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As in the case of the infinite square well, the stationary states of the harmonic

oscillator are orthogonal:
oo

/ Y Wn dx = 8. [2.68]

This can be proved using Equation 2.65, and Equation 2.64 twice—first moving
a4 and then moving a_:

/OO Wi (ara Yy dx = n/oo Wi dx
:/ (a—Wm)*(a—l//n) dx :/ (a+a—1#m)*¢n dx
=m /00 Yo dx.

Unless m = n, then, [ v,:¥, dx must be zero. Orthonormality means that we
can again use Fourier’s trick (Equation 2.34) to evaluate the coefficients, when we
expand W(x, 0) as a linear combination of stationary states (Equation 2.16), and
lcn|? is again the probability that a measurement of the energy would yield the
value E,.

Example 2.5 Find the expectation value of the potential energy in the nth state
of the harmonic oscillator.

Solution:

1 2.2 1 2 * * 2
(V) = Ema) X<} = Ema) Yo x Y dx.
—00

There’s a beautiful device for evaluating integrals of this kind (involving powers
of x or p): Use the definition (Equation 2.47) to express x and p in terms of the
raising and lowering operators:

X =./ h (ap +ao); p:i‘/hmw(a_i_—a_). [2.69]
2mw 2

In this example we are interested in x?:

h

2= [(a+)2 +(ara )+ (a-a)+ (a_)z] .
2mw

So

h
(V)= Tw / /M [(a+)2 +(aya-) + (a—ay) + (a_)z] Un dx.

ugly! primitive! boo!
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50 Chapter 2 Time-Independent Schridinger Equation

But (a+)21/rn is (apart from normalization) ¥, 4>, which is orthogonal to v, and
the same goes for (a-)zzlf,,, which is proportional to ¥,,_>. So those terms drop
out, and we can use Equation 2.65 to evaluate the remaining two:

V_ha) l—lh 1

As it happens, the expectation value of the potential energy is exactly half the
total (the other half, of course, is kinetic). This is a peculiarity of the harmonic
oscillator, as we’ll see later on.

xProblem 2.10

(a) Construct ¥ (x).
(b) Sketch v, V1, and ;.

(c) Check the orthogonality of v, ¥, and ¥, by explicit integration. Hint: If
you exploit the even-ness and odd-ness of the functions, there is really only
one integral left to do.

«Problem 2.11

(a) Compute (x), (p), (x2), and (p?), for the states o (Equation 2.59) and v,
(Equation 2.62), by explicit integration. Comment: In this and other problems
involving the harmonic oscillator it simplifies matters if you introduce the
variable & = \/mw/h x and the constant o = (mw/mh)'/*.

(b) Check the uncertainty principle for these states.

(c) Compute (T) (the average kinetic energy) and (V) (the average potential
energy) for these states. (No new integration allowed!) Is their sum what you
would expect?

«Problem 2.12 Find (x), (p), (x2), (p?), and (T), for the nth stationary state of the
harmonic oscillator, using the method of Example 2.5. Check that the uncertainty
principle is satisfied.

Problem 2.13 A particle in the harmonic oscillator potential starts out in the state
Y(x,0) = ABvYo(x) + 491 (0)].

(a) Find A.
(b) Construct W(x, 1) and |W(x, 1)|2.
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(c) Find (x) and (p). Don’t get too excited if they oscillate at the classical
frequency; what would it have been had I specified ¥ (x), instead of ¥ (x)?
Check that Ehrenfest’s theorem (Equation 1.38) holds for this wave function.

(d) If you measured the energy of this particle, what values might you get, and
with what probabilities?

Problem 2.14 A particle is in the ground state of the harmonic oscillator with
classical frequency w, when suddenly the spring constant quadruples, so o’ = 2w,
without initially changing the wave function (of course, W will now evolve differ-
ently, because the Hamiltonian has changed). What is the probability that a mea-
surement of the energy would still return the value %w/2? What is the probability
of getting iw? [Answer: 0.943.]

2.3.2 Analytic Method
We return now to the Schrddinger equation for the harmonic oscillator,
h? d*y
“amdar 72"
and solve it directly, by the series method. Things look a little cleaner if we
introduce the dimensionless variable

w*x®y = Ey, [2.70]

£= /" 2x [2.71]
h
in terms of & the Schrédinger equation reads
‘%‘f =@ - Ky, [2.72]
where K is the energy, in units of (1/2)Aw:
= gg [2.73]
ho

Our problem is to solve Equation 2.72, and in the process obtain the “allowed”
values of K (and hence of E).
To begin with, note that at very large & (which is to say, at very large x), § 2
completely dominates over the constant K, so in this regime
&y,
— & , 2.74
7 S5 [2.74]

which has the approximate solution (check it!)

V(&) ~ Ae™5/2 4 BetE 2, [2.75]
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elements of other operators between oscillator eigenstates. Consider for
example (3 | X2|2). In the X basis one would have to carry out the fol-
lowing integral:

s . mow 1/2( 1 ) 1 )1/2 =) (—_ mwxz)
Gl l2>_<nh) 2931 2% exp 2%

mow 1/2 5 mwxz mo 1/2
XHa[(T) ) ‘”‘p(_ 2 )HK 7 ) "”d"

whereas in the |n) basis

ﬁ 3/2
<3|X3|2>=<m) 3l(a+ a2

h 3/2
a (W) 3| (@ + a*a* + aa'a + aa'a’

+ ataa + a'aa* + a'a’a + a'a'a’) | 2)

Since a lowers n by one unit and a' raises it by one unit and we want to
go up by one unit from n = 2 to n = 3, the only nonzero contribution comes
from a'a‘a, aa'a', and a'aa’. Now

a'ata |2y = 2Vatat | 1y = 21222t | 2 — 212312 | 3
aa*at |2y = 3aat | 3y = 3V | 4y = 34V [ 3)
alaa® |2y = 3V%ata | 3) = 3V2N |3) = 3123 |3)

so that beautiful! magnificent! bravo!

h 3/2
G112 = () RO¥) 443 + 3GV

What if we want not some matrix element of X, but the probability
of finding the particle in | n) at position x? We can of course fall back on
Postulate III, which tells us to find the eigenvectors | x> of the matrix X
[Eq. (7.4.32)] and evaluate the inner product {x |n). A more practical
way will be developed in the next section.

Consider a remarkable feature of the above solution to the eigenvalue
problem of H. Usually we work in the X basis and set up the eigenvalue
problem (as a differential equation) by invoking Postulate II, which gives
the action of X and P in the X basis (X — x, P — —i# d/dx). In some cases
(the linear potential problem), the P basis recommends itself, and then we
use the Fourier-transformed version of Postulate II, namely, X — i# d/dp,

BRAVO !'! ENCORE !
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http:/quantummechanics.ucsd.edu/ph130a/130_notes/130_notes.html

The expectation value of - in eigenstate

‘We can compute the expectation value of x simply.

(un|$|un> - i <un|A + ATl“ﬂ) - \/ %((unvlun) + (un|ATun>)

2mw

= 5o (Vittunltn ) + VU Lt 1)) = 0

‘We should have seen that coming. Since each term in the xr operator changes the eigenstate, the dot product with the original (orthogonal) state must give zero.

Branson 2008-12-22
<n|x|n>=C<nj|a*+a|n>
=C<n|a*|n>+C<nj|a|n>

=C'<nNn|nt1>+C"<n|n1>=0

<3|x|3>=C<3|a*+a|3>
=C<3|a*|3>+C<3|a|3>
=C'<3|4>+C"<3|2>=0

C'=sqrt(n+1)C C'=sqrt(4) C
C" =sqrt(n) C C" =sqrt(3) C
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FIGURE 7.10 The first few eigenstates of the simple harmonic oscillator and corresponding probability
densities. Turning points, £,” = /1 + 2n, are denoted by vertical marks.
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The expectation value of %mw2a:2 in eigenstate

2

The expectation of L™ will have some nonzero terms.

(U |2? uy,) = un|1/4[4—|—AAT +ATA+197€4T|un

2mw

h
= (un | AAT + AT Aluy,)

2mw

<nlaa*|n>=sqrt(n+1)<n|a|nt¥1>=n+1<n|n>=n+1
<n|a*a|ln>=sqrt(n)<n|a*|n1>=n<n|n>=n

TAT
We could drop the AA term and the A A term since they will produce O when the dot product is taken.

h
(un|x2|un) = ((up|vn + 1Au,1 1) + (un|\/ﬁAJ’un_1))

2m

_h

= 2 ——((n+1)+n) = (n-i—l)i

2mw 2] mw

<n|x*2|n>=C[(n+1)+n]=(n+1/2) 2C

With this we can compute the expected value of the potential energy.

1 1 1\ % 1 1 1
(un\Emw2x2|un) = §mw2 (n + —) —=3 (n + —) hw =

Branson 2008-12-22
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Theexpectationvalueofm in the state \/LE(UO -+ ul) . ( | 0>+ I 1> )

<x(0)>~(<0|+<1]|)(@*+a)(|0>+]|1>)
1 1 h
§(U0+U1 x| ug +uy) = sV 30 ——(ug +uy|A + AT |ug + uq)

h

Smw

/ h
(Uo + u1]|0 + \/_Uo + \/_U1 + \/_UQ

: \/7 (VE(uoluo) + VE{uolus)

+ U0|u2 +\/—U1|Uo>

+ \/_<U1|U1 +\/_(u1|u2>)

(ug + uq|Aug + Auqy + ATug + ATuy)

h
= (1 + 1)
Smw

h

2mw
<x(t)>~{<0|exp(i(1/2)wt)+<1|exp (i(3/2)wt))}
{a*+a}

{exp (-i(1/2)wt)|0>+exp (-i(32)wt)|[1>}

Branson 2008-12-22
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Time Development Example

Start off in the stateat © — O |psi(0)>=N(|1>+]|2>)

b(t = 0) = %m t )

—iEBt/h
Now put in the simple time dependence of the energy eigenstates, € .
1 —i 3wt —i2wt 1 —idwt —wwt
Y(t) = —=(u1e” 2" +uge™ "2%°) = —=e "2 (u; + e “uo)
V2 V2

[psi(t)>=N{|1>exp(-i(3/2) wt)+|2>exp(-i(52)wt)}

We can compute the expectation value of p .

. [mhw 1 _y iw
(Ylplv) = —/ T§<U1 + e " uglA — Al|uy + e “uy)

mhw 1 — W W
— T%(<U1|A|U2>€ b — (ug| AT|uy)e™?)

[mhw 1 : .
— mw — (ﬂe—zwt . \@ezwt)
2 2

= —Vmhw sin(wt)

Branson 2008-12-22
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SPHERICAL COORDINATES
1 9( 20D 1 9(. ob 1 9%
VZCI):——(r )+ —(sme )+ =0
r2 or or) r?sing d6 d0) r?sn?6 8(p2

O(r,0,¢) = R(r)P(6)Q(p)

2
zii(”Zd_R)Jr 2 1. ‘i(gned_Pj+ 2 1 2 ’ gzo
r“Rdr dr) r“Psing db d0) rcQsin“0de

multiply with r2sn?6:

 Qdg?

sinzed(zde siné d(. de 1 d%0
—|r"— |+ ———=| 96— |=
R dr dr P dé do

The left-hand side depends only on » and 6, while the right-hand side depends
only on ¢. Thus the two sides must be a constant, m2.

dZQ 2 +i
=2 +mQ=0; Qp)~e™™? ; m=012...
dgo2

Note: If the physical problem limits ¢ to a restricted range m can be a non-
integer.

Now we return to the left-hand side and rearrange the terms:

1d(2dR) 1 d(. dP) m?
e P L (P Rl
Rar\' ar PSinG do d9) sin?e

The new left-hand side depends only on r and the right-hand side on only 6.
Thus, they must be a constant, /(/+1).
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