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Angular Momentum 2
(1) The Semiclassical Vector Model

(2) The Matrix Representation

(3) The Ladder Operators



The Semiclassical Vector Model

Classically, angular momentum is represented 
by a vector with a magnitude and a direction.

Classically, the angular momentum can have 
any value, and its z-projection can have any 
value.

The semiclassical vector model represents the 
quantum angular momentum with a vector in 
analogy with the classical description. 

Quantum mechanically, the length of the 
vector and its z-projection are quantized.

It is not a perfect representation, but it is the 
best that anyone has concocted. Orbital 
angular momentum can be visualized using 
spherical harmonics, but spin angular 
momentum cannot. The semiclassical vector 
model represents both.



The z-component can have the 2l+1 values

corresponding to

In the vector model this means that only

particular special angles between the angular

momentum vector and the z-axis are allowed

A given quantum number l determines the

magnitude of the vector L via

This is a useful semi-classical model of the quantum results.

Imagine L precesses around the z-axis. Hence the magnitude of L and

the z-component Lz are constant while the x and y components can take a

range of values and average to zero, just like the quantum eigenfunctions.
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The Semiclassical Vector Model (1) 
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Example: l=2

Magnitude of the angular momentum is

Component of angular momentum

in z- direction can be Lx

Ly

Lz
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Quantum eigenfunctions correspond to a cone of solutions for L in the vector model
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The Semiclassical Vector Model (2)
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TOTAL = 2L + 1 = 2(2) + 1 = 5
FIVE CONES SHOWN ABOVE

Larry


Larry


Larry


Larry


Larry


Larry


Larry
m=2

Larry
m=1

Larry
m=0

Larry


Larry
m= -1

Larry
m= -2

Larry


Larry


Larry


Larry


Larry
Diameter of the Sphere 

Larry


Larry


Larry
z-projections go in integer steps
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Orbital Angular Momentum in Position Space
Represented by the Spherical Harmonics
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Total angular momentum is an integer L = 0, 1, 2, 3, ...
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The z-projection is an integer starting at m = -L
and increasing in integer steps up to m = +L
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http://www.st-andrews.ac.uk/~qmanim/embed_item_3.php?anim_id=47

Larry


Larry
L=1

Larry
L=2

Larry
L=3

Larry
L=4

Larry
L=5

Larry


Larry


Larry


http://www.st-andrews.ac.uk/~qmanim/embed_item_3.php?anim_id=47


Larry
The two pictured objects illustrate the geometry of a 
spin 5/2 object (blue 'male' on the left) 
and spin 2 object (pink 'female' on the right).
 
Spin Family, on display in the art exhibition "Quantum Objects" playfully 
equates fermions with the male and bosons with the female gender, 
depicting the first spin 1/2, 1, 3/2, 2, and 5/2 objects as a family of five

Larry
Father and Mother of the series Spin Family (2009) 
by physicist-turned-sculptor Julian Voss-Andreae. 
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L=5/2
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L=3/2
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The Angular Momentum Family
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Why is orbital 

angular 

momentum 

quantized in 

integer steps?



Larry Sorensen
Bohr said there must be an integer number 
of deBroglie wave around the circular orbit
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Larry Sorensen
The solutions to the Schrodinger equation have an integer number of waves along any 
path around the center of the circle because the wavefunction must be single valued. 

So the soultions to the Schrodinger equation are the 3D generalization of Bohr's atom.
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Larry Sorensen
He incorrectly said that the angular momentum of the ground state was 1 (a p state)
instead of zero (an s state) but his equation produced the correct energy levels
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Larry Sorensen
Because the wavefunction is single valued and its derivatives must be 
continuous, there must be an integer number of waves around any path
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Larry Sorensen
Bohr's equation predicts the correct energy levels (one Rydberg over n squared)
and it also predicts the correct radius of the 1s state, which is the Bohr radius, but
it is not correct. It was however the beginning of quantum mechanics as we know it.
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Larry Sorensen
the Bohr radius is 0.529 angstroms
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Larry Sorensen
the Coulomb attraction must provide the force 
required to hold the electron in its circular orbit 
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angular momentum is quantized with n=1, 2, 3, .....
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Larry Sorensen
solve for the radius of the n-th Bohr orbit
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Bohr radius
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the Rydberg

Larry Sorensen


Larry Sorensen


Larry Sorensen


Larry Sorensen


Larry Sorensen




Larry
allowed values of l

Larry


Larry
allowed values of m for each l
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L=1 Matrices

Larry


Larry




Larry
Ly

Larry


Larry
L+

Larry
L-

Larry


Larry


Larry


Larry


Larry
three component wavefunction
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Matrices for L=2
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Larry
We solved every problem
with this algebra !!!
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orbital must be integers
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spin can be integer or half integer
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J = L + S so integer or half integer
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s=1/2 doublet
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s=1/2 matrices
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People did not like the idea of spin 1/2:

Sommerfeld turned the problem of the anomalous Zeeman 
effect over to young Heisenberg, a student in his seminar. 
Heisenberg, struggling with it, introduced half-integer 
quantum numbers into the old quantum theory for the first 
time. Sommerfeld was shocked, and urged Heisenberg not to 
publish. “If we know one thing about quantum numbers, we 
know they are integers!'' Bohr, too, expressed displeasure. 
Pauli warned that today we allow half-integers, tomorrow it's 
quarter-integers, then eighths, sixteenths, and before you 
know it the quantum conditions have eroded away.

Paul Ehrenfest told Uhlenbeck and Goudsmit

“This is a good idea. Your idea may be wrong, but since both 
of you are so young without any reputation, you would not 
loose anything by making a stupid mistake.”

Born told Stern

It took me quite a time before I took this idea seriously. I 
thought always that [space] quantization was a kind of 
symbolic expression for something which you don't 
understand. But to take this literally like Stern did, this was 
his own idea. . . . I tried to persuade Stern that there was no 
sense [in it], but then he told me that it was worth a try.
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L+ goes up the ladder
L- goes down the ladder
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Larry
We solved every problem
with this algebra !!!
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orbital must be integers
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spin can be integer or half integer
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J = L + S so integer or half integer
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(1) solve differential equation
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(2) use ladder operators as generating function
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Two ways to find the spherical harmonics
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will yield a simple 
differential equation 
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The simple differential equation
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Apply L- to get the rest
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