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Expectation Values

http://www.st-andrews.ac.uk/~qmanim/embed_item_2.php?anim_id=5

http://www.st-andrews.ac.uk/~qmanim/embed_item_3.php?anim_id=4

But there are two potentials that can be handled in momentum space: first, for a linear potential 
V(x) = -kx, the momentum space analysis is actually easier—it’s just a first-order equation.! 
Second, for a particle in a quadratic potential—a simple harmonic oscillator—the two 
approaches yield the same differential equation. That means that the eigenfunctions in 
momentum space (scaled appropriately) must be identical to those in position space—the 
simple harmonic eigenfunctions are their own Fourier transforms!



Expectation Values

The expectation value of the position < x > = < n |x |n > is zero in

every stationary state because x =
�

h̄/2mω (a†+ a) and because a†
and a produce states orthogonal to the original state.

For n = 3

< 3|(a† + a)|3 >=
√
4 < 3|4 > +

√
3 < 3|2 >= 0.

For arbitrary n

< n|(a† + a)|n >=
√
n+ 1 < n|n+ 1 > +

√
n < n|n− 1 >= 0.

The expectation value of the momentum in every stationary state is

also zero because the momentum operator also contains a† and a

p = i
�

mh̄ω/2(a† − a)

Consider a system described by the HamiltonianHH =

�
0 1
1 0

�

and by a second observable operator Ω

Ω =

�
0 −i
i 0

�
.

At t = 0, this system is initially in the state | ψ(t = 0) > represented

by N

�
3
4

�
.

(a) Calculate the normalization constant N .

32 + 42 = 52 so N =
1

5

(b) Find the eigenvalues and the normalized eigenvectors of the Hamil-
tonian operator.

eigenvalue E1 = 1 with eigenvector | E1 >=
1√
2

�
1
1

�



Step-by-step procedure to solve QM problems

(1) Solve the TISE

H |En >= En |En >

Diagonalize the Hamiltonian

Find the eigenvalues En

Find the eigenstates |En >

(2) Expand |ψ(0) > in energy eigenstates

|ψ(0) >=
�

n

an |En >

The energy eigenstates are called stationary states

(3) Put in the time-dependent phase factors e
(−iEnt/h̄)

|ψ(t) >=
�

n

an e
(−iEnt/h̄) |En >



Expand |ψ(0) > in the energy basis

|ψ(0) >= |E1 > +|E2 > +|E3 >

|ψ(0) >= I |ψ(0) >

I =
�

n

|En >< En|

|ψ(0) >=
�

n

|En >< En|ψ(0) >

an =< En|ψ(0) >

|ψ(0) >=
�

n

|En > an =
�

n

an |En >

Write down |ψ(t) > by inspection in energy basis

|ψ(t) >=
�

all n

an |En > exp(−iEnt/h̄)

ψ(x, t) =
�

all n

an ψn(x) exp(−iEnt/h̄)

Just insert the time-dependent phase factors

Warning: This only works in the energy basis!!!



Eigenvector Example

In Dirac notation

|ψ(0) >= N (|E1 > + |E2 > + |E3 >)

In vector notation

ψ(0) =>
1√
3




1
1
1





In Dirac notation

|ψ(t) >=
1√
3

�
e−iE1t/h̄|E1 > +e−iE2t/h̄|E2 > +e−iE3t/h̄|E3 >

�

In vector notation

ψ(t) =
1√
3
e−iE1t/h̄




1
0
0



+
1√
3
e−iE2t/h̄




0
1
0



+
1√
3
e−iE3t/h̄




0
0
1





ψ(t) =
1√
3




e−iE1t/h̄

e−iE2t/h̄

e−iE3t/h̄







Eigenfunction Example

In Dirac notation

|ψ(0) >= N
�
|E1 > + |E2 > + |E3 >

�

In eigenfunction notation

ψ(x, 0) = N
�
ψ1(x) + ψ2(x) + ψ3(x)

�

In Dirac notation

|ψ(t) >=
1√
3

�
e−iE1t/h̄|E1 > +e−iE2t/h̄|E2 > +e−iE3t/h̄|E3 >

�

In eigenfunction notation

ψ(x, t) =
1√
3

�
ψ1(x)e

−iE1t/h̄+ψ2(x)e
−iE2t/h̄+ψ3(x)e

−iE3t/h̄
�

The ψn(x) functions are called the eigenfunctions or the
stationary states, and they are given by

ψ1(x) = < x |E1 >
ψ2(x) = < x |E2 >
ψ3(x) = < x |E3 >



Possibilities and Probabilities

In Dirac notation

|ψ(0) >= N (|E1 > + |E2 > + |E3 >)

If you measure the energy, what are the possibilities and

what are the corresponding probabilities?

The possibilities are the eigenvalues of the Hamiltonian.

So, the possibilities are E1, E2, E3.

The probabilities are given by | < Ei | ψ > |2.

So, the probabilities are
1
3 ,

1
3 ,

1
3 .

What is the state of the system immediately after the

measurement?

The state is in the eigenstate of H corresponding to the

measured eigenvalue.

So, the state is |E1 > or |E2 > or |E3 >.



For the eigenvector example

|E1 >=>




1

0

0





|E2 >=>




0

1

0





|E3 >=>




0

0

1





For the eigenfunction example

ψ1(x) = < x | E1 >

ψ2(x) = < x | E2 >

ψ3(x) = < x | E3 >



To find the an expansion coefficients

|ψ(0) >=
�

n

an |En >

Compute the inner products

an = < En|ψ(0) >

In the vector example

a1 = < E1|ψ(0) >= (1, 0, 0)
1√
3




1
1
1



 =
1√
3

a2 = < E2|ψ(0) >= (0, 1, 0)
1√
3




1
1
1



 =
1√
3

a3 = < E3|ψ(0) >= (0, 0, 1)
1√
3




1
1
1



 =
1√
3

In the eigenfunction example

a1 = < E1|ψ(0) >

a2 = < E2|ψ(0) >

a3 = < E3|ψ(0) >

Still compute the inner products, but .......



Still compute the inner products, but the inner products
are now given by integrals

a1 = < E1|ψ(0) >=

�
ψ∗
1(x) ψ(x, 0) dx

a2 = < E2|ψ(0) >=

�
ψ∗
2(x) ψ(x, 0) dx

a3 = < E3|ψ(0) >=

�
ψ∗
3(x) ψ(x, 0) dx

Note that the probabilities are given by the magnitude
squared of the expansion coefficients Prob(En) = |an|2

Prob(E1) = |a1|2 = |< E1|ψ(0) >|2=

�����

�
ψ∗
1(x) ψ(x, 0) dx

�����

2

Prob(E2) = |a2|2 = |< E2|ψ(0) >|2=

�����

�
ψ∗
2(x) ψ(x, 0) dx

�����

2

Prob(E3) = |a3|2 = |< E3|ψ(0) >|2=

�����

�
ψ∗
3(x) ψ(x, 0) dx

�����

2



From Dyads to Dirac Notation

There is an old fashioned notation that is very similar to Dirac notation. It looks like this

I = î î+ ĵ ĵ + k̂ k̂

If you apply this identity operator I to an abstract vector �v you find

�v = I �v =

�
î î+ ĵ ĵ + k̂ k̂

�
�v = î î • �v + ĵ ĵ • �v + k̂ k̂ • �v = îvx + ĵvy + k̂vz = vxî+ vy ĵ + vz k̂.

This is called dyad notation. It takes an abstract vector �v, a vector not yet in any basis, and converts it into
the representation of that vector in a specific basis. In this case, the basis is your friend, the good old, î, ĵ, k̂
basis.

You could, of course, write the same thing using the symbols x̂, ŷ, ẑ instead of î, ĵ, k̂.

�v = I �v =

�
x̂ x̂+ ŷ ŷ + ẑ ẑ

�
�v = x̂ x̂ • �v + ŷ ŷ • �v + ẑ ẑ • �v = x̂vx + ŷvy + ẑvz = vxx̂+ vy ŷ + vz ẑ.

Now write the dyad notation as a sum over the three basis vectors

I =
3�

l=1

l̂ l̂

So the expansion in dyad notation is given by

�v = I �v =

� 3�

l=1

l̂ l̂

�
�v = vxî+ vy ĵ + vz k̂

Now look at the same thing, the exact analog, in Dirac notation: The identity operator I is the sum over
the three basis ket vectors |l >

I =
3�

l=1

|l > < l|

So the expansion in the |l > basis in Dirac notation is given by

|ψ > = I |ψ > =

� 3�

l=1

|l > < l|
�
|ψ > = a1|1 >+ a2|2 >+ a3|3 >.

Where the three expansion coefficients are given by

aj =< j|ψ >

here j = 1, 2, 3.



1. Quantitative Aspects of the Harmonic Oscillator

Consider a particle moving in a simple harmonic oscillator well with the zero-time state
vector

| ψ(t = 0) > = N
[
| n = 3 > + | n = 4 >

]
.

(a) Calculate the normalization constant N. Write down the equation for the normalized
zero-time state vector | ψ(0) > in terms of the energy eigenkets | n >. Using your equation
for | ψ(0) > in terms of the energy eigenkets | n > write down the equation for the corre-
sponding normalized time-dependent state vector | ψ(t) > in terms of the energy eigenkets
| n >. Convert your equation for the time-dependent state vector | ψ(t) > in terms of the en-
ergy eigenkets | n > into the corresponding equation for the time-dependent position-space
wavefunction ψ(x, t) in terms of the position-space stationary states ψn(x).

(b) If you measure E at t = 0 what are the possibilities and what are the probabilities?
Calculate the time-dependent expectation value < E(t) >. Calculate the time-dependent
uncertainty ∆E(t). Explain the time-dependence, or lack thereof, of < E(t) > and ∆E(t).

(c) If you measure x at t = 0 what are the possibilities and what are the probabilities?
Calculate the time-dependent expectation value < x(t) >. Calculate the time-dependent
uncertainty ∆x(t). Simulate the time evolution of this system using http://falstad.com. Do
your expressions for < x(t) > and ∆x(t) agree with your simulation?

(d) If you measure p at t = 0 what are the possibilities and what are the probabilities?
Calculate the time-dependent expectation value < p(t) >. Calculate the time-dependent
uncertainty ∆p(t). Simulate the time evolution of this system using http://falstad.com. Do
your expressions for < p(t) > and ∆p(t) agree with your simulation?

(e) Sketch the t = 0 probability density distributions P (E, 0), P (x, 0), and P (p, 0). Add
your calculated expectation values and uncertainties to your sketches. Do they agree?

Larry
From an old 441 exam: Using ladder operators to compute the time-dependent expectation values and uncertainties for x and p

Larry




Three Ways to Solve:
(1) Do the integrals
(2) Use Matrix Method
(3) Use Dirac Notation



Do the integrals
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compute < x(t) > 
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the possibilities and the probabilities for position measurements
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Larry
compute < x(t) x(t) >

Larry
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Larry
compute the uncertainty in the position 

Larry
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Larry
the possibilities and the probabilities for momentum measurements
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compute < p(t) > 

Larry


Larry
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Larry
compute < p(t) p(t) > 
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Larry
compute the uncertainty in the momentum 
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Matrix Method



Larry
compute the normalization factor and then
write down | psi(0) >, | psi(t) >, and psi(x,t)
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Larry
compute < E(t) >

Larry
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Larry


Larry
the possibilities and the probabilities for energy measurements
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Larry
compute < H(t) H(t) >

Larry
compute the uncertainty in the energy

Larry


Larry
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possibilities and probabilities 
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Larry
compute < x(t) >

Larry
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Larry
< x(t) >

Larry


Larry


Larry
the possibilities and the probabilities for position measurements
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Larry
compute < x(t) x(t) >

Larry


Larry


Larry
compute the uncertainty in the position
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consistent with simulation 
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Larry
compute < p(t) >
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to compute the uncertainty use
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Larry
the possibilities and the probabilities for momentum measurements
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Larry
compute < p(t) p(t) >

Larry


Larry
compute the uncertainty in the momentum

Larry


Larry
consistent with simulation
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Dirac Notation
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calculate the normalization constant
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Larry
write down the t=0 normalized state vector in Dirac notation
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Larry
write down the corresponding time-dependent state vector in Dirac notation
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Larry
insert the time-dependent
phase factors
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Larry
write down the corresponding position-space wavefunction
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Larry
the possibilities and the probabilities of energy measurements
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[ H, H ] = 0
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Larry
compute < E(t) >

Larry


Larry
compute the uncertainty in the energy

Larry
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superposition of
stationary states
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Larry
the time-dependent statistics for energy measurements
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possibilities 
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probability
density
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compute < x(t) >
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Larry
the possibilities and the probabilities for position measurements
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Larry
compute < x(t) x(t) >
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compute the uncertainty in the position
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do the simulations agree? 
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Larry
possibilities 
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probability
density
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compute < p(t) > 
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the possibilities and the probabilities for momentum measurements
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Larry
compute < p(t) p(t) >   (he should have used ladder operators)
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do the simulations agree? 
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compute the uncertainty in the momentum
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Lecture 12 Angular Momentum

Math: Spherical harmonics are a complete set 

of orthonormal functions on the sphere

Physics: Spherical harmonics describe the 

orbital angular momentum





Spherical Harmonics

The Meaning of the Spherical Harmonics
http://infovis.uni-konstanz.de/research/projects/SimSearch3D/images/harmonics_img.jpg

The Spherical Harmonics
http://oak.ucc.nau.edu/jws8/dpgraph/Yellm.html
http://www.bpreid.com/applets/poasDemo.html
http://www.du.edu/~jcalvert/math/harmonic/harmonic.htm

Encyclopedia
http://en.wikipedia.org/wiki/Spherical_harmonics
http://en.wikipedia.org/wiki/Table_of_spherical_harmonics
http://mathworld.wolfram.com/SphericalHarmonic.html

Applications of Spherical Harmonics
http://www.falstad.com/qmrotator/
http://www.falstad.com/qmatom/
http://www.falstad.com/qmatomrad/
http://www.falstad.com/qm2dosc/
http://www.falstad.com/qm3dosc/

Legendre Polynomials

The Meaning of the Legendre Polynomials
http://physics.unl.edu/~tgay/content/multipoles.html

Encyclopedia
http://en.wikipedia.org/wiki/Legendre_polynomials
http://mathworld.wolfram.com/LegendrePolynomial.html

Wolfram Demonstrations
http://demonstrations.wolfram.com/SphericalHarmonics/
http://demonstrations.wolfram.com/VisualizingAtomicOrbitals/
http://demonstrations.wolfram.com/HydrogenOrbitals/
http://demonstrations.wolfram.com/PlotsOfLegendrePolynomials/
http://demonstrations.wolfram.com/PolarPlotsOfLegendrePolynomials/
http://demonstrations.wolfram.com/DipoleAntennaRadiationPattern/

http://infovis.uni-konstanz.de/research/projects/SimSearch3D/images/harmonics_img.jpg
http://oak.ucc.nau.edu/jws8/dpgraph/Yellm.html
http://www.bpreid.com/applets/poasDemo.html
http://www.du.edu/~jcalvert/math/harmonic/harmonic.htm
http://en.wikipedia.org/wiki/Spherical_harmonics
http://en.wikipedia.org/wiki/Table_of_spherical_harmonics
http://mathworld.wolfram.com/SphericalHarmonic.html
http://www.falstad.com/qmrotator/
http://www.falstad.com/qmatom/
http://www.falstad.com/qmatomrad/
http://www.falstad.com/qm2dosc/
http://www.falstad.com/qm3dosc/
http://physics.unl.edu/~tgay/content/multipoles.html
http://en.wikipedia.org/wiki/Legendre_polynomials
http://mathworld.wolfram.com/LegendrePolynomial.html
http://demonstrations.wolfram.com/SphericalHarmonics/
http://demonstrations.wolfram.com/VisualizingAtomicOrbitals/
http://demonstrations.wolfram.com/HydrogenOrbitals/
http://demonstrations.wolfram.com/PlotsOfLegendrePolynomials/
http://demonstrations.wolfram.com/PolarPlotsOfLegendrePolynomials/
http://demonstrations.wolfram.com/DipoleAntennaRadiationPattern/


Other Examples

The Earth's Magnetic Field
http://cgc.rncan.gc.ca/geomag/nmp/early_nmp_e.php?p=1
http://en.wikipedia.org/wiki/Earth%27s_magnetic_field
http://www.ngdc.noaa.gov/geomag/WMM/DoDWMM.shtml
http://www.geomag.us/info/Declination/magnetic_lines_2010.gif

The Earth's Gravitional Field
http://en.wikipedia.org/wiki/Geoid
http://www.esri.com/news/arcuser/0703/graphics/geoid1_lg.gif
http://www.geomag.us/models/pomme5.html
http://earth-info.nga.mil/GandG/images/ww15mgh2.gif
http://op.gfz-potsdam.de/champ/
http://www.gfy.ku.dk/~pditlev/annual_report/matematiker.jpg

The Universe
http://abyss.uoregon.edu/~js/21st_century_science/lectures/lec27.html
http://wmap.gsfc.nasa.gov/media/080997/080997_5yrFullSky_WMAP_4096B.tif

Computer Lighting and Games
https://buffy.eecs.berkeley.edu/PHP/resabs/images/2006//101194-5.jpg
http://www.cg.tuwien.ac.at/research/publications/2008/Habel_08_SSH/
http://www.planetlara.com/underworld/renders/lara/full.jpg
http://casuallyhardcore.com/blog/index.php?s=shader

Art
http://www.math.hawaii.edu/~dale/bleecker/bleecker.html
http://cricketdiane.files.wordpress.com/2009/04/cricketdiane-castle-in-the-sky-2006-1.jpg

http://cgc.rncan.gc.ca/geomag/nmp/early_nmp_e.php?p=1
http://en.wikipedia.org/wiki/Earth%27s_magnetic_field
http://www.ngdc.noaa.gov/geomag/WMM/DoDWMM.shtml
http://www.geomag.us/info/Declination/magnetic_lines_2010.gif
http://en.wikipedia.org/wiki/Geoid
http://www.esri.com/news/arcuser/0703/graphics/geoid1_lg.gif
http://www.geomag.us/models/pomme5.html
http://earth-info.nga.mil/GandG/images/ww15mgh2.gif
http://op.gfz-potsdam.de/champ/
http://www.gfy.ku.dk/~pditlev/annual_report/matematiker.jpg
http://abyss.uoregon.edu/~js/21st_century_science/lectures/lec27.html
http://wmap.gsfc.nasa.gov/media/080997/080997_5yrFullSky_WMAP_4096B.tif
https://buffy.eecs.berkeley.edu/PHP/resabs/images/2006//101194-5.jpg
http://www.cg.tuwien.ac.at/research/publications/2008/Habel_08_SSH/
http://www.planetlara.com/underworld/renders/lara/full.jpg
http://casuallyhardcore.com/blog/index.php?s=shader
http://www.math.hawaii.edu/~dale/bleecker/bleecker.html
http://cricketdiane.files.wordpress.com/2009/04/cricketdiane-castle-in-the-sky-2006-1.jpg


The Meaning of the Legendre Polynomials
http://physics.unl.edu/~tgay/content/multipoles.html
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