Lecture 13

Equations
Finish simple harmonic oscillator
Start angular momentum

Pictures
Time dependence of superposition states
Spherical harmonics



COMPLEMENT A,

(if)  We see that, for large n, although the absolute value of the momentum is
well-defined, its sign is not. This is why 4P, is large: for probability distri-
butions with two maxima like that of figure 3, the root-mean-square
deviation reflects the distance between the two peaks; it is no longer related
to their widths.

2. Evolution of the particle’s wave function

Each of the states | @, >, with its wave function @,(x), describes a stationary
state, which leads to time-independent physical predictions. Time evolution
appears only when the state vector is a linear combination of several kets | @, .
We shall consider here a very simple case, for which at time + = 0 the state vector

[ Y(0) > is:

Iw<0)>=—}£[|<p1> o] )

a. WAVE FUNCTION AT THE INSTANT ¢

Apply formula (D-54) of chapter IIT; we immediately obtain :

2

1 ~~i—n’it —21——2'1
S [e 2ma? | 0, > + ¢ ma \ ¢, >] (15)

/2

or, omitting a global phase factor of | y(7) >:

(1) > =

1 .
Iw(t)>oc—ﬁ[l<m> +eT ] 0, 5] (16)
with:
E, — E, 3n*h
Wy = = 17
21 - - (17)
b. EVOLUTION OF THE SHAPE OF THE WAVE PACKET
The shape of the wave packet is gi'vgn by the probability density:
1 1
(x, ) = 3 @1(x) + 3 @3(x) + @4(x) @5(x)cos w1 (18)

We see that the time variation of the probability density is due to the interference
term in ¢,¢,. Only one Bohr frequency appears, v,; = (E; — E,)/h, since the
initial state (14) is composed only of the two states | @, > and | ¢, ). The curves
corresponding to the variation of the functions ¢, @3 and ¢, ¢, are traced in
figures 4-a, b and c.
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PARTICLE IN AN INFINITE POTENTIAL WELL

?1 93 b 00, ¢

RN}
bl 4

FIGURE 4

Graphical representation of the functions @} (the probability density of the particle in the
ground state), @3 (the probability density of the particle in the first excited state) and ¢,0,
(the cross term responsible for the evolution of the shape of the wave packet).

Using these figures and relation (18), it is not difficult to represent graphically
the variation in time of the shape of the wave packet (cf. fig. 5): we see that the
wave packet oscillates between the two walls of the well.

—_
—
—
t=90 0 <t < 12wy, t = /2w,
= <
Pru——
t = njw,, t= 3n/2w,, t = 2n/w,,
FIGURE 5

Periodic motion of a wave packet obtained by superposing the ground state and the first excited state
of a particle in an infinite well. The frequency of the motion is the Bohr frequency w,,/2x.
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1. Quantitative Aspects of the Harmonic Oscillator

Consider a particle moving in a simple harmonic oscillator well with the zero-time state
vector

W(t=0)>= N[|n=3> + [n=4>].

(a) Calculate the normalization constant N. Write down the equation for the normalized
zero-time state vector | ¥(0) > in terms of the energy eigenkets | n >. Using your equation
for | 1(0) > in terms of the energy eigenkets | n > write down the equation for the corre-
sponding normalized time-dependent state vector | ¢(¢) > in terms of the energy eigenkets
| n >. Convert your equation for the time-dependent state vector | ¢)(¢) > in terms of the en-
ergy eigenkets | n > into the corresponding equation for the time-dependent position-space
wavefunction ¢ (z,t) in terms of the position-space stationary states 1, (z).

(b) If you measure E at t = 0 what are the possibilities and what are the probabilities?
Calculate the time-dependent expectation value < E(t) >. Calculate the time-dependent
uncertainty AFE(t). Explain the time-dependence, or lack thereof, of < E(t) > and AE(t).

(c) If you measure = at ¢ = 0 what are the possibilities and what are the probabilities?
Calculate the time-dependent expectation value < x(t) >. Calculate the time-dependent
uncertainty Az(t). Simulate the time evolution of this system using http://falstad.com. Do
your expressions for < x(t) > and Az(t) agree with your simulation?

(d) If you measure p at t = 0 what are the possibilities and what are the probabilities?
Calculate the time-dependent expectation value < p(t) >. Calculate the time-dependent
uncertainty Ap(t). Simulate the time evolution of this system using http://falstad.com. Do
your expressions for < p(t) > and Ap(t) agree with your simulation?

(e) Sketch the ¢ = 0 probability density distributions P(FE,0), P(z,0), and P(p,0). Add

your calculated expectation values and uncertainties to your sketches. Do they agree?



Three Ways to Solve:

(1) Use Matrix Method
(2) Do the integrals in x-space
(3) Use Dirac Notation



Matrix Method
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= (2.) P(x,0): (assume === =1)

1
7 (2%(2n)) ((nl)"2)

0.25 A2
In(1]:= phil[x , n_]= ( ) E* [--——2-—) HermiteH|[n, x];

In[2]:= Plot[Evaluate[0.5 (phil[x, 3] + phil[x, 41)%1, {x, -5, 5}]
Pedas) 7 AT
| Coox= 3
0.5 1
|
0.4}
0.3
0.zl
(
/\0.1
e TR
out(2]= = Graphics - =2 ( mw

u (2.) P(p,0): (assume (m w hBar) =1)

In(10]:= phi3[p_] = FourierTransform[phil{x, 3], x, p];

phid[p_] = FourierTransform[phil[x, 4], x, p];

phi[p_] = 2 05 (phi3[p] + phidpl);
Inf15]:= Plot[Evalua!:e[Conjugate[phi [p1] phi[pll, {P, -5, 5}}

s T
So-0= S0
-4 -2 - ap — 4 P [ /"’{[O )

out[15]= = Graphics = <P> "'O



Do the integrals
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A f(ng /;’-,—,_A""x)( 16 A% S 1928°x b A - (00h) I = O
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Dirac Notation



2o (Auant) otive aspects of SHO
7 (a)

0 wehwe U@ 90> = NN (a1 (B>419) - N1
SN cn be j:;:

D) the nomufiwd wWave {m\(ﬁm &t 1=0 13
19(t=0)> = ’(:;>+Iu>) -— ©®

() Agumﬁj the grwv\d swte lsID> we have the time- Acfendent state vettor
. ,f;‘t lfq‘l‘

[ovhe s (Y= (10 F 4117 E X ) uher
 —C)

" be Gr))hw= Zhw
Eyz(4+3)fw= Lhwo #

B Using )Py = Plrt) we hove

t
Yyt)= (xl¥w> = i(moe _{2 (x4 € % )

,—gEJt ~1E¢t
> (4006 o pwe *) 5



v () 0) Since * 1V F;([»* 143 contuin 0”‘7 e:‘g‘ébﬁmu éorres}:ondt‘rﬂ to [z and by

the Poss?ble.’e'mﬁevv »rnAmW'“e"ﬂ are U"y : e )

2z /
= -

Fix Zh0  with pobshiliy [(3l9d) = 2

>_ 4
= 2

b lhw - — [ Ly 19007



-6t rEyt
T -
o Ewy= WYY el ( ,%Eslawi + Zh e )
g 2L md mybam LBt 2B (2R
= )}-hw;«
g BER) - (HD - (HY = (Wn}(}-f&lb)f "‘7;5“0"07{ /D) L
R Tz-)ﬁ’co*b
Loy
b= S X
E
@) Since the enery) T the elgenvulue of the stutionary ctutes of the system, we expect thot

1 ED ond BE will not B chw-?e with ¥, Ouy culculation in ©),6)
verify ¢his.



v f(o) Putentlal
(1 Synce tl\e\/eneﬂ]y s not infinite (wnless at 7""!”), the vasﬁole measurement of pvs"t"f*"

uh he Y €[00, 271, with Pro)mh:"ffz C‘P_"_S_‘;fy be
a | >
(D= £ (B + Ht)  where

|}’,,(ot) 7s the n‘utronw)’ energ/ en‘jens-tn'te ih va,\tn‘lm space

| R) Win K \3 ,
' 1 X = (—;'rw )’(ai‘a") jwhere a,a* avethe ' Joweling raising  Opersturs

we have

VY = ,%,)';[at\) ( 3\6% N +3\€%(E’ﬁ') )

- P sl (50 - (S eos ()



) We have (XD = (w‘,‘@m‘ /?(t) - .,.. ((a+a*)9”[i))(a+a*)‘/‘zt)>

- A T{f}:)-rz)d))-}— Le 7[:)%/‘] r>){

I
s
da(n+9)

> K (owt

Thus, o= &P)-dxd - .‘%w-—_’m( os’(wt)

- im%)(l +5rn’0°f)

= §oX /31}; (l-t' Sfﬂ’w*)l’ﬁ

@ The simulation s Jp agree with my culeulatior ( hoth 0,4y oX ave PPVIDA‘C/
with the freque»zj o f oY is twice as fm,ucnt/ of (&>



v )
(h From the symmetric o X,P in the Hamiltonian of H e fmow that %(P)= b
75, only o tmnslatien of bhl¥) |y o %(‘mﬁw) Thus, from (C) we know that
+the Poss»ble easurement oF momentum “can he Pél.*oo'oﬂ, with %ﬁe Prp/)ab:/:/

densy be  |<PI Y 17 = L[,z(_zh G (L)), where
Yolx) 7s the \3 elqenstutes in position space
@) usl‘rvj P 3(@);’(0\{“ ). we have
(P = ek ) (| 010 [ o

/(&% -1(11
()i 5 — )

- ifemwE )3 fsin(wt) = _i(»__mi“i‘)l’f'""/w*)%
2 2



(3) {or<P > Usmc] H = _P: + —’-mw x> we hove
- - O ) 1 2/"2
GYE U%w-m(P >t Imw)
= (P> +3 ’ff,fu - 2P 2k
S (PY>= om (yhw -2H0) = ymhw

Thas, we have 2= (PS>~ (p7= ymfiw ~ Lmh @ gt

= smAw (It st)

> op= Ssmpw (14 w’wt)i

(4) The simulation Agfeef with m7 expressions of <P and op(t)

(hoth {P), &P are fenod"/ with fyet,ueny [()[AP) 2 W[(p))
Therels o % phuse differene hetween (P> and (XD, which

s consitent 4o the sinwt ond coswt o,}.remms





