January 30, 2012

Step-by-step procedure to solve QM problems

(1) Solve the TISE

H |E, >=E, |E, >

Diagonalize the Hamiltonian
Find the eigenvalues F,
Find the eigenstates |F,, >

(2) Expand [¢(0) > in energy eigenstates
[¥(0) >= ) an [En >

The energy eigenstates are called stationary states

(3) Put in the time-dependent phase factors e(=?Fnt/?)

P(t) >= ) a, B, >


Larry
January 30, 2012

Larry


Larry



Expand [¢(0) > in the energy basis

W(O) >= ’El > —HEQ > —|—’E3 >
1¥(0) >= 1 |(0) >
=) |E, ><E,|

$(0) >= Y |En >< Ey|1p(0) >

an, =< E,|v(0) >
‘w(O) >= Z ‘En > Qp = Zan ‘En >

Write down [¢(t) > by inspection in energy basis

|¢<t) >= Z Qn |En > efp(—iEnt/h)

all n

Y(x,t) = an Pu(x) exp(—iEnt/h)

all n

Just insert the time-dependent phase factors

Warning: This only works in the energy basis!!!
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Eigenvector Example

In Dirac notation

|¢(O) >= N (’El > + ’EQ > + ’E3 >)

In vector notation

In Dirac notation

1 : . ,
|¢(t) ~— % (e—zElt/h|E1 > _|_e—zE2t/h|E2 > _|_€—1E3t/h’E3 > )

In vector notation

1 . 1 . 0 1 . 0
w(t) — —’LElt/h 0 + e—ZEQt/h 1 _I_ﬁ 6—2E3t/h O
0

— €
V3 0
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Eigenfunction Example

In Dirac notation
$(0) >= N (|1 > + |y > + |Bs > )

In eigenfunction notation
U(@,0) = N (1) +v2(x) + vs(x))

In Dirac notation

1 : . :
|¢<t> >= — <6_7’E1t/h|E1 > +€_2E2t/h|E2 > +6_7’E3t/h|E3 > )

V3

In eigenfunction notation

Y(x,t) = % (¢1(x)e—iE1t/h_i_w2(x)e—iEzt/h_'_wS(x)e—iEgt/h>

The 1, (z) functions are called the eigenfunctions or the
stationary states, and they are given by

’le(ilf) =< ‘El >
@DQ(.CE) =< |E2 >
77@3(33) =<z ’Eg >
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Possibilities and Probabilities

In Dirac notation

19(0) >= N (|E1 > + |Ey > + |E3 >)

If you measure the energy, what are the possibilities and
what are the corresponding probabilities?

The possibilities are the eigenvalues of the Hamiltonian.

So, the possibilities are Ey, E5, Es.

The probabilities are given by | < E; | 1 > |?.

So, the probabilities are %, %, %

What is the state of the system immediately after the
measurement?

The state is in the eigenstate of H corresponding to the
measured eigenvalue.

So, the state is |y > or |Ey > or |E3 >.
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For the eigenvector example

|F1>=> 1[0

‘EQ >=> 1

|E3 >=> | 0

For the eigenfunction example

77@1(513) =<z |F{>
@DQ(I) =<z | Fo>
Y3(x) =<z | E5>




To find the a,, expansion coefficients

9(0) >=> " an |En >

Compute the inner products
an = < E,|v(0) >

In the vector example

a; = < E1‘¢(O> >= (1,0,0)

5l
o
p—t

as = < Fs|y(0) >= (0,1,0)

-
o
p—t

az = < E3]y(0) >=(0,0,1)

-
o
p—t

In the eigenfunction example
a1 = < By @D(O) >

as = < Fso w(O) >
az = < F3 w(O) >

Still compute the inner products, but .......

si= Sl-

==
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Still compute the inner products, but the inner products

are now given by integrals

a1 = < Eq[¢(0 /wl

az = < F2|9(0) /%

az = < F3|y(0) /%

Note that the probabilities are given by the magnitude
squared of the expansion coefficients Prob(E,,) = |a,|?

Prob(Er) = |ai|* = |< E1[y(0) >[*= /wi"(iv) b(z,0) dx

[ @) v 0) do
[ i@ v 0) do

Prob(Es) = |as]* = |< Ex|¢(0) >|°=

Prob(Es) = |as|* = |< Es}u(0) >[*=

2



The Square Well aka The Particle in a Box

Time-Independent Schrodinger Equation (TISE)
H |E, >=FE, |E, >

In position space

Hy, Vn(x) = Entpn(x)

p2
Hop — 2,',’2; + V(xop)

. d
Pop = _Zh%

Top = T

—h? {2

H,, =
P 2m  dx?

+ V(x)
For the square well
Viz)=0

So TISE becomes this differential equation

—h2 d2
H p(x) = o dr2 Yn(x) = Ep n(2)
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En~n2/L2

The larger the well, the lower the energy

The higher the quantum number n, the higher the energy

E =KE + PE

The potential energy for the square well is the same everywhere except at the boundaries
where it is infinite. Consequently, the wavefunction must be zero at the boundaries.

The kinetic energy for the square well is proportional to the curvature of the wavefcn.

The ground state wavefunction has the minimum curvature---that is not zero everywhere
and is zero at its ends.



The Square Well

The Particle in a Box

probability ] .
wavefunctions eigenenergies

densities

oo

fEnergy
oo WA 1 |
2
¢2(\/ ol 16 E,
| 9E
¥ |¢1|2/\ 44 E:
| E
0 . 119 L l
Position

Measure the position: The probability to find the
particle precisely at x=2 is zero. But the probability

to find the particle at x=2 plus/minus 0.01 is non-zero.
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Measure the position: The probability to find the 
particle precisely at x=2 is zero. But the probability 
to find the particle at x=2 plus/minus 0.01 is non-zero.
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http://en.wikipedia.org/wiki/Particle_in_a_box


http://en.wikipedia.org/wiki/Particle_in_a_box

The Square Well

http://www.falstad.com/gqm1d

http://phet.colorado.edu/en/simulation/bound-states


http://www.falstad.com/qm1d
http://phet.colorado.edu/en/simulation/bound-states
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EXPANSIoN IN DIFFE&EVT sz4c&':/5;:¢x

energy E

E, ¥, p
position x

SUPRRLIOS tT (6N oF 3 LOWEST STATES momentum p

W\~

Pro B 73 4‘9

In Dirac notation: the abstract state vector in Hilbert space

[4>= Z 1>+ Z1a>+ ;516> Asrcr

PLE)

|

Loy~
P ———
emmansmasad
o ——
' 4
2!

In the position basis, aka in position space

crley = Losx e + Lcxig,>e —sli—,—<x1 EsS

Vs’ v3?
bra) = = )+ —éhm + g Wy ()
Py

In the momentum basis, aka in momentum space

= { L
£pled> g CPLED & 2 (plE)y o Sf16D

A A

{ A -
<P(p):.- "r'g;,“' ‘[”,(p) + JV:’; ’/’,,([3) ¢ T%_T P_;(f\
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How ABOvT ¢ie) !
In the energy basis, aka in energy space
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IF YO0 MEBASIRE ....

Measure the Energy

ENAGY

POSSIBL

LE SVLTS i BI6RNVALUGS® OF THE HAMIC TONCAN
EI16CENBNZAGCIES

PROBABILITIES * How mucid oF THar [isavsrarz (S (v | ¥

Before you measure

MYSrEends RuavTum FUuMpP

E, &
COLLAPSE OF THE WAVEFCN
AEPveTien 08 TIHIE STAT
Vli“'t"-
After you

measure

mMYSTRRAOyS OBEcAvsg
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Measure the Position

Before you measure

~
& N

mv
“

After you measure




If you measure the momentum

when n=2 probability density in

momentum-space

before

P
0
pd #9'( p) pd
| 1 after
before
P
nmh 0 + ﬂ
] :

when n is large
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TIME - DEPENDENCE oF THRE ENEARY EICENKETS
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