, the following parametric representation

z = |Y{(6,4¢)|sinbcos ¢,
y = [Y(4,4)|sindsing, (9.58)
z = [Y(8,4)|cosb,

with § varying between 0 and w, and ¢ varying between 0 and 2w, as in Eq.
(8.22).

The intersection between the above described surface and a coordinate
plane leads to the two-dimensional polar plots shown in Figs. 9.6-9.9. As
one sees from these figures, there is a close qualitative resemblance between
the two-dimensional polar plots and the planar contour plots for the com-
plete wavefunctions. The three-dimensional contour surfaces of the complete
wavefunctions will consequently also have a similar appearance as the three-
dimensional polar plots. The polar plots are therefore often used for qualitative
purposes where the exact form of the radial function R(r) doesn’t matter so
much. As described above, the polar plots are completely defined by the an-
gular part of an orbital. The proper contour surface of the orbital is, however,
also sensitive to the form of R(r).

Fig. 9.10 shows proper three-dimensional pictures of the hydrogenic 18, 2p,,
3d.-, and 3d,» orbitals, viewed along the direction perpendicular to the zz-
plane. Each orbital is rendered as an isosurface, made up of contour surfaces
on which the wavefunction has the same absolute value. For example, the
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Hydrogen 1s orbital
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Figure 9.6: This figure shows the n = 1 orbital of the hydrogen atom (Z = 1),
in atomic units (ap = 1). The analytic form of the orbital is obtained by
multiplying the R, radial function of Table 9.1 by the spherical harmonic Yoo
of Table 8.2. We get

1 = \/;exp(—r).

The big drawing is a contour map showing the contour curves of the 1s-function
in any plane through the nucleus. A contour curve is defined as a curve through
points with the same value of the function (the contour value). The contour
curves of any s-orbital are circles centered on the nucleus. The corresponding
three-dimensional contour surfaces are spherical surfaces.

The numbers specified on the contours are the contour values multiplied by
10.

The smaller drawing is a polar plot of the 1s orbital. It shows its spherical
shape and its constant sign.

2p, isosurface consists of two similar lobes, one on which the wavefunction is
positive, and another on which it has the same absolute value but is negative.
On the left part of the figure, each isosurface is shown as a shaded surface. On
the right part of the figure, each orbital is displayed by a wire mesh formed by
contour curves on the isosurface, drawn in equidistant planes parallel to the
zz-plane.
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Hydrogen 2p, orbital
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Figure 9.7: The big map shows the contour curves of the hydrogenic 2p,
orbital, in any plane through the z-axis. The analytic form of the orbital is
obtained by multiplying the R, function of Table 9.1 by the Y, function from
Table 8.2. It is

Y2p, = 1/ 552 €xp(~1/2) = \/ 55=r exp(—r/2) cos b.

The numbers specified on the contours are the contour values multiplied by
100.

The contour surfaces of the 2p, orbital are surfaces of revolution. They may
be generated by rotating the above contour curves about the z-axis.

The 2p, and 2p, orbitals are similar to the 2p, orbital, but with the z-axis
replaced by the z- and y-axes, respectively.

The smaller drawing is a polar plot of a p; orbital, focusing on the directional
character of the orbital and the signs of its lobes.
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Hydrogen 3d,,, orbital

N

Figure 9.8: The big map shows the contour curves of the hydrogenic 3d,
orbital, in the zy-plane. The analytic form of the orbital, as obtained from
Table 9.1 and Table 8.2, is

Yad,, = %\/gxyexp(—r/S) = g1\/ = r° exp(—r/3) sin® § sin 2¢.

The numbers specified on the contours are the contour values multiplied by
1000.

The smaller drawing is a polar plot, showing the directional character of the
orbital and the signs of its lobes.

The 3dy: and 3d.. orbitals are similar to the 3d;y orbital, but with the xy
plane replaced by the yz and zz planes, respectively.

The 3d,3..,,s orbital is obtained from the 3d,, orbital by a clockwise rotation
through /4 about the z-axis.

213



214 Chapter 3. The Hydrogen Atom

Hydrogen 3d,: orbital

T T
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Figure 9.9: The big map shows the contour curves of the hydrogenic 3d,s
orbital, in any plane through the z2-axis. The analytic form of the orbital, as
obtained from Table 9.1 and Table 8.2, is

Yad,2 = 31\ o= (322 — r?yexp(—r/3) = &1/ & r? exp(—r/3)(3cos® 6 — 1).
The numbers specified on the contours are the contour values multiplied by
1000.

The smaller drawing is a polar plot, showing the directional character of the
orbital and the signs of its lobes and its central collar.
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Figure 9.10: s, p and d isosurfaces.
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Supplementary Reading

The bibliography, entries [10], [11], [17], and [18].

Problems

9.1. The 1s orbital for a hydrogen-like atom has the form

ZS —-Zrfa
Y15(r, 0,0) = ;age fao

Verify this from Table 8.1 and Table 9.1.

a. Show that ¢, is normalized to 1.
Use the expression (8.26) for the volume element and draw on the general
integral expression (9.23).

b. Determine the expectation value of r, i. e.,

(1) = [ rérs(rib.)%ds,

in terms of Z and ao.

c. Likewise, determine the expectation value of 1/r, i. e.,

<%> =/—:—¢13(r,0,¢)2dv.

9.2. Consider the so-called hybrid orbital

1
1+ A2

where ), and 1)2p, are the normalized atomic orbitals for a hydrogen-like atom with
nuclear charge Ze, i. e.,

!/) = (¢2s + A'pL'2p,)

¢2s = R?a(r)YOO (6, ¢)y
t2p, = Rap(r)Yz(,¢).
Adopt atomic units and write down the explicit expressions for )2, and ¥2p, .

a. Determine the dipole moment
p={2)= /d)‘ztpdv = /z/)‘r cos fypdv

as a function of A and Z.

For some of the integrals that occur, exploit that the integral of an
odd function vanishes. This is true in any dimension, as one sees by a
straightforward generalization of Fig. 5.1 to higher dimensions.
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b. Which positive value of A gives the largest dipole moment?

c. Still using atomic units, calculate the value of u for an sp hybrid
orbital (A = 1), an sp® hybrid orbital (A = v/2) and an sp® hybrid
orbital (A = /3).

d. Sketch the above mentioned hybrid orbitals by drawing contour
curves in a plane containing the z-axis.

9.3. The positron is the antiparticle of the electron. It has the same mass as the
electron, but while the electron has the charge —e, the positron has the charge
+e. Under suitable conditions, the two particles may bind to each other, forming a
positronium atom (average lifetime 0.5 x 107°s).

What is the ground-state energy of the positronium atom?

9.4. Starting from Table 9.1, write down the analytic expressions for the radial
functions Pia(r), P2.(r) and Pap(r).

a. Adapt the bra-ket notation

(P,,lIPan) = / P,:,(Y‘)Pnlzl(f')df‘

]

and conclude, on the basis of suitable theoretical arguments, that
(P1s|P2s) = 0.
b. Show, by direct evaluation of the integral, that
1 o 1 o0
(PQg‘r_zipzp) =/ P;',(r)r—Z,-Pzp(r)dr =/ R}, (r)Rap(r)dr = 0.
0 0
Next, construct theoretical arguments for this result, by writing down

the differential equations that P, and Pop must satisfy and using that
—d?/dr? is a Hermitian operator.



Chapter 10
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In the previous two chapters, we have seen the important role that the
orbital angular momentum plays in the central-field problem. The orbital
angular momentum of a single particle is, however, not the only kind of angular
momentum that occurs in the description of atoms and molecules. Another
important kind of angular momentum is the spin, and yet another kind is
obtained by adding individual angular momenta of any type.
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In the first section of this chapter, we shall extend the algebraic treatment
of the angular-momentum problem set up in Sec. 8.3 to cover any type of an-
gular momentum. This is, in fact, an easy thing to do, because the whole the-
ory is governed by the commutation relations between the angular-momentum
components and the requirement that the components be Hermitian operators.
The general theory is representation independent in the sense that it only works
with the eigenkets of the angular-momentum operators and the relations be-
tween them. The explicit form of the angular-momentum eigenfunctions is
irrelevant in so far as the general theory is concerned. It is determined by the
system to which the theory is applied.

The general theory allows both integral and half-integral angular-momen-
tum quantum numbers. Thus, it enables us to give a quantitative discussion
of the electron spin. Such a discussion is given in the second section and
further elaborated in the third section. In the fourth section, with its three
subsections, we give a detailed account of how a one-electron Hamiltonian is
modified by the presence of the spin and external electromagnetic fields.

An important companion of the spin is the intrinsic magnetic moment of
the electron which is often given the epithet anomalous. The background
for this designation is also given in the fourth section. In the fifth section,
we estimate the magnitude of the effects induced by the spin terms and an
external magnetic field, and show that the effects are relatively small, at least
for light atoms.

When discussing magnetic effects, one often writes the Hamiltonian as a
two-by-two matrix and the wavefunction as a two-component quantity. The
resulting Schrédinger equation is known as the Pauli equation. It is set up in
the sixth section.

The final section of the chapter touches on the relation between angular-
momentum theory and the theory of rotations, and we arrive at the important
conclusion that wavefunctions describing particles with half-integral spin must
change sign during a rotation through 27 about any axis.
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10.1 General Angular Momentum Theory

The definition of a general angular momentum is the following

A set of three Hermitian operators satisfying the com-
mutation relations

[jg;, jy] = ihjz,
Wy, J.) = ihJz,
[J2, Jz) = thJy,
defines an angular momentum. The vector operator (10.1)
j = (j-‘r! Ay: jz)

is called an angular-momentum vector, and the operator
Jr= T+ 24 T2

is called the square of the angular momentum.

The commutation relations between J;, fy and J, are the same as the com-
mutation relations (5.33) between the orbital angular-momentum operators I,
l, and I,. Hence, the equivalent of the exercise (5.38) gives

[j2, J;] = [jz, jy] = [jz, J;] =0, (10.2)

showing that J2 commutes with any component of J.
The commutation relations in (10.1) show that J;, jy and J, must have
the same dimension as h. The operators
. . 1. .« . .
(Jx’jy’Jz)zﬁ(Jr)Jy)JZ) (10'3)
are therefore dimensionless operators. They satisfy the same commutation re-
lations as the operators (é,,éy,éz) of Sec. 8.3. This implies that any result
of Sec. 8.3 that could be derived from the commutation relations alone must
also hold in the general case. In particular, there must be a sequence of eigen-
kets similar to the sequence (8.72). Let us write J and M instead of £ and
m, and also |JM) instead of Yin. We have, then, relations similar to the
relations (8.73). Expressed in terms of the operators (Jy, jy, J,) rather than
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(ja:; jy, j',,), these relations become

JIM) = J(J + 1)R*TM), (10.4)
JAIM) = MRlJM), M=-J-J+1,...,J-1J '
The orthonormality relation (8.74) reads
(IM|IM') = Smm, (10.5)
and the step-up and step-down relations (8.82) become
JolIM) = 0 /(T =M T+ M +1) |7, M +1), (10.6)
JNIMY=R/(J+MY(J-M+1)|J, M -1) '
where
Jy = Jo + iy,
{ Jo = Jp ~ z'Jy. (10’7)

As to the possible values of J, we conclude from the discussion at the end
of Sec. (8.3.4) that the general algebra allows the values J = 0,1,1,3,2,....
That the quantum number £ had to be restricted to integral values was derived
from the actual form of £,, via the relation (8.47). In other words, it was a
result that was obtained for a particular physical system. The algebra itself
allows for the possibility that physical systems exist for which the situation
could be different.

The formalism behind the relations {10.1)-(10.7) enables us to treat any
angular-momentum sytem, whether it refers to a single particle or a collection
of particles. In the present chapter, we are primarily interested in the spin
problem, so we shall postpone the discussion of many-particle systems. As a
foretaste of what is involved for a many-particle system, let us, however, verify
that the total orbital angular momentum of an N-electron system is a bona-fide
angular-momentum vector, in regard to the definitions of this section.

The total orbital angular momentum of an N-electron system is customarily
denoted by L. It is defined as the vector sum of the individual orbital angular
momenta.:

N
P=3i

=1

. (10.8)
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The components of L are given by the operators

(Lg, Ly, L;) = (Z iz, Z iy, Z z,z) . (10.9)

i=1

When these operators act on a function of the coordinates {r1,r3,...,7n),
operators referring to different particles will commute. Hence, we get

N
(L, L Z}:[Im iv) Z o) iyl =ik by =ihD,,  (10.10)

i=1j=1 i=1 i=1

plus the analogous expressions for [f,y, f,z] and [f,,, I:m] Thus, L, 133, and L,
satisfy the commutation relations (10.1) and L is, in fact, a proper angular-
momentum vector.

10.2 Spin, Spin Functions and Spin-Orbitals

We shall now attack the problem of describing the spin of the electron. For-
mally, this is quite simple, because everything we need is included in the pre-
vious section. The only thing we have to do is to treat the spin problem as
a special case of the general angular-momentum problem. This will be the
leading philosophy of this section.

The spin is described by a vector operator 8 = (5z, §y, §,) and its square,
§% = 52 4 5 + 52, These operators are assumed to be Hermitian, and they
satisfy commutation relations similar to those in (10.1),

(82, 8y] = ih3,,

[3y,8.] = th3,,

[3;,8;] = ihsy, (10.11)
(8%, 8:] = [8%, 5] = [$%,8,] =

so the formal machinery set up in the previous section applies to them. But
to indicate that the particular problem is a spin problem, one traditionally
denotes the J and M quantum numbers by s and m,, respectively.

As already mentioned in Sec. 1.7, the electron is a spin one-half particle.
What this says is that the only s-value that appears is s = -12; Thus, the s-
value is an invariable property of the electron. There is no way of changing
it. This situation contrasts the orbital angular-momentum case. An orbital
angular-momentum must be described by an integral #-value, but the fvalue
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may be changed by letting the electron interact with other particles, including
photons.

With s = %, there are only two linearly independent spin functions. We
may choose them as eigenfunctions of §,, and they are then denoted by « and
B. Thus, we have

+ 1)h%a(s),
+ 1)R*B(s).

§:0(s) = gha(s),
5.8(s) = —3hP(s),

N o

(10.12)

fh)

M)
A’—\

—~—
l\’|"“ N|""

vv
Il

The o and B spin functions are eigenfunctions of the operator §, with
different eigenvalues and are hence orthogonal. We shall also assume that o
and @ are normalized to unity. The spin variable < is a purely formal quantity
which allows us to express these statements in a familiar way:!

(ala) = [a(s)*a(s)ds =1,
(B16) = [ B(s)*Bls)ds = 1, (10.13)
(@|8) = [ a(s)*B(s)ds = 0.

The relations (10.6) take the simple form

8+a(s) =0, s-a(s) = hp(s),
§+8(s) = hals), §_B(s) =0, (10.14)
where
§+ = 8y + 18y,
{ 6. = b, is, (10.15)

Since there are only two linearly independent spin functions, the most gen-
eral, normalized spin function has the form

n(s) = cra(s) +caf(s),  cier+cie =1 (10.16)

In accordance with the discussion of Sec. 5.9, its statistical interpretation is
that cjc; is the probability of observing the z-projection of the spin to be
11, while cjc; is the probability of observing its value to be —1h. In a given
physical situation ¢; and c; may, of course, be functions of time.

1The symbol < is a typographical variant of the greek letter o (sigma). It should not be
mistaken for the greek letter { (zeta).
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Thus we are able {o give a purely formal description of the spin without
demanding that it emerge from a more fundamental analysis. This type of
description is fully adequate for most purposes.

Considering both the spatial and the spin degrees of freedom for a spin
one-half particle, one introduces a so-called spin-orbital,

¥(r,<) = pr(r)als) + ¢2(r)B(s). (10.17)

Any wavefunction for a spin one-half particle may be written in this form. The
statistical interpretation is that ¢ (r)* ) (r)dv is the probability of finding the
particle in the volume element dv at », with the z-projection of the spin being
3h. Similarly, @a(r)*pa(r)dv is the probability of finding the particle with the
z-projection being —%h. Again, the functions ¢1(r) and @2(r) may be made
time-dependent.

Having introduced the concept of spin-orbitals, we must also be prepared to
include terms containing the spin operators §;, §; and §, into the Hamiltonian.
The Schrédinger equation must then be written

Hy(r,s) = Ey(r,s). (10.18)

{ts solutions will be of the form (10.17). We shall meet spin-dependent Hamil-
tonians later in this chapter (Sec. 10.4). If, however, the Hamiltonian is taken
to be independent of spin, as when we retain the familiar form

~ I X
H=-
2

Vit Vir), (10.19)
€

then the solutions of Eq. (10.18) will be ¢(r)n(s), where 5(s) is an arbitrary
spin function of the form (10.16), and ¢(r) is a solution of the Schrédinger
equation

Hep(r) = Eg(r). (10.20)

For since the spin-independent Hamiltonian H has no effect on 7(s), it is
obvious that ¢(r)n(s) satisfies the Schrodinger equation (10.18) whenever ¢(7)
satisfies Eq. (10.20). In this way, each ¢(r) defines two linearly independent
solutions of Eq. (10.18), and it is customary to take these to be

s?(x) = <P(’l')a(q),
{ p(z) = @(r)B(s), (10.21)

where + and — refer to the o and 3 spin-functions respectively. The degeneracy
of each energy level is thus doubled by the inclusion of the spin.
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In Eq. (10.21), we have used z as a convenient designation for the combi-
nation of the space coordinates (z,y, z) and the spin variable . Similarly, we
shall let dz denote integration over z, y, and 2 plus integration over ¢, i. e., we
shall write

de = dvds. (10.22)

We get then, provided that ¢(r) is normalized to unity,

B13) = [ 3e)* $(o)de = [ (r)e(r)dv [ a*(s)a(s)ds =1,
(@19) = [ pla) p(e)de = [ ¢* (P)p(r)dv [ B ()B)ds =1,  (10.23)
B2 = [ pla) p(e)dz = [ " (r)p(r)dv [ o* (s)B(<)ds = 0.

Hence, the spin-orbitals $ and ¢ are normalized and mutually orthogonal.

As an important example, let us assume that the potential in Eq. (10.19)
only depends upon the distance » to a center. We are then dealing with a
central-field problem, and the spatial orbitals may be written as in Eq. (9.53)
or Eq. (9.54). Hence, the associated spin-orbitals take the form

=1
Yt (2) = Bne(r)¥om: (6.9) { o= ] (10.24)
or, more general,
Untyey, (2) = Bner) Yoy (6, 6) 11y, () (10.25)

where v, labels two independent linear combinations of a(s} and (), in a
similar way as v labels 2 + 1 independent linear combinations of the sur-
face spherical harmonics Yim, (9, ¢). In any case, a central-field spin-orbital is
characterized by four “quantum numbers”, (n, £, mq, m,) or (n, €, ve,7s)-

In the next chapter, we shall see that the inclusion of spin, and in particular
the replacement of ordinary spatial orbitals by spin-orbitals, is of fundamental
importance for the understanding of the electronic structure of many-electron
atoms and molecules. But apart from this, the spin also manifests itself through
its accompanying magnetic moment. The presence of the magnetic moment
leads to additional terms in the Hamiltonian, in particular when the atom or
the molecule is embedded in an electromagnetic field. We shall introduce these
terms in Sec. 10.4.

As already mentioned in Sec. 3.1, the hypothesis that the electron possesses
an intrinsic angular momentum was introduced in 1925 by Uhlenbeck and
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Goudsmit.? At the time, attempts to give a rational interpretation of the
simpler atomic spectra had led to much confusion, and it was the merit of
Uhlenbeck and Goudsmit that they were able to point to a mechanism by
which the confusion might be eliminated in a convincing way. It appears
that the young American physicist Ralph de Laer Kronig had come upon a
similar idea earlier the same year, but since it was ridiculed by the authorative
Austrian physicist Wolfgang Pauli, he did not publish it, Notwithstanding his
early opposition, it was Pauli who first constructed an operator description of
the spin, along essentially the same lines as we have presented above. (See Sec.
10.6.)

In continuation of the above discussion, let us emphasize that spin is an
intrinsic property of all elementary particles. Particles with half-integral spin
are called fermions, particles with integral spin are called bosons. The photon
i a spin 1 particle, the mesons are spin 0 particles, so they are all examples of
bosons. Among the fermions, we find the electron, the proton and the neutron,
the neutrinos, etc. A spin formalism similar to the one set up for the electron in
this section may equally well be established for the other elementary particles,
mutatis mutandis.

The fact that our present spin operators §;, §, and §, refer to a spin one-
half system endows them with some special properties that general angular-
momentum operators do not share. We derive these properties in the following
section by exploiting that &, §, and &, always act on functions in the two-
dimensional function space spanned by the functions ofs) and B(s), namely,
the set of functions given by Eq. (10.16).

10.3 Properties of the Spin One-Half Operators

It is convenient to replace the spin operators $;, §y and §; by three dimen-
sionless operators &, &, and &, according to the definition®

S 2. . .
(Uz,o'y, O'Z) = ﬁ(Sx,Sy’sz)< (10-26)

2@. E. Uhlenbeck and S. Goudsmit, Naturwiss. 13, 953 (1925).
3Note that this definition includes an extra factor of 2 as compared with the otherwise
similar definition in Eq. (10.3).
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In terms of these operators, the relations (10.12) become

o — 52—
0o =aq, 6a = 3a, (10.27)

&zﬂ = _;B) &ZIB = 3ﬂ

where we have omitted the formal spin variable ¢. Similarly, the relations
(10.14) become

=25, (10.28)

where
{ 04 =0z +i0y, (10.29)

By inserting the expressions (10.29) into the relations (10.28) and subse-
quently adding and subtracting equations, one obtains simple expressions for
the action of 6z and &y on the functions « and f. Including also the result of
acting with &,, from Eq. (10.27), we arrive at the important formulae

oea=0, oya=1if, 6.0 =a,
&xﬂ = a, &yﬂ = —z'a’ &z,ﬁ _ —IB- (1030)

By means of these formulae we find, for instance, that

Gybs(cra+ caf) = 6y(c18 + coa) = —i(c1a — c2/8) (10.31)

{ Gz0y(cra+ caf) = i645(c1f — c2a) = i(cr1a — ¢28)
Fz(cra+ c2ff) = cra — e38.

Since ¢ja+¢20 is an entirely arbitrary spin one-half function, these expressions
allow us to write

G50y = —Gyby = i6,. (10.32)
The formulae (10.30) also give that

Gpbz(cra+ c2f) = d-(c18 + c20) = cra + ¢2f, (10.33)
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so that we may write

Gpbp = 1. (10.34)
Proceeding in a similar manner, we end up with the following set of relations
6705 = Gyby = 6,6, =1,
Gpby = —GyG, = 165, (10.35)
0y6, = —0,0y = 10, '
0,0, = —0,0, = idy.
The relations (10.35) imply the commutation relations
[62,64) = 2i6,, [6y,8.] =216, [6.,0:)=2i6y, (10.36)

which, of course, could have been written down from the very outset by sub-
stituting the definition (10.26) into the commutation relations of Eq. (10.11).
However, the relations (10.35) also imply that
oy + Gybs = 0,
g6, + 6,6, =0, (10.37)
G,0p + 0,6, =0.
These relations only hold for spin one-half systems. One says that the spin

operators &, &y and &, anticommute with one another. By introducing the
so-called anticommutator by the definition

[Qa, )t = Qall + 2, (10.38)

with ©, and € being arbitrary operators, we may collect the anticommutation
relations in a single compact expression as follows

(6i, 5]+ = 26i5 (10.39)

where i and j independently take on the values 1, 2 and 3, with 1 referring
to index z, 2 to index y and 3 to index z. The anticommutation relations are
peculiar to spin one-half systems, because they are a consequence of the spin
one-half formulae (10.30).

The formulae (10.30) are often presented in a matrix notation, viz.,

s =@n) (] o). (10.4)
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%@m=Wﬂ%3'%>, (10.41)

|
i ==}
N——

@@@:@ﬁ%é (10.42)

The matrices

e (3 3) s (0 )en(3 ) | o

are called the Pauli spin matrices.  They satisfy all the relations (10.35),
and therefore also the commutation relations (10.36) and the anticommutation
relations (10.39). This is readily verified, but it also follows from the general
discussion of Sec. 5.10, by considering a(s) and §(s) as basis functions in a
two-dimensional function space V and, in particular, by comparing with Eqs.
(5.152) and (5.164) of that section. Eqs. (5.151) and (5.152) also imply that

o — [ (@lOkle) (al6k|B) L
£ ( (Bloxla) (Blox]B) ) » k=oy,2 (10.44)

By the rules laid out in Sec. 5.10, the spin matrices o, oy and &, become
the representatives of the operators &, ¢, and ¢, when one represents the
o and A spin functions, and the general spin function (10.16), by the column

vectors
1 0 (5]
0/’ 1)/’ ca )’
respectively. In such a representation, a relation like

Gylcra + e28) = —icoa + i1 B (10.45)

0 -z Cy —1'(,'2
= . 4
(5 o)(a)=(%) 1040
Matrix expressions of this type are useful in several contexts and are frequently
met in the literature (See also Sec. 10.6).

becomes
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10.4 The One-Electron Atom in External Fields

The motion of a single electron in a central field has so far been defined by a
Hamiltonian of the form

5 i W s
Hy = —— = e . 10.4
0= gt V() =5 -V + V() (10.47)
As indicated, we now call this Hamiltonian H¢g. We ask how it is modified by
the inclusion of the spin and the addition of an external electromagnetic field,
and answer this equation in three steps to be described in the following three
subsections.

10.4.1 The Hamiltonian With Spin Neglected

Let us begin by still neglecting the spin. The procedure to follow is then to
first construct the proper classical Hamiltonian, in a similar way as in Sec. 3.3,
and next turn this dynamical function into an operator by the prescription
given in that section. To set up the classical Hamiltonian for a particle in the
presence of an external electromagnetic field is a somewhat advanced problem.
It is properly described in many textbooks,? so we shall merely give the result,
which is

Hu(p,r) = -Z;i—; (P~ gA(r, ) + qp(r,t) + V(7). (10.48)

V(r) is the potential energy without the field. For the one-electron atom it is
the central field, V{(r). ¢ is the charge of the particle and m is its mass. For
an electron, m = m, and ¢ = —e¢, so Eq. (10.48) becomes

Hua(p,r) = 2—71;; (p+ .sA('r,zt))2 —ep(r,t)+ V(r) {10.49)

A(r,1) is the vector potential of the field and p(»,1t) is the scalar potential.
The field potentials A(r,t) and ¢(r,t) represent the magnetic induction
B(r,t) and the electric field E(r,t) through the relations

{B:VXA, (1050)
: dA 10.50
B=-Ve-3

4See, for instance, Refs. [19], [20], [21], or [22] in the bibliography.
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where

_ (2 % 00
Vo= (31:’ 5" a:) (10.51)

and

(10.52)

dy 0z' 8z 0z ' 0z Oy
Vi is the gradient of the scalar potential ¢ (cf. Eq. (3.2)). V x A is the curl
of the vector potential A.

This is not the place to enter into a deeper discussion of the relations
(10.50). For the present, we shall focus our attention on fields that are constant
(independent of time) and uniform (independent of position). We may then
put

U x A (BA,, 0A, 0A, OA, 04, 6A$>'

{ A(r) =3B x7=3(Byz~ By, Bow = Boz, Boy = Byz), 1 1)

p(r)=—E -r=—(Ezz+ Eyy+E,z),
where B and E are the constant and uniform fields. It is readily verified

that the above expressions do, in fact, generate the fields B and E from the
relations (10.50). We get, for instance,

(Fx4), = 63? N % - %a%(f’fy— Byz) - %% (B:z — B, 2)
= %B‘“ + %B” =B, (10.54)
and
"g_i - 6_;2 = a% (Ezz + Eyy + E;2) +0 = E;. (10.55)

We must now substitute the expressions (10.53) for A and ¢ into the Hamil-
tonian (10.49). This leads to the following result, for constant and uniform

fields,

2
€ 2
I'B+er-E+~8E(er) (10.56)

P e
Hcl(p’ ") = 51'—73_5 + V(?‘) + 2m,

where I = r x p is the usual orbital angular momentum. As an intermediate
step in obtaining this result, write

(P+eA(r))’ = (p+eA(r)) - (p+ eA(r))

10.57
=p? + 2eA(r) - p + 2 A(r)?, ( )
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substitute A(r) = 1B x 7 and use that the elementary rules of vector analysis
allow us to write (B xr)-p=B - (r xp) = (r x p) - B.

To obtain the quantum-mechanical Hamiltonian, we must replace the vector
p in Eq. (10.49) by the vector operator

v (208
p=—~thV = —i (8:c’ 3y’ 8z> (10.58)
and write
~ 1
Hu= g (b4 cAlr,0) - eplr,) + V(r). (10.59)

We must then substitute the expressions for A and ¢ as before. But during
this process, we must now reconsider the step represented by Eq. (10.57) and
examine whether the commutation relations (5.26) allow us to put

p-A=Ap (10.60)

For this to be the case, the commutators [p;, A;], [Py, Ay] and [p;, A;] must
all vanish. They do, for we see from Eq. (10.53) that A, is independent of z,
Ay is independent of y, and A, is independent of z. Thus, Eq. (10.60) does
hold, and the quantum-mechanical Hamiltonian becomes

~9 2

p e e
|4 !-B 5
2m, +V(r)+ 2m, ter + me

Hy = (B x 7). (10.61)

10.4.2 The Hamiltonian With Spin Included

We must now worry about the inclusion of the electron’s spin. This is not
a straightforward problem, for the concept of spin lies outside the realm of
classical mechanics.

To tackle the problem, we remark that the classical Hamiltonian (10.49) is
the non-relativistic classical Hamiltonian. We are looking for the correspond-
ing non-relativistic quantum-mechanical Hamiltonian. The way to derive the
form of this Hamiltonian is to infer it from the Dirac equation® which gives
the proper relativistic description of the electron, as already pointed out in
the Introduction to Chapter 3. From the Dirac equation, one arrives at the
remarkable result that the Hamiltonian in question becomes

1
2m,

H=—{6 (p+ecA(r )} —ep(r, i)+ V(r) (10.62)

5See, for instance, Refs. [18] or [27] in the bibliography.
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where & is the dimensionless spin vector defined by Eq. (10.26), 1. e.,
6 = (65,6y,6;). (10.63)

Thus, the effect of the spin is to modify the first term in the Hamiltonian
(10.59).

We shall now show that the modification is illusory when A is zero. For in
that case the first term merely contains the operator (& - p)?, for which we get

(& : i’)2 = (&wﬁx + &yﬁy + a'z.”az)z
= G2p2 + 6252 + 627 + (650y + 0y65)Puby (10.64)
+ ("'y”z + &z&y)ﬁyﬁz + (&z &w + &:r:&z )ﬁzﬁz;

where we have used that p.py = pyPs, etc. The right-hand side of this equa-
tion looks complicated enough, but because of the anticommutation relations
(10.39)—or more explicitly, because of the relations (10.37) and the first set of
the relations (10.35)—we simply get that

(6-p)° =5 (10.65)

Thus, the Hamiltonians (10.59) and (10.62) are identical when A vanishes.
The relation (10.65) is a special case of the more general relation

(6-a)6-b)=a-b+is-(axbh), (10.66)

where @& and b are arbitrary vector operators. To verify this relation, expand
(6 - a)(& - b) and use the relations (10.35):

= (Gply + Gyly + 7,8,)(65bs + Gyby + 6.5,)
&z&xiz 4+ ayb + 5, 24,b, + awayawb + aya',;ayb

+ 650,05b, + 7, azazb + a'ya'zayb + crzayazb

e (10.67)
= Ggby + Gyby + @ by + 16, (a,,by — aybx)

As the form of Eq. (10.62) shows, we need the relation (10.66) if A is
different from zero (with @ = b in the relation). We get

{6 - D+eAr, )} = (P +eA(r,t)?+ied - (Px A+Axp), (10.68)
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where we have used that p x p and A x A vanish.
We now note that

(B A)s + (A % P)s = (ByAs — P2 Ay) + (AyBs — A:by)
- A . 6Az N B 8Ay
= {Azpy -~ ih Ay - Aypz + Zh”a?} (1069)

+ (Ayp: — Apy) = —ih(V x A)g,

etc. But V x A = B, according to the first of the relations (10.50). When this
result is inserted into Eq. {10.68), we find that the Hamiltonian (10.62) may
be written
H= —é—r—i:(j) +eA(r, 1))’ + 5%& - B(r,t) — ep(r,t) + V(r). (10.70)
This Hamiltonian differs from the Hamiltonian (10.59) by the term containing
o - Br,t).
By reintroducing the original spin 8 by Eq. (10.26), we get

B= (bt eA(r,0)24 4. B(r,t) —ep(r,0)+ V() | (10.71)
2m, Me

This expression holds for arbitrary external fields. If, however, the external
fields are constant and uniform, then we may again perform the reduction that
led to Eq. (10.61), and we get

9 2

77 p

e
H =
2m,

€

I.B+ =5 B+er E+-——(Bxr)?
Me 8

+V(r)+

2m, Me

(10.72)

10.4.3 The Refined Hamiltonian

The Hamiltonian (10.72) is the correct non-relativistic Hamiltonian for an
electron in constant and uniform external fields. But because electrons may
move at quite high speeds in the interior of an atom—in particular when the
nuclear charge is large—there are many situations for which a purely non-
relativistic description does not suffice. In very precise work, it is becoming
increasingly common to introduce the Dirac equation in such cases, but often
one may go a long way by simply adopting the Hamiltonian (10.72) with a
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single relativistic correction term which accounts for the so-called spin-orbit
coupling. The term may be derived from the Dirac equation, and for a central
field problem it has the following form

Heo=€(r)s-1 (10.73)

where £(r) is derived from the potential-energy function V (r),

1 1dv
) = 5 ;—dQ . (10.74)

For a hydrogen-like atom, we insert the Coulomb expression (2.65) for V/(r)
and get
Zer 1

£(r) =

With the spin-orbit term included, we may write the Hamiltonian on the
following form

€

i.B+->5.B+ Hiam (10.76)

Me Me

I?:I?o+ﬁso+er-E+2

where Hy is the “zero order Hamiltonian” (10.47) and we have denoted the
last term in Eq. (10.72) by Hgiam,

e

8m,

It is quadratic in B and gives rise to the phenomenon of diamagnetism. Hence
it is called the diamagnetic term. If, for instance, the z-axis is chosen to point
along the B direction it simplifies to

(B x r)?. (10.77)

H giam =

62
me

H giam = ——B2(2? + ¢?). (10.78)
Apart from this, the form of the Hamiltonian (10.76) gives occasion for the
following interpretative comments.

The term e E - r represents the interaction between the external electric field
and the charge of the electron. By the prescription (3.2), it gives the familiar
electric force

F=-V(eE -r)=-¢E. (10.79)
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The direction of the force is opposite to that of the electric field, because the
electron is negatively charged (the symbol e is as usual understood to represent
the positive elementary charge).

In classical electrodynamics, an electric dipole is a vector quantity whose
potential energy in an electric field is

H' =-d-E, (10.80)

where d is the electric moment of the dipole. The term eE - » has, therefore,
the form of the interaction between an electric dipole

d=—er (10.81)

and the electric field E.
Similarly, a magnetic dipole is a vector quantity whose potential energy in
a magnetic field is

H =-p-B, (10.82)

with g being the magnetic moment of the dipole. The terms (e/2m,)l- B and
(e/m¢)s - B may, therefore, be said to represent the interaction between the
magnetic field and the two dipoles

[ ~

I}'orbit = _2mel (1083)
and

A [

Hopin = ——3. (10.84)

€

The presence of an orbital angular momentum, i, is seen to imply the
presence of a corresponding magnetic moment proportional to I. The factor of
proportionality is called the gyromagnetic ratio, and is usually denoted by ~.
Thus, we have

= —8.79411 x 10'°Hz T}, (10.85)

e
7= " 2m,
Its negative sign indicates that I and fi,,;, are antiparallel.

The spin, 8, also has a magnetic moment associated with it. The magnetic
moment is proportional to 8, but the factor of proportionality is twice as large
as that for the orbital motion.
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By summing an equation like Eq. (10.72) over several electrons, it is readily
seen that the total orbital-angular momentum of a many-electron system, as
defined by Eq. (10.8), defines a magnetic moment proportional to it, with the
same gyromagnetic ratio as in Eq. (10.85). Generally, one finds that a system
of particles with a common charge-to-mass ratio, ¢/m, may be characterized
by a gyromagnetic ratio equal to ¢/2m. In view of this, it is remarkable that
the gyromagnetic ratio associated with the spin of the electron equals —e/m,
rather than —e/2m,. The derivation that we have presented above gives the
origin of this difference. It simply arises because the spin enters into the
Hamiltonian (10.62) in a different way than the orbital motion does.

In proceeding, let us replace Eq. (10.76) by the expression

A=Ho+Heter Etppd (1+9,8) B+ Haiom (10.86)

Here, we have introduced the natural unit of magnetism, the Bohr magneton
which we already met in Sec. 1.7,

eh

pB =5 = 9.27402 x 10~24) 11 (10.87)

€

We have also introduced the dimensionless quantity g, which is called the g-
factor, or the g-value, of the electron spin. According to Eq. (10.76), and also
according to the Dirac equation, g, must equal 2, but a more precise value is
in fact

gs = 2.0023193044. (10.88)

The reason for the small deviation from the value 2 is that even the Dirac equa-
tion has its limitations. These limitations are that the Dirac theory describes
the electromagnetic field by its scalar potential and its vector potential just
as we have done above. An electromagnetic field is, however, also a quantum
system, with its own degrees of freedom. The field potentials and the field vec-
tors E and B are therefore operators in quantum electrodynamics, and when
we say that the fields vanish, this merely implies that the expectation values
of the operators corresponding to E and B vanish. There are, however, uncer-
tainties associated with the field vectors, and these uncertainties will always be
different from zero, because the general uncertainty relation (5.121) holds in all
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branches of quantum mechanics. An electron senses the fluctuations causing
the nonvanishing uncertainties and even has an influence upon them.

When the quantum fluctuations of the electromagnetic field are properly
taken into account, one ends up with the g-value of Eq. (10.88), with its eleven
significant figures. The theoretical value has been confirmed by extremely
precise measurements that have been conducted more or less simultaneously
with the advanced calculations. The calculation of the g-value is one of the
great triumphes of modern physics, because it confirms the validity of quantum
electrodynamics which, in turn, is the prototype of modern field theories for
elementary particles and their interactions.

The intrinsic magnetic moment of the electron is often called anomalous,
either because the g-factor is 2 rather than 1 (as it is for orbital motion), or
because the g-factor is not exactly equal to 2 (as it is in the Dirac theory).

Let us now turn to the spin-orbit term (10.73). It emerges in a natural way
from the Dirac theory, when that theory is compared with the Schrodinger the-
ory by means of a series expansion in 1/¢.6 But its form may also be obtained
by an analysis based on classical mechanics, by the following arguments.

In the central field described by the potential V(r) of Eq. (10.47), an elec-
tron at rest will experience an electric field E = — (:%v V{(r), but no magnetic
field. A moving electron will, however, also experience a certain magnetic field
due to V(r), according to the theory of relativity. The magnetic moment of
the electron must interact with this field in a similar way as it interacts with
an external magnetic field. But when the interaction is actually calculated,
one finds twice the value given by the expressions (10.73) and Eq. (10.74). In
other words, one only obtains the correct result by using a g-value of 1 instead
of 2. A more careful analysis is, however, able to explain why this is so by
realizing that an orbital electron is an accelerated electron; the direction of
its velocity changes all the time. As shown by the English physicist Llewellyn
Hilleth Thomas,” the acceleration causes a precession of the spin, and it is this
precession that leads to a formal reduction of the g-value from 2 to 1.8

8The expansion also contains other terms of the same order as the spin-orbit term, and
in very accurate work these terms may not be ignored.

7L. H. Thomas, Nature 117, 514 (1926).

3The reader who, as a splendid exercise in special relativity, wants to verify the expression
(10.73) is recommended to consult Ref. [19] in the bibliography, where a comprehensive
treatment of the problem is presented.
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10.5 The Zeeman Effect

With reference to the Hamiltonian (10.86), let us now briefly consider the
energetic effects of the spin-orbit term H so and the term

Hz = FBE(‘ + g,é) -B. (1089)

which is customarily referred to as the Zeeman term. We shall neglect the
effect of the diamagnetic term and assume that the electric field is zero.

It is convenient to choose the z-axis in the direction of the magnetic field,
so that B may be written

B =(0,0, B). (10.90}
The Zeeman term becomes then
Hz = ppBL(l, +25.). (10.91)

We have put g, equal to 2 as an excellent approximation.

Let us begin by also neglectmg the spin-orbit term, so that the Zeeman
term is the only correction to 7 0. We then choose the elgenfunctlons of H o on
the form (10.24), for they are then also eigenfunctions of [, and §,, and hence
of # z as well. We get

(Ho+ Hz)bntmem, (2) = {Bo + pnB(me + 2m0)} dnemem, (), (10,99
E = Eo + psB(mq + 2m,).

Thus, the 2(2¢ + 1) fold degenerate level with the zero-order energy Ep is
split into several components with different energies. We find, for instance,
that a p level (¢ = 1) is split into five components, of which four are non-
degenerate and one is doubly degenerate. An s level (£ = 0) is split into two
non-degenerate components. This splitting of levels is known as the Zeeman
effect. More specifically, we are considering the strong-field case because Hg,
has been neglected.

The just mentioned splitting of s and p levels is illustrated in Table 10.1.
We see that, if we introduce the energy quantity

AE = pup B, (10.93)

then the separation between neighboring components becomes AE for the p
level and 2AFE for the s level. With B = 0.5 T as an experimentally realistic
choice, and with the value of pup taken from Eq. (10.87), we get

AE = 0.5 x 9.27402 x 10~24J = 4.63701 x 10~%*], (10.94)



240 Chapter 10. The Spinning Electron

Table 10.1: The Zeeman Effect, Strong-Field Case.(See Eq. (10.58))

| (&, me,my) | (me+2m,) |
(0,0,3) 1
(0’ s—"%) -1
(1, 1,% 2
(1,0,3) 1
(la_l: 2) 0
(lr 1’"5) 0
(1,0,-1) -1
(1’ -1, _"2') -2
or
éhg = 6.9981 x 10° Hz, % = 0.23343 cm™?. (10.95)

This is a very small energy separation as compared with normal energy sep-
arations between levels of the Hamiltonian . Thus, the energy separation
between the n = 2 and n = 3 levels of the hydrogen atom corresponds to
15241cm™!. The Zeeman effect is, for instance, exploited in electron spin
resonance (ESR) experiments, where a sample containing “free” electrons is
subjected to a uniform magnetic field in the Tesla region and, simultaneously,
an oscillating electromagnetic field in the GHz region (1 GHz = 10° Hz).

If we don’t neglect the spin-orbit term as we have done above, then we
have a more complicated situation, except for s levels which are unaffected by
ﬁse because (z;;,fy,iz)}/(}o = {0,0,0). Levels with £ # 0 are split into two new
levels by i so- They may be characterized by their j-values, j = £+ % Here, j
is the angular-momentum quantum number corresponding to the angular mo-
mentum ] = [+ . The wavefunctions of the new levels may be determined by
procedures for coupling of angular momenta. Having determined these wave-
functions, the effect of the Zeeman term may be found by perturbation theory,
provided the spin-orbit effect dominates (the weak-field case). Otherwise, the
spin-orbit term and the Zeeman term must be treated together by means of
perturbation theory or the variational method (the intermediate case). We
have not yet discussed the procedures mentioned, so we shall not consider the
effects of the spin-orbit term and the Zeeman term further, but only mention
that the spin-orbit splittings are very small for light atoms but appreciable for
heavier atoms. Thus, the splittings in hydrogen are of the order of fractions
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of a cm™!. It is of the order of hundreds of cm~! in iron, and much larger for
very heavy atoms. For hydrogenic ions, the expression (10.76) for £(r) leads
to a Z* dependence of the splittings.

Let us finally mention that the term er - E in the Hamiltonian (10.86) gives
rise to the so-called Stark effect which may likewise be studied by perturbation
theory or the variational method (cf. Problem 12.3).

10.6 The Pauli Equation

In the previous sections, we have constructed the spin terms in the Hamiltonian
for an electron in an external field by referring to the Dirac equation. In this
description, the electron acquires an anomalous magnetic moment because of
the special way the spin enters into the Hamiltonian (10.62). The Dirac equa-
tion was set up in 1928. The spin had, however, already been introduced by
Uhlenbeck and Goudsmit in 1925, and Schrodinger presented his equation in
1926. Needless to say, it was felt urgent to modify Schrédinger’s equation so
that it would also describe the effects due to spin. The modification came
soon and was due to Pauli.® He introduced the spin operators and their com-
mutation relations, and by accepting the anomalous moment as an empirical
fact he constructed what has become known as the Pauli equation. It may
be reproduced from the equations above by replacing the spin operators by a
set of two-by-two matrices and the spin functions by two-dimensional column
vectors.

Let us put E = 0 in the Hamiltonian (10.86) and neglect the diamagnetic
term. Let us also put g, = 2, =1t s = %6’, and insert the resulting
Hamiltonian in the Schrodinger equation set up in Eq. (10.18). With the
expression (10.17) inserted for ¥(r,¢), this gives

{Bo+ o+ upt- B +upér - B} {p1(r)e(s) + ¢2(r)8(6))}
= E{p1(r)a(s) + p2(r)B(€)} . (10.96)

By referring to the general discussion on matrix algebra in Sec. 5.10, and in
particular to the setup of Eq. (5.161), we may convert this equation into a
matrix equation containing the Pauli spin matrices (10.43). This goes in a
similar way as Eq. (10.45) was converted into the matrix equation (10.46), at

9W. Pauli, Z. Phys. 48, 601 (1926).
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the end of Sec. 10.3. The operator & - B is thus replaced by the matrix

B, By —iBy
D= z 2Dz = . ) 10.
o-B=0,B,+0yB,+0,B (B,+sz _B, ) (10.97)

and the operator i so 18 replaced by the matrix

Hence, Eq. (10.96) becomes

~ 5 . s
Ho 0 ( e1(r) ) + E—f(r) ) KZ'A b — ity ( e1(r) )
0 HO P2 (1') 2 'ez: + ley _'ez <p2(r)
B, B, —iBy ) ( 301(7') ) ( ()01(7') )
' ~E . (10.99
(g vm, ) (o) pa(r) ) - (1099
This is Pauli’s equation.!® It is, of course, equivalent to Eq. (10.96), but the

spin-orbital ¢1(r)a(s) + ¢2(r)B(s) has been replaced by the two-component
wavefunction (p1(r), pa(r)), often referred to as a Pauli spinor.

10.7 Angular-Momentum Theory and Rotations

In closing this chapter, we point out that there is a close connection between
angular-momentum theory and the group theory of rotations. This connection
implies that the behavior of an angular-momentum eigenfunction under rota-
tions is entirely determined by the values of its angular-momentum quantum
numbers. It is, in particular, independent of the type of coordinates upon
which the function depends.

To illustrate the connection, let R,(u) be the operator that performs a
rotation, u, about the z-axis. It can then be shown that

R, (w)|JM) = e~ M| M), (10.100)

10 A ctually, Pauli also introduced a relativistic modification of the Ho term, but it was an
incomplete modification and is hence ignored.
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no matter which system the ket |JM) represents. A rotation through 27 gives,
in particular,

R,(2m)]J M) = e~ 2™M | g M), (10.101)
The relation (10.101) has a very important consequence, for it shows that

+lIMY, M =0,+1,42,...

ﬁ,(%r)IJM):{ —lJM), M:i%;igli%’

(10.102)
As might be expected, there is a similar result for a rotation through 27 about
any axis. This allows us to replace M by J in Eq. (10.102). So, we have the
more general result

+|J M),

i, (10.103)

R,(2m)|IM) = {
Thus, angular-momentum kets with integral J-values remain unchanged after
a rotation through 2w, whereas angular-momentum kets with half-integral J-
values change sign.

For half-integral J-values, this result violates the requirement. that accept-
able wavefunctions must be single-valued (cf. Sec. 3.2). This requirement
seemed perfectly reasonable, yet we may replace it by the milder one without
having to change the formalism that we have developed so far. For when we ex-
tract physical information from wavefunctions, and when we construct matrix
elements of operators, we always work with combinations like ¥} (g)¥2(¢). So
all that we really need require is that such combinations remain single-valued,
and this will obviously be the case when ¥ and 3 behave similarly under a
rotation through 27, 1. e., they must both remain unchanged or both change
sign.

We conclude from the above discussion that the spin function of a fermion
must change sign during a rotation through 27 about any axis. The spin
function of a boson remains, however, unchanged. This interesting behavior of
the elementary particles has been fully verified, but due to the complexity of
the experiments only fairly recently.!!

With our new knowledge, we have to reexamine the argument of Sec. 8.3.2,
according to which the m-value associated with an orbital angular momentum

11H, Rauch, A. Zeilinger, G. Badurek, A. Wilfing, W. Bauspiess, and U. Bonse, Phys.
Lett. A 54, 425 (1975).
8. A. Werner, R. Corella, A, W, Overhauser, and C. E. Eagen, Phys. Rev. Lett. 35, 1053
(1975).
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must be integral because of the requirement that Y (6, ¢ + 2n) = Y (6, ¢). So
let us for the time being assume that it is possible to find “surface spherical
harmonics” with half-integral £ and m. We then go through the first part of
Sec. 8.3.2 again and conclude that also the new functions must have the form
(8.46), but m is now half-integral. Thus, there must exist 2¢ + 1 functions of
the form (8.83). To determine the form of the functions Oy, {6), we proceed
as in Sec. 8.3.6. We find again Eq. (8.86), but when we start to operate with
the f+ operator to determine the remaining 2¢ functions, we sooner or later
create functions with singularitites. What this means is, that we can easily
construct eigenfunctions of £, with half-integral m-values, but these functions
do not behave properly under the action of ¢, and fy.

As a simple example, let us write

Yy _1(0,4) = Asin? fe=1%/2 (10.104)

77

PR

and then try to apply the step-up operator in the form (8.57). The result is
readily found to be

6Y: _1(0,4)= A—‘fo—sloie"ﬁ/?. (10.105)
e sin? 0
This function has singularities at § = 0 and § = 7 and is therefore not an
acceptable function.

The above discussion leads again to the result that wavefunctions which
solely depend upon the spatial variables must always be single-valued. But the
spatial degrees of freedom taken alone do not suffice for a proper description
of an elementary particle. It is essential that we also include the spin, and
with spin included we do in fact encounter functions that change sign during
a rotation through 2.

With this and the previous two chapters we have discussed the most im-
portant aspects of the one-electron central-field problem and the one-electron
spin problem. We shall now turn to the discussion of atoms with more than a
single electron.

Supplementary Reading

The bibliography, entries {4], (8], {11}, [18], [19], [22], [23]}, [24], [26], and [27] .
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Problems

10.1. In connection with the general definition of an angular momentum, Eq. (10.1),
we wrote:

J = (Je, Jy, Jo),
implying that Jz, jy and J; are the components of the angular-momentum vector J
along the three coordinate axes. In accordance with this, we have that the component
of J along an arbitrary axis defined by the unit vector

n = (nz,ny,n;), na+ "321 +ni=1,
is given by the operator
n-J=n.Jo+ n,,jy +n.J,

It is, therefore, of interest to derive an expression for the commutation relation [n; -
J, na - J), where n; and nz are two arbitrary unit vectors. Show that

[nloj, nz-j] =ih(n xng)-J.

2

10.2. The spin functions a(s) and B(s) are eigenfunctions of the operators §* and

3z
a. Determine the corresponding normalized eigenfunctions of 5% and 3.

b. Similarly, determine the normalized eigenfunctions of 42 and §,.

Hint: Add and subtract suitable pairs of relations in the set (10.30).

10.3. Consider the spin function
n(s) = ' {cos (u/2)a(s) + €™ sin (u/Z)ﬁ(c)}

where ¢*® is an arbitrary phase factor (4 real).

a. Show that n(s) is eigenfunction of the operator 7 - & with eigenvalue
$h, where n is the unit vector

n = (sin u cos v, sin usin v, cos u).

b. An electron with the above spin function is said to be polarized in
the direction n.

Show that any spin function of the general form (10.16) describes an
electron with a uniquely defined direction of polarization.



Chapter 11

The Periodic Table by
Electron Counting

Contents

11.1
11.2
113
114
11.5
11.6
117

The Many-Electron Atom . ... .......... 247
Neglect of Electron-Electron Repulsion ... ... 249
The Aufbau Prineciple. . . . .. ... .. .. ... . 252
Exchange Degeneracy . . . . ¢« ¢« v« e v s o v v o v 254
Pauli’s Exclusion Principle. Slater Determinants 257
Including Electron-Electron Repulsion. . . . ... 260
Slater Type Orbitals .. ...........c..., 261

In Sec. 1.2 we described the theory of the chemical atom as it was developed
during the nineteenth century. A principal event was the construction of the
periodic table of the elements, in 1869. The position of an element in the
periodic table is given by its atomic number, Z, and in the beginning of the
twentieth century this number was experimentally identified with the number
of electrons in the neutral atom, as we discussed it in Sec. 1.6. But it was
not until 1921 that it became possible to understand the background for the
periodic variation of chemical and physical properties with atomic number.

246
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As we mentioned it in Sec. 2.5, the explanation was given by Niels Bohr who
constructed a qualitative model of the many-electron atom, according to which
the electrons of the atom were arranged in rings about the nucleus. The proper
quantum mechanical substitution for this ring structure is the shell structure
of the atom. This shell structure, and its correlation with the chemical and
physical properties of the elements, is described in most university text books
on general chemistry. Accordingly, it primarily remains for us to establish the
proper connection with the Schrodinger equation, so this is the aim of the
present chapter.

11.1 The Many-Electron Atom

Throughout the present chapter, we shall neglect the spin-orbit coupling effects
that we discussed in Sec. 10.4.3. They are relatively small and may always be
included later, for instance by perturbation theory. The Schrodinger equation
for a hydrogen-like atom with nuclear charge Z is accordingly taken to be

(_ B2 v?_ Ze? l) Y(r) = E¥(r). (11.1)

2me drep T

For the present, we shall neglect spin altogether. The bound-state solutions of
Eq. (11.1) are then the atomic orbitals (9.54),

Ynere () = Rae(r)Yer. (6, 6), (11.2)

with the radial functions as given in Table 9.1 and the spherical harmonics as
given in Table 8.1 or 8.2. The corresponding energies are given by the Bohr
expression (9.18). The energy depends only on the principal quantum number
n, and the number of orbitals corresponding to the energy E, is n? (See Eq.
(9.57)).

For simplicity of notation, and for convenience in numerical work, we shall
now completely adopt the atomic units described in Appendix B, i.e., we shall
choose the basic units such that me, e, #, and 47¢g all become equal to one.
We may then put ag equal to 1 in the expressions for the radial functions of
Table 9.1, and Eq. (11.1) becomes

(-%v? - —) ¥(r) = Bo(r). (11.3)

The operator —%Vz represents the kinetic energy of the electron, and —Z/r
is the potential energy of the electron in the electrostatic field of the nucleus.
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The Bohr expression (9.18) for the energy becomes E, = —Z%/2n?, as already
emphasized in Sec. 9.5, Eq. (9.56). Figure 9.5 shows the lowest energy levels
of the hydrogen atom (Z = 1) in atomic units.

For an atom or ion with N electrons and nuclear charge Z we get the
Schrédinger equation

1
'~ Vo=Fo (11.4)
"

where ® is the many-electron wavefunction,
® = P(r1,7r2,...,7N). (11.5)

We have numbered the electrons from 1 to N and denoted the position vector
of the ith electron with respect to the nucleus by r;,

ri = (i, ¥i, %i)- (11.6)
So, the expression for the Laplacian V2 becomes
o? o? 62

vi= 1.7

: 8:02 + 6y2 toz dz? (11.7)

rij is the distance between electron ¢ and electron j,
rij = |ri — 7. (11.8)

The prime on the double sum in Eq. (11.4) indicates that terms for which i = j
are omitted in the sum. But otherwise ¢ and j run independently from 1 to N,
and the sum includes for instance both 1/r;s and 1/re; which are identical.
The factor % ensures, however, that such two terms only count as one. Thus,
the double sum is effectively a sum over pairs,

222 ZZ-— (11.9)

T
i=1 j=1 i i=1 j>1i

In the Schrodinger equation (11.4), the term

h(i) = ——V2 _Z (11.10)

Ty
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represents the kinetic energy of electron i plus its potential energy in the field
of the nucleus. The term 1/r;; represents the Coulomb repulsion between
electron ¢ and electron j. As usual, the Schrodinger equation may be written
in the form

% = E®, (11.11)

the Hamiltonian being

N N N
I—?:Ziz(iH%ZZ'% (11.12)

Each (Z, N) pair defines a separate Hamiltonian and a separate Schrédinger
equation with its own set of eigenfunctions and energies. But it is only for
the hydrogen-like atom (N = 1) that the problem may be solved exactly.
To determine the electronic structure of all possible atoms and ions is con-
sequently a formidable task. Yet it has by now become possible to calculate
good wavefunctions for the lower states of almost any atom or ion, at various
levels of approximations. But at present, we shall be content with some fairly
qualitative considerations.

11.2 Neglect of Electron-Electron Repulsion

To get a first idea of the form of the solutions of Eq. (11.11), let us neglect the
double sum in the Hamiltonian (11.12), i.e., let us replace H by the simpler
operator

N
HO = %" h(i) (11.13)
i=1

and the Schrédinger equation (11.11) by the simpler Schrodinger equation
HO3O = g0g®, (11.14)

This is a great simplification, for Eq. (11.14) may be solved exactly by sep-
aration of variables. For if p9(r), p3(r),... are the usual solutions (11.2) of
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the hydrogen-like equation (11.3) for the appropriate value of Z, with energies
€9,€3,..., then the product function

8O = o, (r1)el, (ra) -, () (11.15)

is a solution of Eq. (11.14) with the energy

EO =¢) +eh +...+eb, (11.16)

for any set of indices k1, ks,...,knx. This is easily seen by insertion, which
amounts to adding the following set of equations

A1), (r1)el, (r2) - - h, (n) = €8, ], (1)}, (r2) - - ], (),
R2)pd, (r1)ph, (m2) - 08, (rN) = €0, 00, (r1)eh, (r2) -+ &R (), (11.17)

........................

BN )E, (1) @8, (12) - @, (PN) = ey @R, (r1)¢d, (12) - - A}, (7).

Egs. (11.13)—(11.16) are characteristic for the description of a set of inde-
pendent particles in quantum mechanics: The Hamiltonian is the sum of the
Hamiltonians of the individual particles, and the total energy is the sum of
the single energies. The wavefunction is, on the other hand, the product of the
single- particle wavefunctions.

That the wavefunction is a product implies, in turn, that the N-electron
probability distribution is the product of the single-particle distributions. To
make the content of this staternent clear, let us write

dv = dvydug - - - dop, (11.18)

with
dvy = deidydzy, dvs = dzadyadzs, -+ - ,duy = deydynvdzn. (11.19)
Let us then consider a general many-electron function of the type (11.15), say
@ = p1(r1)pa(ra) - on(rN), (11.20)

where ¢y, 92,... N are N one-electron functions (orbitals). They need not
all be different, but each of them is supposed to be normalized to unity, We
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get then

®*®dv = ¢} (r1)p1(r1)dvs - p3(r2)pa(r2)dva
on(rn)en(ry)doy,  (11.21)

and hence,
[eredv= [tirdptrian- [ Greatraan

~-~/<p*N(1'N)<pN(rN)va =1-1-1=1. (11.22)

Eq. (11.22) shows that ® is normalized to unity, and so we may safely
consider ®*® as a probability density. The interpretation of this density is in
turn that the quantity

&*®dv = ®(r1,72,...,7N)*O(r1, 72, ... ,7N)dvidus - - -dun (11.23)

is the joint probability of observing particle 1 in the volume element dv, around
the point 7y, particle 2 in the volume element dvs around the point 79, etc. This
interpretation applies whether @ is a product function or not, but when ® isin
fact a product function of the type (11.20), then the joint probability factors
into a product of single-particle probabilities, as shown by Eq. (11.21). In
other words, the joint probability distribution is the product of single-particle
distributions. This is the statistical expression of independence.

Let us now return to the solutions of Eq. (11.14) for our simplified N-
electron atom. The expression (9.56) for the energies of a hydrogen-like atom
leads to the following expression for the energy E(®) of Eq. (11.16),

Z? 1 1 1
50 = -2 (W+W+"'+5(k—~)5>’ (11.24)

where n(k, ) is the principal quantum number of the atomic orbital ¢} , etc. Eq.
(11.24) shows that we get the lowest energy by putting all principal quantum
numbers equal to 1. The ground-state solution is therefore

) = <A"tl)a("‘1)‘10(1).!(7'2) " '(,0‘1),(1‘)\/), E® = _%sz' (11.25)

Eq. (11.25) leads, in particular, to the following ground states for the atoms
H, He and Li

‘Pﬁ%) = p1,(r1) Eg;) = —%au,
‘I’£{3 = @3, (r1)p, (r2), E,(.[e) = —4au, (11.26)

8(Y = @, (r1)ed, (r2) @l (ra), ELY = —Zau,
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Figure 11.1: The n + £ rule:

According to Bohr’s aufbau principle, electrons are filled into orbitals
in the order 1s, 2s, 2p, 3s,3p, 45, 3d, ... No orbital may hold more than
two electrons.

where it 1s understood that the 1s functions for H, He and Ii are different
because of the Z dependence of the radial function R;,(r) (See Table 9.1).

@g ), <I>£;2 and fbg) are all exact eigenfunctions of the simplified Schrédinger
equation (11.14) for the respective values of Z and N. Yet, @g) and @ge) are
the only ones that are physically acceptable, <I>8) is not. It is excluded by the
so-called Pauli principle. We discuss this principle below, after a presentation
of Bohr’s aufbau principle.

11.3 The Aufbau Principle

The model of the many-electron atom which Niels Bohr constructed in order to
explain the structure of the periodic table was based on detailed spectroscopic
and chemical evidence. The principle behind the model is the aufbau principle
which implies the following considerations, in the terminology based on orbitals
of the central-field form (8.32) rather than the classical orbits used by Bohr.

The formation of an atom may be viewed as the result of successive capture
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and binding of electrons. Thus, the hydrogen atom is formed when the proton
captures a single electron. The electron goes into the energetically lowest
orbital which is the 1s orbital. We say that the hydrogen atom has the electron
configuration 1s!.

For the helium atom, we start with an atomic nucleus with charge 2 (atomic
units). The first electron that is captured goes into the 1s orbital, and so does
the second electron. The electron configuration of He is accordingly 1s%.

Coming to the lithium atom, we start with a nucleus with charge 3. The
capture of the first two electrons goes exactly as in helium, but when we come
to the third electron, we are taught by spectroscopic evidence that it goes into
the 2s orbital. Thus, the 1s shell is found to be filled, or closed, when it has
received two electrons. The electron configuration of Li is therefore 1s22st.

In the beryllium atom, the first three electrons are captured in the same
way as in lithium. The fourth electron completes the 2s shell. The electron
configuration of Be is 15?252,

Continuing with the heavier atoms, it is always found by spectroscopic and
chemical evidence that no orbital can hold more than two electrons. Thus the
three 2p orbitals can hold at most six electrons. They are filled successively by
going through the elements B, C, N, O, F, and Ne. The electron configuration
of the neon atom is accordingly 15%25%2pS. The filled shell is found to endow
the atom with an enhanced stability; neon belongs to the noble gases.

In Tables 11.2-11.4 we present the ground-state electron configuration of
the elements with Z = 1 to Z = 108 (together with the so-called term symbol
which will be discussed later). One might perhaps expect that the orbitals were
filled in an order compatible with the energy level diagram for the hydrogen
atom, shown in Figure 9.5. But this is not the case. Rather, it is found that
the orbitals are filled according to the

n+ £ rule:
The electron configuration of an element may be deter-
mined by filling the orbitals after increasing values of n+£. (11.27)
For a fixed value of n + £, orbitals with lower n-values are
filled first.

The rule is only approximate, as a study of the tables shows, but it really
works surprisingly well. A graphical illustration of the rule is presented in
Figure 11.1.

That the orbitals are filled in an order different from that expected by look-
ing at Figure 9.5, is due to the interplay between nuclear-electron attraction
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and electron-electron repulsion. We shall return to this point later, but first
we must look for the reason why an orbital can hold at most two electrons.

11.4 Exchange Degeneracy

According to the aufbau principle, a wavefunction like the <I)£0i) of Eq. (11.26)
is physically inaccessible because it describes a 1s® configuration. But this is
an ad hoc argument, and we must look for a proper explanation. Let us begin
by considering the function

3L = 02, (1)l (r2) @3, (v3), (11.28)

where we have “lifted” electron 3 from the 1s orbital to the 2s orbital, thus cre-
ating a wavefunction of the 15225 electron configuration. Such a wavefunction
is apparently in harmony with the aufbau principle.

Still, there is a problem. For it was quite arbitrary that we lifted electron
3 from the 1s orbital to the 2s orbital. We might equally well have changed
the orbital for electron 1 or electron 2. Thus we realize that the 1522s! con-
figuration actually defines three wavefunctions with the same energy, namely,

QE‘E) = (;0(1),("'1)(‘0(1), (rz)‘Pgs (1‘3), o

0 = o8, (r1)ed, (r2)el,(rs),  EL) = —%Lay, (11.29)
0

08 = 03, (r1)¢2, (r2)@l, (73)

If these wavefunctions are to give an approximate description of the ground
state of the lithium atom as they stand, then the proper ground state should
be three-fold degenerate. But the degeneracy is only found to be 2 and is, in
fact, a spin degeneracy.

At this stage we might get the idea that the Schrodinger equation which
we set up for a many-electron atom is wrong. After all, it seems to lead to
spurious solutions. This is, however, the wrong angle of approach. There is, in
fact, nothing wrong with the Schrédinger equation. The difficulties are instead
tied to a particular symmetry of the problem.

This is the so-called permutation symmetry which expresses the fact that
the Hamiltonian (11.12), and also the Hamiltonian (11.13), is invariant under
any renumbering, or permutation, of the electrons. We say that the Hamilto-
nian is a symmetric operator. We have discussed the interplay between sym-
metry and the Schrédinger equation in Secs. 4.5 and 4.7. The arguments here
run very similarly.
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Let P be the operator that performs a definite renumbering of the N elec-
trons in our problem. We have then that

ﬁﬁ@(rl,rz,... ,1'N) = ﬁﬁ@(’l‘l,rg,... ,'I‘N)
= H®(rp1,vpa,...,7pn)  (11.30)

where (P1,P2,...,PN) is a permutation of the numbers (1,2,...,N), and
we have used that H is a symmetric operator. Assume now that ® is an
eigenfunction of H corresponding to the energy F,

A®(ry,7e,...,7N) = E®(r1,72,...,7N). (11.31)

Applying the operator P on both sides of the equation gives then

H®(rp1,vpa,...,vpN) = E®(rp1,7p2,... ,7PN). (11.32)
In words: If ®(r1,73,...,7n) is a solution of the Schrédinger equation with
energy FE, then so is ®(rp1,7p2,...,7pn). This argument holds for each of

the N! permutations (P1,P2,...,PN). The level with energy E possesses
therefore a degeneracy equal to the number of linearly independent functions
that may be generated from ®(ri,73,...,7~) by permuting the N coordi-
nates (We also count the identity permutation). The degeneracy is known as
exchange degeneracy.

Applying the above procedure to the function (11.28) and the Hamilto-
nian H(® leads immediately to the three functions given by Eq. (11.29). The
exchange degeneracy is accordingly 3 in this case.

But, as we mentioned above, this degeneracy is not observed. Nor are
similar degeneracies observed for other many-electron systems. The reason
was discovered by Dirac and Pauli:!

Electrons are identical particles. (11.33)

What this means is that it is impossible to distinguish different electrons in
a system individually from each other. The outcome of an experiment must
therefore be independent of any attempt to label the electrons.

To appreciate the implications of such a situation, let us consider the N-
electron quantity (11.23), i. e., the joint probability of observing electron 1 in

1P, A. M. Dirac, Proc. Roy. Soc. (London) A 112, 661 (1926); W. Pauli, Z. Phys. 43,
601 (1927).
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the volume element dv; around the point 7, electron 2 in the volume element
dvg around the point r4, etc, According to the above requirement, this must
be the same as the probability of observing electron 2 around r; and electron 1
around r, with the remaining electrons in the same positions as before. Thus,
we must have that

@(1‘1,1‘2, rs, .. .rN)*d)(rl,rg,ra, e .rN)dvldvgdva o -va
= ®(ry, 7y, 73,...7N) ®(ry, vy, 73, ... .oy)dviduadus - - doy  (11.34)

or,

O(ry,72,73,...78)"O(ry,r2,73,... .TN)
=®(rg,r1,73,...78) ®(ra,71,73,... 7n). (11.35)

For a real wavefunction, this leads to the requirement
@('Pg,'m,'rg, Ce .’I'N) = :}:@(1‘1,7‘2,1'3, v .’I'N). (11.36)

A similar condition must of course hold for the interchange of any pair of
electrons. But when should we expect the plus sign to hold, and when the
minus sign?

The answer to this question relates to both real and complex wavefunctions
and has the form of a postulate embracing both fermions and bosons (Sec.
10.2). It has been fully vindicated: For a system of identical fermions we
must always choose the minus sign, for a system of identical bosons always the
plus sign. For electrons, which are fermions, we must choose the minus sign.
A wavefunction that changes sign under the interchange of any two particles
is called antisymmetric. Similarly, a wavefunction is called symmetric if it
remains the same after such an interchange. For electrons, we thus have the
following fundamental symmetry principle

A many-electron wavefunction must be antisymmetric, that
is, it must change sign under the interchange of any pair of (11.37)
electrons.

It was emphasized by Pauli? that the interchange of a pair of electrons not
only interchanges the positions and the momenta of the two particles, but also
their spins. Hence, we cannot apply the principle correctly without worrying

2See the reference of footnote 1.
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about the spin. We must give up our attempt to describe a many-electron
system by the spin-free solutions of Eq. (11.4), and instead consider how to
construct proper spin-dependent solutions. This we shall do in the following
section.

In closing the present section, we note that the indistinguishableness of
electrons correlates well with Heisenberg’s uncertainty relation (5.113). For
this relation makes it impossible to specify the positions and velocities of the
individual particles with sufficient accuracy to distinguish them from each other
during a collective motion.

11.5 Pauli’s Exclusion Principle.
Slater Determinants

It follows from what we learned in Sec. 10.2 that if we have an orthonormal
set of spatial orbitals, then we obtain an orthonormal set of spin-orbitals of
twice the size by multiplying each spatial orbital by a(c) and by §{(s). Let us

consider N such spin-orbitals: ¥1(z), ¥2(z),... ,¥n(z), where z = (r,<) as in
Sec. 10.2. We may then form the N! product functions
Ypi(z1)¥Ypa(2s) - - ¥pn(zN), (11.38)

where z1 = (r1,¢1) is the combined space and spin variables for electron 1 etc.,
and {P1,P2,...,PN) is a permutation of the numbers 1,2,...,N. We now
form a specific linear combination of these N! product functions, namely, the
determinant

Yi(z1)  talzs) ... Pi(zN)
1 z z z
Wy e, zn) = | 37 Va(@1) W) Yaen) | g1.39)
Un(z) ¥n(z2) .. Yn(aw)

This many-electron wavefunction satisfies the antisymmetry requirement
formulated in (11.37), for interchanging a pair of electrons amounts to inter-
changing two columns in the determinant, and it is well known that the value
of a determinant is multiplied by —1 when two of its columns are interchanged.

A determinant is also multiplied by —1 when two of its rows are inter-
changed. Hence a determinant with two or more identical rows must van-
ish. The wavefunction {11.39) is accordingly zero unless the N spin-orbitals
P1{z), ¥a2(z), ..., ¥n(z) are all different. Also, it is not very difficult to show
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that the determinant is in fact the only antisymmetric linear combination of
the product functions (11.38) that may be constructed.

The determinant (11.39) is called a Slater determinant, in honor of the
American physicist John Clarke Slater who invented it. It allows us to elimi-
nate the difficulties with the exchange degeneracy in a simple fashion.

We note that when the spin-orbitals ¥, (z), ¥2(z), ... , ¥~ (z) are members
of an orthonormal set and all different, then the N! product functions (11.38)
will be normalized and mutually orthogonal. Hence the determinant (11.39)
is also normalized (according to the theorem (4.76)). For simplicity, we shall
denote the normalized determinant by |12 ...¢¥n| and understand that it

depends on the variables (zq,23,...,2n),
Pi(z1)  Paifx2) ... dalen)
192 .. Yn| =4/ —]\% ’/’.2‘(”1) Ya(za) o alow) | (11.40)

¥vn(z1) ¥n(z2) ... ¥n(an)
We shall now reconsider the ground-state solutions of the simplified N-electron
Schrédinger equation (11.14) in the light of the above analysis.

The hydrogen atom:
Before we introduced the spin, the ground state of the hydrogen atom was
found to be non-degenerate. It was described by the wavefunction ¢, (7). Af-
ter the introduction of the spin, the ground state becomes two-fold degenerate,
the independent wavefunctions being the two spin-orbitals $2,(z) and @9, (z),
in the notation of Sec. 10.2, Eq. (10.21).

The degeneracies of the excited states are likewise doubled, the degeneracy
of the nth state now being 2n%. The 2n? spin-orbitals describing the state are

alg
wnl'ytm. (z) = Rnl(r)Yl'yg (H» QS) { ( ) (1141)
B(s)
as in Sec. 10.2. As usual, the quantum number m, is understood to be 1/2
when the spin-function is a(¢) and —1/2 when the spin-function is §(s). Each
spin-orbital is defined by four “quantum numbers”, (n, £, v¢, m,).

The helium atom:

The ground-state wavefunction for helium which we listed in Eq. (11.26) was
the simple product function ¢3,(r1)e?,(r2). With the spin included, it is
replaced by the four product functions

+ + - - + - -
‘;9{1)3(331);5(1);(@2), ‘P(l).s (371)30?3(2?2), 9’13(21)99(1)3(32): 301,(131)@?_,(."!3)-



11.5. Pauli’s Exclusion Principle. Slater Determinants 259

Each of these product functions corresponds to the energy —4 au, and so does
any linear combination of them. But the four product functions are not anti-
symmetric, nor is the arbitrary linear combination so. The only antisymmetric
wavefunction is the Slater determinant

(0) |901a \/—g
pls(r)a(a) ¢l (r2)e(s)

1
= \/; P (r1)B(s1) 1, (r2)B(s2)
= \/;P?,(ﬁ)‘f’?a(?‘z) {a(a1)B(s2) - Blar)e(<2)} -

This, then, is the proper ground-state wavefunction. The ground state is non-
degenerate and corresponds to the electron configuration 1s2.

Eq. (11.42) shows that the ground-state determinant factors into a two-
electron spatial function and a two-electron spin-function. For systems with
more than two electrons a similar factorization will in most cases be impossible.

Pul(@1) #,(22)
‘P?a (1‘1) ‘P(l]a (l‘z)

(11.42)

The lithium atom:

If the lithium wavefunction of Eq. (11.26) is converted into a product of
three spin-orbitals, at least two spin-orbitals will be identical for each product
function. Hence, no antisymmetric wavefunction exists for the configuration
1s3. This configuration is accordingly excluded.

For the 1522s' configuration we have the three product functions of Eq.
(11.29) as our starting point. After the introduction of spin, they are con-
verted into products of spin-orbitals, and these are again converted into Slater
determinants. Thus, the spin-orbitals $9,, &9,, and {2(2)3 give the determinant

g:)l - |(P13 ‘;la ()0(2)3 |’ (11'43)

while the spin-orbitals $2,, £9,, and 29, give the determinant

0 _
Wy =189, 79, 73,1, (11.44)

The two Slater determinants both correspond to the energy —8-8—1 au, and the
ground state is doubly degenerate.

For the ground states of other atoms we may proceed in a similar way. Thus,
the ground state of the beryllium atom is non-degenerate. It is described by
the Slater determinant

) =139, 89, $9, 7% (11.45)
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The fact that no spin-orbital can occur more than once in a Slater deter-
minant is known as Pauli’s exclusion principle. For an atom, each spin-orbital
may be characterized by four quantum numbers as in Eq. (11.41). Thus, we
get the familiar formulation of the principle

Pauli’s exclusion principle:
No two electrons can have the same set of (11.46)
quantum numbers.

The principle may, of course, also be used for excited states where orbitals
with higher quantum numbers enter into the determinant.

We have now shown how we may derive the antisymmetric solutions of
the simplified Schrédinger equation (11.14) and thus construct a rational cor-
respondence with the aufbau principle. It is, however, entirely impossible to
give anything like a quantitative description of atoms as long as the electron-
electron repulsion is neglected. Hence, we shall now leave the approximate
Hamiltonian (11.13) and consider the problem of including the fact that elec-
trons in an atom repel each other with strong forces.

11.6 Including Electron-Electron Repulsion

When the electron-electron repulsion (11.9)) is properly included in the many-
electron Hamiltonian (11.12), it is no longer possible to separate the variables
associated with different particles, and the exact wavefunctions can no longer
be written as Slater determinants derived from simple product functions.

It is, however, often possible to obtain reasonably good approximate wave-
functions in the form of Slater determinants built from atomic spin-orbitals of
the form (11.41). But the radial functions Rn¢(r) are then no longer hydro-
genic. They may be determined as the solutions of a one-electron Schrédinger
equation in which the central field V' (r) is a sum of the Coulomb field from the
nucleus and a suitably averaged field from the electrons.

The one-electron Schrédinger equation alluded to is a so-called Hartree—
Fock equation. It may be derived by the variational method which we shall
take up in the next chapter. The orbitals obtained by solving the Hartree-Fock
equation are known as Hartree—Fock orbitals. We shall use the same notation
for Hartree—-Fock orbitals and approximations to them as for the orbitals of
the preceding sections, but with the superscript ® removed. A similar remark
holds for the determinants built from Hartree—Fock orbitals. Thus, we write



11.7. Slater Type Orbitals 261

the Hartree-Fock wavefunction for the ground state of the beryllium atom as

Ype = ,{513 ﬂ—Pla SZZc Sz’zsl' (11-47)

Although a Slater determinant built from atomic Hartree—Fock orbitals
quite often give a fairly good many-electron wavefunction, the function is by
no means exact. One way to improve it is to replace the single determinant
by a linear combination of determinants. These determinants will usually
correspond to different electron configurations, and hence one talks about the
method of configuration interaction. The coeflicients in the linear combination
are again determined by the variational method.

Since a Hartree-Fock wavefunction is not exact, the electron density that
may be derived from it is not exact either, although it is usually a quite good
approximation to the true density. During configuration interaction the wave-
function, and hence also the electron density, becomes improved.

A different approach to many-electron theory is the so-called density func-
tional theory in which one focuses on the electron density rather than the total
wavefunction, and requires that the true electron density be derivable from a
single Slater determinant. The orbitals defining that determinant are known
as the Kohn-Sham orbitals. They may be determined from a one-electron
Schrodinger equation known as the Kohn-Sham equation. The Kohn-Sham
orbitals are usually quite similar to the Hartree—-Fock orbitals.

We shall consider both the Hartree-Fock and Kohn-Sham descriptions in
more detail later. But at present, we shall stick to the language of Hartree-Fock
theory and close the present chapter with a section on approximate Hartree—
Fock orbitals.

11.7 Slater Type Orbitals

The Hartree~Fock orbitals referred to above have the general form (11.2),1. e.,
each Hartree-Fock orbital is the product of a radial function and a surface
spherical harmonic, but the radial functions R,,(r) can no longer be repre-
sented by simple analytical expressions. But if high accuracy is not at issue,
then it is of course possible to approzimate the radial functions by simple
analytical functions, and this is often done.

The first set of simplified atomic orbitals for many-electron atoms was de-
viced by Slater. He wrote, in atomic units,

)
Rualr) = { S mtemar, (11.48)
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Table 11.1: Variationally determined orbital exponents (ns

VA 1s 2s 2p 3s 3p
He 2| 1.6875
| P 31 2.6906 0.6396
Be 4| 3.6848 0.9560
B 5| 4.6795 1.2881 1.2107
C 61 5.6727 1.6083 1.5679
N 7| 6.6651 1.9237 1.9170
0 8 | 7.6579 2.2458 2.2266
F 91! 86501 25638 2.5500
Ne 101} 9.6421 2.8792 2.8792
Na 11 | 10.6259 3.2857 3.4009 0.8358
Mg 12 11.6089 3.6960 3.9129 1.1025
Al 13 | 12,5910 4.1068 4.4817 1.3724 1.3552
Si 14 | 13.5745 4.5100 4.9725 1.6344 1.4284
P 15| 14.6577 4.9125 5.4806 1.8806 1.6288
S 16 | 1565409 5.3144 5.9885 2.1223 1.8273
Cl 17 ] 16.5239 5.7152 6.4966 2.3561 2.0387
Ar 18 [ 17.5075 6.1152 7.0041 2.5856 2.2547

with

G = 2200 (11.49)

n

Cne 18 called the orbital exponent.

We see that the radial functions prescribed by Slater are of a similar form
as the hydrogen-like functions in Table 9.1, but only the maximum power of
r is included. Thus, the radial functions are all taken to be nodeless, and the
nuclear charge Z is replaced by the screened nuclear charge Z — o4,4. The
screening (or shielding) constant o, reflects the fact that the other electrons
in the atom spend part of their time in the region between the nucleus and the
electron considered, thereby effectively screening the nucleus from the electron.

By combining the radial function (11.48) with the appropriate surface
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spherical harmonic, a so-called Slater-type orbital (STO), results. Slater’s
rules for determining the screening constant for a particular orbital are the
following:3

(1) For a given atom, divide the orbitals into the following groups,
each having a different screening constant: 1s; 2s,2p; 3s, 3p; 3d,;
4s,4p; 4d; 4f; bs,bp; etc. Thus the s and p of a given shell are
grouped together and get the same radial function, but the d and
J are separated. The groups are considered to be arranged from
inside out in the order named (note that this order is that of Figure
9.5 rather than that of Figure 11.1).

(2) The screening constant oy is formed as the sum of the following
contributions

(a) nothing from any group outside the one considered;

(5} an amount of 0.35 from each other electron in the
group considered (except for the 1s group, where 0.30 is
used instead);

{c} if the group considered is an s,p group, an amount
0.85 from each electron in the next inner group, and 1.00
from each electron still further in; but if the group is a d
or f, an amount 1.00 from every electron inside it.

Slater also assigned non-integer values to the n on the right-hand
side of Eq. (11.48) for values of n larger than 3, but his rules are
no longer used for such high n-values.

To illustrate Slater’s rules, let us calculate the orbital exponents ¢, for the
helium atom (Z = 2) and the carbon atom (Z = 6). The helium atom has the
electron configuration 152, so we get immediately

¢is = (2-0.30)/1 = 1.70.
For the carbon atom, with the electron configuration 1s22s%2p?, we get

¢ = (6-0.30)/1=5.70,
(s = Cop=(6—3x0.35—2x0.85)/2=3.25/2 = 1.625.

Slater obtained his rules from an empirical analysis of successive ioniza-
tion energies and total energies of atoms. Over the years, his rules have been

3]. C. Slater, Phys. Rev. 36, 57 {1930).
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modified and refined in various directions by different authors, but it is ques-
tionable if these refinements are of lasting value. Now that computers are
generally available, it is in fact more natural to determine orbital exponents
by means of the variational method by procedures that will be illustrated in
the following chapter.

As shown in that chapter, the variational method leads to a {3, value of
1.6875 for helium. For carbon, one allows the 2s and 2p exponents to become
different and finds

C1s = 5.6727, (24 = 1.6083, (2p = 1.5679.

Variationally determined orbital exponents for other atoms are available in
the scientific literature.? For the lighter atoms, they are reproduced in Table
11.1. For heavier atoms, it becomes an increasingly bad approximation to
simulate a Hartree-Fock orbital by a simple Slater-type orbital. Reasonable
approximations may, however, be obtained by using a linear combination of
two or three Slater-type orbitals for each Hartree—Fock orbital instead.
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Table 11.2: Ground-state electronic structure of the elements 1-36

Z  FElement Symbol Configuration Term
1 hydrogen H 1st 2812
2 helium He 1s2 15,

3 lithium Li 1522s! 2812

4 beryllium Be 152952 18,

5 boron B 1522522p! 2Pyjs

6 carbon C 15%225%2p? 3P

7 nitrogen N 15225293 4S3/2

8 oxygen 0] 1522s22p* 3P,

9 fluorine F 15?25%2p% 2Py
10 neon Ne 1522522p® 18,
11  sodium Na [Ne]3st 25172
12 magnesium Mg [Ne]3s? 18,
13  aluminium Al [Ne]3s23p! ’p /2
14 silicon Si [Ne]3s23p? 3P
15 phosphorus P [Ne]3s23p® 4S3/2
16 sulfur S [Ne]3s23p* 3p,
17  chlorine Cl [Ne]3s23p® 2P3/y
18 argon Ar [Ne]3s23pt 15
19 potassium K [Ar]4s! 28172
20 calcium Ca [Ar]4s? 155
21 scandium Sc [Ar]3d14s? 2D3/e
22 titanium Ti [Ar]3d%4s? 3F,
23 wvanadium V [Ar]3d?4s% 4F39
24 chromium  Cr [Ar]3dP4s! "Ss
25 manganese Mn [Ar]3d54s? 6552
26 iron Fe [Ar]3d64s® 5D,
27 cobalt Co [Ar]3d74s? 4Fy/s
28  nickel Ni [Ar]3dB4s? 35,
29 copper Cu [Ar]3d!04s! 2512
30 zinc Zn [Ar]3d045? 15
31 gallium Ga [Ar]3d'%4s%4p! 2Py,
32 germanium Ge [Ar]3d!04s%4p* 3P,
33  arsenic As [Ar]3d%4s24p3 1S5,
34 selenium Se [Ar]3d'%4s%4pt 3P,
35 bromine Br [Ar]3d}%4s24p° 2Py,
36 krypton Kr [Ar]3d04524p% 15,

265
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Table 11.3: Ground-state electronic structure of the elements 37-72
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Z Element Symbol Configuration  Term
37 rubidium Rb [Kr]5s! 2512
38 strontium Sr [Kr]5s? 15,
39 yttrium Y (Kr]4d'5s? 2Dg;2
40  zirconium Zr [Kr]4d?552 3Fy
41 niobium Nb [Kr]4d*5s! 6 D12
42 molybdenum Mo [Kr]4d55s! "S3
43 technetium Tc [Kr]4d®5s? 88s/2
44  ruthenium Ru [Kr]4d"5s? Fy
45 rhodium Rh [Kr)4d®5s! *Fg/2
46 palladium Pd [Kr]44d!? 1S
47  silver Ag [Kr]4d!%s! 2512
48 cadmium Cd [Kr]4d%5s? 15,
49  indium In [Kr]4d'°s?5pt 2Py
50 tin Sn [Kr]4d1%5s25p® 3P
51 antimony Sb [Kr]4d'%55%5p3 %S5/,
52 tellurium Te [Kr]4d!%5s25p* 3P,
53 iodine I [Kr}4d'%5s25p° 2 Ps);
54 xenon Xe [Kr]4d'%s25p% 15,
55 cesium Cs [Xe]6s! 281/2
56 barium Ba [Xe)6s? 1S
57 lanthanum La [Xe])5d16s2 2Ds/a
58 cerium Ce [Xe)]afrbdi6s? 1G4
59 praseodymium Pr [Xe]4 3652 4Io/2
60 neodymium Nd [Xe]4f6s? 514
61 promethium Pm [Xe]4 5652 S Hg/a
62 samarium Sm [Xe]4£6652 Fy
63 europium Eu [Xe]df765> 8572
64 gadolinium Gd [Xel4f75d'6s?  °D,
65 terbium Tb [Xe]47°652 $His/2
66 dysprosium Dy [Xe]4f106s? 5s
67 holmium Ho [Xe)4fii6s? I1s/2
68 erbium Er [Xe]4f12652 3Hq
69 thulium Tm [Xe]4£136s2 2F72
70 ytterbium Yb [Xe]4 14652 150
71 lutetium Lu [Xe]4f145d6s2  2Ds/o
72  hafnium Hf [Xel4f1*5d%6s> 3F,
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Table 11.4: Ground-state electronic structure of the elements 73-108

Z Element Symbol Configuration Term
73 tantalum Ta [Xe]4 14543652 4F3)2
74 tungsten W [Xe]4f145d46s2 Do
75 rhenium Re [Xe]4f145d%6s2 6Ss/2
76 osmium Os [Xe]4 f145d%6s% 5Dy
77 iridium Ir [Xel45145d76s% “Fo)2
78 platinum Pt [Xe)4f45d%6s 3D;
79 gold Au [Xe]d f145d1%6s! 2812
80 mercury Hg [Xe]4 5145410652 1S,
81 thallium Tl [Xel4f145d16526p" 2Py,
82 lead Pb [Xe]4£145d1%5%6p2 3P,
83 bismuth Bi [Xe]4s145d1965%6p%  *S3;2
84 polonium Po [Xe]4f145d06s26p* 3P,
85 astatine At [Xe]4£145d!%65%6p° 2P3/2
86 radon Rn [Xe]df145d106s%6p° 1S,
87 francium Fr [Rn}7s1 281/2
88 radium Ra [Rn]7s? 1S
89 actinium Ac [Rn]6d!7s? 2Dg2
90 thorium Th [Rn}6d%7s? 3F,
91 protactinium Pa [Rn]5f%6d'7s? *Ki/2
92 uranium U [Rn]5£36d" 757 5Le
93 neptunium Np [R5 f46d17s? 6L11)2
94 plutonium Pu [Rn]5/57s% "Fy
95 americium Am [Rn]5f77s? 8572
96 curium Cm [Rn]5£76d75? °D,
97 berkelium Bk [Rn]5£°7s2 ®His/a
98 californium cf [Rn)57107s2 5Is
99 einsteinium Es [Rn]5f117s? *Ls/2
100 fermium Fm [Rn)5 12752 3Hs
101 mendelevium Md [Rn]5 3752 2Py
102 nobelium No [Rn)5 744752 1S,
103 lawrencium Lr [Rn]5f147s%7p? 2Pi2
104 rutherfordium Rf [Rn]5f146d%7s? 3F,
105 dubnium Db [Rn]5146d%7s% 4Fs/s
106 seaborgium Sg [Rn]5£146d%752 8Dy
107  bohrium Bh [Rn]5£146d575* 88572
108 hassium Hs [Rn)5 f146d°752 5D,

267
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Supplementary Reading

The bibliography, entries [6], [7], [15], and [23].

Problems

11.1. Table 11.1 lists a set of “best” orbital exponents for the phosphorous atom
(Z = 15). Which values would be obtained by applying Slater’s rules?

11.2. In the following, we consider the wavefunction

+ 4
U = [@;,0l

belonging to the excited 1s'2s' electron configuration for the helium atom. The
radial functions that define the ¢, and g2, orbitals are supposed to be of the form
(11.48), with the orbital exponents determined by Slater’s rules, as applied to the
configuration 1s'2s',

a. The electron configuration 1s'2s' gives rise to a total of four Slater
determinants. Write down the three remaining determinants.

b. Determine the values of the orbital exponents (1, and (2,.

c. The orbitals ¢1; and @2, are not mutually orthogonal. Determine
the value of the overlap integral {¢1.]¢2s). (Use the standard integral
(9.23), and be aware that Eq. (11.48) merely gives the radial part of a
Slater orbital.)

d. We now construct a new 2s orbital 5, of the form
P2s = P25 — Ap1s.

Determine the constant A such that {p1.]¢3,) = 0.
This procedure is called Schmidt orthogonalization. It is a well known
procedure in the field of linear algebra. (See also Problem 4.3.)

e. Write down the Slater determinant
+ 4+
V' =1@,,¢2]

and expand both this function and the original ¥, in a similar way as
done in Eq. (11.42).

f. Show that ¥ og ¥’ are identical!

g. The orbital ¢}, is not normalized to unity. Hence, write
‘Pés = N(‘st - A‘Pla)

and determine the normalization constant N such that

(‘pésl‘p;s) =1
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h. Also expand the three determinants found under a., in a similar way
as done in Eq. (11.42).

i. As pointed out in the text, the symbol |$,,&,,| includes the prefactor
/T which normalizes the determinant to unity, provided the orbitals ¢,
and 3, are mutually orthogonal. What is the proper prefactor in the
present case, where 1, and 2, are non-orthogonal?
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12.1 Introduction

In the preceding chapters we have been able to solve a number of quantum
mechanical problems by analytical means. Thus, we have determined the exact
solutions of the time-independent Schrodinger equation for the particle in a box
{Chapter 4), the harmonic oscillator (Chapter 7), and the hydrogen-like atom
(Chapter 9).

There are further quantum mechanical problems that lend themselves to an
exact treatment, but the list is rapidly exhausted: The electronic Schrodinger
equation may be solved exactly for the hydrogen atom and the HJ ion, but not

270
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for the helium atom and the Hy molecule. Also, we may solve the Schrodinger
equation exactly for the harmonic potential and the Morse potential, but not
for an exact diatomic potential (cf. Sec. 14.2). So, for the majority of problems
it is necessary to turn to approximate methods in order to make progress. Most
commonly, such methods are based either on numerical analysis, a variational
principle, or perturbation theory.

In perturbation theory, one writes the Hamiltonian in the form

(9)

A= 28Y ¢ 289 4 (12.1)

where ) is an expansion parameter and the solutions of the zero order problem

defined by the Hamiltonian 7 © are supposed to be known. It is then assumed
that the effect of the perturbation A W +A2H (2)+. .. is sufficiently small that
the solutions of the full problem may also be expanded as a power series in A.
This allows one to set up expressions by means of which the various terms in
the expansions may be determined.

The theory of perturbations is a powerful and indispensable tool for the
solution of many problems, both time-dependent and time-independent ones.
But we shall postpone a discussion of the theory to a later chapter. The present

chapter is devoted to methods based on variational principles.

12.2 Variational Principles

Variational principles play a fundamental role in theoretical physics and chem-
istry. As an exact concept, they were first used in optics by the seventeenth
century French mathematician Pierre de Fermat. He postulated the following

Fermat’s principle of least time:
No matter to what kind of reflection or refraction a ray of
light is subjected, it travels from one point to another in
such a way as to make the time taken a minimum.

(12.2)

It is easy to demonstrate the validity of this principle for the particular case
where the ray is reflected by a mirror. This is done in Fig. 12.1 by comparing
the length of the actual path, for which the angles of incidence and reflection
are equal, with the length of any other path.

This example contains the essence of a variational principle: Each path
is characterized by some numerical value, here its length, and the values for
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M S (Source)

O (Observer)

Mirror

Length of virtual path: SBO =MBO

Length of actual path: SAO=MAO
MBO>MAO for B different from A

Figure 12.1: Fermat’s principle.

different paths are compared. The path for which the value is stationary (not
necessarily a minimum as above) is the actual path. The other paths are called
virtual paths. That the value is stationary for a given path is understood to
mean that it remains unchanged under an infinitesimal variation of the path.

The laws of classical mechanics, in the elegant formulations by Lagrange
and Hamilton, are most easily derived by variational principles, and so are
Maxwell’s equations of electrodynamics. Also the Schrodinger equation may
be derived from a variational principle. This holds for both the time-dependent
equation and the time-independent equation. The variational principle for
the time- independent equation is the simpler one and the only one we shall
consider here.

12.3 The Time-Independent Schrodinger
Equation

Let us consider a quantum mechanical system described by the Hamiltonian H
and let ¥ be any square-integrable function of the coordinates of the system.
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The expectation value of f is then, by the definition (5.97),

(¥)H|v)
vy

The value of £ varies of course with the form of ¥. But we shall now assume
that we have found a function ¥ for which £ is stationary. This means that
the value of £ remains unchanged when ¥ is replaced by ¥ + §¥, where J¥ is
infinitesimal but otherwise arbitrary. We shall denote a stationary value of £
by E.

The variation of £ is generally defined as

se = (¥ +0U|H|¥ +45¥) (¥|H|¥),
T (U + 6U|W 5T o) -

That ¥ is known to be a function for which £ is stationary, means that & is
zero to first order, i. e., it is zero when second-order terms in §¥ are neglected
on the right-hand side of Eq. (12.4). Putting the right-hand side equal to zero,
and utilizing that ¢/b—¢/d = 0 implies that ad = bc, gives to first order in §¥

£ = (12.3)

(12.4)

() { (9|19 + (9| |9) + (| HI69) }
- <\1:|f1|\1:){<\11|\1:) +(0U|T) + (\II|J\II)} =0. (125)
Next, cancellation of equal terms and division by (¥|¥) gives

(¥|H]¥)
(¥|@)
By using the definition of £, Eq. (12.3), and the fact that £ is assumed to be

stationary (and hence to be denoted by E), we may write Eq. (12.6) as

(8U|H|¥) + (¥|H|6T) — {(8U|¥) + (¥[§¥)} = 0. (12.6)

(8U|H — E|¥) + (U|H — E|6¥) = 0. (12.7)
Since this equation must hold for any §¥, we may replace §W¥ by 5¥:
—i(§U|H — E|W) + i(¥|H — E|6¥) = 0. (12.8)
Multiplying this equation by ¢ and adding it to Eq. (12.7) gives
(6U|H — E|¥) =0, (12.9)
But this can only be true for arbitrary §¥ if
(H-E)¥ =0. (12.10)
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For if the integral (6¥|H — E|¥) were found to be zero for a specific §¥ without
Eq. (12.10) being fulfilled, then we could easily violate Eq. (12.9) by changing
5.

Eq. (12.10) is, of course, the time-independent Schrodinger equation. We
have thus shown that this equation may be derived from the variational prin-
ciple

=0 (12.11)

where & is the expectation value of the energy.

12.4 The Variational Method

In continuation of the preceding section, we shall now show that £, the ex-
pectation value of H as defined by Eq. (12.3), is an absolute minimum when
¥ is the true ground-state wavefunction, ¥o. This is the so-called variational
theorem:

The variational theorem states that

gz AN S

RS (12.12)

for any square-integrable ¥.
The equality holds only if ¥ = ¢¥g, where ¢ is an arbitrary
complex constant.

To prove the theorem, we take advantage of the fact that the eigenfunctions
of H form a complete set (See Secs. 4.9 and 5.7). This implies that any ¥ may
be written in the form

o0
V=3 c,¥, (12.13)
=0

Usually we don’t know the explicit form of the eigenfunctions, nor are they
needed for the proof. We do know, however, that the eigenfunctions are mu-
tually orthogonal (this is the theorem (5.67)), and we may also assume that
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they are normalized to unity. We may therefore write

_ (uHNY) _ (UH - Eg|¥)
E-Bo= "y B =

- T‘if—;@f 35 Ghcm( Ul H — Bol®,n)
= .(..\i’i{l\p_) 3 hem(Em — Eo){¥n|¥m)

1 .
= W };_:Cncn(En - EQ) .

(12.14)

But because Ejp is the ground-state energy, we have that E, — E; > 0 for
all n. Furthermore, cjc, > 0 for all n. The sum in the last expression is
accordingly non-negative for any set of coefficients, and hence for any ¥. The
factor 1/(¥|¥) is inherently positive, so £ — Ep is non-negative for any ¥. We
also see that the condition for £ — Ej to be strictly zero, is that ¢, vanish for
all n > 0, thus making ¥ equal to ¥, apart from a complex constant. This
proves the validity of the variational theorem (12.12).

The variational theorem is the basis for approximate ground-state calcula-
tions by the Rayleigh-Ritz variational method. The idea behind this method
is to use a irial function ® which depends on a set of variational parameters.
The expectation value £ is then evaluated as a function of these parameters,
and by minimizing £ with respect to the parameters one obtains the best ap-
proximation to ¥y and Ej that the form of ® allows. Let us illustrate this
through a couple of examples.

The hydrogen-like atom:
Pretend that we don’t know the ground-state wavefunction for the Hamiltonian
1 Z

i= -5V -, (12.15)

but that we guess a function of the form exp(—(r), i. e. , a Slater-type 1s orbital
(Sec. 11.7), and treat ¢ as a variational parameter. We add a normalization
factor, and the trial function becomes

p(r) = (%;) ' e <. (12.16)

This function is, in fact, the Ry,(r) of Eq. (11.48) multiplied by Yyo(4, ¢) which
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equals \/1/4m. The expectation value of H is found to be !

£ = (plHlp) = $¢* - Z¢, (12.17)
and since
d€
7= ¢ -7, (12.18)

we obtain the lowest value of £ for ( = Z. The best description based on a
function of the form (12.16) is accordingly obtained when

73\ 172
e(r) = (7> e~ 2r, E=-17%au. (12.19)
This is, of course, the exact solution.

We would have been less fortunate if we had chosen a trial function of
the form exp(—ar?) instead, a so-called Gaussian-type orbital (GTQO). We
normalize it to unity,

o(r) = (2—:—) : e~or’, (12.20)

and get

£ = (p|flp) = 3a - 22 (27") (12.21)

The optimal description in terms of a Gaussian-type 1s orbital is then obtained
when

82?2 472 9
a= E . 0.4244Z% au (12.22)
This energy lies well above the true ground-state energy, so even the best
Gaussian-type 1s orbital is a poor approximation to the true wavefunction.

The helium-like atom:
As an example of greater physical interest, because we cannot solve the problem
exactly, let us consider the Hamiltonian (11.12) with N = 2, i. e.,

zZ 1_, Z 1

~ 1
G=_lg2_ 2 _lgpz_ 2, 1 12.23
21 o 272 T’2+7’12 ( )

1'To perform the actual calculations behind this and the following example is the exercise
of problem 12.1.
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For Z = 2, this is the Hamiltonian for the helium atom, for Z > 2 it is the
Hamiltonian for a positive ion with charge Z —2. We take as our trial function
a Slater determinant of the form (11.42), but with ¢, (r) replaced by the more
general Slater-type 1s orbital:

p15(7) = (g) : e~¢r. (12.24)
Our trial function is then
U(z1,22) = ®(r1,72)O(s1,52), (12.25)
where
®(71,72) = P15(T1)p15(72), (12.26)
and
O(s1,02) = 1/} {e(s)B(s2) - Alsr)ex(s2)} (12.27)

Since the Hamiltonian is independent of the spin variables ¢; and ¢» we get
£ = (O|H|¥) = (80]H|90) = (3|H|®)(0|0) = (®|H|®), (12.28)
where we have used that © is normalized to unity, i. e.,

(0|0) = /]O(q,cz)"@(cl,cz)dcldqg =1. (12.29)

This relation is readily verified from the relations (10.13).
Next, we get, from Eqgs. (12.23) and (12.28), and by using that ¢, is a
normalized function,

E= f/ dv1dva@14(r1) P10 (r2) Hp1s(r1) @14 (72)
= /dv1<p1,(r1){—-;—\7f— ?1-}901,(1‘1)/dvmpu("'z)sou(f'z)
+ [dnpnr) {~393- L outra) [ dnprtripne) - (1230

1
+/ dv1dvz<P1.s(T1)301.s(1'2);;;9013("1)9013(7'2)

=2 ()| - 39 - Zfoue)) 4,
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where the so-called Coulomb integral J is defined as

J= // dvldv2<p1_,(r1)gol,(rg)r—izgola(rl)m,(rg). (12.31)

The one-electron integral in the last line of Eq. (12.30) is nothing but the
integral (12.17), and it may be shown that J has the value

J= %C- (12.32)
Hence we get
E=2(3¢C-20)+35¢=¢-(22-§)¢, (12.33)
and
d€
E:2{(_(Z—%)}. (12.34)

The best wavefunction of the form (12.25) is consequently obtained when
¢(=z-%. (12.35)

Its energy is obtained by inserting the value of ¢ just obtained into the expres-
sion (12.33). It is found to be

E=-2"+37 - %. (12.36)

For the helium atom (Z = 2), this becomes

Eye = —2 au = -2.8477 au. (12.37)

The experimental energy is known to be —2.9037 au. The simple trial function
(12.25) is accordingly able to reproduce this value to within less than 2%. Note
that our calculated value of E lies above the exact value as it should according
to the variational theorem (12.12).

Also note that Eq. (12.35) applied to the helium atom (Z = 2) gives ( =
1.6875. This is just the value given for {;, in Table 11.1, in accordance with
the fact that the 1s orbital (12.24) derives from the radial function (11.48) by
multiplication by Yoo(6, ¢).

The variational method is obviously a method of great strength. We shall
now consider a variant of the method in which one works with trial functions
of the form

¥ = i": a,®,,
r=1
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where the functions ®, are supposed to be known from the outset. The vari-
ational parameters are thus the expansion coefficients a,.. This variant of the
method is called the linear variational method, for obvious reasons. It is, for
instance, by this method that we may construct molecular orbitals as linear
combinations of atomic orbitals.

12.5 The Linear Variational Method

As mentioned above, we shall now consider a trial function of the form
m
¥=> a?, (12.38)

where {®1,®Ps,...,P,,} is a set of known functions, and the set of coefficients
{a1,as,...,an,} serve as variational parameters. We get then

(0| H|®) = ZZa a,(®, |H|®,) = Zza a,Hy, (12.39)

r=1s=1 1s=1
and
m m m m
(T[O) = 3" "ala,(®-(®,) = YD ara,S,s, (12.40)
r=1s=1 r=1s=1

where the H,, are the elements of the Hamiltonian matrizr and the S,, the
elements of the overlap matriz, in the notation introduced in connection with
Eq. (5.39) of Sec. 5.3. The expectation value of H, i. e.,

(¥|H|w)
£= 12.41
ey (1241
appears then formally as a function of both the coefficients {a1,as,...,am}
and their complex conjugates {a}, a3, ... ,a},}, but these two sets are of course
not independent.
Let us write
a; = uy + ivy, (12 42)
al = u, — vy, '

with u, and v, being real. Then u, and v, are truly independent, and we
must therefore require that 9€/0u, and 3€/8v, both be zero for all . The
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derivatives may be determined by the chain rule:

o8 _ 06 b, 08 0a _0E | 0
Ou, ~ Ba, Bu, ' Oar Bu,  Oa, Oar’ (12.43)
68_6_5@_,__{_680& 285_.%'_ '
dv, _ Oa, Ov, ' Bar Ov,  Oar O
The conditions that they vanish may therefore be written
g ot
da,  Oar
06 0f . (12.44)
da, Oar
or, by adding and subtracting the two equations,
a€ o€
3o = 0 and ar (12.45)

Thus, we may in fact treat the coefficients {a,as, ...
ar.} as if they were truly independent parameters.

conjugates {a},as,...,

, @m } and their complex

Let a be one of these 2m parameters. We get then, from Eq. (12.41),

06 _ (W|W)Z(W|H|¥) -

(U H|0)&(¥|¥)

da (W[¥)?

The condition for this to vanish is

0

‘a;(‘I’|H|‘I’>

_ 2(U|H|Y) - £L(¥|Y)
= T (12.46)
14}

- 555014\1/) =0. (12.47)

When a is identified with @}, and we insert the expressions (12.39) and
(12.40) for (¥|H|¥) and (¥|¥) respectively, we get first

8
Oar

and then

IIM§

H,, _'gfha as =0.

E Hysa,,
m®=
E Srstts,

(12.48)

(12.49)



12.5. The Linear Variational Method 281

Identifying a with a, gives, on the other hand,

m
Y (Hyr = ESyr)a; = 0. (12.50)
s=1

But Eq. (5.7) shows that S,, = S;,, and since H is Hermitian we also have,

by Eq. (5.42), that H,, = H},. Eq. (12.50) may accordingly be written
Z( ~ £8*))at = 0. (12.51)

But this equation is nothing but the complex conjugate of Eq. (12.49) and
hence gives no new condition.
The full condition, that Eq. (12.45) be satisfied for all r, reads consequently

m
S (Heo— ESpy)a, =0, r=12,...,m (12.52)
=1

where we have written E instead of £ to indicate that Eq. (12.45) is satisfied.
This is a set of simultaneous equations for the coefficients {ai,as,...,am}.
The problem of solving them is called the secular problem.

The equations may be expressed as a single matrix equation:

Hu - ESU H12 - E512 e H1m - ESlm ai 0

H21 —_ ESgl H22 - ESZ2 PN Hzm - Eng ao _ 0

Hml - ESml Hmz - ESmg e Hmm - ESmm am 0
(12.53)

The determinant

Hi1—ES;1 Hi2—ESiy ... Him—ESim
Hy1 — ESyy  Hypp—ESy ... Hym— ESm
detn IH," - ESra' = . . .
Hml - Esml Hm2 - ESmZ s Hmm - ESmm
(12.54)

is called the secular determinant. Assume that its value is non-zero. The big
matrix in Eq. (12.53) will then have an inverse. Multiplying Eq. (12.53) from
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the left by this inverse matrix gives {a;,as,...,am} = {0,0,...,0} which is
called the trivial solution. 1t is of no interest to us, because the wavefunction
{12.38) that it defines, is everywhere zero.

Non-trivial solutions of Eq. (12.53) exist only when the secular determinant
vanishes, i. e., when

det |Hyq ~ ESys] = 0. (12.55)

This equation is called the secular equation. It is an algebraic equation of the
mth degree in E, and therefore has m roots:

E=E <Ey<...<Enm. (12.56)

They are the eigenvalues of Eq. (12.53). It is only for these eigenvalues that
the secular problem (12.53) has non-trivial solutions.

To determine the solution corresponding to the eigenvalue Fy, insert the
value of E; everywhere in Eq. {12.53) and solve for the unknown coefficients
{ay,as,...,am}. It is obvious from the form of Eq. {12.53) that if the set
{a1,az,...,am} is asolution, then so is the set ¢{ay, ag, ..., @ } where cis any
complex constant. The wavefunction (12.38) is accordingly only determined
to within an arbitrary constant. This is a familiar situation, and as usual it
allows us to choose ¢ such that ¥ be properly normalized. The normalization
integral is, of course, given by Eq. (12.40).

Having determined a wavefunction ¥, from the value of Ej, we may proceed
in a similar way to determine a wavefunction ¥y corresponding to E3, and so
on, until we have determined m linearly independent wavefunctions. I two
or more E values in the list (12.56) are equal, we have a multiple root of the
secular equation. Such a root is found to determine p linearly independent
solutions, where p is the multiplicity of the root. Hence, the total number of
linearly independent solutions will always be m.

In order to represent the energies of our physical problem, the eigenvalues
that constitute the set {E1, Es, ..., Er,} must be the expectation values of i
defined by the wavefunctions {¥;, ¥y,...,¥,,}. To see that this condition is
actually fulfilled, multiply Eq. (12.52) by a} and sum over r. This gives

iia:a,(llr, - ES,,)=0, (12.57)

r=1s=1
or, by observing Egs. (12.39) and (12.40),
(U|H|¥) — E(¥|¥) = 0. (12.58)
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But this relation implies that

_ (Y|H|¥)
E= —W , (12.59)
and this is precisely the expectation value of H, according to the usual defini-
tion in Eq. (12.41).

Thus, E; must approximate the ground-state energy, and ¥; must approxi-
mate the ground-state wavefunction for our system. The other solutions of the
secular problem approximate the energies and wavefunctions of excited states.
By the variational theorem (12.12), F is an upper bound of the ground-state
energy. It may be shown that the other energies in the list (12.56) likewise are
upper bounds of excited state energies.

Having studied the problem of finding approximate solutions of the Schro-
dinger equation as linear combinations of a set of known functions, it is worth
realizing that in some favorable situations it may even be possible to express
exact solutions in this way. Such solutions must of course also satisfy the
equations (12.52), a fact that we already discussed at the end of Sec. 5.10
on matrix algebra. But as shown in that section, the equations may then be
derived in a much simpler way than the one used here.

‘We have now presented the basic variants of the variational method, namely,
the linear variational method (this section) and methods based on non-linear
parameters (the examples of the previous section). In advanced applications,
these two methods may be mixed, and this makes the variational method an ex-
tremely powerful method of obtaining approximate solutions of the Schrodinger
equation for even very complicated problems in the theory of atoms, molecules
and solids.

We close the present chapter with an important comment on the solution
of the secular problem (12.53) in the presence of operators that commute with
the Hamiltonian.

12.6 Factorization of Secular Problems

It often happens that many of the matrix elements in the secular problem
(12.53) vanish. This may, for instance, be the case if there is an operator
present that commutes with the Hamiltonian. Let B be such an operator. We
have then

HB-BH=0. (12.60)



284 Chapter 12. The Variational Method

Assume now, that the functions {®1, ®3,...,®m} in (12.38) are eigenfunc-
tions of B with eigenvalues {by,b3,... ,bn}, 1. €.,

B®, =b@., r=12,...,m. (12.61)
Assume also that B is a Hermitian operator. We get then

(@;|GB|®,) - (¢,|BH|®,) = (| HB|2,) - (B, |H|®,)
= (b, — b,)(®,|H|®,) (12.62)

where we have used the turn-over rule (5.42) and the fact that the eigenvalues
of a Hermitian operator are real.

Due to the assumption (12.60), the result in (12.62) must be zero. The
matrix element ((D,[f? [®,) will consequently vanish whenever b, and b, are
different. The only matrix elements of H that don’t necessarily vanish are the
diagonal elements (r = s) and matrix elements between basis functions with
the same eigenvalue of B.2

Assume, for instance, that we use the linear variational method within a
four-dimensional function space, and that the basis functions ®; and ®; are
eigenfunctions of B with one and the same eigenvalue, and that ®3 and @4 are
eigenfunctions of B with another eigenvalue. The eigenvalue equation (12.53)
becomes then

Hu - ESH ng -— ES12 0 0 ay 0
H21 - ESgl Hzg - ESQQ 0 0 a2 _ 0
0 0 Haa -~ ESga H34 - E834 az - 0
0 0 H43 —_ ES43 H44 - ES44 a4 0

(12.63)

By direct substitution, one finds that the eigenvectors of this factorized eigen-
value problem are of the form (a;, az,0,0) and (0,0, a3, a4), where {a1,a3) and
(a3, a4) are eigenvectors of the smaller secular problems

Hyy—ESy Hiy— ESye ) ( ay ) ( 0 )
= 12.64
( Hyy — ESy1 Hap— ES ay 0 ( )

H3s — ESas Hzq — ESa ) ( a3 ‘) ( 0 )
= . 2.65
( His— ESas Haus— ESyy a4 0 (12.65)

2The reader will note that we have just rederived the theorem (5.74).

and
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The functions that solve the secular problem (12.63) are consequently of
the form a1 ®; + a2®; and a3®P; + a4P4. The generalization of this finding is:

Assume that we have some m-dimensional function space,
and that it is possible to choose a basis {®1,®P,,..., P} in
this space such that each basis function is an eigenfunction
of a given Hermitian operator, B, that commutes with the
Hamiltonian. Then only functions with the same eigenvalue
for B can combine in a linear variational calculation. As
a result, the solutions of the secular problem will again be
eigenfunctions of B.

(12.66)

Needless to say, this is a result of great value, both conceptually and compu-
tationally.

Supplementary Reading

The bibliography, entries [25], [26], and [28].

Problems

12.1. In the present exercise, we perform the instructive calculations behind the
examples on the pages 275-278. Thus, we shall consider the Hamiltonian

A= —%—V"‘ - % {atomic units),

and evaluate its expectation value (H) for each of the two normalized trial functions

2
, ¢® —~{r 20\ 4 _as?
@ - € an X p €

a. Calculate the expectation value (17’) of the kinetic energy
T=— %Vz
for ¢ og x, as function of { og «, respectively.

b. Similarly, calculate the expectation value (‘7) of the potential energy

p=-Z
=

for ¢ og x.
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c. Next, form the expectation value (ﬁI) for each of the two trial func-
tions.

d. Determine the value of ¢, for which (galﬁl(p) is minimal.
e. Similarly, determine the value of a, for which (xlfl jx) is minimal.

f. For Z = 1, calculate the values of (p}H {) and {x|H|x) corresponding
to the optimal values of { og o determined above,

g. Show that (T) = —-%(\7) for both of the optimized functions.

This is the virial theorem for the motion in a Coulomb potential,

(For the motion in a harmonic potential, the virial theorem reads (f) =
(V), cf. Problem 7.1.)

h. Compare the graphs of the radial function R;, for the two optimized
functions ¢ and yx.

Similarly, compare the graphs of the radial function Py,.

{(Use the standard integrals (6.31) and (9.23).)

12.2. In continuation of the previous exercise, let us approximate the hydrogen 1s
orbital by a function of the form

P1s(r) = arxa1(r) + az2x2(r),
where x1(r) and x2{r) are normalized Gaussian-type orbitals:

3
4
xi(r) = (-2—;5) e~ 4y =0.2015,

2
4
x2(r) = (?’:—2) e, ap = 13321,

in atomic units.

a. The overlap integral Stz = (x1|x2) has the value 0.5554.
Verify this value.

b. By evaluating integrals similar to those in Problem 12.1, the matrix
elements of the Hamiltonian

~ 12
= V2 .
H 2

“ N

are found to to be
Hyy = —-0.4141 au,

Hzz = 0.1564 au,
Hy; = —0.4844 au.

Set up the secular problem defined by the trial wavefunction ¢;.{(r) and
determine the best approximation, E, to the ground-state energy.
Does the determined E-value satisfy the variational theorem (12.12)?
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c. Find the coefficients a1 and a2 going with the determined energy
value E, and write down the corresponding trial wavefunction ¢1,(r),
properly normalized to unity.

d. Compare the graphs of the radial functions Ry, and Py, from ¢,(r),
with the graphs determined in the previous problem.

12.3. In this exercise, we consider the Stark effect and the Zeeman effect for a
hydrogen atom with principal quantum number n = 3. In atomic units, the Bohr
magneton (10.87) has the value 1/2, and the Hamiltonian (10.86) becomes

H= —%V’ - % + %(2, +23§,)B 4 zE,

where we have assumed that both the magnetic field B and the electric field E
point in the direction of the positive z-axis. The spin-orbit coupling term and the
diamagnetic term in the Hamiltonian have been neglected.

a. Consider first the Zeeman effect, by putting E equal to 0. The re-
sulting Hamiltonian is denoted Jit Zeeman. Show that the 18 spin-orbitals
Y3¢m,m, obtained by letting the quantum numbers £, m¢, m, assume all
allowed values, are eigenfunctions of H zceman. In analogy with Table
10.1, write down all the corresponding energies, and hence discuss the
number of energy levels and their degeneracies.

b. Next, consider the Stark effect, by putting B equal to 0. The resulting
Hamiltonian is denoted H siark. It is spin independent, and we therefore
neglect the spin of the electron and merely consider the 9 spatial orbitals
@3em, obtained by letting the quantum numbers £, m, assume all allowed
values. Using the linear variational method, we look for approximate
eigenfunctions of H siqrx as linear combinations of the 9 (complex valued)
orbitals ¢asm,. The matrix corresponding to the operator z = rcos$ is
given below.

Write down the form of the normalized orbitals @sp, and ¢34, and verify
that the matrix element (@sp,|2|wsd,) = (Rap|r|R3a){Y10] cos 8}Yz0) does
have the value 3/3.

c. For two of the approximate eigenfunctions of H Stark, one finds

ey = ¢ —9E, V203, ~ V33, + wsdo)

¢x=%(

and
1
g2=¢60+9E, 2= 7-5 (\/E¢3c + \/gcpapo + V’Sdo) ,
where ¢o is the energy of a hydrogen atom without field (n = 3, o = —1‘—8

hartree).
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3s 3p0 3d0 3p1 3d1 3p_1 3d_1 3d2 3d_2

3s 0 3v6 0 0 0 0 0 0 0
3po | 3vV6 0 3V3| 0 0 0 0 0 0
3dg 0 3v3 0 0 0 0 0 0 0
3p1 0 0 0 0 9/2[ o 0 0 0
3d, 0 0 0 |9/2 o 0 0 0 0
3p_1| O 0 0 0 0 0 9/2 | 0 0
3d_, | 0 0 0 0 0 | 9/2 0 0 0
3d, 0 0 0 0 0 0 0 0 0
3d_a| 0 0 0 0 0 0 0 0 0

By referring to Sec. 12.6, determine the remaining 7 approximate eigen-
functions of H stark, together with their energies. Like ¢; and ¢2, the
eigenfunctions should be properly normalized.
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Now that we are familiar with the language of quantum mechanics and
know how to describe atoms we are well prepared to discuss the structure of
molecules. But beware, we are about to enter a complicated field. The name
of molecules is legion, and each molecule hides a wonderful world all its own.
We can make many generalizations, and we can divide molecules into separate
classes; and in this way we gain solid fundamental understanding. But we
must never forget that no two molecules are entirely alike. A molecule has
several degrees of freedom and an incredible number of stationary states, and
in many of these molecular eigenstates the various degrees of freedom interact
in an intricate way.

It is, however, found that the ground and lower excited states of most
molecules submit to a fairly simple theoretical description. This is the so-

289
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called adiabatic description which is built on the conception that the electrons,
because of their much smaller mass, move so much faster than the nuclei that
they adjust to the motion of the latter almost instantaneously. Following this
idea, one writes the wavefunction of a molecular eigenstate in the form

Ymal(2, ) = ¥(z; p)r(p) (13.1)

where x collectively denotes all electron coordinates and p all nuclear coordi-
nates. In words: The probability amplitude ¥pmq (2, p) is supposed to be the
product of the probability amplitude x(p) for the nuclei to be at the geometry
p, and the probability amplitude ¥(z; p) for the electrons to be at the config-
uration «, assuming that the nuclei are at the geometry p. s(p) is the nuclear
wavefunction. ¥(z; p) is called the electronic wavefunction. As we shall see,
it is determined by solving an electronic Schrédinger equation with the nuclei
clamped at the geometry defined by p. We have a new electronic Schrodinger
equation for each value of p. Thus, ¥(z; p) becomes a parametric function of
P

The present chapter will be devoted to the problem of determining elec-
tronic wavefunctions. Let us, however, first discuss the basis of the adiabatic
description.

13.1 The Adiabatic Approximation

Consider a system of N electrons and K nuclei, interacting through Coulomb
forces. With the neglect of all spin terms its Hamiltonian is, in atomic units,

g=1 g g=1h=1 rgh

Sroffnagie |
- _V;" - huak A W 1

i=1 2 g=1 i=1 Tig 2 i=1 j=1 Tij

where ¢ and j label the electrons, and g and h the nuclei. My is the mass of the
gth nucleus in atomic units, that is, the nuclear mass in units of the electron
mass. As usual, the primes on the summation signs indicate that terms for
which the two indices become equal are omitted from the sums.

The first term in the Hamiltonian (13.2) represents the kinetic energy of
the nuclei, and the second term the repulsion between the nuclei. The third
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term represents the kinetic energy of the electrons, and the fourth term the
attraction between the electrons and the nuclei. Finally, the last term repre-
sents the electron-electron repulsion. The full molecular Schrédinger equation
is
Hmolwmol(x P) mol\I’mol(z P) (133)
To arrive at approximate solutions of the form (13.1) we proceed as follows.
We introduce an electronic Hamiltonian, which we shall denote by H. It

is taken to be the sum of the three last terms of Hy,y, i. e., we make the
definition

|

N N 1
Yoy = (13.4)

K N
i=1j=1 Tij

g=1li=1

+

w|.—-
Q
N —

3

The Hamiltonian (13.2) may then be written

K K
~ ZgZ
Hpor = — E E ! :hh (135)
g

g=1h=1

1=
| &)
m
+
N =

and the full molecular Schrodinger equation (13.3) takes the form

K 1 . 1 K K
- z Mvzwmol(zap) + H‘I’mol(z,/’) + 5 Z Z ‘I’mol(x P)
g=1

g=1h=1
= mol\Ilmol(:c,p). (13.6)

We now insert the adiabatic expression (13.1) in this equation and proceed
as we have done before, when a separation of variables was proposed (cf. Secs.
4.1, 8.1 and 8.2). Thus, we divide the equation by ¥(z; p)x(p) to get

p—

H¥(z; p)

-1 1
o) 2 T, o AR +

~~

z;p)

K K
Z,Z

SN SR = B (13.7)
Tgh

g=1h=1

+

o=
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We have used that H¥(z; p)k(p) = k(p)H¥(z; p), which follows from the fact
that the action of H does not involve differentiations with respect to the nuclear
coordinates.

In the first term on the right-hand side of Eq. (13.7) the operators VZ act
on both ¥(z; p) and k(p). However, we now make the assumption that ¥(z; p)
varies sufficiently slowly with p that we may be allowed to neglect the action
of V2 on ¥(z;p). Under that assumption Eq. (13.7) becomes

- K K
-1 Z?M (m’ )H\Il(z :p) + %ZZ/Zgzh = B (138)

Here, the only term that contains the electronic coordinates z is the second
term on the left-hand side. Obviously, it must simplify to a function that is
independent of z for the equation to be satisfied. We call this function E(p)
and get thereby the requirement

HY(z;p) = E(p)¥(z; p) (13.9)

Inserting this relation in Eq. (13.8) gives, after multiplication by «(p),

K
{—g 1 sz + U(P)} KZ(P) = Emoln(p) (1310)

where

K K
ZZ’Z:j" (13.11)

g=1 h=1

N =

U(p) p) +

Eq. (13.9) is the electronic Schrodinger equation that we alluded to in
the introductory remarks. It must be solved for each nuclear geometry. A
definite nuclear geometry is obtained by clamping the nuclei at a particular
set of values of the nuclear coordinates p. When the electronic Schrodinger
equation is solved for all nuclear geometries, E(p) becomes a function of p. This
function, which we denote the electronic-energy function, defines an electronic-
energy surface. To each point on the surface there corresponds an electronic
wavefunction ¥(z; p).
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Adding the internuclear repulsion to the electronic-energy function leads to
the function U(p) of Eq. (13.11). It is called the potential-energy function, and
the surface it defines is called a potential-energy surface (PES). Sometimes one
also refers to U(p) as the electronic energy including internuclear repulsion.

Eq. (13.10) may be interpreted as the Schrédinger equation for the nuclear
motion. Obviously, the function U{p) serves as the potential energy function
for the motion of the nuclei, or, as it is often said: “The motion of the nuclei
takes place on the potential-energy surface.”

Imagine, now, a certain conformation of the atomic nuclei and subject this
conformation with its surrounding electrons to overall translations and rota-
tions. Such transformations do not change inter-particle distances and leave,
therefore, the electronic Hamiltonian (13.4) and the internuclear-repulsion en-
ergy unchanged. The electronic wavefunction ¥(z; p) and the potential-energy
function U (p) are therefore independent of the orientation and location in space
of the nuclear conformation. For a diatomic molecule this implies, in partic-
ular, that ¥(z; p) and U(p)} only depend upon the nuclear positions through
the internuclear distance R.

This completes the derivation of the adiabatic description from the molec-
ular Schrédinger equation (13.3). The description is an approximate one, ob-
tained by neglecting the action of V4 on ¥(z; p), and thereby what may be said
to be the dynamical interaction between the’electronic and nuclear motions.
The validity of the adiabatic description must be separately judged in each ac-
tual case. But as we indicated in the introduction, it is a good approximation
for most molecules, for the states associated with the lower potential-energy
surfaces.

In using the plural form of the word surface, we realize that the electronic
Schrodinger equation (13.9) has, not just one, but a whole series of solutions for
each nuclear geometry. Thus, the adiabatic description does in fact involve a
set of electronic wavefunctions ¥,(z; p), with corresponding electronic-energy
functions Ey(p), corresponding potential-energy surfaces and potential-energy
functions Uy, (p), and with corresponding nuclear wavefunctions x,(p).

1t should be noted that electronic wavefunctions belonging to different
potential-energy surfaces are mutual orthogonal for each nuclear geometry.
This follows from the general theorem (5.67), by realizing that the said func-
tions are eigenfunctions of the same Hamiltonian, namely, the electronic Hamil-
tonian H. As always, we may take the electronic wavefunctions to be normal-
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ized to unity, and we may therefore write

/ V(2 p) ¥ (2; p)dz = Gmn. (13.12)

Note, however, that there is no similar condition on nuclear wavefunctions
associated with different potential-energy surfaces, because such functions are
eigenfunctions of different Hamiltonians, specified by different U, (p) potentials
in Eq. (13.10). On the other hand, Eq. (13.10) may have several eigenfunctions
for the same Uy (p) potential, and these functions must be mutually orthogonal.
To specify the different nuclear wavefunctions for a given U,(p) potential,
additional indices are of course needed. These indices refer to the vibrational
and rotational motions of the molecule, as discussed in the following chapter.

The idea of separating the electronic and nuclear motions goes back to a
famous paper by Born and Oppenheimer,’ and the approximation of writing
the total wavefunction in the form (13.1) is accordingly often referred to as the
Born-Oppenheimer approzimation. It should be noted, however, that Born
and Oppenheimer’s discussion only pertained to situations where U(p) has a
minimum for some nuclear geometry po, the so-called equilibrium geometry.
Also, Born and Oppenheimer wrote the electronic wavefunction as ¥(z; po)
rather than ¥(z;p) as we have done. Thus, they did not allow the electrons
to follow the nuclei. By actually writing ¥(z; p) it becomes possible to de-
scribe situations where the nuclei make large excursions from an equilibrium
conformation, and also situations where no such conformation exists at all.

Although the adiabatic description is a successful one, there are of course
many situations where it is poor or breaks down completely. In such cases one
must take refuge in other methods. A possibility that is often used is to write
the total molecular wavefunction in the form?

Ul (2, 0) = D _ W (x; p)Kn (p), (13.13)

where the meaning of the electronic wavefunctions ¥,(z;p) is the same as
before, i. e., they are solutions of the electronic Schrédinger equation (13.6).
By substituting the expansion (13.13) into the molecular Schrédinger equation
(13.3), successively multiplying from the left with ¥} (z; p), ¥5(; p), etc., and
finally integrating over the electronic coordinates, one obtains a set of coupled
differential equations from which the nuclear functions x,(p) may be deter-
mined. That the total molecular wavefunction has the form (13.13) implies, of

!M. Born and R. Oppenheimer, Ann. Phys. 84, 457 (1927).
2M. Born and K. Huang, Dynamical Theory of Crystal Lattices, Oxford, 1954,
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course, that the motion cannot be confined to a single potential-energy surface.
This situation occurs, in particular, when different potential surfaces come
close together for some nuclear geometry.

The representation (13.13) is also a good starting point for the evalua-
tion of approximate descriptions. A careful review, including a discussion and
classification of different variants of the adiabatic approximation, has been
presented by Ballhausen and Hansen.® In their notation, the description that
we have presented constitutes the Born-Oppenheimer adiabatic approzimation.
Another important variant, denoted the Born-Huang adiabatic approzimation,
includes an additional term

K
Clp) = / T (z; p) (—E Té;vg) ¥(z; p)dz (13.14)
g=1

in the expression (13.11) for U(p). It emerges naturally as a contribution to
the diagonal terms in the above-mentioned coupled equations, based on the
representation (13.13). The numerical effect of the term is not large, but it
does have the theoretically important effect of making the corresponding E0
in Eq. (13.10) an upper bound for the exact molecular ground-state energy, in
a similar way as the expectation value £ in Eq. (12.12) is an upper bound for
the exact ground-state energy Fy.

We shall now leave the general discussion and study the solutions of the
electronic Schrodinger equation (13.6) for some actual molecules. As the ex-
pansion (13.13) suggests, we need the solutions of Eq. (13.6) regardless of the
validity of the adiabatic approximation.

13.2 One-Electron Diatomic Molecules

Just as it was wise to study the hydrogen-like atom before many-electron
atoms, so it is wise to begin the study of diatomic molecules with the one-
electron case. We consider, therefore, the motion of a single electron in the
Coulomb fields of two fixed nuclei, A and B. The electronic Hamiltonian (13.4)
becomes

vi_Za_ 2% (13.15)

~ 1
H=-—-
2 Ta E

3C. 1. Bsllhausen and As. E. Hansen, Ann. Revs. Phys. Chem. 23, 15 {1972).
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Figure 13.1: Coordinate systems for diatomic molecules.
A and B are the atomic centers, AO = OB = R/2, where R is the
internuclear distance. P is the field point of an electron.

where r, and r, are the distances from the electron to the nuclei A and B,
respectively, We denote the internuclear distance by R and choose to describe
the electronic wavefunction in a coordinate system whose 2-axis coincides with
the internuclear axis. Three ways of choosing such a system are shown in Fig.
13.1.

For the hydrogen-like atom it was possible to separate the variables in
the Schrédinger equation by introducing spherical polar coordinates. Such a
separation is, in fact, possible for any central-field problem (Sec. 8.2). The
potential-energy part of the Hamiltonian (13.15) for our one-electron diatomic
molecule is not of the central-field type, and hence we can no longer separate
the variables in spherical polar coordinates. It turns out, however, that it is
possible to separate the variables by introducing so-called spheroidal coordi-
nates (also called ellipsoidal coordinates). They are defined as follows

e+ Ty

p=—p 1< p< oo,
1/:1"—%2ﬁ -1 <<, (13.16)
0< ¢ < 2m,

where ¢ has the same meaning as in spherical polar coordinates, i.e., ¢ is the
angle from the zz-plane to the plane defined by r, and r,. The reverse relations
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can be shown to be

= kil [(W®*-1)(1- u2)]%cos¢,
y==[(?*-1)(1- VZ)]%sin b, (13.17)
=g

where z, y and z are measured from the midpoint of the A — B bond, as in
Fig, 13.1.

In the notation of Appendix C, the spheroidal coordinates define an orthog-
onal, curvilinear coordinate system. The expressions for the volume element
and the Laplacian may therefore be evaluated from the general expressions
(C.14) and (C.15) They are

3
dv = (fg—) (4 - v*) dudvdg, (13.18)

and

2\? 1 ] K] b ]

2_{ = 2_ 1y Yo il -y
v _(R) #“v?{é’u [(‘u 1)3ﬂ}+5V [(1 V)av}
#2_V2 62

g | (81

We also get, from (13.16),
R R
Ty = -5(;1 + v}, ry = 5(;: -v). (13.20)

By inserting the expressions (13.19) and (13.20) into (13.15) we get the elec-
tronic Hamiltonian in spheroidal coordinates, and hence the electronic Schré-
dinger equation

H(p,v,¢; R) = E(R)¥(, v, ; R). (13.21)

As a first step towards solving this equation we note that the potential-
energy part of the electronic Hamiltonian (13.15) is independent of the variable
¢. Thus, the electronic Hamiltonian only depends on ¢ through the kinetic-
energy operator, i. e., through the Laplacian V2. From the explicit expression
(13.19) for the Laplacian, it then follows that we may separate the variable ¢
from the variables p and v and write

$(p,v, 5 R) = F(p, v; R)O(9), (13.22)
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where ®(¢) satisfies the equation

dZ

while F(u, v; R) satisfies the equation

S sl ] £l 8] s

1/2\? A
#3 (%) Gt Vs DR

= FEF(p,v;R). (13.24)
V(p,v; R) is the potential-energy part of the Hamiltonian,

A 274 27
Vv : = —— — — = - -
(u v; R) e T Rp+v) Rp-v)’

(13.25)

and A? is the separation constant. Writing the separation constant as A? is, of
course, dictated by hindsight, but it is really no limitation, for any constant
may be written in this way (by allowing for complex values of A).

Eq. (13.23) is familiar. It has the complete solution

®(¢) = arcosAig+ azsinAg
= blei’\'» + bze_i'\d’. (13.26)

We must require that ®(¢ + 2m) = &(4), and hence that A be an integer
(A = 0,1,2,...). There are, however no restrictions on the values of the
coefficients ay, a2 and by, b,.

Having solved Eq. (13.23), we must solve Eq. (13.24). For each value of
A, this leads to a set of solutions which may be numbered by an integer n =
1,2,3,..., such that the energy increases with n. Thus, we have the functions
Fax(p,v; R) and the corresponding energies E,».

By combining the solutions of Eqs. (13.23) and (13.24), we obtain the
solutions of the electronic Schrodinger equation (13.21) on the form

¢nA7(“rU’¢;R): Fnk(ﬂ’u;R)eiu‘p’ )‘20’1’2""
or, equivalently, condd,  A=01.2 (13.27)
Unay (1, v, ; R) = Fox(p,v; R) { sindg, A=1,2,.
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The energy levels are doubly degenerate for A # 0, and non-degenerate for
A = 0. For A # 0, the two solutions may be distinguished by means of the
index 7.

By analogy with the notation (9.5) used for atoms, one also introduces
letter symbols for diatomic molecules:

For the possible values of A,
A=0,1,2,3,...
one often uses the letter symbols

o, 6, ,...

(13.28)

The physical meaning of A is that it measures the magnitude of the angular
momentum about the internuclear axis. Let us introduce the operators

52

2

2=—n 3 ¢2,

I, = — (13.29)
L4 a¢

F5, = reflection in the xz—plane = change sign of ¢.

According to Eq. (8.44), I, is the operator representing the angular momentum
about the z-axis (the molecular axis). if is the square of this operator, and
#z; i8 a reflection operator. From the expression (13.19), it is seen that these
three operators all commute with the Hamiltonian H.

Further, it is obvious that 12 commutes with both fz and ... However, i,
and 65; do not commute with each other. We have, in fact, that

P 0 d
O lz— 202z = Oz, 2z = 20 _"A:cz- !
G2z l,6 & ( 6¢) + th— ¢a' 2zha¢o (13.30)

It follows that we have two sets of mutually commuting operators, namely,
(ﬁ ,2,1,) and (ﬁ ,2,0,,). The common eigenfunctions of the first of these sets
are the complex functions given in (13.27), the eigenfunctions of the second
set are the real functions. We have, in particular,

[, Fax(pt, v; R)eE™® = £ARF,(u, v; R)et??, (13.31)

and

cos Ag, cos @,
dzan,\(ll,I/;R) { sin A, = iFm\(l‘: V;R) { sin A, (13'32)
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For any of the functions in (13.27) we have that

Rnavy(p, v, 6; R) = AR Pnrq (4, v, 6; R), (13.33)

in accordance with the statement presented above: the value of A gives the
magnitude of the angular momentum about the internuclear axis.

One should be careful to distinguish between the quantum number £ used
for atoms and the quantum number X used for diatomic molecules. In an atom,
each component of the angular momentum commutes with the Hamiltonian.
Hence, also the total angular momentum defines a good quantum number, and
this is the quantum number ¢. In a diatomic molecule, it is only the angular
momentum about the internuclear axis that commutes with the Hamiltonian.
The square of the total angular momentum cannot have a sharp value. In an
atom, there are 2¢ + 1 linearly independent functions for a given value of £.
In a diatomic molecule, there are just two linearly independent functions for a
given value of A, except for A = 0, in which case there is only one function.

The conclusions we have arrived at are not only valid for the eigenfunc-
tions of the Hamiltonian (13.15). They are valid for the eigenfunctions of any
Hamiltonian of the form

-~

B = =294 V(ram)
1
= —§V2+V(,u,u). (13.34)

This is the Hamiltonian for an electron in an axial field. For a one-electron
diatomic molecule it has the form (13.15). For a many-electron diatomic
molecule, it may be taken to be the effective Hamiltonian for a single elec-
tron. The potential energy V(r,,7s) is then the sum of the Coulomb fields
from the two nuclei and an effective axial field from the other electrons. The
eigenfunctions of such a Hamiltonian are the equivalents of the Hartree~Fock
or Kohn-Sham orbitals for atoms introduced in Sec. 11.6. They have the form
(13.27). Asin Sec. 11.6 we shall stick to the language of Hartree-Fock theory
and refer to the orbitals as molecular Hartree-Fock orbitals.

For the general axial potential, it is not possible to reduce the differential
equation (13.24) further. But for a one-electron diatomic molecule the variables
in the differential equation may be separated by writing

Fax(p,vi R) = X(p; R)Y (v; R), (13.35)

and one obtains separate, albeit coupled, differential equations for X (g; R) and
Y (v; R).
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Figure 13.2: Lowest energy levels of H as functions of internuclear
distance. Internuclear repulsive energy not included.

In 1927, @yvind Burrau studied the electronic Schrodinger equation for the
hydrogen molecular ion Hf (for which Z, = Z, = 1) in spheroidal coordinates.
He proceeded by numerical integration and obtained the ground-state elec-
tronic energy as a function of R.* During the following years several attempts
were made to solve the differential equations for X (¢) and Y (v) analytically
by means of power series expansions similar to those we have met for the har-
monic oscillator (Chapter 7) and the hydrogen atom (Chapter 9). But the
determination of the X (u) function for large values of x turned out to be a
very difficult mathematical problem, and several erroneous conclusions were
drawn in the literature. The problems were solved in 1933 by Jaffé for the
homonuclear case (Z, = Z;),® and in 1935 by Baber and Hassé for the general

case.e

4@. Burrau, Kgl. Danske Videnskab. Selskab Mat.-fys. Medd. 7, No. 14 (1927).
5G. Jaffé, Z. Phys. 87, 535 (1934).
SW. G. Baber and H. R. Hassé, Proc. Camb. Phil. Soc. 31, 564 (1935).
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Figure 13.3: Lowest energy levels of H as functions of internuclear
distance. Internuclear repulsive energy included.

Exact wavefunctions for one-electron diatomics are now abundant in the
literature. We refer, in particular, to two extensive reviews’ and a general
computer program for the calculation of energy eigenvalues.®

As we have already pointed out, the potential-energy surfaces discussed in
Sec. 13.1 become potential-energy curves for diatomic molecules (the potential-
energy functions depend only upon R). The general form of such curves is
well illustrated by Figs. 13.2 and 13.3 which show the lowest potential-energy
curves for the hydrogen molecular ion. Figure 13.2 shows the electronic energy
curves Ey,5(R), which are the solutions of Eq. (13.21). Figure 13.3 shows the

7D. R. Bates, K. Ledsham and A, L. Stewart, Philos. Trans. Roy. Soc. A 2486, 215 (1953).
E. Teller and H. L. Sahlin, in: H. Eyring, D. Henderson and W. Jost, Physical Chemisiry,
an Advanced Treatment, Vol. 5, Academic Press, New York, 1970.

3]. D. Power, Philos. Trans. Roy. Soc. A 274, 663 (1973); Program OEDM (QCPE-233),
available from Quantum Chemistry Program Exchange, Indiana University, Bloomington,
Indiana 47405, U.S.A.
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potential-energy curves Uy (R) defined by expression (13.8), which now reads

Uns(R) = Enx(R) + % (13.36)

The curves in Figs. 13.2 and 13.3 are labeled by the (n, A)-values of the
electronic wavefunctions. But in addition, they are labeled g or u. This addi-
tional labeling applies to all homonuclear molecules, i. e., molecules for which
the atoms A and B are of the same type. In this case the electronic Hamil-
tonians (13.15) and (13.34) have a center of symmetry (the point O in Fig.
13.1), and as we already know from the discussion of the particle in a box and
the harmonic oscilator, this causes the wavefunctions to be either even (label
g) or odd (label u) under inversion in this center.

The spheroidal coordinates allow us to separate all three variables (u, v
and @) for the one-electron diatomic molecule. But as already pointed out, the
variables 4 and v cannot be separated in many-electron diatomic molecules.
Hence these coordinates are not much used in the description of many-electron
diatomic molecules. They are, however, very useful for the evaluation of certain
integrals as we shall show later.

We shall now turn to a very widely used representation of one-electron wave-
functions (orbitals) for molecules. This is the representation as linear combina-
tions of atomic orbitals. Such a representation is useful both for one-electron
molecules and for many-electron molecules in the Hartree-Fock description.

13.3 The LCAO Approximation

As first mentioned in Sec. 4.8, the term orbital means one-electron function, or
rather one-electron spatial function. An orbital in an atom is called an atomic
orbital (AO), an orbital in a molecule is called a molecular orbital (MO). With
spin included (as in Sec. 10.2), an orbital becomes a spin-orbital, either an
atomic spin-orbital (ASO) or a molecular spin-orbital (MSO).

It is often very convenient and useful to model an MO as a linear combi-
nation of atomic orbitals (LCAO). We may then speak of an LCAO-MO. The
general form of an LCAO-MO is

o(r) = eaxs(r), (13.37)
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where (x1,Xx2,--.,Xm) is a set of AO’s. The way to determine the coefficients
¢y is to apply the linear variational method that we described in Sec. 12.5. Let
us see how this goes for the one-electron diatomic molecule.

To model the ground-state MO corresponding to the Hamiltonian (13.15),
we introduce the normalized 1s atomic orbitals

3\ %
ls, = (—“) g ST
"/, (13.38)

!
Isp = %" e S
T 3

centered at the atomic sites A and B. They are Slater-type orbitals (STOs)
of the type discussed in Sec. 11.7. When {, = Z, and {, = Zp, they are
eigenfunctions of the atomic Hamiltonians —%VQ — Za/rqe and —%Vz - Zp/m
which dominate the behavior of H close to the nuclei A and B, respectively.
If, therefore, we choose values for ¢, and ¢, close to Z; and Z;, then a function
of the type

¢ =rc1lsg + calsp (13.39)

must essentially have the correct behavior close to A and close to B. So it must
be a decent approximation to the true ground state MO for not too small R.
We therefore take it as our trial function.

The values of ¢; and ¢y are at our disposal. We must determine them such
that the expectation value of H , Viz.,

_ {plHp)
£= “olp) (13.40)

becomes a minimum. This condition leads to the secular problem discussed in
Sec. 12.5. It reads

Hoo — ESas Hap— ESap Ci 0
= 4
( Hpa — ESpa Hyp — ESep ) ( c2 ) ( 0 ) (13.41)
where

Saa = (154|154) = 1,
Spp = (lsbllsb) =1, (13.42)
Sab = Sba = (180“.81,).
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We have used that the orbitals 1s, and 1s; are normalized to unity, and that
Sab = Spa because 1s, and ls, are real. The matrix elements of H are

Hea = (lsalﬁllsa)

= <lsa —1v2 lsa>—<lsa Za 1sa>—<1sa Zy lsa>
2 Ta b

% 13,,>, (13.43)
b
b

lsb> - <1sb Z 1sb>
Ty

13b> : (13.44)
Hgo = Hpa= (13;.‘]?]18(,)
Za

<lsa 1s,,>—<1su = 13b>-<1sa 1sb> . (13.45)

where we have inserted the values of the 1s one-center integrals that we already
know from Eq. (12.17). That H,s equals Hp, follows from the fact that Hgy is
real and H Hermitian (Hys = H2,).

To proceed, we must choose a particular molecule. We take this to be the
singly charged hydrogen molecular ion HJ, so that we can make comparisons
with the exact solution (Figs. 13.2 and 13.3).

1
= 5(42 - CaZa - <150

be — (1Sb|ﬁ|13b)

= <13b

1
= 5(«? — o2y — <15b

a

lsb> — <13;J Z
r

a

1 o2
_EV

a

a

Zy

Ty

1o2
_Ev

a

13.4 The Homonuclear Case. Ground State of
Hy

In the homonuclear case (Z, = Z), the symmetry of the problem makes us
choose the two orbital exponents {, and {p in (13.38) to be the same, so we
put

¢ =Ca= G- (13.46)
It is then obvious that also H,q and Hy, become equal. Let us introduce the
notation
o = Hyg = Hyp,
B = Hap = Hea, (13.47)
S = Sab = Sba-
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Eq. (13.41) becomes then

a—-FE p-ES aa_[0
(5 7es 8 )(2)=(0) e
where we have used that S;, = Sp, = 1, because the orbitals (13.38) are
normalized to unity.

To obtain the values of E for which Eq. (13.48) has solutions, we must solve
the secular equation corresponding to Eq. (12.55), i. e.,

a—E p-ES
B—ES a-E

} =0, (13.49)
or,
(a — E)2— (8~ ES)2 =0. (13.50)

This equation has two solutions for E. One is obtained by putting a ~ F =
—(B— ES) and is

a+f
E, = 13.51
+=T17g (13.51)
The other solution corresponds to o — £ = 8 — ES and is
a—f3
_ = 13.52
B-=1—5 (13.52)

Having found the eigenvalues of the secular problem (13.48), we must de-
termine the eigenvectors (cy, ¢2) and hence the LCAO-MOs ¢ = ¢;1s, +¢318p.
Inserting the value of £ into Eq. (13.48) gives

R - a (0 (13.53)
_aS«-g asS-g ¢s - 0 3 .

1+5 1+5

or,

aS -~
1+58

which requires ¢; and ¢z to be equal. Hence, the LCAO-MO in question is
o4+ = c(Lsq + 1sp). (13.55)

(e1—c2) =0, (13.54)
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In complete accordance with the discussion in Sec. 12.5, we have only been
able to determine p4 to within a constant ¢. Let us determine the constant
such that ¢, is normalized to unity. The normalization integral is

c*c({1sq4]184) + (1sp|Llsp) + (15a|lss) + (15b]|154))
2¢*c(1+ 9). (13.56)

Il

{p+le+)

We choose ¢ to be real and positive. The normalized LCAO-MO becomes then

1

Yy = m (lb‘a + 136) (1357)

By inserting the other value, i.e. the E_ of Eq. (13.52), into Eq. (13.48),

we get in a Similal‘ Way

By evaluating (¢4 |p-) along the same lines as (@4 |¢4+) was evaluated in Eq.
(13.56), one finds the result zero. Thus, ¢, and ¢_ are orthogonal, in ac-
cordance with our general knowledge (Sec. 5.4) that functions corresponding
to different eigenvalues of a Hermitian operator are orthogonal. (¢4 and ¢_
are, of course, not exact eigenfunctions of the Hamiltonian H , but the orthog-
onality property is equally valid for matrix problems involving only Hermitian
matrices. This we shall not prove.)

With the purpose of obtaining numerical values for £; and E_, we shall
now discuss the evaluation of the two-center integrals in Eqs. (13.42)-(13.45).
It is fairly obvious from these expressions that o and @ must be negative.
Hence, we find that £, < E_. This implies that it is £ that approximates
the ground state energy and ¢, that models the ground state MO.

To evaluate the overlap integral S = (1s4|ls,), we invoke the spheroidal
coordinates of Sec. 13.2. First we get, from Eqs. (13.38), (13.46) and (13.16),
that

¢ ¢ _¢r
18518y = 7e-c('ﬂ"») = 7e-f “, (13.59)
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Figure 13.4: The (13.]1s5) overlap as function of (R.
See Eq. (13.61).

Next we get, with the volume element from Eq. (13.18),

~§(§>3 ® ! o ~CRu z2_ .2
=72 / zlf .—_—1-/¢=oe (w" = v%) dpdvdg. (13.60)

This expression involves only elementary integrations. Hence, we merely state
the result

S=eE(1+(R+L(CR)?) (13.61)

Figure 13.4 shows a graph of S as a function of (R, and hence as a function
of R for a given {. We see that S equals 1 in the united-atom limit (R = 0), as
it should because S becomes the scalar product of a normalized function with
itself in this limit. Moreover, S is a decreasing function of R and tends to zero
in the separated-atoms limit (R — o).

The two-center integrals in Egs. (13.43)-(13.45) may be evaluated in a
similar fashion, by also invoking the relations (13.19) and (13.20). We find
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Figure 13.5: Electronic energies E(R) of the ground state and
lowest excited state of Hf.

first
1s 1 ls :l(l—(1+CR)e_2c\R)
a T'b a R 3
<lsa 1 1sb> =((1+(R)e™ ‘%, (13.62)
a
1
<lsa —§V2 lsb> - %C2(1 +(R~- %C2R2)6_CH.

and then, from (13.47) and (13.43)—(13.45),

a=1-¢Z- £ (1-(1+(R)e" %),
(13.63)
B =1C*((1+CR- §CPR%)e~R — 2¢Z(1 + CR)e~¢R.

By substituting the analytical expressions (13.61) and (13.63) for S, a
and G into (13.51) and (13.52) we may calculate the energies Fy and E_ as
functions of R. The results of such a calculation are shown in Fig. 13.5 for
the HY ion, for which Z; = Z, = 1. The orbital exponent ¢ was assigned the
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Figure 13.6: Exact and simple LCAO potential-energy curves
U(R) for the ground state of Hj .

value 1 for all R-values. The Figure also shows the exact energy curves of Fig.
13.2 that our LCAO calculation approximates. It is seen that the approximate
curves lie above the exact ones for all R, in agreement with the remarks at the
end of Sec. 12.5.

Next, we may add the nuclear repulsive energy 1/R to the curves of Fig.
13.5 to obtain the potential energy curves U(R) defined by Eq. (13.23). Fig.
13.6 shows these curves for the ground state of Hf . The curve labeled ezact
is of course the same as the ground-state curve in Fig. 13.3.

The exact curve in Fig. 13.6 has its minimum at R = R, = 2.00 bohr. The
corresponding energy is U(R.) = —0.60263 hartree. At the separated-atoms
limit (R — o0, the dissociation limit) we have U(oco) = —0.50000 hartree which
is the energy of a free hydrogen atom. We introduce the electronic dissociation
energy D, by the definition

D, = U(o0) — U(R.). (13.64)
Its value is seen to be

D, = 0.10263 hartree = 2.79eV. (13.65)
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The LCAO curve in Fig. 13.6 has its minimum at R = 2.49 bohr. The
corresponding value of U(R,) is —0.56483 hartree, which gives D, = 0.06483
hartree = 1.76 eV. The agreement with the exact values is not spectacular.
Qualitatively, we may understand the differences as follows.

The two E(R) curves, i. e., the two lower curves in Fig. 13.5, come together
in the separated-atoms limit. But for all finite distances, the LCAO curve lies
above the exact curve. The difference between the two curves increases steadily
as R diminishes, becoming very large in the united-atom limit. The slope of
the LCAO curve is therefore smaller than the slope of the exact curve for
all R. But since U(R) = E(R) + 1/R, the minimum of a U(R) curve must
occur where the derivative of the E(R) curve cancels the derivative of the 1/R
nuclear-repulsion curve, i. e. where the two derivatives have the same absolute
value, but opposite signs. With the smaller slope of the LCAO curve this
happens for a much larger R-value than for the exact curve.

Thus, we learn that the behavior of the potential-energy curve in the valence
region is closely connected with the behavior of the electronic-energy curve for
small and large R-values. This result is of general validity for the theory of
molecular shapes and binding energies.

For the ground state of the HJ ion, it is a fairly simple matter to improve
the LCAQ description so that it also describes the united-atom limit correctly.
All that we need to do is to allow the orbital exponent { to vary with R. The
way to do this is to treat ¢ as a variational parameter for each value of R, that
is, we must apply the variational method to the energy expression (13.51).°
When we do this, we find that { varies with R as shown in Fig. 13.7. The
figure also shows the { values that come from varying the energy expression
(13.52) for the first excited state.”

Fig. 13.8 compares the electronic-energy curves obtained by varying ¢, with
the exact energy curves. The improvement is seen to be dramatic. Adding the
1/R term to the ground-state’s E(R) curve produces a minimum at R = 2.00
bohr as for the exact curve. The electronic binding energy is found to be
0.08651 hartree = 2.35 eV, a substantial improvement over the simple LCAO
result.

The reason behind the success of varying the ground-state ¢ with R is that
the description now becomes exact in both the separated-atoms limit and the
united-atom limit. For in the separated-atoms limit the electron only senses
a single nuclear charge, and the LCAO-MO (13.57) with ¢ = 1 becomes the
exact MO. In the united-atom limit we have a Het ion. The exact ground-

?B. N. Finkelstein and G. E. Horowitz, Z. Phys. 48, 118, 448 (1928).
10C, A. Coulson, Trans. Faraday Soc. 33, 1479 (1937).
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Figure 13.7: Variationally determined orbital exponents for the
two lowest states of HZ .

state AO of this ion is a { = 2 hydrogen-like orbital, and this is exactly the
AO into which the LCAO-MO (13.57) merges when R — 0.

We are somewhat less fortunate with the description of the lowest excited
MO which we describe by the LCAO-MO (13.58). As with the ground-state
LCAO-MO we do get the correct MO in the separated-atoms limit, but as the
energy curve in Fig. 13.8 shows, things go wrong at the united-atom limit. The
true MO becomes the 2p, atomic orbital of He™ in this limit. But although
the limiting form of the function (13.58) is also found to be a p, orbital, it
turns out to be a p, orbital with the wrong radial dependence (a lp, orbital).

Having seen how it is possible to give a decent description of the two lower
states of the hydrogen molecular ion by the LCAO method, we shall now extend
the description to other states. But first, a comment on notation is in order.

We have so far labeled the energy levels as in Fig. 13.2 and Fig. 13.8. The
o4 orbitals are numbered 1oy, 204, 304, ... in the order of increasing energy.
Similarly, the o, orbitals are numbered 1oy, 20y, 30y, ... in the order of in-
creasing energy. In another notation, usually referred to as the united-atom
notation, the 1o orbital is denoted 1soy and the 1o orbital is denoted 2paoy,
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Figure 13.8: Exact and best { LCAO electronic-energy curves
for the two lowest states of Hy.

because these orbitals become helium 1s and helium 2p orbitals, respectively,
in the united-atom limit.

In yet another notation, the so-called separated-atoms notation, the log
orbital is denoted ¢4ls, because the dissociated state obtained for very large
values of R correlates with the 1s state of a hydrogen atom. The LCAO
representation (13.57) is exact in the limit R — oo, with { = 1. Similarly,
the 1oy, orbital is denoted oy 1s; it has the same dissociation limit as o,1s, as
Fig. 13.5 shows. Figure 13.3 shows that the 1oy, state is a dissociative state:
the potential-energy curve has no minimum. For this reason, the 1o, orbital
is called an antibonding orbital. To emphasize the antibonding character of
the orbital, it is often supplied with an asterix as superscript in the separated-
atoms notation. Thus, one writes o} 1s. The o4ls orbital is called a bonding
orbital, but no special symbol is introduced to indicate this.

Similar equivalent notations are used for other molecular orbitals of a
homonuclear diatomic molecule.

The notation adapted in the following two sections will partially be the
separated-atoms notation.
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13.5 LCAO-MOs for Homonuclear Diatomics

The order of the Hi energy levels in Fig. 13.2 is influenced by the high de-
generacies of the levels in the united-atom and separated-atoms limits. This
is the degeneracy exposed in Fig. 9.5: the energy of a hydrogen-like atom de-
pends only on the principal quantum number n. In a many-electron atom,
as described by the aufbau principle and Hartree-Fock theory (Secs. 11.3 and
11.6), this degeneracy is lifted, and we get a new energy ordering based on
the n + £ rule. Thus, we have the level order 1s < 28 < 2p < ... rather than
ls<2s=2p<....

The order of the energy levels in the free atoms influences the order of
levels in the molecules formed from the atoms. To describe the new ordering
for homonuclear diatomics with more than one electron, let us construct the
following elementary LCAO-MOs which are generalizations of the functions
¢+ and @_ given by (13.57) and (13.58),

- -l (1, -
p(ogls) = -2—(1-175 (Lsg + 1sp),  @(ouls) = 2(11__ 5) (Lsq — 1sp),
plog2s) = -——m (280 + 28p),  p(ou2s) = m (284 — 288),
plog2p) = NCTE)] (2Pza + 2p20) , ploulp) = Vo) (2p2a — 2p23)

w2pr) = ~—==———(2pya + 2p= 2:0— 2pza — 2 ’
p(mu2p:) (HS)(p + 2pz6) » (4 2p0) m(p Pab)

(= (2pya + 2pys) , (g2 ! (2pya — 2pys)
P(mulpy) \/m Pya + 2pye) , P(mg2py) \/————~§7 Pya — <Pyb) -
{(13.66)

Here, S has a different meaning from one function to another, being the overlap
integral between the two AQOs with which it actually occurs in the list. Thus,
S = (2psal2pse) for each of the functions (7, 2p;) and p(my2p.).

The LCAO-MOs in the above list are real-valued. They are eigenfunctions
of 2, &, (= 62.), and the inversion operator I. However, they have been chosen
8o that they refer to a coordinate system slightly different from that of Fig.
13.1, in the sense that the z, and z; axes now are taken to point towards each
other. Thus, the direction of z, in Fig. 13.1 is supposed to be reversed, with
the effect that the positive lobes of the 2p,, and 2p,, orbitals become directed
against each other and the overlap integral (2p,.|2p;1) becomes positive.

The LCAOs in the list (13.66) are supposed to be reasonable first approxi-
mations to the molecular orbitals of homonuclear diatomic molecules and ions
formed from first- and second-row atoms (H, He, Li, Be, B, C, N, O, F, Ne).

v
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Figure 13.9: Homonuclear diatomic standard LCAO-MOs formed from 1s,
23 and 2p AOs.

They are labeled by their symmetries and their composition. For each pair
(for instance ¢(og2p) and ¢(0y2p)), energy expressions similar to those of
Eqgs. (13.51) and (13.52) hold, and an orbital to the left in the list will have
a lower energy than the corresponding orbital to the right. They are bonding
and antibonding orbitals, respectively. Note the degeneracy with respect to
the z and y labels on the = orbitals. Like any level with A # 0, a 7 level is
always doubly degenerate. (Recall the discussion leading to Eq. (13.27).)

Figure 13.9 shows the order of all the orbitals in the list (13.66), the an-
tibonding orbitals being marked with an asterix. Note, however, that the
notation used for the orbitals is that referring to the exact molecular orbitals.
The orbital ¢(c2s) is, for instance, merely a first approximation to the exact
orbital denoted 20, or o}2s.

Figure 13.10 shows the form of the p(o41s) and ¢(oy,1s) LCAO-MOs for
H7 through contour diagrams.

Let us now improve on the description according to which the MQOs for
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Figure 13.10: Contour curves in a plane through the internuclear axis for the
¢(a418) (bottom) and (o 1s) (top) orbitals for Hf at R = 2 bohr. ¢ =1.

homonuclear diatomic molecules are given by the LCAO-MOs (13.66). To do
so, we invoke the linear variational method and make the assumption that the
MOs for molecules and ions formed from first- and second-row atoms can be
represented as linear combinations of the form (13.37), with the sum including
all 1s, 2s and 2p AOs on the two centers A and B, i.e., ten AOs in all. The
LCAQOs are thus to be determined by solving a 10 x 10 matrix eigenvalue
problem of the form (12.53). In this way, we find the optimal MOs within the
10-dimensional function space defined by the ten mentioned AOs.

The ten AOs form a basis for the function space, and expressing the molec-
ular orbitals in the form (13.37) is tantamount to referring them to the basis
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formed by those ten AOs. Any set of ten linearly independent functions within
the space may, however, equally well serve as a basis.

If the secular problem is set up in a new basis, the resulting LCAOs must
become the same. So let us take the ten elementary LCAO-MOs (13.66) as
a new basis. This is a so-called symmetry-adapted basis, because each basis
function is an eigenfunction for a set of operators that commute with the one-
electron Hamiltonian, They are the operators i2, &, and 1.

Let us now recall the discussion of Sec. 12.6. It says effectively that only
functions with the same set of eigenvalues for the mentioned operators, i.e.
functions with the same symmetry characteristics, can combine in a linear
variational calculation. This implies, first of all, that the separation into even
and odd functions is exact. Next, we realize that the 7 orbitals are uniquely
determined. But the three o4 orbitals may “mix”. Thus, we should really look
for three better MOs of the form

(log,204,304) = (ogls, 0425, 042p)

ay; @iz ai3
= (p(ogls), p(0g25),0(0g2p)) | @21 az2 a2 (13.67)
a3y dGg2 4aas

and similarly for the odd ¢ orbitals,

(1oy,20y,304) = (o415, 07,25, 07, 2p)

b1y b2 b13
= (‘P(‘Tu 13); ‘{’(0328); @(ngp)) 521 bas  bo3 (1368)
ba1 b3z bas

This gives us two 3 x 3 secular problems to solve.

But since a 1s AO is energetically well separated from the 2s and 2p
AOQOs, we will always find that (aglsiﬁ logls) is much more negative than
(0428|H|og2s) and (0,2p|H|o,2p). And as an elementary study of secular
problems shows, this implies very little mixing between the o4 1s orbital and the
other two. Thus, we may safely conclude that p(o41s), and similarly ¢(o,1s),
are good LCAOG-MOs. In other words, the coefficients (a3, a1a, @21, a31) and
(b12, b13, b2y, bay) are very small. This leaves us with two 2 x 2 secular problems
for the determination of orbitals of the form

a a
(209,30,) = (2520,0320) = (plog2a) wlogze) ( &2 42 ) (13.60)
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and

(204,30.) = (25, 0329) = (p(725), p(u29)) ( v bas ) (13.70)
32 033

Here, the mixing may be appreciable, and may in fact cause the o42p MO
in the drawing of Fig. 13.9 to move above the m,2p MO. This happens, for
instance, in the diatomics built from the elements from the first half of the
second row (see below). The kind of mixing occurring in (13.69) and (13.70)
is called hybridization, because it effectively mixes the 25 and 2p AQOs on
the same center. That hybridization is more pronounced in the beginning of
a period, reflects the fact that the energy difference between the 2s and 2p
atomic orbitals increases toward the end of a period.

With hybridization included, we may safely assume that the LCAO-MO
picture given in this section is a reasonable one. We may therefore use it to de-
termine electron configurations and determinantal wavefunctions for diatomics,
in a similar way as we determined electron configurations and many-electron
wavefunctions for atoms in Chapter 11.

13.6 Electronic Structure of Homonuclear
Di-atomics

We shall now give a brief overview of the electron configurations for first- and
second-row homonuclear diatomics on the basis of the energy-level diagram in
Fig. 13.9. We shall also consider the bond order of these molecules and ions.
We define it by the expression

Bond order = % x
(number of electrons in bonding orbitals {(13.71)
minus number of electrons in antibonding orbitals)

H; has the electron configuration (¢,1s)2. The bond order is 1, correspond-
ing to a single bond between the hydrogen atoms.

He, has the electron configuration (¢,1s)%(0%1s)?. The bond order is
0: He is an unstable molecule. But HeJ, with the electron configuration
(0415)* (03 1s)", has a bond order of § just like H, and is a stable ion.

Li, has the electron configuration (0,1s)*(0}15)%(0y25)?, which we shall
write in the condensed form [He;](o¢42s)%. The bond order is 1. In accordance
with this, Li, is found to be a stable species.
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Bez has the electron configuration [He;)(0¢2s)?(0%25)? and a bond order
of 0. It is not a stable molecule.

In Bs, C; and Ng, the my2p MO lies below the 042p MO as discussed above.
Thus, B, has the electron configuration [He;)(0425)%(o%25)?(mu2p)? which we
shall also write as [Beg](my2p)2. The bond order is 1.

There are two m,2p orbitals: the m,2p shell may contain four electrons.
The electron configuration of Cy is therefore [Bey](m,2p)?, and the bond in C,
is a double bond, the bond order being 2.

For N; we get the electron configuration [Be;](my2p)*(042p)%. The bond
in Ny is a triple bond.

O3 has the electron configuration (Bey](c2p)®(my2p)*(m;2p)?. The bond
order is 2. Now the o42p MO lies below the m,2p MO, but this has no effect
on the electron configuration, since both orbital sets are fully occupied by
electrons. It concerns the relative binding energies and hence the relative
ionization energies associated with the orbitals.

For F; we get the configuration [Bez](og2p)?(mu2p)*(7}2p)*, so the bond
in F3 is a single bond.

Finally, we get that Ne; is [Bes](og2p)?(mu2p)*(r}2p)* (o5 2p)?, with no
bonding.

Thus we see that simple molecular orbital theory is able to give a chemically
correct description of the bond orders. This also allows us to explain other
important features. It is found, for instance, that O} has a shorter bond
length than Oz, whereas the bond in O3 is longer than in Oy. This is in
accordance with the respective bond orders 2%, 2 and 1% for these species.

Thus, several molecular properties may be accounted for by referring to
the electron configuration. But, in the same way as for atoms, the electron
configuration is not the whole story. The properties of a molecule is tied to the
wavefunction, toward the setup of which the electron configuration is merely
the first step. To go from the electron configuration to the wavefunction, the
molecular orbitals must be combined with a and 8 spin functions to give spin-
orbitals. These spin-orbitals are then used in the construction of antisymmetric
many-electron wavefunctions, the antisymmetry being conveniently achieved
through the construction of Slater determinants.

An interesting case is the O3 molecule for which the ground configuration
is an open-shell configuration, [Bez)(c42p)?(mu2p)*(752p)?. This implies that
the configuration gives rise to several Slater determinants. A detailed analysis
shows that there results three distinct electronic states with different ener-
gies. Calculations show that the ground state is degenerate, with the spins of
the two m72p electrons being parallel. Thus, we predict that O, should be a
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paramagnetic molecule which is in fact what one finds experimentally. The
ability of molecular-orbital theory to give a straightforward explanation of this
observation was one of the early successes of the theory,

An outstanding property of a Slater determinant is worthwhile noticing at
this place, namely, its invariance up to a factor under linear transformations of
the defining spin-orbitals. To verify this property, consider the determinantal
wavefunction (11.40), defined in terms of the spin-orbitals ¥y, ¥2,... ,¥n. By

a linear substitution we introduce N new spin-orbitals ¥}, v¥5,..., ¥y, such
that
N
vi =) aidh. (13.72)
k=1

The (i, j)** element in the determinant (11.40) is then

N
vi(e;) = Y anthi (). (13.73)
k=1

But determinants multiply together in the same way as matrices do. We see,
therefore, that ¥;(z;) is the (i,;)** element in the determinant obtained by
multiplying det{aix } by det{¢}(2;)}. Thus,

Yi(z1)  Yi(za) ... ti(zw) Yi(z1)  Yi(ze) ... Yi(zN)
Ya(e1)  da(ea) o dulow) | 4| va(=) da(ea) o dh(en)
ni@) dnl(e) ... Gylen) V@) Vi(ed) ... viglen)
(13.74)
where

a1t ayo oo Q1N
A= | gmee GN (13.75)

aNi any e aNnN

Hence, a linear transformation of the type (13.72) merely leads to the multi-
plication of the determinantal wavefunction with a constant, namely, the value
of the determinant det{a;x}. In the notation of Eq. (11.40) we may also write,

[192 .. dn| = AlWL, .. ). (13.76)

The effect of the constant A is to ensure that the wavefunction remains nor-
malized.
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As an application of this result, let us construct the Slater determinant
corresponding to the Hey electron configuration (oy1s)%(01s)?. As discussed
above, the o4ls and o) 1s orbitals are well represented by the elementary
LCAO-MOs in the first line of the list (13.66). Hence, we get

-+ - + - o+ -
| o915 015 015 o’ 1s | = A I5, 154185185 | (13.77)

where, as usual, + and - refer to the o and @ spin functions, respectively.
This result shows that, whenever all LCAO’s that may be formed from a
set of atomic orbitals are occupied by electrons, then the Slater determinant
defined by the LCAQ’s is the same as the Slater determinant defined by the
original atomic orbitals, apart from a constant factor. Hence, the construction
of LCAQ’s is arbitrary in this case.

When only some of the LCAO’s that may be formed from a set of atomic
orbitals are occupied by electrons, as is usually the case, then the only linear
transformations that leave the Slater determinant unchanged, are transforma-
tions between the occupied orbitals. Performing such transformations lead to
more or less localized molecular orbitals and they are often used, especially for
polyatomic molecules. We shall not consider them further here.

Supplementary Reading

The bibliography, {26], [29] and [30}].

Problems

13.1. Study the contour diagrams in Fig. 13.10, and then consider the values of the
orbitals along the bond axis (z =0,y = 0,—o00 < 2 < o).

a. Draw a graph of ¢4 (r) along the bond axis. Similarly, draw a graph
of ¢ (7). (Use the expressions (13.57) and (13.58).)

b. Also draw graphs of the electron densities 3%, ¢ and (12 + 1s3).

c. Sketch the deformation densities
9} — 1(1s% + 15}) and % — 3(1s2 + 1s}),

to illustrate the electron displacements caused by the bond formation.
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13.2. Specify the electronic structure and bond orders in the following groups of
diatomic molecules and ions:

(Ng‘l N2) NQ_)’ (S'jr S?r SQ—)i (Na;7 Na2; Na;);
and discuss on this basis the relative bond lengths within each group.

13.3. In this exercise, we perform a simplified molecular-orbital calculation for LiH.

E

By p—2—r

Haa
2s

Hpp
El [ is

The molecular bond is supposed to be established between the 2s orbital, ya, of the
Li atom and the 1s orbital, xs, of the H atom. Thus, the electron configuration of
the LiH molecule becomes 13%,?, where the bonding orbital ¢, has the form

©1 = CaXa + CbXb.
The corresponding antibonding orbital is
¥2 = CaXa + CbXb-

a. Determine the molecular-orbital energies, Fy and E2, and calculate
the values of the coefficients {cq,cs) and (c5, ;). Use the following set
of semiempirical values and approximations:

Hua = —5.40eV, Hy, = —~13.60eV, Hap = (Haa + Hob)Sas,
Sap = 0.475 (at the equilibrium distance).

b. Check that ¢, and ¢2 are mutually orthogonal.
13.4. The electron configurations of boron {B) and aluminum (Al) are, respectively,
15%2s%2p' and [Ne]3s23p'.

a. Determine the orbital exponent (2, for B and the orbital exponent
Csp for Al by applying Slater’s rules.
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Next, consider the molecule BH with the electron configuration 15225%¢?, where 19
and 2s are the same orbitals as in the free boron atom, while the molecular orbital
¢ has the form:

¥ = CaXa + CbXb:

X is the 1s orbital of the hydrogen atom and yxs is the 2p, orbital of the boron atom.
The relative positions of the atoms and the orbitals are shown on the figure.

b. Determine the energy E of the orbital ¢ by assuming that
Haa = —13.61 eV, Hy, = ~8.30eV, Hgp = —2.35eV.

Further, assume that x. and xs are normalized atomic orbitals, and
neglect the overlap between them

Saa=1, Sep=1, Sas =0.
¢. Determine the coefficients ¢, and cp, requiring that the molecular
orbital ¢ be normalized to 1.

d. Corresponding to the bonding orbital ¢ there is an antibonding or-
bital,

¥’ = caXa + Cyxo.
Determine c,, and c}, requiring that ¢’ be properly normalized.

e. In a more precise description, one would write the bonding molecular
orbital on the form

¢ =cCi1Xa+ Caxb+cals +cqls,

where 1s and 2s again are orbitals of the free boron atom. Make a
qualified guess concerning the magnitudes of ¢z and ¢4.
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14.1 Introduction

As a natural continuation of the previous chapter, let us now consider the
vibration and rotation of a diatomic molecule in the adiabatic approximation.
The point of departure is Eq. (13.10), which for a diatomic system becomes

1 1
{_QMA Vi — Mg VzB + U(T’)} K,(’I‘A,‘!'B) = Emom(rA,'rB), (14.1)

where 74 and rg are the position vectors of nuclei A and B, respectively, and
r is the internuclear distance (the same as R in Section 13.1). Eq. (14.1) is
similar to Eq. (8.4) and may be treated in the same way.

324
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In our work on atoms and molecules sofar, the zero of energy has been
the energy of infinitely separated electrons and nuclei at rest. In the present
context, it is convenient to measure energies relative to the total energy of the
separated ground-state atoms instead. Calling this energy Eatoms, We write

Emol = Eatoms + Evmol’ U(r) = E'c\toms + [7(7') (14'2)
With these substitutions, Eq. (14.1) becomes

{'21\14A v - 21‘143 vy + (7(1')} #k(ra,78) = Emak(ra,rp).  (14.3)
Obviously, Eq. (14.3) also has the same structure as Eq. (8.4).

In the following, we shall assume that we are dealing with a diatomic
molecule in its electronic ground state. The potential-energy function U(r)
is supposed to have a minimum at a certain internuclear distance, r.. This
distance is referred to as the equilibrium bond length of the molecule, and the
requirement that it is associated with a minimum of U (r) implies that

J'(re) =0 and U"(re) >0 (14.4)

where the primes denote differentiations with respect to ».

As a typical example, Figure 14.1 shows the potential-energy function U ()
as calculated for the electronic ground state of the hydrogen molecule, Hy.!
When r is very large we deal with two free hydrogen atoms, and U (r) is then
zero. Bringing the atoms together leads to the formation of a chemical bond
and hence to a lowering of the energy, i. ¢., to a decrease of U (r). This decrease
continues until the point r = re is reached, after which U (r) starts rising to
infinity as a result of the strong repulsion between the nuclei for small values
of r.

Were it not for the dynamics of the nuclei, then » would settle at the value
re and the energy of the molecule would be U(re). But the nuclei cannot be
brought to rest, so the energy of the molecule will be U(re) plus the energy
associated with the nuclear motion.

The motion of the nuclei may be separated into translation, rotation, and
vibration. Translation is the center-of-mass motion and rotation means rota-
tion of the molecule about the center of mass, while vibration means oscillation
of r about its equilibrium value r,.

We begin with a direct attack on the vibrational problem and postpone the
formal separation of variables until Section 14.3.

!The graph is based upon the results of an extremely accurate calculation by W. Kolos
and L. Wolniewicz, J. Chem. Phys. 43, 2429(1965).
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Figure 14.1: The ground-state potential-energy curve of the
H; molecule, referred to the ground-state energy of two H
atoms. The minimum defines the equilibrium bond length,
re = 1.401 ag = 0.7414 A, and the electronic dissociation energy
D, = ~U(r.) = 4.7477 V.

14.2 The Vibrational Motion

The vibrational position variable is the deviation of r from its equilibrium
value. We denote this variable by z, 1. e., we put

=24, (14.5)

The potential-energy function that the vibrator senses is the energy function
U(r) as measured from its minimum value U(r.). We call this function V(z),

V(z) = U(re + z) — U(re). (14.6)

For the hydrogen molecule, we show the function V(z) in Figure 14.2 (solid
curve). For negative values of z, it rises to infinity as & approaches the value
—r,, corresponding to the internuclear distance r = 0. For positive values of
z, it approaches the value

D, = -U(re) = |T(re)| (14.7)
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Figure 14.2: The exact potential-energy function V'(z) for the
H; molecule and its approximation by a harmonic potential and
a Morse potential.
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which is the electronic dissociation energy. D, is also called the well depth, for
obvious reasons, The two other curves in Figure 14.2 will be explained at the

end of this section.

We are now ready to present the Schrodinger equation for the vibrational
motion. It has the form

T da?

12 d%y(z)

+V(2)y(z) = E¢(2),

—Te < T <X

(14.8)

where (z) is the vibrational wavefunction and F the vibrational energy. The
effective mass of the oscillator is the reduced mass,

MasMp

p—MA+MB

(14.9)

We note that if M4 < Mp then y varies between %M 4 (when M4 = Mp) and
My (when Mp — o0). As we know, the reduced mass emerges in a natural
way when the center-of- mass motion is eliminated.
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The form of V(z), as exemplified by Figure 14.2, indicates that the spec-
trum of E will be discrete for £ < D, (bound states) and continuous for
E > D, (dissociative states), and this is in fact what one finds by solving Eq.
(14.8). In general, it is impossible to solve this equation analytically. Indeed,
V(z) is itself only known as a numerical function. There is nothing wrong with
numerical functions, however, and both ¢(z) and E may be determined with
great accuracy by the methods of numerical analysis.

The physical accuracy is, however, never better than the accuracy with
which the exact form of V(z) is known, and the theoretical calculation of the
finer details of V(z) is for most molecules a formidable task. More often than
not, one must therefore be content with reasonable approximations to V(z).
Now, one may very often obtain a first approximation without actually calcu-
lating V () from first principles (which involves the solution of an electronic
Schrodinger equation for each value of r). For if the spectrum of E has been
well determined experimentally, then methods exist by means of which one
may deduce the gross features of V' (z).

Such methods usually take their starting point in an expression for the
spectrum of £ of the form

En = ho[(n+3)—ze(n+§)?+ve(n+3)°],
En

he T We [(n+3) —ze(n+ 3)2 + ge(n+ 3)°], (14.10)
n = 0,1,2,...,%max

in which w. = w/2wn¢, z, and y. are empirical parameters, such that z. is
considerably smaller than 1, and y. is considerably smaller than z.. It is found
that an expression of this kind is able to give a very good representation for
many diatomic molecules, at least when they reside in their electronic ground
state. For the hydrogen molecule one finds

we = 4401.21 cm™},
H, : 2. = 0.027567, ve = 0.0001635, (14.11)

Nmax = 14.

Thus the electronic ground state of the hydrogen molecule supports 15 vibra-
tional states. For other molecules, ny.x may be much smaller or much larger
than this.?

2The vibrational parameters for a very large number of diatomic molecules is given in:

K. P. Huber and G. Herzberg, Molecular Spectra and Molecular Structure. IV. Constants
of Diatomic Molecules, Van Nostrand Reinhold, New York, 1979.
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There are various methods by means of which one may deduce the gross
features of V() from the energy spectrum, but we shall only consider the idea
of using an approximating V(z) of a particular analytical form, with built-
in parameters, but such that the Schrodinger equation (14.8) may in fact be
solved analytically. A large number of such functions have been discussed by
Steele and Lippincott,® but we shall only consider the two most common ones.

The simplest approximating potential is the harmonic potential defined by
Eq. (7.3),1. e,

VHarmoniC(z) - k:l:z, —~o0 <z < 0o, (14.12)

L
2
We have studied the Schrédinger equation corresponding to this potential in
great detail in Chapter 7. It leads to the well-known energy spectrum given
by Eq. (7.41), and we note that this expression coincides with the expression
of Eq. (14.10) when we put . and y, equal to zero.

The energy spectrum of the harmonic oscillator differs from the vibrational
energy spectrum of a real molecule in three important respects. Firstly, the
energy levels are equally spaced. Secondly, there are infinitely many of them.
And thirdly, the continuous spectrum is absent. Nevertheless, the lower part
of the real spectrum is fairly well represented by the harmonic oscillator ex-
pression, provided the molecule considered has a large number of bound states.
The harmonic-potential approximation is accordingly much used for lower n-
values, also because the wavefunctions are simple and easy to work with. Note
that in (14.12) the coordinate z is allowed to extend beyond its physical range,
—re < & < 00. Also for this reason, applications of the harmonic-oscillator
description should be restricted to low values of n.

A much more realistic potential is the so-called Morse potential
yMorse(z) = D, (1-e7%%)?, —co< < oo (14.13)

This potential goes so quickly to infinity for negative values of « that the motion
of the particle is effectively limited to its physical range. It approaches the
constant value D, for large . Thus, it has the same qualitative characteristics
as a real vibrational potential with well depth D,. The Schrédinger equation
may again be solved analytically and the following expression obtained for the

3D. Steele and E. R. Lippincott, Rev. Mod. Phys. 34, 239 (1962).
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energy levels 4

[ BY™ = hw [(n+ ) = ze(n + 5)°],

2D,b?
w = _—,
7]
A b2h° _ hw (14.14)
¢\ 8uD. ~ 4D,’

Nmax = largest integer smaller than A — %,

1
A= .
\ 2%,

A graph of the Morse potential and the associated energy spectrum is shown
in Figure 14.3, in a dimensionless representation similar to the one defined by
Eqgs. (7.15) and (7.16) for the harmonic oscillator. Thus, the dimensionless

coordinate ) is
Q= /% z, (14.15)

where w is defined in Eq. (14.14). The dimensionless energy E is the energy
measured in units of iw. The energy spectrum is very much like that of a real
molecule.

Let us now compare the exact V() for the hydrogen molecule with an ap-
proximating harmonic potential and an approximating Morse potential. This
is done in Figure 14.2 which is based upon the criterion that the three po-
tentials have the same curvature, V"(0), at = 0. This fixes the harmonic
potential completely. For the Morse potential a second criterion has been used,
namely, that it have the same well depth as the exact potential. The Morse
curve is then also completely determined.

We see from the figure that the Morse potential approximates the exact
potential quite well. The minor differences between the two potentials can,
however, not be neglected. We find, for instance, that the Morse potential for
H; supports two more vibrational bound states than does the exact potential.

It is important to note that the approximating harmonic potential and the
approximating Morse potential define the same angular frequency w. For we
have required that the two potentials have the same curvature, V", at z = 0,
namely, the curvature of the true potential. Differentiating the expressions

4For an overview see, for example, J. P. Dahl and M. Springborg, J. Chem. Phys. 88,
4535 (1988).
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Figure 14.3: The potential-energy function and the energy levels
for a Morse oscillator with 20 bound states. Dimensionless units
as described in the text.

(14.12) and (14.13) twice gives therefore
k =2D,b2. (14.16)

The w’s defined by the harmonic-oscillator expression (7.5) and the Morse-
oscillator expression (14.14) are accordingly the same, as claimed.

Let us now calculate the value of w for the electronic ground state of the
hydrogen molecule. From the data in the reference of Footnote 1 one finds

k=V"(0) =10.0660eVa;? =57597Nm™". (14.17)
Furthermore, the mass of a hydrogen atom is
my = me +mp = 1.67353 x 10727 kg, (14.18)

where we have inserted the values of m, and m, from Eqgs. (1.11) and (1.16)
respectively. In calculating the reduced mass of the oscillator by Eq. (14.9) we
must put M4 = Mp = my. This gives

p = Lmy = 8.36767 x 10~28kg. (14.19)
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Hence, we get

w= \/é = 8.29655 x 101571, (14.20)

and therefore also

hw
e = — = 4404cm™". .
w . 4404 cm (14.21)

This value compares very favorably with the experimental value given in Eq.
(14.11).

In the above calculation we have explicitly used that the hydrogen nucleus
consists of a single proton. The only thing that is used when the theoretical
potential curve is determined from first principles is, however, that the charge
of the nucleus is +¢. Hence we get the same curve for say HD and D,, where
D is deuterium. Deuterium has the mass

mp = m, + mq = 3.34450 x 10™%" kg (14.22)
where we have used that the deuteron mass is
mg = 3.34358 x 10~ %" kg. (14.23)

The different mass of deuterium causes we(Hs), we(HD) and we(D2) to be sub-
stantially different. Accordingly, the vibrational spectrum shows a pronounced
1sotope effect.

Using the definition (14.9) we find in fact that

p(HD) = 1.11540 x 10~?"kg,
{ p#(D2) = 1.67225 x 10?7 kg. (14.24)
Hence we get, by using the same value of k as before,
we(HD) = 3815cm™!,
{ we(Dy) = 3116cm™". (14.25)

The experimental values are 3813cm~! and 3116 cm™!, respectively.

Table 14.1 gives some spectroscopically determined constants for a selected
series of diatomic molecules. The quantity Dy is the experimental, or chemical
dissociation energy, which differs from the electronic dissociation energy D.
by the vibrational zero-point energy. The rotational constant B, is defined in
Section 14.4. The parameter y. of Eq. (14.10) is not given in the table. For
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Molecule | w, WeTe B, Te Dy
(m™))  (em™})  (em™})  (AA) (eV)
H, 4401.213 121.33¢  60.853, 0.74144 4.47813
H?H 3813.15 91.65 45.655 0.74142 4.51383
’H, 3115.50 61.82 30.443¢ 0.74152
1H'2" 2321.7 66.2 30.2, 1.052 2.6507g
TH35Cl | 2990.9463 52.8186 10.59341¢ 1.274554 4.433¢
IH19F 4138.32 89.88 20.9557 0.91680s 5.869
12C'H 2858.5 63.02 14.457 1.1199 3.465
14N, 2358.57 14.324 1.99824 1.097685 9.7594
23Nay 159.1245 0.7254~ 0.154707 3.07887 0.720
69Ga3%Cl | 365.3 1.2 0.1499045 2.201690 4.92
197 Ay, 190.7 0.420 0.028013 2.4719 2.30
84Ky, 24 15 1.34 4.03 (0.0157)

Table 14.1: Constants of diatomic molecules.
(Extracted from the reference of footnote 2.)
we and z, are defined by Eq. (14.10).
B, is defined in Section 14.4.
r is the equilibrium bond length.
Do = D. — E§® where D, is the electronic dissociation energy, and E§® is the
vibrational zero-point energy.

most molecules it has not been determined, or it has not been determined with
sufficient accuracy.

It is obvious from the table that the quality of the spectroscopic informa-
tion about potential energy surfaces varies from molecule to molecule. The
experimental recording of a spectrum may indeed be a very difficult undertak-
ing, especially for molecules that only exist in low concentrations or at very
low temperatures.

The quantum-mechanical calculation of good potential-energy functions
from first principles is not an easy task either. But it is today an important
alternative or supplement to spectroscopic measurements, and much progress
in the study of molecules is due to a fruitful interaction between quantum-
chemical calculations and spectroscopic experiments.

We have so far treated the vibrational problem in a very direct way. Let us
now go back to Eq. (14.3) and derive both the vibrational and the rotational
problem from that equation. In light of the discussions in Chapter 8 this is a
simple task, for as already said, Eq. (14.3) has the same structure as Eq. (8.4).
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14.3 The Vibrating Rotator

Proceeding as in Section 8.1, we begin by eliminating the center-of-mass motion
and write

Emo] — Etra.ns + Erel (1426)

where E'™® is the translational energy, and E™ is the energy of the relative,
or internal motion. As in Section 8.1, we need not consider the center-of-
mass motion further. Let the wavefunction representing the relative motion
be 3! (r). We have, then, the Schrédinger equation

(ot ot ) VR D) = B | (a2)
21 \Oz? * Oy? = 022 ’ = '

The problem defined by Eq. (14.27) is that of a particle with mass g moving
in a central field, i. e., a potential-energy field which only depends upon the
distance to the origin. We have given a thorough discussion of the central-
field problem in Chapter 8. We know, therefore, that if we introduce spherical
polar coordinates, then 4™ (r) may be factorized into the product of a surface
spherical harmonic, depending on the angular coordinates (8, ¢), and a radial
function of the variable r,

Prel(r) = R(r)Yy,,(0,¢) = %P(r)YM, (8, ¢). (14.28)

Ysy,(0, ¢) is a surface spherical harmonic, but we have used J rather than ¢
for the angular-momentum quantum number, to conform to ordinary pratice.

The allowed values for J are the integers 0, 1, 2, ... . The index v takes on
2J +1 values for a given value of J, in accordance with the discussion following
Eq. (8.94).

Yy, (8, ¢) is the rotational wavefunction. For a given J-value, the radial
function P(r) = rR(r) must be determined by solving the analog of Eq. (8.100),
1. e.,

REd?P(r)  J(J+1)R? ~ e
T dr2 gz L +UPr) =E 'P(r). (14.29)

Let us now assume that the potential-energy function (7(7') is of the type
described in Section 14.1. It has a minimum for r = r.. Instead of the variable
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r, we may then introduce the variable z which is the deviation of r from its
equilibrium value r.. (The definition of z is given in Eq. (14.5)). We may
also introduce the function V(z) which measures the potential energy from its
minimum value according to Eq. (14.6). We see from Eq. (14.5) that dr = dz,
and Eq. (14.29) may therefore be replaced by the following differential equation
in z
A? d2(z)  J(J + )R
T2 dz? T 2p(r, +2)?

¥(z) + V(@)(2) = [E™ = U(re)ld(2), (14.30)

where
P(z) = P(r). (14.31)

Er_[ (re) is the energy of the relative motion, referred to the potential-energy
minimum U (r,). y(z) is the vibrational wavefunction.

Solving Eq. (14.30) is a fairly complicated matter. We have a separate
equation for each value of J, so the vibrational wavefunctions will be different
for different J-values. An immense simplification is, however, obtained if we
approximate the denominator 2u(r. + z)? in the second term by 2urZ, for the
equation may then be written

K2 d"'tb(a:)
2/1 Tdz?

J(J + 1)h?

T2 )w(m). (14.32)

+V(@)(e) = (E'e' _ Tir) -

The factor in front of the wavefunction on the right-hand side of this equation
is independent of r. Let us write

rel _ 17 J(‘] + l)hz vib
B =0 + = g+ B (14.33)
Eq. (14.32) becomes then
B? dy(e ) 4 vib
g gt T VEWE) = EPY). (14.34)

Thus, we have obtained an equation which is independent of the rotational
state.

Apart from the notation for the eigenvalue, Eq. (14.34) is the same as Eq.
(14.8) which is the Schrédinger equation for the vibrational problem discussed
in Section 14.2. Thus, the solutions of Eq. (14.34) may be labeled by a vi-
brational quantum number n, with the values 0, 1, 2, ... . The wavefunctions
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obtained by solving Eq. (14.34) are ¢, and the corresponding energy values
are EYi®,

Combining the rotational and vibrational wavefunctions gives us the total
wavefunction for the relative motion of the two atoms. 1t takes the form

1
Yl (r) = —9n(2)Yin, (0, 6). (14.35)
The degeneracy of an energy level is 2J + 1. Eq. (14.33) gives the expression

for the energy, namely,

E™ = U(r,) + B + BV (14.36)

where E%°! is the energy of rotation, and EY'® is the energy of vibration.

The energy of vibration may to a good approximation be written on the
form (14.10). The energy of rotation is the second term on the right-hand side
of Eq. (14.33),

J(J+ 1A% J(J + 1)K
rot __ —
EF = i i (14.37)
The quantity
I = pr? (14.38)

is the moment of inertia. We may also write

EY = heBoJ(J+1),  Bo= —'— (14.39)

’ 8r2lc

The constant B, has the unit of wavenumbers and is called the rotational
constant. The value of B, is part of the experimental information given for a
series of selected molecules in Table 14.1.

Thus, the approximation introduced in going from Eq. (14.30) to Eq.
(14.32) leads to a very simple picture of the relative motion of the two atoms
in a diatomic molecule. The energy is the sum of three terms: the electronic
energy U (re) which binds the atoms together, the vibrational energy EY®, and
the rotational energy E'°'. The wavefunction is the product of a vibrational
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wavefunction ¥, (z) and a rotational wavefunction Y;,,(f, ¢). The vibrational
and rotational motions are completely uncoupled in this picture.

The factor 1/r in the wavefunction (14.35) may to a good approximation
be put equal to 1/r, and assimilated in the normalization constant of the
wavefunction. Doing so is, in fact, consistent with the approximation made in
going from Eq. (14.30) to Eq. (14.32). The wavefunction becomes then

Pl = 9y (2) Yy, (6, ) (14.40)

It is often convenient to consider ¥ as the eigenfunction of a model Hamil-
tonian

~VE - ﬁVlb + ﬁ,rot’ (14.41)
where
~vib hz dz
= _2_11-@ + Vi(z) (14.42)
is the vibrational Hamiltonian, and
~rot h2j2
= 4.
Vi (14.43)

is the rotational Hamiltonian.

The vibrational Hamiltonian defines the Schrédinger equation (14.8) which
we studied in Section 14.2. The Schrodinger equation defined by the rotational
Hamiltonian is the differential equation for the surface spherical harmonics
which we studied in Section 8.3. The Hamiltonian (14.42) is said to describe
a vibrator. The Hamiltonian (14.43) is said to describe a rigid rotator. The
relative motion of the two atoms of our diatomic molecule is accordingly said
to be described by a vibrating rotator. (Since the description does allow the
molecule to vibrate while it rotates, it is better not to talk about a vibrating
rigid rotator.)

The energy levels of a typical vibrator are shown in Fig. 14.3. The energy
levels of the rigid rotator (Eq. (14.39)) are shown in Fig. 14.4. ,

This is as far as we shall take the description of the diatomic molecule.
The simple picture based upon the approximation introduced in going from
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Figure 14.4: Energy level diagram for the rigid rotator.
Energies in units of hcB..

Eq. (14.30) to Eq. (14.32) goes a long way and is very useful for the interpre-
tation of rotational and vibrational spectra. But the picture is, of course, an
approximation, and in detailed work it is necessary to go beyond it.

14.4 On Rotational and Vibrational Spectra

Since we have not studied the formal description of the interaction between
molecules and photons, we are not prepared to discuss the rotational and vibra-
tional spectra of diatomic molecules. A few remarks are, however, appropriate.

In order that a photon may cause a transition from one energy level to an-
other, its associated frequency must satisfy Bohr’s energy-frequency condition
(2.54), 1. e.,

AE = h. (14.44)

But in addition there are selection rules on An, the change in vibrational
quantum number, and AJ, the change in rotational quantum number, These
rules are

An=0,31,%2,..., AJ ==1. (14.45)
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If the vibrator is harmonic, then the vibrational selection rule becomes An =
0,+1.

Transitions for which An = 0, generate pure rotational spectra which
are observed as microwave spectra. Transitions for which An $# 0, generate
vibrational-rotational spectra which are observed as infrared spectra.

Note that the rotational energy levels E'°, measured in wavenumbers,
according to Eq. (14.39) come at the values

0,2B,,68.,12B,,20B,, ...
so that the difference between neighboring levels increases with J as
2B.,4B.,6B.,8B,. ...

This implies that if we consider transitions corresponding to An = D or to a def-
inite change ny — n2 in the vibrational quantum number, then the rotational
contribution will lead to a series of equidistant spectral lines, correponding to
the just listed series of differences between neighboring rotational levels (pro-
vided of course that a number of rotational levels are populated, and this is
always the case at room temperature). The distance between neighboring lines
is 2B, . By observing this difference, we may calculate the moment of inertia of
the diatomic molecule from Eq. (14.39), and hence determine the internuclear
equilibrium distance from Eq. (14.38). The formulae show, in fact, that

/ h
Pe = m. (1446)

As an example, Table 14.1 shows that the B. value for the hydrogen
molecule is 60.853 cm™! = 6058.3 m~!. The reduced mass, u, is given by
Eq. (14.19). Hence, we calculate r, to be 0.74144 x 10719 m = 0.74144 A. This
value is also given in Table 14.1. It agrees with the theoretical value listed in
the caption of Fig. 14.1. _

It is important to note that spectra may be absent even though the condi-
tions (14.44) and (14.45) are satisfied. A homonuclear diatomic molecule must,
in fact, have a permanent dipole moment in order that microwave and infrared
spectra be observed. Homonuclear diatomics without a dipole moment may be
observed through their so-called Raman spectra (with selection rules different
from those given above). For instance, the B, value for the hydrogen molecule
must be determined from a Raman spectrum.
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Supplementary Reading

The bibliography, entries [4], [8], [11], [18], and [31].

Problems
14.1. Table 14.1 has 6 columns. Add, for some selected molecules, a new set of
columns according to the following instructions

Column 7. Determine the zero-point energy FEo in the harmonic approximation
{cm™).

Column 8. Determine Ep in the Morse approximation (cm™!).

Column 9. Determine the reduced mass i in u (use the table of isotope masses given
below).

Column 10. Calculate the force constant k (Nm™").

Column 11. Calculate the electronic dissociation energy D. (in eV) with Eo deter-
mined by the harmonic approximation.

Column 12. Calculate D. (in eV) with E; determined by the Morse approximation.
Column 13. Determine nmax from the expression (14.14).

Column 14. Calculate EM®™® and compare the result with the D, value calculated

Temax

in Column 12.
Finally, calculate w. for *C?H.

Isotope masses (u) (1 u = 1.66054 x 107%" kg)
'H ‘H G ®N  PF  ®Na  *C ®Ga
1.008  2.014 12.000 14.003 18.998 22.990 34.969 68.926
B4Kr T§7Au
83.912 196.967

Note that the values given in Table 14.1 have been determined experimentally, by
interpreting spectra by means of expressions like (14.10), (14.39) and (14.43). The
dissociation energy has, however, sometimes been determined by different means. In
some cases, the number of spectral lines available has been small. The purpose of the
present exercise is to extract further information from the experimental results by
means of the theoretical expressions in the present chapter. Some of the results, in
particular the values determined for nmax, must however be viewed with reservations.
After all, our theory is a simplified one, and some experimental values, in particular
the w.x. values, may be quite uncertain.
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In Chapters 11 and 13 we discussed the construction of many-electron wave-
functions for atoms and molecules in terms of Slater determinants built from
atomic and molecular spin-orbitals. The discussion was, however, quite qual-
itative. It merely referred to the concept of electron configurations. In the
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present chapter, we shall extend the discussion so that also atomic term sym-
bols, like those of Tables 11.2-11.4, may be included.

Term symbols refer to total angular momentum quantum numbers. The
values of these quantum numbers may be accounted for by the theory of
angular-momentum coupling, in particular the coupling of two angular mo-
menta referring to different degrees of freedom. These two angular momenta
might, for instance, be the orbital angular momenta of two separate electrons
in an atom, or it might be the spins of two separate electrons, or the orbital
angular momentum and the spin of a single electron or a group of electrons.
But the two subsystems involved might also be of a more complex nature.

In the present chapter we discuss the types of angular momentum coupling
that are implicit in the term symbols of Tables 11.2-11.4. We also discuss
the coupling between the total electronic angular momentum and the angular
momentum of the nucleus, and outline the connection between an atom’s total
angular momentum and the possibility of forming Bose—Einstein condensates.

Angular-momentum coupling involves a change of basis in the function
space for the composite system, from an uncoupled representation to a coupled
representation. The change of basis is described by a unitary matrix, the
elements of which are known as coupling coefficients. As a useful preliminary,
we shall therefore begin with a general section on basis changes and unitary
matrices. This section attaches naturally to the earlier Sec. 5.10 on matrix
algebra.

15.1 Orthonormal Bases and Unitary Matrices

Let us consider a linear function space V of dimension m and introduce two
different orthonormal bases in V,

{®,} =®1,Dg,...,8m, (®r|Ps) = brs, (15.1)
and

{®,} = &,,8;,..., 5, (®,18,) = &,5. (15.2)
The connection between the two bases may be expressed by means of a matrix
U:
U Ui -+ Ui
Un Uz -+ Uwm

(<i>1<i>2...<i>m) = (8P, ... %) . (15.3)

Uml Um2 Umm
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that is,
. m
&= &Us i=12,...,m (15.4)
r=1
We get then, that

m m m m m
(Bil@;) =D ) (@)U =D 8:sUNU =Y USiUsj,  (15.5)
r=1

r=1s=1 r=1s=1

where we have used that the basis ®,,®,,...,®,, is orthonormal. Equa-
tion (15.5) shows, that the condition that also the basis ®;,®2,...,®,, be
orthonormal becomes

m
> URU = 6. (15.6)

r=1

By introducing the Hermitian conjugate matrix U', with elements U,-T,. =
U;;, we may write the condition (15.6) in the form

U'U=E (15.7)

where E is the m x m unit matrix. Left multiplication by U and right multi-
plication by U~! gives

vvlvuTt=uu?, (15.8)
or,
vU' = E. (15.9)

That U™ actually exists follows from the fact that the relation (15.3) may be
inverted. Combining Eqgs. (15.7) and (15.9) gives

vut=UU=E (15.10)

This is the condition for U to be a unitary matriz. Thus, we have arrived at
the very important conclusion

Orthonormal bases are connected by unitary matrices. (15.11)
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Note that Eq. (15.10) also shows that the inverse of a unitary matrix is the
same as the Hermitian conjugate of the matrix.
In terms of matrix elements, Eq. (15.10) becomes

m
ZUirUfr = 0i5, z,j = 1,2’___ ,m
r=1

- (15.12)
ZU:"U"j :5,‘5, i,j=1,2,...,m
r=1

These relations, which include Eq. (15.6), are a set of orthonormality relations
for the rows and the columns of U.

By multiplying Eq. (15.3) from the right with U and using Eq. (15.10),
we note that the transformation from the basis él,‘ig, ..., ®, to the basis
Dy, ®y, ..., P, may be written

o, ol o,
~) Upn Uz - Usy

(@19;...8,) = («i’lég B (15.13)

Uhy Uby - Ulm
Thus, the matrices U and U' play symmetrical roles with respect to the two
bases the connect.

Note that the elements of the matrices U and U' are nothing but the
overlap integrals between the elements of the two bases. We have, in fact, that

Urs = (q)r'(i)s); EI.IT = (‘id '<I>Y‘) = U:s (1514)

To obtain the first of these relations, take the scalar product with ®, on both
sides of Eq. (15.4). This gives (®,|®;) = Uy, or (®,]|®,) = U,,. The second
relation is obtained from the expression {15.13) in a similar way.

As a simple illustration of the above relations, let us consider the £ = 1
functions of Tables 8.1 and 8.2. We get easily:

Pooy/io
(Y1..1Y11Y10):(Y$Yyyz) —i\/%‘ —1 _;_ 0 (1515)

0 0 1
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and
3 i3 0
(Y.Y,Y;) = (Y1-1Y11Y10) —\/E ,-\/g 0 |- (15.16)
0 0 1

We see that the two transformation matrices are unitary and, in accordance
with the general relations (15.3) and (15.13), they are also the Hermitian con-
jugates of each other.

15.2 Coupling of Two Angular Momenta

We shall now apply the concepts of the previous section to the problem of
coupling of two angular momenta. We shall draw heavily on the discussion
in Chapters 8 and 10 where we gave a fairly comprehensive treatment of the
basic theory of angular momentum, and discussed its use in the description of
the orbital angular momentum and the spin of a single particle.

We begin by specifying the uncoupled representation referred to in the
introductory remarks.

15.2.1 The Uncoupled Representation

Let us consider some particular angular momentum
jl = (jlz;jly;jlz) (15.17)

which may, for instance, be thought of as an orbital angular momentum or a
spin angular momentum, but which may also be more general. The common
eigenfunctions of jf and J, are denoted |J1M1). We shall consider the 2J;+1
dimensional function space V(J1) spanned by the 2J; +1 functions correspond-
ingto My = J1,J1—1,...,—J1, for a fixed value of J;. This function space is
invariant under any operator built from the operators Jiz, fly and Jy,, that
is, whenever such an operator acts on a function belonging to V(J;), then the
result also belongs to V(J;).
Together with J1, let us also consider another angular momentum

‘72 = (j2a:; jzy)j2z)) (15-18)

and a function space V(J;) spanned by the 2J; + 1 functions |JoM3), for a
fixed value of Jo. We assume that the two angular momenta considered refer to
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different degrees of freedom. This implies that each operator in the set (15.17)
commutes with each operator in the set (15.18) whenever the operators work
on functions that depend on both ¢; and g2, where ¢; and ¢4 are the variable
sets associated with the two independent degrees of freedom.

We consider now a function space which is invariant under all the angular
momentum operators involved, i.e., both those of Eq. (15.17) and those of Eq.
(15.18), and hence also any combination of them. The simplest type of such a
space is the direct-product space

V(J1,J2) = V(J1) x V(Ja). (15.19)

By definition of a direct-product space, V(Jy, J3) consists of all functions of
the form

12y =Y ST 1 M) MaYas, ar,, (15.20)
M, M,

with arbitrary complex coefficients ap, as,. Its dimension is (2J1 +1)(2J2 +1),
and the product functions |J; M1)|JeMz) form a natural orthonormal basis.
We note that

{J31J1M1>!J2M2> = Ju(J1 + DR M) 2 M),
JZ\I M) Ja M) = Ja(Jz + 1A% My J2 M3,
for all values of M; and M5. This implies that

JHWY = Ji(J1 + DY),  J2W) = Jy(Js + 1)R2|W), (15.22)

for arbitrary values of apr,a1,. Any function in V{(Jy, J2) is accordingly an
eigenfunction of both J2 and JZ, with the respective eigenvalues J;(J; + 1)A2
and Jy(J; + 1)R%. This is, of course, the justification for calling the function
space V(J1, J2).

Apart from this, the basis functions |J;M}|J.M;) are eigenfunctions of
the operators ju and jgz,

{.flzulMl);JgMg} = Myh|Jy M) Jo M),
Joz|Jy M) | Ja M2y = Mah|Jy My)|JaMy).

(15.21)

(15.23)

This is in keeping with the fact that .ff, Jiz, .];2, Jaz 1s a set of mutually com-
muting operators,

The orthonormal basis |J; M1)|J2Ma) is called the uncoupled
representation. It is determined by the independent, commut- (15.24)
ing operators J2, Ji,, JZ, Jas.
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In addition to the separate angular momenta J; and Jo, we shaAll now
consider the total angular momentum obtained by vector addition of J, and
JZ’

J= J1+J2 (J1x+J23,le+Jzy,J1z+Jzz) (15.25)

A simple analysis, similar to the one represented by Eq. (10.10), shows that
j,, jy, j, satisfy the usual angular-momentum commutation relations. Hence,
J is a proper angular-momentum vector. We shall now consider the trans-
formation from the basis |Ji M1)|JaM3) to a basis determined by the total
angular momentum. The physical significance of such a transformation is the
following.

Assume that the Hamiltonian H of our system commutes with all the op-
erators listed in Eqgs. (15.17) and (15.18). It will then also commute with
the step-up and step-down operators J1+, Jio ,J2+, Ja—. But the basis func-
tions |Jy M )|J2M3) will successively be transformed into each other by these
operators. So if one of them is an eigenfunction of H with energy E, they
will all be, and the energy level will in fact have a high degeneracy, namely
(2J1+41)(2J2+1). This follows from an argument similar to the one applied in
Secs. 4.5 and 4.7 for a general symmetry operator. Let us repeat the argument
here.

Assume that ¥ = EV¥ for some ¥, and that the operator ! commutes
with #. We get then

HQU = QHV = QEV = EQV. (15.26)

But this equation shows exactly what we claimed, namely, that Q¥ is an
eigenfunction of H with energy E whenever ¥ is.

Most often, the Hamiltonian will not commute with all the operators listed
in Egs. (15.17) and (15.18). But it will often commute with J?, J} and the
components (and hence also the square) of the total angular momentum J.
In other words, the Hamiltonian may not commute with the z, y and z com-
ponents of the individual angular momenta, but only with the z, y and 2
components of the total angular momentum. States with different values of
the total angular momentum may therefore well have different energies. Ac-
cordingly, it is of great physical interest to consider the transformation from
the uncoupled representation (15.24) to the so-called coupled representation,
in which the basis is determined by the total angular momentum of the sys-
tem. That such a transformation exists, follows from the fact that V(Jy, Js)
is invariant under the operators (15.25), so that we may determine common
eigenfunctions of J J2 and one of its components, say J,.
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15.2.2 The Coupled Representation
The square of the total angular momentum (15.25) may be written
2= (Jig 4 Joz)? + (Jiy + J2y)? + (Jiz + J22)?
:j12+j22+31-.72+j2-:71 (1527)
=JE+ JE42d, da,
where we have used that J; - Jo = Jo - J1, which is true because operators
referring to different degrees of freedom commute.

Since J} and J2 commute with all the components of J; and J2 they also
commute with J, = Jy, + Jg,;. For the same reason they also commute with
J1 +J 2 and hence with J? (Use the last expression for J? in Eq. (15.27)). The
eigenfunctions of J? and J, that we want to determine will accordingly also
be eigenfunctions of J? and JZ. This is really not surprising, for any function
in V(Jq, J2) is. ) )

Thus, our alternative set of mutually commuting operators is JZ, JZ, J2, J,.

The common eigenfunctions of these operators determine our new basis for
V(J1, J2). We shall denote the new eigenfunctions by |JiJoJM):

The orthonormal basis |J;J9J M} is called the coupled repre-
sentation. It is determined by the independent, commuting | (15.28)
operators J2, J2,J%, J,.

QOur problem is to determine which values of J that occur in V(Ji, J2), and
then to represent the basis functions of the coupled representation in terms of
those of the uncoupled representation, that is, to determine the coefficients in
the expansion

[1Jad M) =Y " |Ju My JaM3)Cog, (15.29)
M, M,
where we have written |Ji My JaMs) instead of |Ji M1)|JaM>) to simplify the
notation,

!J1M1J2M2> = {J1M1>‘J2Mg}. (1530)

From the discussion of Sec. 15.1, it follows that the coefficients Chyr,as, are
the elements of a unitary matrix, and also that their values are the scalar
products between the old and the new basis functions. Thus we have:

Cum, = (JiMyJa M) J1 J2 I M), (15.31)
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and Eq. (15.29) becomes

[J1Jad MY =3 " |1 My Jo M) {(Jy My Jy My | Ty Jo T M), (15.32)
My M,

At this stage we note that addition of the two relations of Eq. (15.23) gives
Jo | A My J2a Moy = (My + Ma)h|Jy My J2 Ma) (15.33)

which shows that the basis functions of the uncoupled representation are, in
fact, already eigenfunctions of J,. But eigenfunctions corresponding to differ-
ent eigenvalues of the same Hermitian operator are known to be orthogonal
(See Sec. 5.4). The scalar products (Ji MyJ2Ms|JyJ2JM) are consequently
zero, unless M = My + M». Thus, Eq. (15.32) takes the simpler form

| J2d MY =Y | My e M — My)(Jy My Joa M~ My |Jy JoJ M), (15.34)
M,

For a given M-value, the number of terms in Eq. (15.34) is restricted by the
requirement that M — M, lie within the range of Ms,i.e., —J; < M —-M; < Ja.
In addition, we have of course that —J; < M; < J;. Thus, M; must satisfy
the conditions

-h<M<Ji and M~ <M <M+ Ja (15.35)

According to the first of these conditions, My can at most take 2J; + 1 values,
according to the second it can take at most 2J + 1 values. The number of
terms in the sum of Eq. (15.34) can accordingly never exceed the smaller of
the two numbers 2J; + 1 and 2J, + 1.

Let us, without loss of generality, assume that J, < J;. The maximum
number of terms in the sum of Eq. (15.34) is then 2J, + 1. The value of M
will of course lie between J1 + Jy and —(J; + J2).

The connection between the values of M} and M, and hence the number of
terms in the sum of Eq. (15.34), is easily derived from the conditions (15.35).
The result is shown in Table 15.1.

The number of terms in the sum of Eq. (15.34) is equal to the number of
linearly independent functions |J;J2JM) that we may construct for a given
M-value. Let us therefore imagine that we replace the word term(s) in Table
15.1 by the word function(s). Then the table gives the number of functions
with given M-values in the coupled representation.

Let us now realize that each J-value in the coupled representation must
be accompanied by the 2J + 1 M-values J,J — 1,...,—J. Then the scheme
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Table 15.1: Number, v, of terms in the sum of Eq. (15.34)
M M1 14
J1+ Sy Jy 1
Ji+J2—-1 Ji,J1—1 2
Jr+ Jy ~2 J,h-1,1-2 3

Ji— Js iy h=-1.. ., J1 —2J, 2Jo+1

F O 2}2+ 1

—(Jl—‘}g) —(Jl,Jl—l,...,Jl—sz) 2Jo+1
—(J1+J2-—2) —(J1,J1-1,J1—2) 3

~(J1+J2—1) ~(J1,J1—1)

—(J1 + J2) -Ji 1

predicts that there are 2J; + 1 possible values of J, namely,
J=hh+ D, h+Je -1, 1 +Je—~2,...,J1 — Jo (15.36)

and that each of these J-values occur just once. For J = Ji + J; seizes one
function in each row of Table 15.1. J = J; +J3 — 1 seizes one functions in each
row apart from the top and bottom rows. J = J; + Jp — 2 seizes a function in
each row apart from the two uppermost and the two lowest rows, etc. By the
time J = Jy — Jo has seized its functions, all functions are gone. This, then,
proves the correctness of the series (15.36).

In the above analysis, we assumed that J; < J;. We can obviously remove
this assumption by replacing the term Jy — Jy in Eq. (15.36) by |J; — J2|. Thus
we get the celebrated

Clebsch—Gordan series:

J:J1+J2>JI+J2—1,J1+J2..2,._"L]1_J21 (15.37)

As an interesting exercise, let us count the number of basis functions di-
rectly from the Clebsch-Gordan series, under the assumption that J; < Jj.
The number of J-values is then 2J; + 1. The total number of M-values is
the sum of 2J + 1 over these J-values. The sum is an arithmetic progression
with 2J; + 1 terms, and with the first and last terms being 2(J; + J2) +1 and
2(J1 — J2) + 1, respectively. The total number of M-values is therefore

L@d+ 1) (200 + ) + 142 = J) + 1) = (20 + )22 + 1) (15.38)
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If J1 < Jo we would evidently get the same result. But this is exactly the
dimension of V(J1, J2), as it should be.

The values of J, as given by the Clebsch-Gordan series, are often said to be
given by the vector-coupling method. One can represent the result pictorially
by thinking of vectors of length Jy and Jy added vectorially, starting with the
parallel case which gives the resultant J, + Jo, and taking all possible values
differing from this by integers down to |J; — J2| for the antiparallel case.

The coefficients (J; My JaMa|J1JoJ M) in Eq. (15.32), i. e., the elements of
the unitary matrix which connects the coupled with the uncoupled representa-
tion, are known as the Clebsch-Gordan coefficients or Wigner coefficients, or
simply vector-coupling coefficients, We shall now see how they can be easily
evaluated in some simple cases,

15.3 Vector-Coupling Coefficients by the
Construction Method

Because the Clebsch~Gordan series (15.37) contains no J-value more than once,
it is possible to perform the transformation from the uncoupled to the coupled
representation solely from the step-up and step-down relations (10.6) and the
orthonormality relations (15.12). For angular momenta of low order this is a
very practical method. We shall call it the construction method.

To determine the functions |J;JoJM) by this method, one begins by con-
structing the 2(J; +J2) + 1 functions with J equal to Jy +J,. There is one such
function for each of the rows in Table 15.1. And since there is only a single
function in the table with M = Ji + Ja, this must be |J1J3, J; + J2, J1 + J2),
i.e.,

'J1J2, Ji+ Jo, J1 + Jz} = }JIJQ Jz.fz). (15.39)

To avoid cluttering, we have inserted a semicolon between the two angular
momenta that are being added. We have also inserted optional commas.
From the function of Eq. (15.39), we may determine all the functions
|J1J2, J1 + J2, M) by using the step-down relation of Eq. (10.6), in a simi-
lar way as we used the step-up relation in Sec. 8.3.6.1 Let us, for simplicity,

1 We used the step-up operator in Sec. 8.3.6, in order to get the standard distribution of
signs in Table 8.1. Here, the generally accepted distribution of signs emerges when using the
step-down operator instead.
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put A =1 and thus measure angular momenta in units of . We get then

M =1y =1/\/(J+ M)(J ~ M + 1)J_|J M), (15.40)
with J_ = Ji_ + Jo_. This gives, with M = J,

|J1da, Ji + J2, Ji 4 Jo = 1) = 1/3/2(J1 + Ja)(Jae + J12)|J1 J1; Joda2)

= 1/\/2(J, + J2) (\/2J2|J1J1; Jods — 1) + /2|y — 1 J2J2)) . (15.41)

et cetera.

Having determined the functions with J = J; + J;, we may proceed to
determine those with J = J; + Jo —~ 1 The function with M = J; + Jo — 1
must be composed of the same functions as |J; Jo, J1 + Ja, J1 + J2 — 1), but be
orthogonal to it. This gives

[Jido, i+ Ja =1, i+ T2 1)

=1/\2(0 + %) (\/2J1lJ1J1; Jods = 1y = /23| 1y — 1 Jng)) . (15.42)

Successive operation with J_ will generate the remaining functions with J =
Ji+Js— 1.

In the process of constructing all the functions with J = Jy + Jp and
J = J1 + J2 — 1, we construct two functions with M = J; + J» — 2. But
according to the third row of Table 15.1, a third function with this M-value
exists. This is the function |J1J2,J; + J2 — 2, J1 + J2 — 2), and we construct
it by the requirement that it be orthogonal to the two functions we already
know. Having constructed the new function, we may again start operating
with J_, and so on, until all functions of the coupled representation have been
generated.

This is a straightforward procedure, but we must be aware that it in-
volves some phase choices beyond the Condon-Shortley convention which we
described in Sec. 8.3.5: The first phase choice was made in Eq. (15.39), by
not inserting a minus sign or a complex phase factor on the right-hand side of
that equation. The second phase choice was made in writing down Eq. (15.42).
The sigh on the right-hand side was here implicitly chosen such that the matrix
element of jlz between this function and the function with the same M, but
a J-value higher by one unit, became real and positive. A similar criterion
should be used to fix the phase of the function |J1Ja, Ji + J2 — 2, J1 + J3 — 2},
etc. With these additional phase conventions, the functions in the coupled rep-
resentation are uniquely determined, and we note that all the vector-coupling
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coefficients become real, by construction. This implies, in turn, that the uni-
tary matrix which they form becomes orthogonal. It may thus be inverted by
a simple reflection in the main diagonal.

For higher J-values, the direct construction method becomes cumbersome.
But then other and more specialized methods based upon recursion relations
and series expansions exist. The theory of vector-coupling coefficients is sur-
prisingly rich, and far too extensive to be covered here in further detail .2 Suffice
it to say that the coefficients possess a number of symmetry properties with re-
spect to interchange of quantum numbers. These symmetry properties stand
out clearer when one introduces the so-called 3-7 symbol, as defined by the
relation

Ji Sy T\ _ (cphitheM MolJ 15.43
My My M)y MiMelhRT - M) (15.43)

Much of the literature on vector-coupling coefficients is accordingly a literature
on 3-j symbols.

But let us now determine a few Clebsch-Gordan coefficients by the con-
struction method. The values of the Clebsch-Gordan coefficients depend, of
course, only on the angular-momentum quantum numbers involved, not on
the kind of physical system that the angular momenta might represent. It is
accordingly in order to evaluate the coefficients by using the angular momenta
with which one is most familiar, and that is the procedure we shall follow.

15.3.1 Coupling of Two Spin i Particles

This is the simplest example of angular-momentum coupling, yet a very im-
portant one. Let us think of two electrons and use the notation of Sec. 10.2.
Thus, we write

138) = a(s), 13- %) =8 (15.44)

Let us even write a(1) instead of a(s1), etc. The basis functions of the uncou-
pled representation are then

a(l)a(2) o(1)8(2) B(L)a(2) B(1)A(2)
m,, + m,ajJ 1 0 0 -1 (15.45)

where we have also listed the value of m,, + m,, for each basis function.

2See, for instance, the bibliography, entries [16], {32] and [33].
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Let us denote the two-electron spin functions in the coupled representation
by Ogare(s1,2), or just Ogp,(1,2). We have, of course, that Ms = m,, +

my,. According to the Clebsch-Gordan series (15.37), the total spin quantum

number 5 may take two values, namely %; +1=1and % - -12- == . The spin

functions corresponding to S = 1 are ©,1(1,2), ©19(1,2) and ©;_1(1,2). They
are said to define a triplet state. The spin function corresponding to S == 0 is
©00(1,2). 1t defines a singlet state.

By the method of the preceding section we get immediately
011(1,2) = a(V)e(2), (15.46)
and then, still with k put equal to 1,

O10(1,2) = 1/v25-611(1,2) = 1/vV2(52- + 51_)a(1)a(2) (15.47)
= \/g {a(1)B(2) + B(1)a(2)} . |

Operating once more with S_ gives

0:-1(1,2) = 1/v28_014(1,2)
= VA2 + 510y F{a(DB(2) + A(Da(2)}  (1548)
= BB

We have now found the three components of the triplet. The singlet spin
function may then be determined as that paticular normalized linear combi-
nation of «(1)4(2) and #(1)a(2) which is orthogonal to the triplet function
©10(1,2). We get immediately

Guo(1,2) = \/} {a(1)A(2) - A1)} (15.49)
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To summarize, we have found that

The coupling of two spin % particles leads to a triplet
state with the spin functions

@11(1,2) = a(l)a(2),

0u(2) = \/HeAQ)+A1a2)},
01-1(1,2) B()B(2), (15.50)

and a singlet state with the spin function

]

O0o(1,2) = /3 {(1)A(2) - A1) (2)} .

We note that we have encountered the singlet spin function before, namely, as
the spin part of the wavefunction for the electronic ground state of the helium
atom (Eq. (11.42)).

The coefficients in the functions (15.50) are, of course, Clebsch-Gordan
coefficients. They are tabulated in matrix form in Table 15.2.

15.3.2 Coupling of Spin and Orbital Angular Momentum

As our second example, let us consider the coupling of an electron’s spin, s = %,

with its orbital angular momentum, as described by the quantum number £.
The resulting total angular momentum quantum numbers are denoted by j
and m. The possible values of j are £+ % and £ — % We designate the basis
functions of the coupled representation Y77.

Let us first consider the £ = 1 case. We represent the orbital functions
by the surface spherical harmonics Yy, Yo and Y;_; of Sec. 8.3.6. The basis
functions of the uncoupled representation are then

| Yiie YuB Yiee Yo Yiia Yi,8

15.51
I S A B

We get immediately that
Vi, =Yue, (15.52)
and then,

3’§1 =1/V3(5- + £ )Yna = \/g(Yu[H V2Yi0a), (15.53)
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and

y

DI S

, = \/g(ﬁyuﬂ — Yy0). (15.54)

Successive application of 5_ + £_ to these functions gives

3
2

yg_1% = \/g(ﬁylﬂﬁ +Y1_10), y;I =Y1-18, (15.55)
and
y;é = \/%_(Ymﬂ ~V2Y1_y0). (15.56)

The Clebsch-Gordan coeflicients that may be read off the above expressions
are again tabulated in Table 15.2.

For a general £-value, we combine the 2¢ + 1 surface spherical harmonics
Yim, (0, ¢) with the o and g spin functions. We get then, after some algebra,

b4+m+ 3 f—m+ L
Vhy =\ T2y, ety Y, 1,
» 2+1 tm-3 2+1  tm+
’ T 2 + 2 (15.57)
L—m+ 3 L4+m+ 1L
m - 2 2
Yoy = V T2e+1 Yt,m—%‘“’\/ 2+ 1 Yt,m+-;-ﬂ‘

The Clebsch—Gordan coefficients that may be read off these expressions
are not reproduced in Table 15.2. The table includes, on the other hand, the
coefficients that one obtains by coupling two angular momenta with J; and J,
both equal to 1.

15.4 Angular Momenta in Many-Electron
Atoms

Having studied the rules for coupling of two angular momenta, let us now pro-
ceed to the study of angular momenta in many-electron atoms. The problem
is to determine a complete set of angular momentum operators that commute
with the Hamiltonian and with each other, so that we may have common
eigenfunctions of these operators and the Hamiltonian, in accordance with the
general theorem (5.120). We continue to use atomic units.
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15.4.1 The Total Orbital Angular Momentum

With the neglect of relativistic effects, the Hamiltonian for an N-electron atom
has the form (11.12), which we reproduce here, for convenience:

~ N 1 1
H= = r_
. hH) + 2 Z e~ 15
i=1 i=1 j=1 (15.58)
[P _ 1 2 Z
h(l) = —EV 'E .

The interpretation of the various terms in the Hamiltonian was given in Sec.
11.1. We shall now show that the total orbital angular momentum

N
E=3
i=1

already introduced in Eq. (10.8), commutes with H. But the individual angular
momenta, like 21, do not.

From our discussion of the central field problem in Chapter 8 we know
that £, commutes with 71(1) It certainly also commutes with the operators
5(2), - ,ﬁ(N ) which all refer to different particles. Hence, £, commutes with
the first sum in the Hamiltonian.

With respect to the second part of the Hamiltonian, it is clear that 4
commutes with those 1/r;; terms for which both i and j are different from 1.
Thus, we get

(oY)

; (15.59)

[, 4] = i [L,Zl] . (15.60)

Exploiting the commutation relations of Sec. 5.2, and inserting an optional i,
it is straightforward to show that this becomes

N
i) =r x Y FP (15.61)
i=2
where
A (15.62)
le

is the force that particle j exerts on particle 1. The right-hand side of Eq.
(15.61) is the torque (moment of force) acting on electron 1, and Eq. (15.61)
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is, in fact, the quantum-mechanical counterpart of the classical relation
N
dé, _ )
— =T1X J};Z F{. (15.63)

We have now seen that the angular momentum of an individual electron
fails to commute with H. Consider, however, the commutator

1 . .
1 [;—)ll +£2] =71 X F(12) + 72 X Fél) =(r1—72) x ng)‘ (15.64)
12

This commutator is zero, because F(12) is directed along the axis between elec-
trons 1 and 2. Thus, ¢ + €3 commutes with 1/r;5. In a similar way we can
show that £; + €3 commutes with 1/r;3, etc., and we arrive at the anticipated
result:

[H, L) =0. (15.65)

The relation (15.65) implies that we may look for eigenfunctions of H that are
also eigenfunctions of L? and, say L,. Such eigenfunctions will not only satisfy
the atomic Schrédinger equation

HY = EV, (15.66)

but also the eigenvalue equations

o _
{L v=L(L+1)¥, L=012,... (15.67)

LW =M.¥, My=LL-1,...,—L.

One often uses the colloquial expression that L and My are good quantum
numbers.

15.4.2 The Total Spin Angular Momentum

We must now recall (Sec. 11.4) that not every solution of Eq. (15.66) gives an
acceptable wavefunction. According to the fumdamental symmetry principle
(11.37), Nature only allows the antisymmetric solutions to come into play, i.e.,
solutions for which

Pi¥ = - (15.68)
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for all (4, j)-pairs. I:",-j is the operator that interchanges electron ¢ and j,
BijW(2y,... %5y, %5, ,2N8) = U2y, ... Ly ey &iy e 2N). (16.69)

Any permutation P of the N electrons can be written as a product of trans-
positions (interchanges of two electrons). If p is the number of transpositions
required to generate P, then Eq. (15.68) is seen to imply that

PO = (-1)P¥ (15.70)

which is a very convenient formulation of the antisymmetry requirement.
Now, let B(1,2,..., N) be an arbitrary operator for our N-electron system.
We get then that

PB(1,2,...,N)= B(P1,P2,...,PN)P (15.71)

where P1, P2,..., PN is the permutation defined by P. Obviously B fails to
commute with P unless it is an operator that is symmetric in all electrons,
such that B(P1,P2,...,PN)= B(1,2,...,N).

The operators H,1?and L, are symmetric operators. Thus they commute
with every P, and the eigenvalue equations (15.66) and (15.67) can be satisfied
together with the eigenvalue equation (15.70).

Since H does not contain any spin terms, any spin operator commutes with
H. But it is only symmetric spin operators that commute with every P. Thus
only the total spin

N
5= 3 (15.72)
=1

is of interest in the search for good quantum numbers. Obviously, H commutes
with §. We may accordingly take ¥ to satisfy the eigenvalue equations

S, ¥ = MgV, Ms=S8S-1,...,-8S. (15.73)

{ 520 = S(§ + 1)V,
as a supplement to the eigenvalue equations (15.66) and (15.67). As one sees
by repeated reference to the Clebsch—Gordan series (15.37), the possible values
of Sare (S=1,2,...,%) when N is odd, and (S =0,1,...,5) when N is
even.
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15.4.3 L-S Coupling

For given values of L and S, the eigenvalue equations (15.66), (15.67) and
(15.73) define a set of (2L + 1)(2S + 1) wavefunctions which, by arguments
similar to those around Egs. (15.25) and (15.26),are all degenerate. They are
said to define an electronic term.

Electronic terms are labeled by symbols of the type 25t!L  where S is
the spin quantum number in Eq. (15.73) and L the orbital angular momen-
tum quantum number in Eq. (15.67). L-values are specified by letter symbols
equivalent to those used for atomic orbitals, the only difference being that one
always uses capital letters for terms. A list of the letter symbols in question
was given in Chap. 9 (See the scheme (9.5)). The value of 25 + 1 is referred
to as the multiplicity of the term.

Thus, a term with L = 2 and S = 1 is denoted 3D, a term with L = 3 and
S = 3/2 is denoted *F, etc

That the (2L + 1)(25 + 1) wavefunctions describing a given term all have
the same energy is an exact statement as long as the Hamiltonian (15.58) is
the exact Hamiltonian. But it never is. In the true Hamiltonian, there are
additional terms, which are of relativistic origin, as discussed in Sec. 10.4.3 for
the one-electron atom. A prominent term is the spin-orbit coupling term,

N

Hyo =Y &(r)si &, (15.74)
i=1
with £(r) as given by Eq. (10.74).

It is readily seen that the spin-orbit coupling term (15.74) fails to commute
with the Hamiltonian {15.58), to which it is an amendment. It is also easy to
see that neither I nor § commutes with H,,. Thus, L and $ cease to be good
quantum numbers. However, the vector sum

J=L+8§ (15.75)

does commute with H so- Consequently, J and M will serve as good angular-
momentum quantum numbers in the presence of spin-orbit coupling.

As already mentioned in Sec. 10.4.3, spin-orbit coupling effects are found
to be quite small for light atoms, whereas they become appreciable for heavier
atoms. Let us continue under the assumption that they are small. It is then
possible to preserve the quantum numbers L and S, albeit not My and Mg,
by replacing ﬁ,o by an effective operator of the form

~1 ~ A
H,=)8 1, (15.76)
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where A is a parameter. This operator commutes with the Hamiltonian (15. 58)
and with the operators L2 and $2, but not with the components of L and S.
It also commutes with J2 and the components of J.

The effect of the operator &, so 18, consequently, to split a given 25+![
term into a multiplet of levels characterized by the J-values L + S,L + S —

,---,]1L = 8], in accordance with the Clebsch-Gordan series (15.37). The
resulting levels are designated 25+1L;. The number of levels in the multiplet
equals the smaller of the numbers 25 + 1 and 2L + 1.

As an example, a 3D term becomes a multiplet characterized by the levels
3D, 3D, and 2Dy. A *F term splits into the levels *Fy/y, *Fyr/3, *F5/3, and
4F3/s.

The process of replacing the operator H so by the effective operator g : o Te-
quires, of course, a few additional comments. It builds, first, on the assumption
that the matrix representing the operator H s0 along the lines of Sec. 5.10 fac-
torizes, that is, all matrix elements connecting functions belonging to different
terms are neglected. We have, then, a situation like the one described in Sec.
12.8, and we may diagonalize the spin-orbit operator separately within each
term’s (2L +41)(2S+ 1) dimensional function space. Next, it may be shown that
the matrix elements of the operator H so Within a given term are proportional
to the matrix elements of § -i;, with a constant of proportionality that varies
from term to term. This is a result of the so-called Wigner—Eckart theorem
which one encounters in more advanced presentations of angular-momentum
theory.? The constant of proportionality is the parameter ) in the effective
operator 7 ,, o~ Not only its magnitude, but also its sign, may vary from term
to term. Its value may, of course, be calculated if proper wavefunctions are
available for a given term. Alternatively, it may be treated as a semiempirical
parameter to be determined by comparison with experimental atomic spectra.

The multiplet structure generated by the spin-orbit coupling is referred to
as atomic fine structure. The way it is accounted for by applying the Clebsch-
Gordan series to the L and S quantum numbers of separate terms is known as
L-S coupling, or Russell-Saunders coupling. By applying the operator identity

JP=(L+8)?*=1%+S5*+2L -5, (15.77)
we get the following expression for the relative energies of a given multiplet

E(J)=3A[J(J+1) = L(L+1) - S(S +1)]. (15.78)

3See, for instance, the bibliography, entry [16].
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The energy difference between neighboring levels becomes
E(J)-E(J-1)= )\ (15.79)

The observation that the separation between two adjacent levels of a multiplet
is proportional to the higher J-value is known as the Landé interval rule. The
multiplet is called normal when the energy increases with J (positive A). When
the lowest energy occurs for the highest J-value (negative A), the multiplet is
said to be inverted.

In the following chapter we shall establish the connection between the elec-
tron configuration of an atom and its term structure. We shall see how to
construct the atomic wavefunctions associated with a term, and also discuss
how to write down proper expressions for the electronic energy corresponding
to these wavefunctions. We close the present chapter with some remarks on
the coupling of electronic and nuclear angular momenta.

15.4.4 Adding the Nuclear Angular Momentum.
Bose-Einstein Condensates

As emphasized in Sec. 1.7, the atomic nucleus is composed of protons and
neutrons. Like the electron, these nucleons are spin % particles. The spins
of the nucleons add together to form the total nuclear spin, described by the
angular-momentum operator I. The corresponding quantum numbers are [
and M;. Nuclear energy separations are usually much larger than energy
separations between the electronic states of an atom, so for our studies we
may safely assume that the nucleus is found in its quantum-mechanical ground
state. Hence, we may also assume that the quanturmn number I refers to this
state.

It is, of course, the electric charge of the nucleus which, through the
Coulomb force, determines the number of electrons that may bind to the nu-
cleus. But other properties of the nucleus have very little influence on the
electronic structure of an atom. The finite size of the nucleus, the nuclear elec-
tric quadrupole moment and the nuclear angular momenta all play very minor
roles in this respect. They are not entirely negligible, though, and they give
rise to effects that have analytical significance in, for instance, electron spin
resonance experiments on molecular radicals. The detailed form of the interac-
tion terms is quite complicated,* and we shall not consider it here. But it is of
importance to note that the primary effect of the nuclear angular momentum

4See, for instance, the bibliography entries [8) and [34)
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may be represented by a spin-orbit like contribution to the Hamiltonian of the
form

Hpy=al-J. (15.80)
The angular momentum vector
F=1+1J (15.81)

will accordingly commute with the Hamiltonian obtained by including the new
interaction, and the quantum number F, with the values

F=I+JI+J-1,...,|I-J|, (15.82)

will be a good quantum number. Thus, a J-level will be split into 2/ 4+ 1 or
2J + 1 sublevels, with relative energies

E(F) = La[F(F+1) - I(I+1) - J(J +1)]. (15.83)

The parameter a is called the hyperfine constant, and the extra structure added
to the elctronic levels is referred to as hyperfine structure. The value of a is usu-
ally much smaller than the spin-orbit parameter A, typically a few thousandths
of a wavenumber (cm™!).

The smallness of & implies that all sublevels will be populated unless the
temperature is very small. As in Sec. 2.4, energy differences should be com-
pared with the magnitude of kT'. The value of kT corresponding to an energy
equivalent of 1 cm~! is

T = %(100 m~!) = 1.4388K. (15.84)

To selectively populate a chosen hyperfine sublevel, one must accordingly work
in the milli-Kelvin region or below.

A very important qualitative consequence of the hyperfine coupling should
be noted. Let us, for instance, consider the neutral Li atom, with its three
bound electrons. As shown in Table 11.2, its electronic ground state is a 25 %
level, so J = }. The naturally occurring isotopes of Li are ®Li (7.59 %) and "Li
(92.41%). The former isotope has a nuclear spin of 1, and the latter a nuclear
spin of %. Thus, the hyperfine structure of a ®Li atom is characterized by
(F= %, -;-), whereas the hyperfine structure of a “Li atom is characterized by
(F = 2,1). But this implies that the 5Li atom is a fermion while the "Li atom
is a boson. The behavior of a cloud of Li atoms at extremely low temperatures
is therefore very dependent on the kind of isotope that is involved.
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As discussed in Sec. 11.4, a system of fermions must be described by an
antisymmetric wavefunction and a system of bosons by a symmetric wave-
function. An antisymmetric wavefunction ¥(1,2,..., N) keeps particles out
of each other’s way because ¥ becomes zero when the general coordinates of
two identical particles become the same. There is no such exclusion principle
for bosons. In accordance with this, it should be possible to make a cloud of
bosons form a so-called Bose-Einstein condensate, in which all atoms of the gas
may be said to occupy a single energy level. This possibility has quite recently
been realized, by confining the atoms in suitable magnetic fields while cooling
them to temperatures in the micro-Kelvin or nano-Kelvin region, primarily by
means of laser beams. Bose—Einstein condensates are at the basis of a rapidly
developing new branch of physics, but here we must refer the reader to current
review articles.®

Examples of atoms for which Bose-Einstein condensates have been made
are "Li, ?3Na, 837Rb, and 'H. These atoms all have a 29 3 electronic ground

state. The nuclear spin of the first three atoms is g The nuclear spin of 'H is
1

3-

5See, for instance: W, Ketterle, Physics Today 52, No. 12, (1999), p.30; and K. Burnett,
M. Edwards and C. W. Clark, ibid, p. 37
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Table 15.2: Vector-Coupling Coefficients

J1=J2=%
M; M, | [11) J10) 00y |J1—1)
1
]
11 1 \/I
2 2 2 2
S R | \/I _\/I
2 2 2 2
1 1
_E —_— 1
J1=1,J2=%
W (B BN BD -0 -0 B3
1 3
-} Vi 3
0 3 Vi s
0 -3 Vios
-1 _% 1
Sh=1,0=1
M; M; [|22) [21) |11) |20) |10y |00y |2—1) |1—1) |2—2)
1 1] 1
1 0 \/;f \/g
R N O
L VEVE
o o JEooo /b
11 1

365



366 Chapter 15. Atomic Term Symbols

Supplementary Reading

The bibliography, entries [15], [16], [32], [33], [34], [8].

Problems

15.1. In the present exercise, we consider the total spin states of a system of three
spin % particles, that is, we want to construct eigenfunctions of 5% and ., where

-

S=&d+82+43

is the total spin of the three particles.

a. Write down the eight spin functions of the uncoupled representation,
i. e,

a(Da()a(3), a(Da(2)8@3), ..
Collect the functions in a scheme similar to the scheme (15.45) and show
that the possible values of S are % and % Show that S = % only occurs
once, whereas S = % occurs twice. Distinguish the two S = % cases by
indices a and b.

b. Starting from the last function in the setup (15.50), together with
the spin functions «(3) and 3(3), write down the spin S = % functions
[48)e and 13— 3.

c. Next, start from the three first functions in the setup (15.50) and

add the spin functions «(3) and B(3), by exploiting the vector-coupling
coefficients of Table 15.2. Write down the form of the resulting functions

33 31 3 1 3 3
23 2L B-b 32-5
. L1
22/ 137 2
d. Show that the two sets of functions
11 1 1
330 13~
and

11 11
5300 15 =3

are linearly independent, and in fact mutually orthogonal.
d. Which differences would occur in the form of the total spinfunctions

if we had first coupled particles 1 and 3 according to the setup (15.50)
and then added particle 3 afterwards?
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Chapters 11 and 15. We do this by directing our attention to specific atoms,
in particular the helium atom and the carbon atom.

In the first section, we develop some useful rules concerning the action of
operators on Slater determinants. We then discuss the problem of constructing
proper term wavefunctions from the set of determinants that are compatible
with a given electron configuration.

Next, we develop a set of rules for evaluating matrix elements between
Slater determinants, and use these rules to relate the term energies to atomic
one- and two-electron integrals. Finally, we discuss how the ground level of an
atom may be determined by exploiting the celebrated Hund’s rules. We also
discuss the theoretical interpretation of Hund’s rules.

16.1 Operating on Slater Determinants

As pointed out in Secs. 11.5 and 11.6, a fundamental building block in the
construction of many-electron wavefunctions is the Slater determinant. It was
introduced by Egs. (11.39) and (11.40). Its general form is

Yi(z1) ti(z2) ... Yi(zwn)
D=|1/)1¢'2...¢N|:\/% valm) dalz) o dslan) e
Yn(z1) Un(z2) ... ¥n(zN)

where 11,12,... ,¥n are N linearly independent spin-orbitals. We may as-
sume that they form an orthonormal set, i. e.,
(¥ilyj) = i (16.2)

The determinant (16.1) is then normalized to unity.
By expanding the determinant we get:

D=|¢¢z...9n| = \/%Z(—l)f’f’%(xl)«pz(xz) ~Yn(en)  (16.3)
P

where the sum is over all N! permutations of the N electrons, and where it is
understood that

Pypr(z1)dp2(22) - YN (eN) = $1(Pe1)da(Pa2) - - - v (PzN). (16.4)

As in Eq. (15.70), p is the number of transpositions required to generate the
permutation defined by P.
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It is expedient to define the so-called antisymmetrizer

A= \/%Z(—l)vﬁ. (16.5)
P

We may then write Eq. (16.3) as
D = A9, (16.6)

where

¢ = ’(/)1 ($1)¢2(z‘2) . 'le (:IlN) (167)

& is often called a Hartree product, in honor of the English physicist Douglas
Rayner Hartree, who was an early pioneer in the calculation of atomic struc-
ture. A Slater determinant may, accordingly, be called an antisymmetrized
Hartree product.

Let us now introduce an operator B which is symmetric in all N electrons.
B will then commute with every P and hence also with A,

(B, A] = 0. (16.8)
We get therefore
Bl1vs .. .Yn| = BA® = AB®. (16.9)

As an important example, let us consider the case where B is a symmetric sum
of one-electron operators,

N
B =Y b)) (16.10)
=1
B® will then be the sum of N new Hartree products. The first of these is

obtained from Eq. (16.7) by replacing 4, by b1, the second by replacing 1,
by by, and so on. Eq. (16.9) becomes therefore

Blyhs ... on| =|(01)2 . . on |+ |91 (b2) . . . ¥ ]

| (16.11)
+ .. |hthe .. (bYN))

As an application of this result, consider the case where each %; is an
eigenfunction of b, i. e.,

by = b (16.12)
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Eq. (16.11) shows then that

Blyntpr ... 9N | = Blyrts ... 9| (16.13)
where
N
B=> b (16.14)
i=1

The spin-orbitals used in the description of atoms are usually of the form
(11.41), viz.,

ntram, (2) = Roe)¥er, (0,0 { 515 (16.15)

Let us choose to let 4, mean m,. The spin-orbitals are then

ntmm (7) = Rot¥em (0,6 { 500 (16.16)

These spin-orbitals are eigenfunctions of £, and 3,. Any Slater determinant
built from them will accordingly be an eigenfunction of L, and S, with eigen-
values My and Mg, which are the sums of the m; and m, quantum numbers
for the individual spin-orbitals that define the determinant.

In the following we shall draw on these results in our analysis of electronic
terms.

16.2 Term Wavefunctions

16.2.1 The Helium Atom

We have discussed the ground state of the helium atom in Secs. 11.5 and 12.4.
The electron configuration is|1s?, and the only Slater determinant that can be
constructed from this conﬁgq‘rat;ion is

+ - -
¥V =|ls ldl = [$1,01,

-/ prs(r)als) 1 (r2)e(s)
2lp1s(r1)B(s1)  prs(r2)Bls1)]

As indicated, we shall freely write 1s etc. for atomic orbitals instead of ¢4, etc.,
a practise we already introduced by Eq. (13.38). Often, we shall also write, for

(16.17)
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instance, 1s(2) instead of 1s(r5), in analogy with a similar practice introduced
for spin functions in Sec. 15.3.1. Finally, we shall freely avoid writing (z;) or
(ri, <) and just write (¢) instead.

In Sec. 11.5, Eq. (11.42), we took the 1s orbital to be a hydrogen-like orbital
with Z = 2. In Sec. 12.4, Eq. (12.24), we took it to be a similar orbital, a so-
called Slater orbital, where Z was replaced by the orbital exponent { = 27/16.
The best 1s orbital (the Hartree-Fock orbital) is more complicated than this,
but is still spherically symmetrical. We may assume that the 1s orbital in Eq.
(16.17) is the best possible orbital we can get.

By applying the results of the previous section we see immediately that

4 - - N
|1s1s| is an eigenfunction of L, and S;, in both cases with the eigenvalue 0. In
other words, both My, and Mg are 0. The wavefunction describes a 1S term:

The ground configuration of the helium atom is 1s2. (16.18)
+ - .
It gives rise to a 15 term, with ¥ = |1s1s|.

The same conclusion may easily be arrived at by expanding the determinant
(16.17), in the same way as in Eq. (11.42):

¥ = <P1s(7‘1)901s(Tz)\/%-‘{a(ﬂ‘l)ﬁ(cz) — Bls1)e(s2)} - (16.19)

Here, ¥ appears as the product of a two-electron spatial function with L and
M equal to zero, and a two-electron spin function. The spin function is
identical with the singlet spin function @gg(1,2) of Eq. (15.50).

By L-S coupling, the quantum numbers L = 0 and S = 0 give J = 0. The
complete designation for the ground state of the helium atom is therefore 1Sy,
in accordance with Table 11.2.

By exciting an electron from the 1s shell to the 2s shell we arrive at the
electron configuration 1s!2s!.! It gives rise to four determinants, all with
M; =0, and with Mz-values as indicated in the following scheme

| (fods] (fo2s] |Teds] |Ts2s| (16.20)
Ms| 1 0 0 -1

}As in Problem 11.2, the orbitals should be optimized for the electron configuration
in question. In Problem 11.2, the 2s orbital was chosen as a simple Slater orbital which
overlapped with the 1s orbital. Here, we assume that the two orbitals are the best possible
ones, and that they are mutually orthogonal.
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This scheme is similar to the scheme (15.45), and we conclude that the config-
uration gives rise to a triplet state (S = 1) and a singlet state (S = 0). And
since L must be zero, both of these states must be S states. Thus we get

The conﬁgulration 1s'2s! gives rise to a 35 (16.21)
term and a 'S term.

The associated wavefunctions may be found by the standard methods of
angular momentum theory. The operator S_ = §;_+3§,_ is of the type (16.10),
and its application to a Slater determinant follows the rule (16.11). Thus we
get, in a self-explanatory notation

+ +
3U(Ms = 1) = |Ls2s],

+ - - 4
SY(M, fs_|1s2s| \/§{|1s2s|+|1s2sl}, (16.22)

3Y(Ms = —1) = |15 25,

+ - -4
g = \/g{|1s2s| - |ls2s|} . (16.23)

The wavefunction ¥ has been obtained by requiring that it be orthogonal
to the wavefunction *¥(Ms = 0). In so doing, we have used that the Slater
determinants formed from an orthonormal set of spin-orbitals form themselves
an orthonormal set. This result will be proved in Sec. 16.3, as the lemma
(16.40).

By expanding the above determinants we also get

3Y(Ms =1) = \@{13(1)25(2) — 25(1)15(2)} a(1)a(2),
Sy(Ms =0) = 1 {15(1)2s(2) — 25(1)1s(2)} {«(1)8(2) + A(1)(2)},
(M = 1) = /3 {1s(1)25(2) - 2s(1)15(2)} A)B(),

and

(16.24)
and
ly = % {1s(1)2s(2) + 25(1)1s(2)} {a(1)B(2) — B(1)(2)} . (16.25)

Thus, each wavefunction factors into the product of a two-electron spatial
function and a two-electron spin function in a similar way as the ground-state
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wavefunction does (See Eq. (16.19)). A symmetricspatial function goes with an
antisymmetric spin function and vice versa. The spin functions are recognized
to be the same as the two-electron spin functions in the setup (15.50), as they
must be.

Having determined the wavefunctions of the two terms that originate from
the 1528 configuration we must also worry about the term energies. We shall,
however, postpone the problem of evaluating these energies. It is found that
the triplet state lies below the singlet state.

Other excited configurations of the helium atom may be analyzed in a
similar way as the 1s'2s' configuration. The states of the helium atom fall
in two groups, singlets and triplets. Experimentally, one observes spectral
transitions within the group of singlet states and spectral transitions within the
group of triplet states, but only extremely weak transitions (intercombinations)
between the two groups of states. It looks in fact as if two different kinds of
atoms were involved. For this reason one often refers to the singlet states as
parahelium and to the triplet states as orthohelium.

16.2.2 The Carbon Atom

In this section we shall consider the terms that arise from the ground config-
uration 1522522p? of the carbon atom. The three 2p orbitals give rise to six
spin-orbitals, and the number of Slater determinants that we may construct is
(g) = 15. They are listed below together with their M- and Ms-values. For

++ + -+ = + - )
simplicity, we write |1 0 | instead of |15 15 25 25 2p; 2po|, etc. This is motivated
by the observation that closed shells donot contribute to the total values of
Mg and Mg (the shell sums over m, and m, are both zero).

M\Ms 1 0 -1
+-_
2 18]
T+ - -+ -
1 19 1o |10 10|
- — (16.26)
o i3l d oy dor 13| Sy
a @3y ey vy o4
+ -
-2 | -1 -1
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From the structure of this table we deduce that

The configuration 15?2s22p? gives rise to three terms: 16.2
3p,'D and !S. (16.27)

The proper linear combinations of determinants which describe the wave-
functions of the three terms are shown in Table 16.1. They are readily con-
structed by means of the L_ and S_ operators. Thus, we can construct all

+- .
functions belonging to the ' D term from |1 1| by means of Z_, and all func-

tions belonging to the 3P term may be constructed from ﬁ 6| by means of L_

and S_. Finally, the wavefunction for the 1S term may be constructed as a

linear combination of the three determinants with M; = Mg = 0, and such

that it is orthogonal to the corresponding components of the ! D and 3P terms.
The order of the term energies are found to be

E(P)< E(*D) < E(15). (16.28)

Our next task is to find theoretical expressions for such term energies. To
do so requires a set of rules for evaluating matrix elements between Slater
determinants. We insert, therefore, a section on this problem.

We continue to use the notation developed between Egs. (10.21) and (10.25)
of Sec. 10.2.

16.3 Matrix Elements Between Slater
Determinants

Consider a set of spin-orbitals

Y12 Yy (16.29)

which is assumed to be orthonormal,

wly) = [ ¥ @)ws(en)da: = b (16.30)

We shall derive rules for evaluating the matrix element

(UIFIW) = [ Wb .onl'Floi 5 . divlde (16.31)
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Table 16.1: Terms and wavefunctions for the p? configuration

My, | Ms | ¥
++
sp 1| 1|10
+ +
o] 1)1 -1}
+ +
| 1|0 -1y
1| o \/§(|10|+|10|)
- + -
ol o \/%_<;1—1|+|1—1|)
- +
a| o \/§(|0—1|+|0—1|)
1| -1{10]
0 -1{|1-1|
1| <10 -1]
+_
ip 2| of|ly
+- =+
1 0 §(|10|—|10|)
+ - += -+
o| o g(11—1|+2|00[—|1—1|)
+ - - +
-1 0 %(}0—1|—|0—1|>
+ —_—
2| of}-1-1
+ - += - +
15 0 0 §(|1—1|—|001—|1—1|)
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where ¥ and ¥’ are Slater determinants constructed from the set (16.29),
and F is an operator which is symmetric in the N particles, for instance the
Hamiltonian set up by Eq. (11.12), and repeated as Eq. (15.58)'.

When we expand the determinant to the left in (16.31) by using the ex-
pressions (16.3) and (16.4), we get a sum of N! terms. The diagonal of the
determinant gives the contribution

1 ) vilz1) ... Yi(zw)
7V7/¢I(r1)¢5(xz)---¢;v(xN)F ce e lde (16.32)
| (e .. Yi(aw)

where
dz =dxidzy- - -day. (16.33)

A general term in the sum is

1 ¥ o dian)
(_1)P7V—,/¢;(Px1)¢;(m2) e Pen)E| .. |de
' Un(e) ... diy(an)
(16.34)
By permuting columns in the determinant to the right of f7‘, we get
vi(z1) ... ¥i(eN) Yi(Pz1) ... ¥1(Pzw)
e = (1) . (16.35)
1/)}\,(.’1:1) IMV(.'BN) 1/)$V(P171) wj\,(PxN)
When we substitute this result in (16.34), the factor (—1)? cancels. Further-
more, z,Z3,...,zy are dummy variables over which we integrate. We may

therefore interchange the meaning of 2, and Pzy, of 3 and Pzs, etc. When
we do this, and use that I is symmetric, the integral (16.34) is transformed
into the integral (16.32). Hence, by adding N'! identical terms, we obtain the
general result

di(e) .o di(zw)

WIEY) = [ W1le0vs(@) - viam)F da.

W) ... Un(zw)
(16.36)

While Eq. (16.31) involves a double summation over N! terms, Eq. (16.36)
only involves a single summation.
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We shall now evaluate the integral in Eq. (16.36) for different choices of the
operator F. First, we treat

. Case 1.

F = F,, independent of electron coordinates.

(¥|F|¥') = Fy if the sets 1,9s,...,%n and (16.37)
1 05, ..., ¥y are identical. Otherwise, the integral van-

ishes.

This, and also the following results, are most easily obtained when we permute
function indices instead of function arguments in evaluating the determinant
in (16.36). The result is the same, for the function indices are the row indices
of the determinant, while the function arguments serve as column indices; and
a determinant and its transpose are known to have the same value. We get
di(e) ... YilzN)
cee s | =D ()P Y (1) Upa(2a) - Yen (en),  (16.38)
¥n(e1) ... dn(en)l P
and thus
(V| Fo| W) =

Fo (-1 [ 01@0vs () Ui an) i (a:)Wha(ea) W (an)da
P

= Fo Y (1P (il ) (2ltpa) - (¥ [pn).  (16.39)

14

Because of the orthonormality condition (16.30) we get zero unless ¢p; = ¥;
for all 4, that is, the two determinants must be identical. When this is the case,
only the identity permutation contributes. We have thus proved the lemma
(16.37).

By setting Fo = 1, we obtain the result that the Slater determinant (16.1) is
normalized to unity, a result we already derived in Sec. 11.5. More specifically,
we have shown that

The Slater determinants formed from the set (16.29) (16.40)
form themselves an orthonormal set. '

Next, we shall treat the case where F is a sum of one-electron operators.
Examples are the first term in the Hamiltonian (15.58) and the spin-orbit
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operator (15.74).The usual angular-momentum operators L, § and J are also
of this type—but L%, S? and J? are not. We get

Case 2.

N
F= Z f(mi), a sum of one-electron operators.
i=1

3
a. (U|F|¥') = 0 if ¥ and ¥’ differ in more than one spin-
orbital. (16.41)

b. (O|F|¥") = (¢x|f|¥,) if ¥ may be obtained from ¥ by
replacing 4 with 9}, all other orbitals the same.

N
c. (IFIE) =3 (il flys) -

From Egs. (16.36) and (16.38) we see that the contribution of f(z;) to the
matrix element (¥|F|W') is

DoV F i) ($alpa) - - (Yn o) (16.42)
P

Due to orthogonality, this contribution is zero unless

Yoy = Y2, ., ¥y = N, (16.43)

which implies that at least N — 1 spin-orbitals are identical. A similar conclu-
sion may be drawn when the operators f (z2), f (¢3),..., f(zn) are considered.
We have thus proved the first part of (16.41).

Let us then consider the case where

U= |19s . V1Rt . UN),

, , (16.44)
U = |ytha . Pk PPk - YN

Because a determinant changes sign when two of the defining functions are
interchanged, the order of the orbitals is of importance here. We follow the
convention of placing ¥ and ¢, in identical positions. If this order is not
present from the outset it is easily achieved by row transpositions in the de-
terminant. However, each transposition implies a change of sign, so a factor
of -1 may have to be multiplied onto the result.
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When the k in Eq. (16.44) is different from 1, it is obvious that (16.43)
cannot be fulfilled for any permutation, and the sum (16.42) must vanish.
Only f(zx) can contribute to the integral (16.36). The contribution is

S0P 19p) - (Wl Fl) - (B 1¥p)- (16.45)

P

Due to orthogonality, only the identity permutation can contribute. It gives
the contribution (| f |) which, then, is the value of (¥|F|¥'), as stated in
(16.41).

When we finally consider the diagonal element (¥|F|¥), the expression
(16.42) gives the contribution (1|f]¥1), since the condition (16.43) is fulfilled
for the identity permutation. Similarly, the contribution of f(z2) to the matrix
element (¥|F|W') is (y2|f|¢2), etc. This proves the last part of the lemma
(16.41).

The last case to be studied is

Case 3.
1 M
F= > ZZI‘&(“’ z;) Zg z;,2;), a sum of two-electron
i=1 j=1 i<j
operato

a. (U|F|¥) = 0, if ¥ and ¥ differ in more than two
spin-orbitals.

b. (‘I’|F|‘I") = (Ve |g1¥ryr) — (¢k¢t|9|¢'1¢k), if ¥ and ¥
differ in just two spin-orbitals such that ¥} and ; have

replacced ¥, and 1, respectively. (16.46)
c. (WIF1W) = > {(vutnldlhn) — (Bthilglndi)}, if ¥ and
1k

¥’ differ in just one spin-orbital such that ¢} has replaced .
X 1 R )
d. (¥|F|¥) = 5 z_: ;l {(eu|g1nbn) — (Prebulglenn) }-

Per definition:

(rtil§leste) = [ ¥k (=0)¥] (22)d (1, z2)¥s (21) ¥ (22)d 1 d2s.

When applying (16.46), it is again important to note that a standard order,
similar to that in (16.44), has been presupposed.
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To derive the results in (16.46), we proceed in a similar manner as when
the results in (16.41) were derived. The operator g(z;,23) gived the following
contribution to the matrix element (¥|F|¥’),

S (Pl YooY (Waltps) - (Un[¥pn).  (16.47)

P

Due to orthogonality, the contribution is zero unless

¥Yps = ¥a,..., ¥y = ¥N, (16.48)

which implies that at least N — 2 spin-orbitals are identical. Hence, the first
result in (16.46) follows. It is a straightforward exercise to go through the
derivation of the remaining results, and we shall skip it here.

An example of an operator of the type F' in (16.46) is the electron-electron
repulsion term in the Hamiltonian (15.58).

This completes our derivation of rules for evaluating matrix elements be-
tween Slater determinants. We stress that the rules we have derived only
hold when the spin-orbitals (16.29) defining the determinants are mutually
orthogonal. Rules have, however, also been derived for determinants built of
non-orthogonal orbitals, but we shall not consider them here.?

16.4 Energies of Atomic Terms

We shall now derive expressions for the energies of a few atomic terms, un-
der the assumption that the Hamiltonian is given by the expression (15.58),
and that the term wavefunctions may be represented by means of Slater de-
terminants in the way described in the previous section. We assume that all
spin-orbitals are of the form (10.21), so that the i*® spin-orbital may be written
as either ¢;(r)a(s) or p;(r)B(s). Thus, the spatial orbital going with the 3"
spin-orbital is also given the index 1.
We use the following nomenclature for one-and two-electron integrals:

Ry = (ilblgi), ki = (ilkles), (16.49)
Ji = Wil i), i = (eieil s leies), (16.50)
K = (il 1), Kij = (pigslileies). (16.51)

2See, for instance, the bibliography, entrance [34].
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We see that
hi=hi, Jj=Jij, Kl = Kijd(msi, maj), (16.52)
where the quantum number m,; as usual is understood to be % when the spin
function associated with ¢; is a(s), and —3 when the spin function is (). J};
and J;; are called Coulomb integrals, while K,-’j and Kj; are called exchange
integrals. Due to the orthogonality between the o and the 8 spin functions, the
exchange integral K|;vanishes unless ¢; and ¢; have the same spin function
associated with them, in which case it becomes Kj;.
The notation for general two-electron integrals is

(Wit |71k = [ [93 (20)9] (22) s dn (1)1 (22) d 1 dy, (16.53)

13

in accordance with the last line of (16.46), and

(pivilrslener) = [ [ o1 (r1)e} (ra) s ek (r1)ei(r2)dvidv,. (16.54)

Because, for instance, z; and z; are dummy indices over which we integrate,
we have symmetry relations like

(Wit |7 o) = (W3l ) = (el 5 i) = (e 2o [9500),
(16.55)

with similar relations for the integrals defined by (16.53). We see, in particular,
that

Jiy =Ty Kij=Kj,  Jh=Ki, (16.56)

with similar relations between the unprimed integrals.

With the above definitions, it is a straightforward matter to derive expres-
sions for atomic term energies, by applying the rules of the previous section for
evaluating matrix elements between Slater determinants. First, we look for a
general expression for (D|H|D) where D is a single Slater determinant of the
form (16.1). We get immediately

N
(DIH|D)=S"h}+

=1

N N
z Z' (95 - KL) (16.57)
i=1j=1

D ke

or, by using that J/; = K

i)
N

N N
(DIAIDy =3 h + %ZZ (- KL;). (16.58)
i=1 j=1

i=1
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The various terms in the sums may be interpreted as follows: h = h; gives the
kinetic energy of an electron in the orbital ¢; plus the electrostatic attraction
energy between the charge ditribution —¢j ¢; and the atomic nucleus. Jj; = Ji;
is the classical expression for the electrostatic repulsion energy between an
electron with the charge distribution ¢}y; and an electron with the charge
distribution ¢7 ;. The exchange integral K{; reduces this repulsion energy for
two electrons with parallel spin.

It is interesting to note that the simple Hartree product (16.7) leads to the
same energy expression as the determinant (16.1), apart from the contribution
from the exchange integrals,

(D|H|D) = (9| H|®) -

O =

N N
DN kY (16.59)
=1 j=1

Thus, we may say that the exchange terms originate as a result of the anti-
symmetrization (16.6).

By using the expression {16.57) and also the expressions for matrix elements
of H between different determinants, we arrive at the following results for a
few selected atoms.

16.4.1 The Helium Atom
The energy of the ground state, as described by the wavefunction (16.17), is
Eq = (U|H|W) = 2h1, + J1s 14 (16.60)
We recognize the expression (12.30) of Sec. 12.4.
The excited configuration 1522s2 gives rise to a 35 and a 'S term. The

wavefunctions associated with these terms were given in Egs. (16.22) and
(16.23). Using the Mg = 1 component of the 35 term gives immediately

E(S) = his + has + J1s,20 — K1s,26. (16.61)
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For the 1.5 term we find
+ = + - - + o~ +
E(lS) = %{/lls2s|H|1s2s|da:+/lls2s|H|1323|da:

= o~ 4
—2/|1323|H|1323|dz}

1
= E{hla + h2a + Jla,2a + hla + h2a + Jla,2a (1662)
+ ~ -+ + ~ + -
-2 ((1s2s|;%;|ls2s) - (ls2s|$]2sls)) }
= hiy + has + J1s,25s + K14,25.
Thus, we get
E('S) - E(*S) = 2Ky, 2, (16.63)

It can be shown that an exchange integral is always non-negative. The
triplet term is accordingly predicted to have a lower energy than the singlet
term. This prediction is borne out by experiment. The experimental singlet-
triplet separation is found to be 0.79eV. The value calculated by Eq. (16.63)
is somewhat larger than this. It depends on the actual form of the 1s and 2s
radial functions.

It must, of course, always be remembered that simple wavefunctions, like
those of Eqs. (16.22) and (16.23), only are approximations to the true wavefunc-
tions. They are, however, good enough to give us a reasonable first description.

16.4.2 The Beryllium Atom

The ground state of the beryllium atom is described by the wavefunction
(11.47), 1. e.,

+ -+ -
Upe = |1515252s). (16.64)
It is obviously a 1S state. Its energy is readily seen to be

E(Be) = (Zhl: + Jls,ls) + (2h2s + J2s,23) + (4Jla,2a - 2K18,26)' (1665)

It appears as the sum of three contributions: the energy of the 1s shell, the
energy of the 2s shell, and the energy representing the interaction between the
two shells.
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A similar partition of the energy into intra-shell contributions and inter-
shell contributions may be performed for other atoms.

16.4.3 The Carbon Atom

The ground electron configuration of the carbon atom, 1s22s%2p?, corresponds
to four electrons in the closed 1s and 2s shells and two electrons in the open
2p shell. The closed shells give an energy contribution of the same form as
the expression (16.65), and it may be proved that the interaction between the
closed shells and the 2p shell is the same for all the determinants in the setup
(16.26) and for all states of Table 16.1. The term energies may consequently
be written as a contribution, Eq, which is the same for all three terms, 3P, 1D
and 'S, plus a contribution which varies with the term, but may be evaluated
by neglecting the 1s and 2s orbitals. We get, for example, from the My =
1, Mg = 1 wavefunction of Table 16.1,

E(P) = Eo+ 2hap + J1o — Kio (16.66)

where the subscripts refer to the m; quantum numbers, as in Table 16.1, and
we have used that the integral (16.49) is the same for each 2p orbital. Similar
expressions may be written down for the other term energies, and when the
involved two-electron integrals are actually evaluated one reproduces the ex-
perimentally observed order of Eq. (16.28). The calculated energies depend, of
course, on the form of the radial function, Ray(r). The order of the terms may,
however, be shown to be the same for all Ry,(r). It is solely determined by
the angular part of the two-electron integrals. One finds, in fact, the following
expressions for the term energies

E(*S) = Eg + 2hgp + Fo + 10F,,
E('D) = Eq + 2hgp + Fo + Fs, (16.67)
E(P) = Eg+ 2hy, + Fy — 5F,

where Fy and Fy are reduced two-electron radial integrals. Such integrals play
a large role in atomic physics,® in particular in atomic spectroscopy where
they often are treated as adjustable parameters. Fy and Fy are both positive
quantities, so the expression {16.67) does actually confirm the order of terms
presented by Eq. (16.28).

3For a detailed discussion with many examples, see the bibliography, entries [6] and [15].
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16.5 Hund’s Rules

In the above examples, we found that the ground terms of the atoms He,
Be and C are 'S, 1S and 3P, respectively. This is in accordance with the
information in Table 11.2 which, together with Tables 11.3 and 11.4, gives the
ground states of the neutral atoms. But we still have to add the J-value. From
the discussion in Sec. 15.4.3 it is obvious that the J-value for He and Be must
be zero, but for the 3P term of carbon we must choose between the multiplet
levels 3P,, 3P, and 3P). The proper choice turns out to be 3P;. Thus, the
multiplet is normal, in the sense discussed in connection with Eq. (15.79).

For the majority of the atoms of the periodic table, the ground state may
be determined by a set of rules known as Hund’s rules. The rules build upon
the assumption that it is possible to define a dominant electron configuration
for the ground state, with only one partly filled shell, and that the necessary
information is contained in this configuration. To determine the ground state
on this basis, proceed as follows:

1. From 3 term analysis like that of Sec. 16.2.2, choose the maximum value
of S.

2. Choose the maximum value of L consistent with rule 1.

3. If the shell is less than half full, choose J = Jmin = |L — S|. If the shell
is more than half full, choose J = Jpax = |L + S|.

With reference to the Landé interval rule (15.79), we may say that a less than
half full shell leads to a normal multiplet, whereas a more than half full shell
leads to an inverted multiplet.

As a closer study of Tables 11.2-11.4 will reveal, Hund’s rules work ex-
tremely well. Sometimes the two first rules may even be used to determine the
order of the lower excited states. This is, for instance, the case for the carbon
atom, where the ! D term is predicted to lie below the !S term because its
L-value is higher, for the same S-value.

Energy expressions like those of Eq. (16.67) for the carbon atom, indicate
that the mechanism behind Hund’s two first rules is tied to the electron-electron
repulsion energy. The popular argument has been the following.

An acceptable many-electron wavefunction, ¥, must be antisymmetric. In-
terchange the positions and the spins of two electrons, and the value of ¥ must
change sign. Therefore, ¥ must be zero for the situation of having two elec-
trons with parallel spins occupy the same position in space. In other words,
electrons with parallel spins are kept apart. As a result, the electron-electron
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repulsion energy is lowered. The term with the highest S-values have more
parallel spins, and consequently the lowest energy. High L-values implies pref-
erential orbital motion which also tends to keep electrons out of each other’s
way. The highest energy therefore corresponds to the lowest values of both §
and L.

Unfortunately, it has turned out that this intuitive explanation of Hund’s
rules is wrong. It is now understood that the explanation is more subtle. It
is, in fact, found that the electron-electron repulsion energy is highest when S
is large. A new explanation that often works is the following: The fact that
electrons are kept apart implies, in the language of screening (Sec. 11.7), that
the effective nuclear charge seen by an electron becomes more positive. As a
result, the electrons are pulled closer to the nucleus. This lowers the electron-
nuclear attraction energy, but also increases the electron-electron repulsion.
However, the electron-nuclear attraction effect dominates, and high-spin states
are thus favored.

Energy expressions like those of Eq. (16.67) presuppose that the same or-
bitals, and hence the same radial functions, are used everywhere in a setup
like that of Table 16.1. Obviously, the alternative explanation just given cor-
responds to relaxing this condition. Bpfﬁapé.rt from this, the amount of con-
figuration interaction (see Sec. 11.6).may vary from term to term.

This completes our discussion of the cohnection between the electron con-
figuration of an atom and its term structure, as described by its wavefunctions
and corresponding energies. In the following chapter, we shall extend the dis-
cussion to diatomic molecules.

Supplementary Reading

The bibliography, entries [6], [15], [28], [34], [35].

Problems

16.1. The electron configuration of the titanium atom is [Ar]3d°4s® (Table 11.2).
a. How many Slater determinants does this configuration give rise to?
b. Perform a term analysis for the titanium atom, similar to the one

performed for the carbon atom in Sec. 16.2.2. Show that the number of
terms is five, and write down the proper term designations.

c. By referring to Hund’s rules, verify that the ground state of the
titanium atom is a ®F} level, in accordance with Table 11.2.
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16.2. The oxygen atom has the electron configuration 1s?2s22p*. It is equivalent
to the electron configuration of the carbon atom in the following sense: The carbon
atom has 2 electrons in the 2p shell, the oxygen atom has two ‘holes’ in the same
shell, that is, the number of electrons is two less than that of a filled 2p shell.

a, Perform a term analysis for the oxygen atom, similar to the one per-
formed for the carbon atom in Sec. 16.2.2. Show that the term structure
is the same as for the carbon atom.

b. By referring to Hund’s rules, verify that the ground state of the
oxygen atom is a 3 P; level, in accordance with Table 11.2.

c. The nickel atom is equivalent to the titanium atom by the same
electron-hole criterion as used above. Compare the ground states of the
nickel atom and the titanium atom on this basis, and compare again
with Table 11.2.
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In Chapter 13 we discussed the classification of molecular orbitals for di-
atomic molecules. We shall now consider the construction of many-electron
states deriving from configurations. We do this with the oxygen molecule as

an example.

17.1 The Oxygen Molecule. Term Analysis

The problem is similar to the carbon atom problem treated in Chapter 16. The
many-electron Hamiltonian (13.4) is independent of spin. Hence, S and Mg
are good quantum numbers. But the spherical symmetry that characterized
the atomic problem has now been broken, and the quantum number L is no
longer relevant. Instead, we have the quantum number A, which corresponds

388
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to A for the molecular orbitals and may take the same values. And in analogy
with the nomenclature for orbitals, Eq. (13.28), we use the designations X,
II, A, &, I',... for states with A = 0,1,2,3,4, ..., respectively. The states
of the oxygen molecule may also be classified as even (g) or odd (u) under
inversion in the midpoint of the bond. In addition, we shall see that ¥ states
may be either even (superscript +) or odd (superscript -) under the reflection
Gy = Og,, defined as the reflection in the zz-plane, as in Secs. 13.2 and 13.5.
The ground configuration of oxygen is (See Sec. 13.6):

(og 13)2(0'; 13)2(0g2s)2(a;23)2(0'92p)2(7ru2p)4(7r;2p)2. (17.1)

It gives rise to 6 Slater determinants. In specifying these we discard the closed-
shell orbitals oyls,...,m,2p. We also choose to work with the complex 732p
orbitals, and for simplicity we call these orbitals w; and 7_;, where the sub-
scripts refer to the my values. The definition of the complex orbitals is

m = \fh(ne i), (17.2)

Ty = \/g(wx —imy),

where 7, and my are the m,2p, and m,2p, orbitals discussed in Secs. 13.5 and
13.6. The inverse of Eq. (17.2) is

Ty = 1 ™ T—1),
\/:( ) (17.3)

Ty = —i\/;(ﬂ'l —m_1)

The 6 Slater determinants arising from the above configuration are listed
in the following table, together with the corresponding values of Mj and Ms:

My | Mg
Fim) | 2] 0
Al | o |1
[#17_1l | 0 | 0 (17.4)
7k | 0| o0
mr | o | 4
Foi7l| 2| o
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From the structure of this table we may deduce that

The ground configuration of the oxygen molecule

gives rise to three terms: *X7, 1A, and 'B}. (17.5)

All terms are even (g), because an even number of odd orbitals are occupied.

To verify the statement (17.5), we note that the two entries with M = 2
show the presence of a term with A = 2 and S =0, i. e, a 1Ay term. The
wavefunctions are

+ s —
1Ay : { s mal, My =2 (17.6)
|7r..1 7l'_1|, M,\ = -2

Next, the two entries with Mg = 41 show the presence of a term with A = 0
and S = 1, i. e, a 3%, term. The Ms = 0 component may be found by
applying the S_ operator. Hence, we get the wavefunctions

[y F-al, Ms =1
0 4 JE(Rrds L)), Ms=0 (17.7)
fry oy, Ms = —~1

Finally, we may construct a term with A=0and S=0,1i. e, a 12,, term, as
the orthogonal complement to the Mg = 0 function of Eq. (17.7),

gre JE (ol - In ) (17.8)

To verify the superscripts - and + in (17.7) and (17.8), respectively, re-
member that 6., turns 7 into m.; and vice versa. We get, for-instance,

N +
ol Foy] = Ry T = [F1 7o) (17.9)
We shall evaluate the term energies in Sec. 17.3 and show that the relative

ordering is E(°L;) < E(*Ag) < E(*L}). The 3T term is accordingly the
ground term of the oxygen molecule.
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17.2 The Oxygen Molecule.
Real Wavefunctions

The determination of the wavefunctions just obtained was facilitated by work-
ing with the complex orbitals 7y and m_;. It may, however, sometimes be
convenient to express the wavefunctions in terms of the real orbitals (17.3)
instead.

Inserting the relations (17.2) into the wavefunctions (17.6) for the ! Ay term
gives

A ==
[F1 71 = §I(Fo + i) (7= + imy)|
1 1f = + = St = Jt = (17.10)
= & (1Fo ol = [Fy 7yl + ilka 7y [+ iR, 7]
and
+ - = + = L = Lt =
lroi 7] =3 (|.1|-r,; To| = |y my| — z[#x Tyl — z|-7"ry 7r,,|) . (17.11)

These wavefunctions are complex, but in analogy with Eq. (17.3) we may
obtain a real set by simple addition and subtraction:

+ = + =
e = /3 (b 7l - 1Fy 7y )

1
A, (17.12)
+ = + =
W = \/g (|7r,, my| + |y 1r,,|)
For the Ms = 1 component of the 37 term, Eq. (17.7), we get
[y Fetl = L (Fe + i) (R — iFy)| = —ilFe Ty (17.13)

The phase factor —i is of no physical significance, so we decide to represent
the Mg = 1 component of the 32; term by the determinant |3"rz }"ry| without
the factor —i. The Mg = 0 and Ms = —1 components may also be found by
insertion, but it is easier to apply the S_ operator to the Mg = 1 component.
Allin all, we get

+ + _
|7rz Wy': Ms =
% \/g (ﬁ,, Tyl + 7 Fyl),  Ms=0 (17.14)

|7T'z ;ryl, Ms=-1
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The '£} wavefunction may be found from Eq. (17.8) by insertion, but it
is simpler to note that orthogonality relations determines it as the orthogonal
complement of the ' Ay function ¥¢:

+ - + =
1)]3‘ : \/g (|1rz Tz | + |7y 7ry|) (17.15)

This completes the construction of the real oxygen wavefunctions.

17.3 The Oxygen Molecule. Term Energies

We shall now evaluate the energies of the >S;, 'A; and !X} terms, using the
real wavefunctions of the previous section. As in Sec. 16.4.3 on the energies of
the carbon atom, we may write the energies as the sum of a constant part

£ = Eo + 2h,, (17.16)

which is the same for all terms, and the electron-electron interaction energies
as evaluated with the two-particle wavefunctions. The latter energies are com-
binations of two-electron integrals similar to those defined in Sec. 16.4. We
shall, in particular, encounter the Coulomb integrals

Joz = <7ra:7ra:l#17rz7rz>,
Jyy = ("y"y|ﬁ1;|7"y7"y)r

(17.17)

and
Joy = (1rx7ry|%|1rz7ry). (17.18)

The Coulomb integral Jy, is numerically equal to J;, because the orbitals .
and m, only differ by their directions in space. We shall also meet the exchange
integral

Lmyms). (17.19)

Koy = (memy| 75

The term energies are now easily written down, by drawing on the rules
for evaluating matrix elements between Slater determinants (Sec. 16.3). Thus,
the two wavefunctions of Eq. (17.12) give

Ec(lAg) = gO + %(sz + Jyy - 21{1:3/) = 80 + Ja::c - I{z‘ya

17.20
E*(*Ag) = &0 + 2(2Joy + 2Koy) = E0 + Joy + Kuy. ( )



17.3. The Oxygen Molecule. Term Energies 393

The two energy expressions must be equivalent, for the energy of a degener-
ate term cannot depend on the component wavefunction used to evaluate it.
To show that the energy expressions are in fact equivalent, we focus on the
exchange integral K, and use that its value must be independent of the co-
ordinate system in which it is evaluated. Assume, therefore, that we decide to
evaluate Ky in a coordinate system obtained from the original one by rotating
it clockwise about the z-axis, through an angle of m/4. The =, orbital then

becomes /1 (7, + m,), and the m, orbital becomes {/%(—m, + 7). Inserting
2 y y 2 y

these expressions in the definition (17.19) gives

Kay = {{(me + my) (=72 + 1) oo | (=70 + my) (M2 + 7). (17.21)

12

By expansion, we encounter the integrals of Eqgs. (17.17)-(17.19), plus the in-
tegral (mzmy | 2=|mymy) = (momy| ;= |mym,). However, the various contributions
from the latter integral cancel out, so the final result becomes

Koy = (Joe + Jyy — 2Jay) = (Voo ~ Jay). (17.22)
Hence, we may write
Joy = Joz — 2Ky, (17.23)

By inserting this expression for J;y into the second expression in Eq. (17.20),
we see that the two expressions given in that equation are, in fact, equivalent.
Thus, we may write

E(*Ag) = & + Joz — Kay. (17.24)
Next we get, from any of the 32; components in (17.14),
E(T;) =&+ Joy — Kazy, (17.25)
or, by inserting the expression (17.23) for Jy,
E(Z7) =&+ Jow — 3Kzy. (17.26)
Finally, the 'S} term (17.15) gives
E(*S}) = €0+ $(Joz + Jyy + 2Kay) = E0 + Jow + Kay. (17.27)

Summarizing the above results, we have found that

E('S}) =& + Jop + Kay
E(*Ag) =&+ Joo — Koy (17.28)
E(E;) =&+ Jow — 3Ky
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We have thus confirmed the ordering mentioned at the end of Sec. 17.1. But,
more than this, we have derived transparent energy expressions for the three
terms.

These expressions predict that the three terms be equally spaced, the en-
ergy difference between two neighboring terms being 2K;,. However, it is
found experimentally that the 'A; and 'E} terms lie 0.982eV and 1.636eV,
respectively, above the ground state, 329‘. The experimentally observed spac-
ing (0.654 eV) between the 'Ay and 'TF terms is thus somewhat smaller than
the experimentally observed spacing (0.982 eV) between the 32; and A,
terms. But qualitatively, the theoretical description has done quite well.

As for atoms (Sec. 16.5), the theoretical result may be readily improved at
two levels. Firstly, we realize that we have tacitly assumed that all occupied
molecular orbitals, and hence also &, Jzz and Ky, are the same for all three
terms of the oxygen molecule. This condition may be relaxed. The expressions
(17.27) will then still be valid, but the values of &, Jsr and Ky, will differ
from one term to another, and the constant spacing between the terms will be
destroyed.

The second level at which the theoretical result may be improved is the con-
figuration interaction level. At this level, the wavefunctions are represented as
linear combinations of several Slater determinants, referring to different elec-
tron configurations, with the coefficients of the linear combinations determined
variationally.

The discussion of this chapter has been tied to a single diatomic molecule,
namely, the oxygen molecule. Other diatomics may, however, be discussed
along similar lines. And most often, the discussion will be simpler, for the
ground term of most diatomic molecules is a !Xt term, for homonuclear di-
atomics a 'L} term.

As to the role of spin-orbit coupling, which we discussed in some detail for
atoms in Sec. 15.4.3, it is of no less importance in molecules. Thus, it splits
the various electronic terms into multiplets characterized by the eigenvalues
of f,z + S,. The situation is, however, more complicated than this because L
and § also couple to the rotational motion of the molecule. Obviously, the
overall effect depends on the relative strengths of the various couplings, and
each molecule must accordingly be treated as a separate case. We refer the
reader to the literature for a detailed discussion of this problem.!

Finally, it should be remembered that our discussion of molecules has been
based on the adiabatic approximation which we discussed in Sec. 13.1. The

1See the bibliography, entries [36], [37] and [38).



17.3. The Oxygen Molecule. Term Energies 395

validity of this approximation is usually better for states of low energy than
for higher energy states. But it is always an approximation. To go beyond it
in a general way is a very complicated matter. Again, we must refer the reader
to the literature.?

Supplementary Reading

The bibliography, entries [36], [37], [38].

28ee B. T. Sutcliffe, Adv. Chem. Phys. 114, 1 (2000).
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The Hartree—Fock Method
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We have now proceeded quite far in our understanding of the basic struc-
ture of atomic and molecular quantum mechanics. With the last chapter we
have completed the discussion of the connection between the idea of electron
configurations and electronic terms. As a result, we finally understand how to
construct reasonable approximations to proper many-electron wavefunctions,
starting from orbitals, that is, one-electron wavefunctions. We shall now direct
our attention to the problem of actually determining the best possible orbitals
within this picture.

This is a problem we have commented on at various occasions, for atoms
primarily in Sec. 11.6, and for molecules in Sec. 13.2. We have also pointed out
that the notion ‘best possible orbitals’ is ambigious. As discussed in Sec. 11.6,
we may take it to mean either Hartree-Fock orbitals or Kohn—Sham orbitals.

In this chapter, we shall focus on the Hartree—Fock description. It is a
description that has undergone many refinements during the years. It was

396
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originally introduced by the Russian physicist Vladimir Aleksandrovitj Fock!
and J. C. Slater,? as a completion of the originally intuitive method developed
by D. R. Hartree? on the basis of product functions like that of Eq. (16.7).
We first discuss the Hartree-Fock method for a single determinant. We
then introduce spin and equivalence restrictions and reach what is known as the
conventional Hartree-Fock method. Finally, we comment on the correlation
problem, i. e., the problem of going beyond the Hartree-Fock description.

18.1 Hartree—Fock Method for a
Single Determinant

In the Hartree~Fock method for a single determinant, one assumes that the N-
electron state under study may be reasonably well described by a wavefunction
of the form (16.1), i. e.,

Yi(z1) Yilzz) ... Yilzw)
D= W)l'»b?. N ¢N| — \/% 1/)2(131) 1/)2(132) :‘p'2'($N) , (181)
Yn(z1) ¥n(z2) ... ¥n(zN)

where ¥y, ¥2,...,%nN Is an orthonormal set of N spin-orbitals,
(Wilds) = &ij. (18.2)

With reference to the variational theorem (12.12), the spin-orbitals should be

chosen so as to make the expectation value of the Hamiltonian an absolute

minimum. Those spin-orbitals are, per definition, the Hartree—Fock orbitals.
Because of the orthonormality relations (18.2), D is normalized to unity.

Thus, the expectation value of the Hamiltonian simply becomes (D|ﬁ | D).
We write the electronic Hamiltonian as

(18.3)

1V. Fock, Z. Phys. 61, 126 (1930).
2]. C. Slater, Phys. Rev. 35, 210 (1930).
8D. R. Hartree, Proc. Cambridge Phil. Soc. 24 (1928).
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For a molecule, the Hamiltonian agrees with that of Eq. (13.4) which is the
electronic Hamiltonian for a fixed configuration of K nuclei. For an atom,
where K = 1, we recoguize the Hamiltonian (16.58).

The expectation value (D{ﬁ |D) may be written as in Eq. (16.58),

N N
ZZ(J,-’,.—K,!J- . (18.4)

z

er—k

(DIHIDy=>"hi +

i=1

The quantities in the expression for (D{E’ |D) have the same meaning as in
Sec. 16.4, except that h{ now honors the presence of K nuclei, that is, A}
gives the kinetic energy of an electron in the spin-orbital 4; plus the energy of
this electron in the field of K fixed nuclei.

As said above, the spin-orbitals 11, ¥2, ... ,¢¥n should be determined such
that (D|H | D} becomes an absolute minimum. This implies that the variation
6(D|H|D) should be zero. The expression for the variation is obtained as
the first-order term in the expression (18.4) when each ; and 4; therein are
replaced by ¥; + d1¢; and 9; + ;. The result is

N
§(D|H|D) = _Z«wfaw

+§jzﬁdwquw ¥i) — (Swibs | i) |

== (18.5)
+ Z(%lfll&!)f)
1;,1 N
+ 305 {wivil 60aws) — Wiyl w560 b
i=1j=1
We have used rewritings like
N N
DD (Widesl i) = Z Z(WM |t i)
i=1j=1 =l j=1 (186)

N N
=D D (sl i)

izl j=1

which involves renamings of summation indices, and draws on the first relation
contained in Eq. (16.55).
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The expectation value of the Hamiltonian is only given by the simple ex-
pression (Dlﬁ |D) when the spin-orbitals 1, v, ... , ¥» form an orthonormal
set. It follows that these orbitals must be kept orthonormal during the varia-
tion, if (18.5) all along is to represent the change in the expectation value of
H. This corresponds to the requirement

dile;) =0, 4,7=12,...,N, (18.7)
or,
(6%il¥5) + (dild;) =0, 4,j=1,2,...,N. (18.8)

A necessary condition for (DIPAI |D) to represent a minimum when evaluated
with the spin-orbitals ¢1, %5, ... , ¥ is then, that the expression (18.5) should
vanish for any variation which is in accordance with (18.8). This condition
leads, in a straightforward manner, to the Hartree-Fock equations.

It is, howwever, expedient to simplify the notation still further by intro-
ducing the so-called Hartree—Fock operator

N
F=h+)_ (J; -k (18.9)
j=1

where h is the one-electron operator defined in (18.3), and jJ’ and f(J' are
integral operators defined through the relations

Ji(zy) = / ¥ (22)(22) 2 drg Y(21),

) (18.10)
Riwler) = [ 05z b(e0) Fdoa vy ).

i3

jJ' is called a Coulomb operator. It may be interpreted as giving the electro-
static porential from an electron in the orbital ¥;. K  is called an erchange
operator. It represents what is known as a non-local potential, a notation
which refers to the fact that one must know v(z) at all values of z, in order to
evaluate K i¥(z) at a particular point. The Coulomb operator represents, on
the other hand, a local potential. To evaluate J;’qb(a:) it is sufficient to know
¥(z) at the point z.

It is easy to verify that each of the operators k, J;’ and K ; are Hermitian.
F is therefore also a Hermitian operator.
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The expression (18.5) may now be written in the more compact form

~ N ~ ~

§(DIAID) = 3 {(6wl Fli) + (il Flowi) } (18.11)

i=1
and the condition that 5(D]}? |D) vanish becomes

N ~ ~
3 {(wil Fli) + (wil Flows) } = 0. (18.12)
i=1

The spin-orbitals for which §(D|H|D) is a minimum are the Hartree~Fock
orbitals. Eq. (18.12) represents a necessary condition on these orbitals, which
implies that it is these particular orbitals that occur in (18.12) and (18.8). We
introduce the notation V; for the function space spanned by these orbitals,
1. e., for the set of all functions of the form

N

Yr= ki (18.13)

k=1
The notion Vy; is used for the complementary function space, i. e., for the set
of all functions of the form

[s]

Yrr = Z cuthy. (18.14)

u=N+1

Here, the ‘unoccupied’ orbitals ¥ x 41, ¥N42,. .. have been so chosen that they
form a complete orthonormal set of functions, when taken together with the

‘occupied’ orbitals ¥1,%s2, ..., ¥x. In other words, any function ¥ (z) may be
written as
N o0
Y= et Y. cutu (18.15)
k=1 pu=N+1

We express this symbolically as
V=V ®V. (18.16)
For the coefficients in {18.15) we have the usual expressions

ok = (Pel¥),  cu = (Yul¥), (18.17)
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in analogy with Eq. (5.140). We use Roman subscripts for functions in Vr,
Greek subscripts for functions in Vy;.

The condition (18.12) must be satisfied for the set of all possible variations
(091,04, ... ,6¢N) which are consistent with (18.8). It must therefore hold
for any particular instances. For our purpose, it is sufficient to consider a
variation of the form

Sty =cyn, Y =0, k#£i (18.18)

This variation will certainly satisfy (18.8), since ¢, belongs to Vi (cf. our
convention concerning subscripts).
Inserting (18.18) in (18.12) gives

c*(alFlaps) + e(ys| Flpa) = 0. (18.19)
Replacing ¢ by ic gives instead
—ic* (x| By} + ic(yi | Fla) = 0, (18.20)
or, after multiplication by 1%,
¢ (YalFls) — c(i] Fliba) = 0. (18.21)

Adding and subtracting Eqs. (18.19) and (18.21) shows then that

Flg;) = 0,
(¥l i [%:) (18.22)
(¥i|Fl¢n) = 0.
These relations must hold for any v; in V; and any v, in Vy;.
The implication of this result is that the expansion
N >}
P =) et + D €uthy (18.23)
k=1 u=N+1

must terminate after the N*® term. For in the same way as in Sec. 5.10, Eq.
(5.151), we get

exi = (k| Fl9i),

' 18.24
€ui = <1/)II’F|¢D>’ ( )
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while Eq. (18.22) shows that (1/;,‘|13'|1/),-), and hence ¢, is zero. Eq. (18.23)
becomes accordingly

N
P =Y ewth, i=12,...,N (18.25)

k=1

The N equations (18.25) are the Hartree-Fock equations which the spin-
orbitals 1, 12,...,¥x have to satisfy. We note that the orbitals—through
the operators JAJ’ and K % defined by Eq. (18.10)—also occur in the definition
of the Hartree-Fock operator F'. The Hartree-Fock equations are, therefore, a
set of coupled integro-differential equations.

The coefficients €x;, for which Eq. (18.24) gives explicit expressions, are the
elements of a Hermitian matrix (because Fis Hermitian). They are usually
referred to as Lagrangian multipliers. This designation refers to the fact that

Eq. (18.25) may be derived by requiring that the quantity

N N
I=(DIH|DY = > eij{wilws) (18.26)
i=1j=1
be a minimum for arbitrary variations (641,892, ... ,8¢x). This method draws

on a general way of handling constraints (in the present case (18.8)), due
to the eighteenth century, French mathematician Joseph Louis Lagrange. A
comparison of the method applied here and the method of Lagrange is given
elsewhere.*

At this stage we recall the theorem, proved in Sec. 13.6, Eq. (13.76), that a
Slater determinant—apart from a factor—is invariant under a linear transfor-
mation of the spin-orbitals that define it. This implies, apparently, that any
set of N orthonormal spin-orbitals in V; must satisfy a set of equations of the
form (18.25), for any such set defines the same determinant.

It is now easy to show (vide infra) that Fis independent of the way in
which the orthonormal set 1,2, ... ,¥n is chosen within V. In other words,
F is an invariant. This implies, in particular, that the matrix {€x;} may be
diagonalized by a unitary transformation. Hence, suitable linear combinations

N
¥ = E Uji; (18.27)
Jj=1

). P. Dahl, H. Johansen, D. R. Truax, and T. Ziegler, Chem. Phys. Letters 6, 64 (1970).
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can be found, for which the Hartree-Fock equations take on the following
canonical form (we leave out the superscript ¢):

Fyi=ev;, i=12,...,N. (18.28)

The preservation of orthonormality is secured by the requirement that Uj; be
a unitary matrix, as discussed in detail in Sec. 15.1.

The canonical form is apparently the simplest of the equivalent forms in
which the Hartree-Fock equations may appear. As a consequence, this form
plays a preferred role in many applications of the theory. In addition, Eq.
(18.28) looks much like a one-electron Schrédinger equation. It is thus through
the canonical form that one comes closest to the ideas of the so-called indepen-
dent particle model according to which each electron finds itself in a stationary
state, determined by an effective potential from the nuclei and the remaining
electrons.

The actual solution of the Hartree~Fock equations is usually carried out by
the Self-Consistent Field method (SCF method). This is an iterative proce-
dure by which one begins by guessing a ‘reasonable’ set of occupied orbitals
¥1,v¥2,...,¥n. With these functions, one constructs the Hartree—Fock oper-
ator (18.9) and solves the equations (18.28) with F as a fixed operator. In
this way, a new set of orbitals is arrived at. These allow the construction of
a better F with which Eq. (18.28) may again be solved, etc. The iteration
is stopped when the difference between the orbital sets from successive steps
become insignificant, The Hartree-Fock field is then said to be self-consistent.
In practise, it is often necessary to apply special techniques to achieve self-
consistency.

We close the present section by verifying the above made assertion that F
is invariant under a unitary transformation of the form

N
Y=Y Ui, J§=12...,N (18.29)
i=1
We do this by showing that the quantity
N
y(z,2') =) (=)} (2) (18.30)
j=1
is an invariant. This is an equivalent problem, for a comparison with the ex-

pression (18.9) shows that F depends upon the orbitals ¥;, ¢5, . .. , YN through
this quantity.
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Inserting (18.29) in (18.30) gives

N
Y Uni Ui du(@)¥5 (o)

i=1

Suru(2) ¥} (=) (18.31)

M=
=

v(z,2') =

S
l
-
u
i
A

It

= it
I

Ui (2)9i (')

-
1
-

where Eq. (15.12) has been used in going from the first to the second line. The
form invariance of ¥(z, z’), and hence of F, is now evident.

The quantity v(z,z') is called the one-electron density matriz. It is a
central entity to which we shall return in the next chapter.

18.2 Spin Restrictions

To determine the most general solutions of the Hartree-Fock equations (18.28),
as spin-orbitals of the form (10.17), is a very complicated task. Usually, one
imposes the restriction that the spin-orbitals be eigenfunctions of §,, that is,
they must be of the form (10.21). Let us assume that n spin-orbitals have o
spin while the remaining N — n spin-orbitals have 3 spin. The determinant
(18.1) becomes then

D=1|p1dy - bubpr ol (18.32)
Such a determinant is an eigenfunction of S, with the eigenvalue
Ms=n-1iN, (18.33)

in the usual atomic units. Conversely, it may be shown® that any N-electron
determinant which is an eigenfunction of S, with this eigenvalue, is of the from
(18.32), or else it can be brought on that form through a transformation of the
type (13.76). To find the energetically most favorable determinant of the form
(18.32) is therefore equivalent to solving the variational problem §(D| H |D) =
0, with the subsidiary condition that D be an eigenfunction of S, with the
eigenvalue n — %N .

5P.-Q. Léwdin, J. Appl. Phys. Suppl. 33, 251 (1962).
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It is quite easy to see how the Hartree—Fock equations are modified when,
besides the orthonormality conditions (18.2), we impose the restriction that
D is to be varied only within the class of determinants which have n spin-
up orbitals and N — n spin-down orbitals. The expression (18.11) for the
variation of (D|H|D) will still hold. But the expression (18.9) for the Hartree—
Fock operator may be simplified by introducing purely spatial Coulomb and
exchange operators, fj and IA{J’. In accord with the notion of Sec. 16.4, we
define

Tt = [ j(ra)es(ra) s duaelra),

) (18.34)
Riplr) = [ Gi(ra)e(ra)sdun os(r)

With all spin-orbitals being of the form (10.21), we may perform the integration
over the spin variable in (18.10) to get

Jii(x1) = Jphi(zr),

Kii(z1) = 6(mai, myj) Kt (21).
Thus, the exchange operator K ; annihilates all spin-orbitals with spin functions
different from that of ; itself.

As one easily verifies, these results allow us to write the Hartree—-Fock
operator (18.9) as

(18.35)

N n N
F=h+Y =Y Kik+a)- ) Ki(3-5) (18.36)
j=1 i=1 j=n+1

This operator commutes with 5,. That the Hartree-Fock orbitals are supposed
to be eigenfunctions of §, is therefore a consistent assumption (cf. the theo-
rem (5.120)). The expression (18.24) for €, also shows that the Lagrangian
multipliers connecting a spin-up orbital with a spin-down orbital must be zero
(Apply the theorem (5.74) with F replaced by 3, and G by F). This im-
plies, in turn, that it becomes possible to eliminate the spin functions in the
Hartree~Fock equations and write, instead of (18.25),
n
ﬁ‘?(f’i:szis"k, i=12,...,n

k=t (18.37)

N
Floj= 3 ajr, j=n+l... N,
I=n+1
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where we have introduced spin-up and spin-down Hartree-Fock operators by
the definition

o N ~ n A~
Pr=h+Y J;-> K,
Jj=1 J=1
) ) N N (18.38)
P =h4 Z ' — Z K;
i=1 F=n4l

We may now perform unitary transformations like (18.29) within the or-
bital sets {¢1,¢2,...,¢n) a0d {@nt1, Pnt2, ... , o~ ) separately, to obtain the
equations (18.37) in the canonical form

Flo; =€y, i=1,2,...,n,
AR A (18.39)
F'%oj:cjgpj, j=n+1,...,N.

These equations are, then, the Hartree-Fock equations associated with a de-
terminant of the form (18.32).

We observe that FT and F'* become identical if the exchange terms are
neglected, or if these terms happen to be the same in the two operators. The
two sets of equations in (18.39) have the same solutions in such cases. In
other words, the spin-up and spin-down orbitals are taken from the same set
of spatial orbitals. But the general case makes F't and F¥ different, and the
spin-up orbitals do not go with the same set of spatial functions as the spin-
down orbitals. One talks about different orbitals for different spins (DODS).
It should be noticed that the spin-up orbitals are mutually orthogonal, as are
the spin-down orbitals, but there are no orthogonality conditions between the
two types of orbitals.

The SCF theory based on (18.39) is referred to as Unrestricted Hartree-Fock
(UHF) theory. In the case of atoms, one even uses this designation with one
more restriction imposed, namely, that the spin-orbitals in the determinant
of Eq. (18.32) should be also eigenfunctions of £,. An equivalent way of putting
this is to require that D be an eigenfunction of L,, with a definite eigenvalue
M. The new restriction may be treated in exactly the same manner as the spin
restrigtion, by observing that the Hartree-Fock operator now also commutes
with £,.
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18.3 Conventional Hartree—Fock Theory

The most widely used version of Hartree-Fock theory operates with spin-
orbitals of the form (10.21), but requires in addition that the spatial orbitals
reflect the full symmetry of the operator h, defined in Eq. (18.3). This means
that the spatial orbitals are eigenfunctions of #2 in the atom, and eigenfunc-
tions of éf in the diatomic molecule. In a general molecule, they must span
irreducible representations of the point group defined by the nuclear frame-
work. Such spatial orbitals are called symmetry orbitals, and the restrictions
involved are referred to as symmetry restrictions.

The symmetry restrictions are augmented by equivelence restrictions, ac-
cording to which all spatial orbitals are to be taken from an orthonormal set
with the property that if ¢; is a member of the set, so is any partner of ;.
Partners are here defined as functions that transform into linear combinations
of each other under the action of angular-momentum operators and /or symme-
try operations. Furthermore, it is required that the spin-up and the spin-down
orbitals should be taken from the same set of spatial orbitals. This leads to
the well-known concept of doubly occupied orbitals: each spatial orbital may
occur twice in the same determinant, once associated with an « spin function,
once with a § spin function.

The use of symmetry orbitals makes it possible to construct total wave-
functions which themselves honor the symmetry of the problem, as linear
combinations of a minimum number of determinants. These wavefunctions
correspond closely to the atomic and molecular many-electron wavefunctions
that we constructed in Chapters 16 and 17,

The Hartree-Fock theory associated with such a description of electronic
states is known as Conventional Hartree~Fock theory or Restricted Hartree-
Fock (RHF) theory. In order to see how the basic equations are modified by
the additional constraints, let us consider an N-electron state described by a
single determinant of the form

4 - = -
D=|fy. PPz @l m<, (18.40)

in which m orbitals are doubly occupied. The variation of (D|H|D) is still
given by (18.11), and the form (18.36) still applies. We obtain therefore, by
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observing the definitions (18.38),

N
§(DIAIDY = 3 {(6wil F1) + (il Flows) }

i=1

=S {GeilEMlgi) + (oil FVlogi) | (18.41)
i=1

+ 3 {GeilPHlp) + (@il P80 }
i=1
or,

SDIEID) =Y {(6pil T + FHps) + (@il 1 + FYl6gn)}
- (18.42)
+ 2 {(5%!13“%;) + <<,o;;ﬁ‘f;5¢,.>} _

i=m+1

This is a special case of the more general expression

SE=3 {<5¢sfﬁ"iwe> + (sadﬁ"lésos)} , (18.43)

=1

for which the condition  E = 0 leads to the Hartree-Fock equations

n
Flop=Y Nigj, i=1,2,...,n, (18.44)
j=1

with {};;} being a Hermitian matrix. This result may be derived by the use
of methods similar to those applied in Sec. 18.1, as shown elsewhere.® The
characteristic feature of (18.44) is that each orbital has its own Hartree-Fock
operator.

Thus we obtain, from (18.42), the following equations

(BT + FYp; = Exk,%, i=1,2,...,m,
(18.45)
ﬁ‘Tgojzz:/\;jw, j=m+1l,...,n
=1

6See the reference of footnote 18.4.
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As usual, we may reduce these equations further by performing unitary trans-
formations on the set of orbitals defining D. However, only such transforma-
tions are allowed that leave m orbitals doubly occupied. This implies that
we may perform unitary transformations within the sets ¢;,92,...,m and
Pm+1s- -+ » Pn separately, but no mixing between the sets is allowed.The canon- -
ical form of (18.45) is therefore

n
(FT'*’I%&)V{:A:':'SD:"‘}‘ Z Akik, i=1,2,...,m,
Femd (18.46)
F'ou = Mapr+ 3 Awpi,  k=m+1,...,n

=1

Thus, not all off-diagonal multipliers may be eliminated.

An important exception is obtained when n = m, in which case F*t and
F become identical. The determinant (18.40) now has n doubly occupied
orbitals, and we may write

Fcﬂoizei@fs i:}-)zs"'sn)

s a e, oA 18.47
Fe= h+E(?Jj~Kj). ( )

J=1

The presence of off-diagonal multipliers is characteristic of open-shell sys-
tems where not all orbitals are doubly occupied. Their mission is to ensure
orthogonality between orbitals with different occupancy. If the multipliers
were neglected, the orbitals would, as a rule, no longer be orthogonal, for they
would then be eigenfunctions of different Hermitian operators. However, if
some symmetry is present in the system, off-diagonal multipliers only occur
between orbitals with the same symmetry. Multipliers between orbitals of dif-
ferent symmetries vanish due to the theorem (5.74) (cf. the discussion between
Eqs. (18.36) and (18.37)).

In closing this section, let us emphasize that most Hartree-Fock calculations
work with orbitals that are expanded in basis sets of non-orthogonal functions,
usually Slater- or Gaussian-type orbitals (cf. Secs. 11.7 and 12.4). Thus, the
Hartree-Fock equations become a set of matrix equations, usually referred to
as Roothaan’s equations, in honor of the Dutch-American physicist Clemens
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C. J. Roothaan whose pioneering work has been very influential.”

18.4 The Correlation Problem

The importance of the Hartree—-Fock method and the concepts it introduces is
very great. Nevertheless, we do not obtain an exact solution to the electronic
Schrodinger equation by this method. For the ground state, it is easy to set up
a simple measure for the accuracy of the method by drawing on the variational
theorem (12.12). This theorem ensures us that the Hartree-Fock energy, EgF,
lies above the exact ground-state energy, Fy. The quantity

Ecory = Eo — Eup (1848)

is therefore a reasonable measure for the accuracy. It is called the correlation
energy. For the helium atom and the hydrogen molecule it amounts to-1.1eV.

The problem of improving the description beyond the Hartree-Fock de-
scription, with the ultimate goal to reach the exact solution of the Schrodinger
equation, is known as the correlation problem. The first step may be taken
by constructing linear combinations of a moderate number of determinants by
including determinants corresponding to different electron configurations, as
discussed in Sec. 11.8. This is the method of limited configuration interaction.
The coefficients in the linear combination are determined by the variational
method. In a refined version of the method, one writes down the explicit en-
ergy expression for the linear combination of determinants and determines the
orbitals and the coefficients by varying this expression directly. This method is
known as the Multi-Configuration Self-Consistent Field (MCSCF) method. A
powerful variant is the so-called Complete Active Space Self-Consistent Field
(CASSCF) method.

With modern computers, one may go far beyond the Hartree-Fock descrip-
tion and the description based upon configuration interaction with a moderate
number of determinants. One may add more and more orbitals, add flexibiliy
to the orbitals by means of built-in parameters, and then construct linear com-
binations of the many, many determinants defined by the orbitals. In this way
it becomes possible to treat difficult systems with success and to account for
many fine details of electronic structure.

It should be emphasized that these extensive methods often draw on the
theory of the symmetric groups (permutation groups) and the unitary groups.

7C. C. J. Roothaan, Rev. Mod. Phys. 28, 69 (1951).
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They involve advanced numerical methods and, finally, they are far from always
formulated directly in terms of Slater determinants.

The correlation problem may also be attacked by other powerful methods.
Especially noteworthy are the procedures based on Many- Body Perturbation
Theory (MBPT) and the so-called Coupled-Cluster (CC) methods.

The methods we have discussed or referred to above are all so-called ab
initio methods. By this we mean that the methods attempt to solve the
many-electron Schrédinger equation as strictly as possible, using only the fun-
damental constants as well as the mass and charge of the nuclear particles from
experiment. The many-electron wavefunction is at the forefront of the descrip-
tion, In the next chapter we shall discuss a method which instead focuses on
the electron density. This method is also referred to as an ab inétio method.

Supplementary Reading

The bibliography, entries [25], (28], [34], [39], [40].
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Following the discussion of Hartree—Fock theory in the previous chapter, we
shall now turn to density-functional theory (DFT). As emphasized at the end
of the previous chapter, this description of electronic structure focuses on the
electron density rather than the wavefunction. It is essentially a ground-state
theory, in the sense that it rests on the variational theorem (12.12) which only
applies to the ground state of an atom or a molecule.!

To suspend the wavefunction is, of course, a radical undertaking. It is,
however, well known that the energy of an N-electron system may be expressed
in terms of the so-called two-electron density matrix. In the Hartree-Fock
approximation, it may even be expressed in terms of the one-electron density
matrix. The diagonal terms of this matrix give the electron density. Hence,

1In systems with symmetry, the variational theorem may be applied to the lowest state
of each symmetry. The same holds for density-functional theory.

412
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the gap between Hartree—Fock theory and density-functional theory is smaller
than it might at first be thought.

The common ground of Hartree—Fock theory and density-functional theory
is the field of density matrices. The present chapter aims at putting this
assertion in perspective. We begin therefore with a section on reduced density
matrices and the role they play in determining the energy of an N-electron
system.? Next, we consider the density matrices when the wavefunction is
a single determinant, which is the Hartree-Fock case. We then proceed to
density-functional theory and its justification, which rests on the so-called
Hohenberg-Kohn theorem. In the final section we derive and discuss the Kohn-
Sham equations which form the DFT basis for a self-consistent determination
of the electron density.

19.1 Reduced Density Matrices

Having introduced the wavefunction ¥(r,t) in Sec. 3.1, we commented on
its physical interpretation in Sec. 3.4. Assuming that the wavefunction was
normalized to unity, we interpreted ¥*(r,t)¥(»,t) as a probability density in
position space. But we also underlined the fact, that far from all informa-
tion about the quantum-mechanical state of the particle is contained in this
quantity. We referred, in particular, to the linear momentum of the particle
and contended that we need the full information contained in ¥(r,¢) to make
statistical predictions about the linear momentum. This point was explicitly
illustrated in Secs. 6.2 and 6.3, with the wavefunction (6.29) as an example. It
may also be well ilustrated by evaluating the expectation value of the Hamil-
tonian (3.16).

To conform to the notation of the previous sections, let us write ¢(r) for
a single-particle spin-free wavefunction. (We suppress its possible dependence
on time.) Let us also write the Hamiltonian as

s 1
h:———2-V2+v('r), (19.1)

in atomic units. For an electron moving in the electrostatic field from K nuclei,

2For a general discussion of reduced density matrices see, in particular:
K. Husimi, Proc. Phys. Math. Soc. Japan 22, 264 (1940).
P.-O. Ldwdin, Phys. Rev. 97, 1474, 1490, 1509 (1955).
R. McWeeny, Rev. Mod. Phys. 32, 335 (1960).
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the form of v(r) is determined by the last term in Eq. (18.3),1. e
— Zq
v(r) = —ZE' (19.2)
g=1

But it may also contain contributions from, for instance, external electric fields.
In what follows it is expedient to refer to v(r) as the external potential.
For the expectation value of the Hamiltonian we get

@w:/¢%ﬂ«ev%¢va+f¢wﬂWﬂ¢wwv

(19.3)
= [ ) =4T2)p(r)do+ [ o{r)p(r)d
where
p(r) = p(r)e" () (19.4)
is the probability density in position space. We shall refer to it as the electron
density.

To evaluate the expectation value of the external potential, it suffices to
know the electron density p(r). But this is not sufficient for evaluating the
expectation value of the kinetic energy—which depends on the momentum
operator. We need the wavefunction itself or, equivalently, the so-called density
matric

plr, v") = p(r)g* (). (19.5)
Like the electron density, it is bilinear in the wavefunction. Its diagonal ele-
ments, obtained by putting (» = '), define the electron density.

plr,m) = p(r). (19.6)
In terms of the density matrix, Eq. (19.3) may be written
- /[(_%vz) (,7)pendv + [ v(r)p(r)dv, (19.7)

where we put #’ = r after operating with the kinetic-energy operator, but
before completing the integration.

Let us now consider an N-electron system in a state described by the wave-
function ¥(z1,z2,...,zn). We shall derive reduced expressions for the expec-
tation values of operators like

N
F=>"f(a:) (19.8)

1=1
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and
R 1 N N
G= Ezzlﬁ(z;,zj). (199)

These are the kind of operators for which we evaluated matrix elements be-
tween Slater determinants in Sec. 16.3. Here, we consider the expectation
values for a general N-electron wavefunction. Let us first treat the operator
.

We begin by noting that each f(z;) conributes equally to (¥|F|¥). We
have, for instance,

/\F'(zl,zz, . ,xN)f(xz)\Il(xl,zg, ..., zN)dr1dzy - - -dzN
= \/\I"(.‘Bz,.‘tl, N ,.’tN)f(:L‘l)\I’(IQ,Il, - ,zN)da:ldzg e -de

=/W‘(z1,x2,... Jen) f(21)¥(21, 23, . . ., 2N)dzrdas - --dzy.  (19.10)

We have renumbered the coordinates over which we integrate, and next used
that both ¥ and ¥* change sign under the interchange of particles 1 and 2. In
all, we get

(U|F|¥) =
N/\Il‘(zl,:cg,... v an) f(21)¥(21, 23, ..., zN)dzydey - - -dzy.  (19.11)
Defining the so-called reduced one-electron density matriz
¥(z,z') = N/\Il(:c,a:z,... N (2, 29, ... ,zN)dTs - - -dTN (19.12)
allows us to write
WF9) = [[e)r(e,2 ermsds. (19.13)
If f is independent of spin we may integrate over the spin variable to get
WIF1) = [1F()ptr, ) omrds, (19.14)
where

plr,v) = [r(a, #lemeds (19.15)
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is the spinless one-electron density matrix. Its diagonal elements give the
electron density p(r), as in Eq. (19.6). We note that

/p(r)dv = /7(z,:c)d.1: = N. (19.16)

The expectation value of the operator G, Eq. (19.9), may similarly be
written

(\II|G|W) =//L&(xl,zg)I‘(zl,zg,x’l,z’z)],,:lzzh,,/’:,,dzldxg, (19.17)

where

N(N-1
[(z1,z3,2),25) = (—2'—)//

U(zy,22,23...,2N)¥" (2,25, 23... ,zN)dz3---dzy (19.18)

is the reduced two-electron density matriz. We shall only need the expres-
sion (19.17) when §(z1,z2) = 1/r12. G is then the operator representing the
electron-electron repulsion energy,

1 1
~ - ’
G= 5 E E — (19.19)
and the expression (19.17) simplifies to

A 1
(WC|) = / f —pa(r, ra)durdon, (19.20)
where
p2(r1,72) =//I‘(z1,xz,x1,zz)dqdca. (19.21)

The quantity py(r1,72) is the two-electron density. It is normalized to the
number of electron pairs,

-1
//Pz(rl,?z)dvldvzz [/F(zl,xz,xl,zg)d:cldxg = N(—N2——) (19.22)

We note that

/I‘(zl,xz,x'l,xz)dzz = (N2— 1)—7(3:1,3:'1) (19.23)
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and

W= l)p('rl). (19.24)

/Pz(ﬂ,?‘z)dvz =

Collecting the above results, allows us to write the expectation value of
the Hamiltonian (18.3) in terms of reduced density matrices. We rewrite the
Hamiltonian as

N 1 N lNN,].
H=3 -5+ vr) 453 37—

2 2
i=1 B i=1 i=1 j=1 (1925)
Eg_
and get
= (UH|Y) = [[(-$V)p(r,")]pi=pdv + [ v(r)p(r)dv
‘/ / (19.26)

1
+//—-p2(r1,r2)dv1dv2.
r12

This is a fundamental result. In deriving it, we have used relations like those
of Eq. (19.10). We argued that these relations hold because ¥ is an anti-
symmetric wavefunction. It is, however, obvious that they also hold if ¥ is a
symmetric wavefunction. Hence, the expression (19.26) does not distinguish
between fermions and bosons.

19.2 Single Slater Determinant

It is instructive and of great interest to specify the one- and two-electron
density matrices for the single Slater determinant (16.1). This may be done
by drawing on the expressions (16.41), case c, and (16.46), case d. For the
expectation values of the operators (19.8) and (19.9), those expressions give

N
(DIF|Dy =Y (wilflws) (19.27)

=1
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and

N N
SO {(wtnlglobntn) — (buthulglenien)} (19.28)

k=11=1

(D|G|D) =

l\Dl'—‘

We have included the mutually cancelling & = ! terms in the double sum.
Comparing the expressions (19.13) and (19.27) yields immediately

N
z) =3 i(@)¥i (). (19.29)

If D is of the form (18.32), such that each spin-orbital may be written as ¢(r)
times an « or a (3 spin function, the definition (19.15) gives

N
p(r,r") = Z%(T)s"? (), (19.30)

and hence the following expression for the electron density

N
=Y wlrei(r). (19.31)

Previously, we have used this expression on intuitive grounds as, for instance,
in Eq. (4.77).
Next, a comparison between the expressions (19.17) and (19.28) yields

DO —

F(zl;x21m/11 zIQ) =

N N
ZZ Vi (21) i (22) ¥y (€97 (23)
k=1i=1

— Yk (z1) Wi (2) ¥ (27) ¥k (23)]

1
= 5@y, 21)7(22, 72) — (21, 33)v(w2, 21)].

(19.32)

The diagonal becomes
1
D(e1, 22,21, 22) = lv(21, 21)7(22, 22) = 7(21, 22)7(22, 21)]. (19.33)

Integration over the spin variables, as in Eq. (19.21), gives then

1
p2(r1,72) = 2,01'1 // z1, T2)y(22, £1)dsi deo. (19.34)
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Inserting the above results in (19.26) leads to the following expression for
the energy of a single determinant

B = (DIAID) = [[~492(r, #)yrardv-+ [ olr)otr)ds
[ Hed g f [

(19.35)

Thus, the energy, E, of a single determinant can be evaluated, once we know
the one-electron density matrix y(z1,2}). We say that F is a functional of
y(#1,2}). It is consistent with this result that also the Hartree—Fock operator
is determined by y(z1,z}), as we found at the end of Sec. 18.1.

When D is of the form (18.32), so that p(r,7’) may be written as in Eq.
(19.30), the above expression becomes

~ 1
E=(D|H|D)=—¢ (r)V3pi(r)dv + | v(r)p(r)dv
(DIA|D) 2;/¢<> pitr)dv + [ or)p(r)
3] [ i [

(19.36)

Let us write Eqgs. (19.35) and (19.36) as

In accordance with an earlier discussion, following Eq. (16.58), the various
terms in this expression may be interpreted as follows: T' is the kinetic energy
of the N electrons. F,. is the potential energy of the electrons in the external
field (the field of the nuclei). J is the self-energy of the electron distribution
p(r). E; is the exchange term. With reference to Eq. (16.58), we have that

1 N N
J=52_ 2.

i=1j5=1

1 N N
Be=-52 ) Ki

i=1j=1

(19.38)
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The form of E,. in (19.35) and (19.36) is exactly the classical expression
for the interaction of a continuous charge distribution with an external field.
Similarly, J is the classical expression for a continuous charge distribution’s
interaction with itself. It amounts to the interaction of N2?/2 pairs. But since
a point charge does not interact with itself, the correct number of interacting
pairs is only N(N — 1)/2. Thus, J contains a non-physical interaction of N/2
pairs. This self-interaction corresponds to the diagonal terms in the sums of
Eq. (19.38). The diagonal terms in the first sum is cancelled by the diagonal
terms in the second sum, because J); = KJ;. (This is the last relation in
Eq. (16.56).) An important part of the exchange term, E,, has therefore the
mission of removing the self-interaction. The remainder of the exchange term
reduces the repulsion energy between electrons with parallel spins, relative to
the interaction between those with opposite spin (an effect of the antisymmetry
built into a determinantal wavefunction).

These considerations will be suggestive for a rewriting of the general ex-
pression (19.26) in the following sections.

19.3 The Hohenberg-Kohn Theorem

The expression (19.26) shows that the expectation value of H for an N-electron
system may be evaluated without knowing the full N-electron wavefunction.
What we need is an explicit expression for the two-electron density matrix.
For a single determinant, Eq. (19.35) shows that an explicit expression for the
one-electron density matrix will do.

In 1964, the American physicists Pierre Hohenberg and Walter Kohn showed
the remarkable theorem that the ground-state energy of an N-electron system
is a functional of the one-electron density p(r).2 They turned this observation
into a variational theorem for the ground-state energy in terms of the density
instead of the many-electron wavefunction.

To prove the Hohenberg-Kohn theorem, construct the N-electron Hamil-
tonian (19.25) for two different external potentials, v(r) and v/(r), differing in
more than just an additive constant. We call the two Hamiltonians Hand A ’,
and note that

N

H—H =Y [o(r:) = v'()]. (19.39)

i=1

3P. Hohenberg and W. Kohn, Phys. Rev. 136, B 864 (1964).
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We assume that the electronic ground states corresponding to f and A are
non-degenerate. We denote the respective normalized ground-state wavefunc-
tions by ¥ and ¥/, and the corresponding ground-state energies by E and E'.
Thus, we have

Hyv=Ey, HWY =EY. (19.40)

Expressions for the one-electron densities, p(r) and p'(r), can be easily written
down by exploiting Eqs. (19.12), (19.15) and (19.6). We shall now show that
these two densities cannot be identical.

To this purpose, we invoke the variational theorem (12.12) and write

(A% > B,  (V|HW)> E. (19.41)

We have used that ¥’ is an approximate wavefunction with respect to b1 and,

conversely, that ¥ is an approximate wavefunction with respect to . From
Eq. (19.40) we also get

(VA =E  (VE¥)=E. (19.42)
By combining the four relations in (19.41) and (19.42) we get
(W|A - BV + (VA - B'1v) >0, (19.43)

and hence, by exploiting Eq. (19.39),

/[v’(r) —v(r)]p(r)dv + /[v(r) — ' (7))o’ (r)dv > 0. (19.44)

Putting p’'(r) = p(r) makes the left-hand side of this relation zero. The re-
lation is then self-contradictory, and we conclude that p(r) and p’(r) cannot
be identical when v(r) and ¢/(r) are different, in accordance with what we
claimed above.

For each v(r), there is a p(r) satisfying the condition

/p(r)dv =N. (19.45)

Allowing for all types of external potentials, not just potential fields from
nuclei, it is reasonable to assume that the relation v(r) — p(r) covers all
smooth densities satisfying Eq. (19.45). This assumption has been shown to
be correct under quite general conditions. Hence, p(r) determines v(r). But
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when v(r) is known, as in (19.25), then so is the N-electron Hamiltonian H.
Solving the Schrodinger equation gives us the ground-state wavefunction W.
Degeneracies may occur, and may be dealt with, but we shall assume that the
ground state is non-degenerate. Knowing ¥ allows us finally to evaluate the
ground-state energy F and cast it in the form (19.26). Thus, we may write

E = E[p}, (19.46)

and express this relation by saying that E is a functional of p. This is the
Hohenberg-Kohn theorem.

Let us now settle on some fixed external potential. We know then, from
the variational theorem (12.12), that (¥|H|¥) is a minimum for the exact
ground-state wavefunction. Hence, we conclude that § E[p] vanishes when we
vary p about the exact p, while keeping the external potential fixed. El[p] is
a minimum with respect to such variations. This is the variational theorem
associated with the Hohenberg-Kohn theorem.

The Hohenberg-Kohn theorem does not give us a prescription for evaluating
the functional E[p]. An appropriate transformation of the expression (19.26)
allows us, however, to give explicit expressions for important parts of F[p], as
we shall see in the next section.

19.4 The Kohn—Sham Equations

Let us, in analogy with Eq. (19.34), write the two-particle density in Eq. (19.26)
as

pa(r,a) = 5 (p(ra)o(ra) + Cafr1,72)), (19.47)

where Ca(r;,r2) is a two-electron correlation function. Eq. (19.26) becomes
then

Bl = (=590t lermrdv + [ o(r)or)av

2[] plrs p(rz)dv dvy + - [[Cz(rl’rz)d 1dvs.

As we pointed out in connection with Eq. (19.26), the look of this expression
is the same for fermions and bosons. The fact that electrons are fermions is
therefore buried in the form of p(r,r’) and Ca(ry,r3).

(19.48)
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As to the first term in (19.48), it was suggested by Kohn and Sham* that it
be expressed in a form similar to the first term in Eq. (19.36), plus a remainder.
Furthermore, they suggested that the remainder be combined with the last
term in (19.48) to give a new term, E,, denoted the exchange-correlation
energy. The expression (19.48) is thus transformed into

Bl = 2 [t [apran
+§//—r+)lpzidvldv2+E,c[p]-

(19.49)

Obviously, there is no simple expression for Ez.[p].

The orbitals ¢1(r), p2(r),... ,on(r) are the Kohn-Sham orbitals. With
the spin dependence added through o and § spin functions in the usual way,
they are supposed to form an orthonormal set. By the expression (19.30),
they define a fermion density matrix for a Slater determinant of the form
(18.32). This density matrix is, however, not supposed to be the correct density
matrix for our N-electron system. Nevertheless, it is required that its diagonal
elements be correct, so that

pr) =) pi(r)ei(r). (19.50)

is the exact one-electron density.
There are many ways of representing p(r) in the form (19.50). But we

now require that the orbitals ¢, (r), p2(r),...,en(7) be self-consistent field
orbitals, satisfying a one-electron equation obtained by varying the expression
(19.49).

By varying p(r) about the exact p(v), we get
_ [ SElp]
SE[p] = / Jp(r)dp(r)dv, (19.51)

where § E[p]/dp(r) is called the functional derivative of E[p]. We require that
JE[p] be zero for all variations that preserve the number of particles, that is,
for all variations that satisfy

/Jp('r)dv =0, (19.52)

4W. Kohn and L. J. Sham, Phys. Rev. 140, A 1133 (1965).
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which is obtained from Eq. (19.45). It is obvious that § E{p] will be zero for any
dp(r) that satisfies Eq. (19.52) if §E[p]/dp(r) is a constant. If §E[p]/ép(r) is
some non-constant function, then § E[p] might well be zero for some variation
dp(r). Tt would, however, be easy to find a neighboring dp(r) that would make
J E[p] different from zero. Hence, we conclude that

§E[p] _
sp(r) ~ *

(19.53)

where 4 is a constant. Adapting a thermodynamic terminology, we call u the
chemical potential.
To proceed, we invoke Eq. {19.50) and write

N N
3p(r) =D eilr)opi (r) + > ¢F(r)8pi(r). (19.54)

[E-3) i=1

We then go through a number of steps similar to those of Sec. 18.1, and end up
with a set of equations that parallel the Hartree—-Fock equations (18.28). To
write them down, we note that Eq. (18.28) formally derives from the expression
(18.12) by keeping only the term (39;|#|¢;). This amounts to putting

op(r) = pi(r)dpi (r). (19.55)
With this dp(r), Eq. (19.49) leads to the following expression for § E[p],

f { 3V 4 v(r) + vo(r) + vre(r) }% (r)dpt(r), (19.56)
where
vo(ra) = / Lgfld”m (19.57)
and
vgo(r) = éfa’z’;{‘;} : (19.58)

ve(r) is the Coulomb potential. It is given by the classical expression for
the electrostatic potential at » due to the electron distribution p(r). Strictly
speaking, the expression should be preceded by a minus sign, because the
electron is negatively charged. It is, however, convenient to stick to the present
sign convention. Since v,.(r) derives from the exchange-correlation energy, it
is called the exchange-correlation potential.
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We now put the expression (19.56) equal to zero. Adding the orthonormal-
ity conditions for the orbitals, and performing a unitary transformation similar
to that of Eq. (18.27), we obtain the Kohn-Sham equations

{ = 597 4 () +v0(r) + veclr) Jpi(r) = ii(r) (19.59)

As discussed in connection with Eq. 18.10, the Hartree—-Fock equations are
complicated by the fact that the Hartree-Fock operator contains exchange
operators that represent non-local potentials. The Kohn—Sham equations are
much simpler in this respect, since all potentials that occur in (19.59) are local.
The problem is, of course, that since no simple expression exists for E.[p}, no
simple expression exists for v,.(r) either. Apart from this, the Kohn-Sham
equations are solved in a self-consistent way by methods similar to those used
for the Hartree—Fock equations. In particular, extensive use is made of basis-set
expansions of the orbitals.

To get exact results from Hartree-Fock theory, it is necessary to add a
significant amount of configuration interaction. In contrast to this situation,
the results obtained by solving the Kohn-Sham equations are supposed to be
exact, that is, one obtains the correct ground-state energy and the correct
ground-state density by solving these equations. But the form of E,.[g], and
hence of v,.(r) is needed. Today, quite elaborate expressions for E,.[p] have
been determined, by combining general insight in electronic-structure theory
with careful parametrization based on experimental results for selected atoms
and molecules.

Current expressions for E,.[p] are frequently presented in the form

Eelpl = [ ccclplotr)a, (19.60)

where €;.[p] is referred to as the exchange-correlation energy per electron. It is
usually represented as a function containing various powers of p(r) and Vp(r).
Often, it contains separate contributions for densities associated with o and 3
spin, so that non-degenerate states may also be dealt with.

Supplementary Reading

The bibliography, entries [34], [39], [41].



Appendix A

Complex Numbers and
Quantum Mechanics

The time-dependent Schrodinger equation (3.1) contains the imaginary unit i,
and so does the time-dependent wavefunction of a stationary state, Eq. (3.5).
The imaginary unit also appears in the Schrédinger operators of Sec. 3.3. In
addition, coefficients in superpositions like that of Eqs. (4.88) and (4.89) will
generally be complex. Thus, complex numbers are omnipresent in quantum
mechanics.

Complex numbers have also an important role to play in the classical sci-
ences, for instance in the description of wave motion and devises based on
alternating electric currents. But in all such cases one ends up by taking the
real or imaginary part of a complex number, and complex numbers may be
avoided altogether, at the expense of elegance of description.

Not so in quantum mechanics. It is true, of course, that probabilities
must always be real, and so must the magnitude of a quantity that can be
measured. But the probability amplitudes that determine these quantities
cannot be restricted to the domain of the real numbers. Accordingly, one
often meets complex wavefunctions in the applications of quantum mechanics.

We must, of course, refer the reader to the mathematical text books if he or
she feels uncomfortable with complex numbers. Most complex wavefunctions
that we encounter in this text are, however, quite simple and donot go beyond
the complex exponential function

e = UtV = eUelv, (A.1)
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—1

Figure A.1: The unit circle in the complex plane.

Here, w = u + v is a general complex variable. Its real part is u and its
imaginary part v. Both u and v are real and i? = —1. The complex conjugate
of w is w* = u — iv, and the magnitude of w is

|w| = Vurw = Vu? + 2. (A.2)
The magnitude of the complex number ¢* defined by Eq. (A.1) is seen to be
[e] = Veu—iveutiv — \/e2u = ¥, (A.3)

We also refer to e* as the modulus of the complex number e*. v is called its
argument.

By comparing the Taylor expansions of ¢/¥ and e~V with the Taylor ex-
pansions of cos v and sin v, one finds that

e’ = cosv +isinv,

. o (A.4)
e~ =cosv —isinv.
Combining these equations gives us Euler’s relations,
1, .
Ccosv = 3 (e"’ + e_"’) ,
(A.5)

1 iv —-tv

= (e ).
The first of the expressions (A.4) shows that the complex number e%e”

lies on the circle of radius e", centered on the origin of the complex plane, the

argument v being the angle measured on this circle from the positive real axis.

Clearly, the argument is only determined modulo 2. Hence,

gilvt2nm) eiv’ n=0,+1,%2,... (A6)

sinv =
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The complex exponential function (A.1) is consequently periodic with the pe-
riod 27i.

The values of the function e'? all lie on the unit circle in the complex plane.
Note, in particular, the following special values

eﬁ:21l’i' — CO — 1’
e:i:m = _1’
e7ri'/2 — i, (A7)

e~ ™2 = 4,



Appendix B

Atomic Units

B.1 The International System of Units (SI)

The following are excerpts from a manual prepared by the International Union
of Pure and Applied Chemistry (IUPAC).!

By convention physical quantities are organized in a dimen-
sional system built upon seven base quantities, each of which is
regarded as having its own dimension. These base quantities and
the symbols used to denote them are as follows.

Physical quantity Symbol for quantity
length l

mass m

time t

electric current 1

thermodynamic temperature T

amount of substance n

luminous intensity Iy

All other physical quantities are called derived quantities and are
regarded as having dimensions algebraically derived from the seven
base quantities by multiplication and division.

Ezample:
dimension of (energy) = dimension of (mass x length? x time™?).

1. Mills, T. Cvitas, K. Homann, N. Kallay, and K. Kuchitsu, Quantities, Units and
Symbols in Physical Chemistry, Blackwell, London, 1988, Secs. 1.2 and 3.1.
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Appendix B. Atomic

The International System of units (SI) was adopted by the 11th
General Conference on Weights and Measures (CGPM) in 1960. It
is a coherent system of units built from seven SI base units, one
for each of the seven dimensionally independent base quantities:
they are the metre, kilogram, second, ampere, kelvin, mole, and
candela, for the dimensions length, mass, time, electric current,
thermodynamic temperature, amount of substance, and luminous
intensity, respectively ... The SI derived units are expressed as
products of powers of the base units ...

It is recommended that only SI units be used in science and
technology (with SI prefixes where appropriate). Where there are
special reasons for making an exception to this rule, it is recom-
mended always to define the units in terms of ST units.

set of units which is more practical in most quantum-chemical work.

B.2 Atomic Units

Units

On the background of these excerpts, we shall now introduce an alternative

The Schrodinger equation for the electron in a hydrogen atom {with infinitely
heavy nuclear mass) is

2
(— h vz——”i—1>¢:E¢,

2me dreg r

cf. Chapter 8. m, is the mass of the electron,

me = 9.10938 x 1073 kg,

e is the elementary electric charge,

e = 1.60218 x 1071°C,

h is Planck’s constant (the quantum of action) divided by 2w,

h = 1.05457 x 10734] s,

and 4mep is 47 times €y, the so-called permittivity of vacuum,

dmeg = 1.11265 x 107 1°F m~1.

(B.1)

(B.2)

(B.3)

(B.4)

(B.5)
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We also list the Bohr radius,

2
ag = 3—-4”% = 0.52918 x 107*°m. (B.6)
me e

The SI values of these physical quantities are obviously awkward to work
with because of the large negative powers of 10, and hence it is natural to
choose new base units instead of the meter, the kilogram, the second, and the
ampere,

We choose these base units such that the values of the four dimensionally
independent quantities m., e, B, and 4mep all become equal to 1. Eq. (B.6)
then shows that the value of ag also becomes 1. The resulting system of units
is called atomic units.

It is not necessary to choose an explicit set of four quantities as base quan-
tities. Some possible choices are: (mass, charge, action, permittivity), (mass,
charge, action, length), and (mass, charge, length, energy). In accordance with
this, we don’t attach specific names to the various units. We simply talk about
the au of mass, the au of charge, the au of action, etc. Exceptions are the au
of length, which is also called the bohr, and the au of energy, which is also
called the hartree.

Thus we write:

m, = 1 au of mass,

e = 1 an of charge,

h = 1 au of action,

4meg = 1 au of permittivity,

ap = 1 au of length = 1 bohr,

Eq = —1/2 au of energy = —1/2 hartree,

where Ep defines the ground state solution of Eq. (B.1),

e \? m,
Fo=— (3”—5{)) ey (B.7)

It is even quite common practice simply to write au, without an accompanying
qualifier. In the spirit of the IUPAC recommendations this is certainly bad
practice.

In defense of such practice, we may take the point of view that all physical
quantities involved may be considered to have the same dimension, and hence
that only one unit, au, is needed. To do so is, of course, quite heretical,
but it is the kind of sin that many scientists commit. After all, one may
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always refer to the words by convention in the opening remarks of Sec. (B.1).
In atomic units, the numerical values of atomic and molecular quantities are
freed of the annoying large negative powers of ten. In writing equations, a
further simplification is achieved if it is assumed that all quantities are actually
measured in atomic units. For then we need no longer write the quantities of
value 1 explicitly. Thus, the Schrodinger equation (B.1) may be written

(_%VZ - l) ¥ = Evp. (B.8)

r

By solving this equation, we automatically get the energies in hartrees and the
distances in bohrs. If we so desire, we may then convert the resuits to SI units
via Eq. (B.6) which shows that

1 bohr = 0.529177 x 107 %m, (B.9)
and via the following definition of the so-called hartree energy Ej,
2 \m
= 92Ky = | — L =4, 1018 B.1
Ey 0 (4#50) . 4.35975 x 107 °°], (B.10)

which shows that
1 hartree = 4.35975 x 10~ '8]. (B.11)

The conversion of other au values to SI values is easily accomplished by
referring to a typical combination of fundamental constants. Thus it follows
from Eq. (2.59) in the form

n — T B12
P = (B.12)

that the electron in a hydrogen atom (with infinitely heavy nuclear mass),
moving in the first classical Bohr orbit, has a momentum of 1 au of momentum
and a velocity of 1 au of velocity. The expression for the velocity is obtained
from Eq. (B.12) by dividing by me, and thus we get (Z =1 and n = 1)

1.05457 x 10-34] s
(9.10939 x 10-3'kg) x (0.529177 x 10~ 1°m)

=2.18768 x 10°m s~!. (B.13)

1 au of velocity =

It is also easy to derive, from the content of Sec. 2.5, that the time of revolution
in the first Bohr orbit is given by

4meo\ 2 A3
t=2nm ( 20) = 2r x 2.41888 x 10~ 17s. (B.14)
e me
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Hence,

1 au of time = 2.41888 x 10~ 17s.

By referring to the so-called fine-structure constant,

P S e VT o SR S
T 4megch T " 137.036’

we also find that ¢, the speed of light, equals 137.036 au.

433

(B.15)

(B.16)
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Curvilinear Coordinate
Systems

The transition from a set of Cartesian coordinates (z,y, z) to a set of curvi-
linear coordinates (q1,q2,qs) is defined by three continuously differentiable

transformation equations,
¢ =2(q1,92,93), Y=y(q1,92,93), 2 =2(q1,92, 93) (C.1)
with inverses,
q1 =q1(37,y,2), 42-:‘]2(33,!/;2), qazqa(x!yxz)- (0'2)
By this transformation, a point P in space may be equivalently labeled by its
Cartesian coordinates (z,y, 2} and its curvilinear coordinates (g1, g2, ¢3).
If we move away from the point P to an adjacent point P’, both sets of

coordinates undergo infinitesimal changes. These changes are connected by

the equations

d bz bz Bz d
z 6& 892 8g q
— Sy,
dy = T 5}% 345 dqa (03)
dz 2z 0z 0z dqa
o1 8q3 0Ogs

where all derivatives must be evaluated at the point P.
The distance, ds, between P and P’ is called the line element. It is given

by the quadratic differential form
3 3

ds’ = da’ + dy’ +d2® =) ) gijdgidy; (C4)

i=1 j=1
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where

0z dx Oy By 0z Oz

ij = + + C5
g g 69: an aq; 6q_7 6q; an ( )

The functions g;;(q¢1, g2, 93) define the components of the so-called metric ten-
sor.

We note that g;; is the scalar product between the two vectors, t; and t;,
defined by the ith and jth columns of the above matrix. Thus,

Oz Oy 0z .
t; (3(}, Bq, Bq,) i=1,2,3. (C.6)

We may consider these vectors to be centered at the point P. They give the
directions to the neighboring point obtained when only one of the ¢-coordinates
is varied. From Eq. (C.3) we get for instance, that (dqi, dg2, dgs) = (dg,0,0)
implies that dr = (dz, dy, dz) = t1dgq. Thus, we may consider t;, t; and ts3 as
a set of local basis vectors centered at P. Obviously, it will simplify matters
if these vectors are mutually orthogonal. For this to be the case we must have
that

gij=ti-t; =0 ifi#j (€7

The curvilinear coordinate system is then said to be orthogonal. We shall
restrict ourselves to this case in the following. The determinant, g, of the
metric tensor is then

9 = 911922933 (C.8)

The length of the vector t; is +/g;;, and the volume spanned by the three
orthogonal t-vectors is accordingly equal to /g. The volume element, dv, at
the point P is therefore

dv = dedydz = \/gdq,dgadgs. (C.9)

It is also easy to see that /g, apart from a possible minus sign, is the value of
the determinant associated with the transformation matrix of Eq. (C.3), the
so-called Jacobian. To see this, multiply the said matrix with its transpose
and use the orthogonality relation (C.7) to show that the product matrix has
the determinant g. Use finally that a matrix and its transpose have the same
determinant.
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We have now found the expression for the volume element in orthogonal
curvilinear coordinates. Further analysis leads to expressions for other geo-
metrical quantities as well. One finds, in particular, that the Laplacian of a
function u is expressed as follows

?u  0%u  H%u

vy = 28, 0
U= t o T oz

1[0 \/_q_8u> 9 (ﬂ(‘?u) d (\/ﬁau)]
=/ || —5 — | = - | == . (C.10
\[‘I [5¢I1 (911 0q, + 0q2 \ g22 002 + Og¢s \ 933 Oqs3 ( )

With this result at our disposal, we may express the Schrodinger equation
and other partial differential equations containing the Laplacian in a variety
of useful coordinate systems.

For spherical polar coordinates (Sec. 8.2) we have that

z = vrsinfcosg,
y = rsinfsing, (C.11)
z = rcosf.
Hence, we find,
dz sinfcos¢ rcosfcosgd —rsinfsing dr
dy | = | sinfsing rcosfsing rsinfcos¢ ¢ |. (C.12)
dz cos —rsind 0 do

By evaluating the elements of the metric tensor from the expression (C.5)
we check that the orthogonality conditions (C.7) are satisfied and obtain

grr =1, gos = 12, ggs = rsin? 0. (C.13)

Hence, we get
ds? = dr® + r2d0% + r?sin® 0 dg? |, (C.14)
dv = r?sin 0 drdfd¢ |, (C.15)

and

u 26 1] 1 08 Su 1 O%u
2, _ 2% ay= et Il . et i
Ve=grtieg T [sina 30 (S'noa()) + Sinzaad)ﬁ] - (C16)




Appendix C. Curvilinear Coordinate Systems 437

It is also of importance to know how the gradient of a function may be
expressed in curvilinear coordinates. The gradient of u is defined as

fu Ou Ou

To express it in the new coordinates, we simply use the well-known chain rule
for partial differentiation and get

0 00 0uy_ (00 00 0u
0z’ 8y’ 8z)  \Oq.’ Oq2’ Oqa

To evaluate the matrix in Eq. (C.18) let us, as a very special case, put u
equal to ¢ and subsequently use that z/0z = 1, 8z /8y = 0, 8z/0z = 0. Eq.
(C.18) becomes then

ST
<2

(C.18)

Q)
<

| P o|Po|P
sl2elss
el
G0 (8]
seelel
E Y s ™ ™

D
«

o|®
<
ol®
=

2z

(C.19)

«
Q|

2

6z Oz Oz
1) Oa 0) = a. ' a9 4.
( ) <541 0q2 343)

e
el
o

Q
o

v 2z

Two similar equations are obtained by putting u equal to y and z, respectively.
Together, the three equations show that the product of the matrix in Eq. (C.18)
and the matrix in Eq. (C.3) equals the unit matrix. We may therefore evaluate
the matrix in Eq. (C.18) as the inverse of the matrix in Eq. (C.3). As remarked
in the discussion following Eq. (C.9), the determinant of that matrix is either
+,/g or —./g, so the inversion is easy to carry out. In the case of spherical
polar coordinates we find

sin # cos ¢ sin @ sin ¢ cos
(é’f’ .(Z'i, B_u) = (@.’ 6_u’ ?ﬂ) %c050c08¢ %cosﬁsinqﬁ —lsinﬂ
oz 3y 0z or’ o0 6¢ lsind) 1COS¢ r
—~= -— 0
r sin 6 r sind
(C.20)

The difference between the transformation properties of the two vectors
(dz,dy,dz) and (Ou/0x,0u/dy,Ou/dz) is worth noticing. According to Eq.
(C.3) the former transforms as a column vector, whereas the latter according
to Eq. (C.18) transforms as a row vector. The difference is a fundamental one.
In the language of tensor calculus, (dz,dy,dz) is a contravariant vector and
(8u/8z,du/dy, Ou/Bz) is a covariant vector.
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Let us finally consider the vector operator
f=—irxV, (C.21)

with the Cartesian components

>
|
-~

te = i Ya: ~ z@y ’
. 8 8
£y = -1 za;-a—; m&z , (C.22)
b, = —i :c-(-?- - 9
Z - ? ay gax ¥
and the square
2= ég. + éf] + ég (C.23)

We want to express these operators in spherical polar coordinates.

We may refer to the f-operators as the dimensionless angular-momentum
operators, for a comparison with Eqgs. (5.28) and (5.29) shows that

(ix»[y,iz) = h(éx9éysé3): (0'24)

where 1 = (I, [y, [,) represents the angular momentum of a particle with posi-
tion vector r

To evaluate, say £, we simply combine the information in Eq. (C.11) with
that in Eq. (C.20), and get

p { Bu Bu
bu = —ilvg =75,
du sin93u>

= irsinfising (coseg; =7

cosfsing du  cos¢ Qt_c)

—ircosﬁ(sin&sinq&%}f—-i— ; —55+rsin96¢

0w Ou
= zsxnéé—év{-zcowcos%g. (C.25)
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Thus, we are led to the following expressions

A =z'<sinqz$6a +cot6cos¢6¢>

5 . 0 .

by = —i (cosqS-a—a — cot #sin ¢<_9E) , (C.26)
5 9

“=""5g

To evaluate £2, we note that

l?;.u:i(sinzﬁaa +cot0cos¢6¢> (smt;b—+cot0cos¢ ¢), (C.21)

we then perform the trivial differentiations, and add the results from the eval-
uation of l?/u and £2u. The final result is

1 9 i} 1 &
P2 -
&= " sinf 89 (sm 03(9) sin? @ 0¢2 (C.28)

This is seen to be the same operator as that occurring in Eq. (C.16). Thus,
we have derived the following important expression for the Laplacian

8 28 B

2 - _ 4 -
v " tier ¢

(C.29)

We have now reached the goal of expressing the operators we need in spher-
ical polar coordinates. The methods we have used are widely applicable and
apply to other curvilinear coordinate systems as well. But at this stage we
must refer the reader to the rich literature on curvilinear coordinates for fur-
ther theorems and results.!

1See, for example:
H. Margenau and G. M. Murphy, The Mathematics of Physics and Chemisiry, 2nd Ed., Van
Nostrand, New York, 1956, Chapter 5;
P. Moon and D. E. Spencer, Field Theory Handbook, Springer-Verlag, Berlin, 1971.
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Surface Spherical
Harmonics and Special
Functions

As mentioned in Sec. 8.3.6, the 6-dependence of the surface spherical harmonics
is that of the associated Legendre functions Pl'm|(z). Considered as a function

of cos 8, Ptlml(z) is defined as

Im|
|mi — giglm! d
P, (cos ) = sin'™ 6 (dcosB) Py(cos ), (D.1)
where Py(cos6) is a Legendre polynomial,
1 d ¢ 9 ¢
Py(cos ) = 20 (m> (cos?8 ~1)". (D.2)
We have, for instance,
Py(cos b) =
Py(cos8) = cos b,
Py(cosf) = £(3cos?f — 1), (D3)
P3(cos 8) = £(5cos3 8 — 3cos B).

The associated Legendre function Ptl |(cos 0) is a solution of the differential
equation

1 d de m?
Sndad (smﬂdg) + (€(€+ 1) ~ sinzo) 0 =0, (D.4)
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and it is easy to verify that this is the differential equation that originates from
the differential equation (8.38) for the surface spherical harmonics, 1. e.,

1 9 (. ,8 1 ~
{8—11-1—950_ (sm 9@) + _—Sinzaw + 4L+ 1)} Y(9,¢) =0, (D5)

when one inserts a function of the form ©(8) exp(ximg), ©(6)cos(|m|¢), or
©(8) sin(|m|4). This is the form of the functions in Table 8.1 and Table 8.2.
With the proper normalization factor included, one finds the expression

20+ 1 (1 —|m])! |m|

—?(mm—”i ¢ (COS H)ei'""’ . (D6)

Vim0, ¢) = (—1)(mHmD/2

The sign factor in the expression is in accordance with the Condon—Shortley
phase convention (Sec. 8.3.5). It is equal to —1 when m is positive and odd,
otherwise it equals +1.

For further information about the associated Legendre functions, we refer
to the literature.!

1See, for instance, Chapter 8 in the reference of footnote 2.11. The reader is warned that
the same notation may sometimes cover differences in sign and magnitude of incorporated
constants.
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The /-Function

Consider the following family of Gaussian functions,

Galu) = —=e™™", a>0, (E-1)

NZa
/00 Ga(u)du =1, (E.2)

represented in Fig. E.1 by graphs for three different values of a. As the value
of a increases, G,(u) becomes more and more localized about v = 0, and at
the same time the height of the function becomes larger and larger, conserving
the value of the integral (E.2). We have, in fact, that

G4(0) = 00 as a — oo. (E.3)

The limit function G4(u) is certainly not a proper function. It has, however,
turned out to be extremely useful to accept it as a generalized function.

This generalized function coincides with the so-called §-function introduced
by Dirac.! It is denoted by §(u) and may be defined solely by its properties,
without reference to a limit function as above. First and foremost, these prop-
erties are

5(u =0 for u#0,
/ 5(u) = 1. (E.4)

oo

YP. A. M. Dirac, The Principles of Quantum Mechanics, the bibliography, entry [12].
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From these properties we get, for any function f(u),

[ st o) = ) (ES5)

For the integrand vanishes for all u # ug. Hence, we may replace f(u) by f(uo)
and take f(ug) outside the the integral, which then has the value 1 according
to Eq. (E4).

In addition to the properties (E.4) we also assign the following property to
the delta function

§(ou) = %5('@) (E.6)

This property ensures that §(u) may be treated like an ordinary function f(u)
in the relations

'/_oo flau)du = mf_w flau)d(au) = Tfl—lj:.m fu)d(u), a>0. (ET)

The property (E.6) also implies that d(u) is an even function with respect to
inversion in the point z = 0,

§(~u) = 8(u) (E.8)

For further properties of &{u) we refer to the reference of footnote 1. We
algo point out that in contemporary mathematics one often refers to the delta
function as a so-called distribution.?

Besides the family of Gaussian functions, Fig. E.1 shows two more families
of functions which have the d-function as limit function. They are the family
of Lorentzian functions,

L
u? + b2’

for which the §-function is obtained by letting the parameter b tend to zero,
and the following family of functions for which the d-function is obtained by

L(u) = Jl.-’ >0 (E.9)

2See, for example, 1. Richards and H. Youn, Theory of Distributions: a non-technical
introduction, Cambridge University Press, 1990,
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letting the parameter ¢ tend to infinity

1
Se(u) = a0 ¢ 0. (E.10)
Thus, we may write
allglo Ga(u) = d(u), (E.11)
21_13(1) Ly(u) = é(u), (E.12)
cl_l'lgj Se(u) = d(u), (E.13)

Obviously, there are many ways of representing the delta function as a limit
function. It is, for instance, also of interest to note that

lim < (M) " 8(u) (E.14)

cC—=00 T cu

which is related to Egs. (E.10) and (E.13).
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L)

Se(u)

Figure E.1: Three families of functions for which Dirac’s é-function is a limit
function. (a): Gaussians, Eq. (E.1), (b): Lorentzians, Eq. (E.9), (c): The
family of Eq. (E.10).
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