
The First Way: Changing the Basis

Consider a system described by the Hamiltonian H

H =

(
0 1
1 0

)
and by a second observable operator Ω

Ω =

(
0 −i
i 0

)
.

At t = 0, this system is initially in the state | ψ(t = 0) > represented by N

(
3
4

)
.

(1) Change the basis so the Hamiltonian is diagonal in the new basis. Then H becomes

H =

(
1 0
0 −1

)

(2) Transform Ω into the new basis.

(3) Transform | ψ(t = 0) > into the new basis.

(4) Follow the procedure for the case where H is diagonal illustrated in the old exams.



The Second Way: Without Changing the Basis

Consider a system described by the Hamiltonian H

H =

(
0 1
1 0

)
and by a second observable operator Ω

Ω =

(
0 −i
i 0

)
.

At t = 0, this system is initially in the state | ψ(t = 0) > represented by N

(
3
4

)
.

(a) Calculate the normalization constant N .

32 + 42 = 52 so N =
1

5

(b) Find the eigenvalues and the normalized eigenvectors of the Hamiltonian operator.

eigenvalue E1 = 1 with eigenvector | E1 >=
1√
2

(
1
1

)

eigenvalue E2 = −1 with eigenvector | E2 >=
1√
2

(
1
−1

)

(c) Find the eigenvalues and the normalized eigenvectors of the Omega operator.

eigenvalue ω1 = 1 with eigenvector | ω1 >=
1√
2

(
1
i

)

eigenvalue ω2 = −1 with eigenvector | ω2 >=
1√
2

(
1
−i

)



(d) Write down the t = 0 state vector | ψ(0) > in the energy eigenbasis

1

5

(
3
4

)
=

(
0.6
0.8

)
= a

1√
2

(
1
1

)
+ b

1√
2

(
1
−1

)

a+ b = 0.6
√

2 a− b = 0.8
√

2 a = 0.7
√

2 b = −0.1
√

2

| ψ(0) >= 0.7

(
1
1

)
− 0.1

(
1
−1

)

(e) Write down the corresponding time-dependent state vector | ψ(t) >.

| ψ(t) >= 0.7

(
1
1

)
exp(−i(1)t/h̄)− 0.1

(
1
−1

)
exp(−i(−1)t/h̄)

(f) If you were to measure the energy at time t, what results could you obtain?

You would always obtain one of the energy eigenvalues E = 1 or E = −1

(g) With what probabilities would you obtain them?

P (E = 1) = |< E = 1 | ψ(t) >|2

P (E = −1) = |< E = −1 | ψ(t) >|2

(h) What would the state vector be right after an energy measurement?

It would be in the corresponding energy eigenstate | E = 1 > or | E = −1 >

(i) If you were to measure the omega-ness at time t, what results could you obtain?

You would always obtain one of the omega eigenvalues ω = 1 or ω = −1

(j) What would the state vector be right after an omega measurement?

It would be in the corresponding omega eigenstate | ω = 1 > or | ω = −1 >

(k) With what probabilities would you obtain them?

P (ω = 1) = |< ω = 1 | ψ(t) >|2

P (ω = −1) = |< ω = −1 | ψ(t) >|2



(l) Example calculation P (ω = 1) = |< ω = 1 | ψ(t) >|2 =

=

∣∣∣∣∣ 1√
2

(1, i)∗
[
0.7

(
1
1

)
exp(−i(1)t/h̄)− 0.1

(
1
−1

)
exp(−i(−1)t/h̄)

] ∣∣∣∣∣
2


























