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Representations of the delta function

CThe delta function can be viewed as the limit of a sequence of functions
d(x) = lim §,(z),
a—{ ’

where 8,(x) is sometimes called a nascent delta function. This limit is in the sense that

lim [ 5.2 f(z)dz = £(0)

a—0
for all continuous f.

The term approximate identity has a particular meaning in harmonic analysis, in relation to a limiting sequence
to an identity element for the convolution operation (also on groups more general than the real numbers, e.g.
the unit circle). There the condition is made that the limiting sequence should be of positive functions.

Some nascent delta functions are:

1 _12f02

- "‘ — e

a\/T

Limit of a Normal distribution

1 a L% i an
( (5,1(1.‘) =—— S = 5= € dk Limit of a Cauchy distribution
ra’+zr* 2% J_
) e——|1‘;’a| 1 eikz
dalx) = 5 =5 / T dk Cauchy ((see note below)
a T J—oo a“K-
, rect(r/a 1 o . fak\ 4
da(r) = ( / ) = — f sine (—‘5—-) e** dk  Limitof a rectangular function
' a T J—oo LT
, 1 /r 1 pl/a , (e '
5:;(1") — _— sin (_) _ = f COS ( kx) dk rectangular function (see note
1 T a 27 J-1/a : below)
S (I) =5 1 —_5 1 Derivative of the sigmoid (or
A 14 e—%/a 1 4 eria Fermi-Dirac) function
, a . r
84(1) = — sin? (—)
T a
L /[ - . .
Su{z) = &-Ai E) Limit of the Airy function



.1 ‘r+1
8o (1) = EJL/Q ( - ) Limit of a Bessel function

Note: If 8(a, x) is a nascent delta function which is a probability distribution over the whole real line (i.e. is
always non-negative between - and +) then another nascent delta function 8¢(a, x) can be built from its

characteristic function as follows:

1 o(1/a, 1)

) Yo
50 7) = o 51 /a,0)
where
. oo . . .l‘
‘7‘9(@:;3,) = f 8(a, rie " dr
—co

is the characteristic function of the nascent delta function o(a, x). This result is related to the localization
property of the continuous Fourier transform.

The Dirac comb

Main article: Dirac comb

A so-called uniform "pulse train" of Dirac delta measures, which is known as a Dirac comb, or as the shah
distribution, creates a sampling function, often used in digital signal processing (DSP) and discrete time signal
analysis.

See also

» Kronecker delta

Dirac comb

Logarithmically-spaced Dirac comb
Green's function

Dirac measure

External links

= Delta Function (http://mathworld.wolfram.com/DeltaFunction.html) on MathWorld

= Dirac Delta Function (http://planetmath.org/encyclopedia/DiracDeltaFunction.html) on PlanetMath

» The Dirac delta measure is a hyperfunction (http://www.osaka-
kyoiku.ac.jp/~ashino/pdf/chinaproceedings.pdf)

= We show the existence of a unique solution and analyze a finite element approximation when the source
term is a Dirac delta measure (http://epubs.siam.org/sam-bin/dbq/article/43178)

= Non-Lebesgue measures on R. Lebesgue-Stieltjes measure, Dirac delta measure.
(http://www.mathematik.uni-muenchen.de/~lerdos/WS04/FA/content.html)



The delta function can be defined as the following limits as € - (),
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