Physics 441 Winter Quarter 2011

Professor: Larry Sorensen
Office: B-435 Physics-Astronomy Building

e-mail: seattle@u.washington.edu
Class Website: http:/faculty.washington.edu/seattle
Office hours: Right after class, or by appointment

Virtual Text: Bra, Ket, Dirac, and all that---free PDF on the class website

Grading: Three take-home exams

Week of Topic Chapter in Associated Exams
Virtual Book Exam "Due”
January 3 The Mathematics of QM 1 1 Exam 1
January 10 The Mathematics of QM 2 "
January 17 The Postulates of QM 2 "
January 24 One-Dimensional Problems 1 3-5 Exam 2
January 31 One-Dimensional Problems 2 3-5 "
February 7 | The Simple Harmonic Oscillator 8 " Exam 1 due

Exam 2 due

March 7 NR Path Integrals
March 14 Feynman QED videos (exam week)
March 21 Grades Due

January 17 University Holiday

February 14 University Holiday




The Four Primary Formulations
of
Quantum Mechanics

Matrix Mechanics
Heisenberg (1925; age 23)

Wave Mechanics
Schrodinger (1926; age 38)

Transformation Theory
Dirac (1925; age 23)

Path Integral
Feynman (1941; age 23)

Also see article describing nine formulations
on the class web page.



Matrix Mechanics
Heisenberg (1925; age 23)

xp — pxr # 0

xp — pr = 1h

di
HvY = —1h—
Y= —th

Matrix formulation
H, X, and p are matrices
| is a vector

Ej Is a number



Wave Mechanics
Schrodinger (1926; age 38)

The Schrodinger Equation

di
Hy = —in %Y
Y= —th

Differential equation formulation
H is an operator
| is a function

Ej is a number



Transformation Theory
Dirac (1925; age 23)

Ld P>
H >= —1h
K th—.

H | v, >=FE, | ¥, >

< bra | ket >

<al||b>|c><d|

Abstract geometric formulation
H is an abstract operator

N)> is an abstract vector

En is a number



Path Integral Formulation

Sum over Histories Formulation
Lagrangian Formulation
Amplitude Formulation

Feynman (1941; age 23)

The probability to go from a to b is the square
of an amplitude

P(b,a) =| Amp(b,a) |?

The amplitude is the weighted sum over all
possible ways to go to b from a

Amp(b, a) = constant Z exp(iS/h)

all paths

S is the classical action



Fig. 9. The paradox of Schrodinger’s cat. The poison device is a
means of amplifying a quantum superposition of states to a
macroscopic scale, where a paradoxical coexistence of live and
dead cats seems to be implied. (From S. B. DeWitt (1970)
‘Quantum mechanics and reality’, Physics Today, 23, 9.)
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The QM professor’s escape:

lhave taught graduate courses in quantum
mechanics at Columbia, Stanford, Oxford, and
Yale, and for almost all of them have dealt with
measurement in the following manner. On
beginning the lectures | told the students,
“You must first learn the rules of calculation

in quantum mechanics, and then | will discuss
the theory of measurement and discuss the
meaning of the subject.” Almost invariably, the
time allotted to the course ran out before | had
to fulfill my promise.

Willis Lamb



Dirac at the University of Wisconsin

Paul Adrien Maurice Dirac (1902-1984)
From: Dirac: A Scientific Biography by Helge Kragh

Dirac’s introversive style and his interest in abstract theory were rather foreign to the
scientists at the University of Wisconsin. They recognized his genius but had difficulties
in comprehending his symbolic version of quantum theory. The Americans also found
him a bit of a strange character. A local newspaper, the Wisconsin State Journal,
wanted to interview the visiting physicist from Europe and assigned this task to a
humorous columnist known as ‘Roundy’. His encounter with Dirac is quoted here

in extenso because it not only reveals some characteristic features of Dirac’s
personality but also is an amusing piece of journalism:

| been hearing about a fellow they have up at the U. this spring—a mathematical physicist,
or something, they call him—who is pushing Sir Isaac Newton, Einstein and all the others
off the front page. So | thought | better go up and interview him for the benefit of the
State Journal readers, same as | do all the other top notchers. His name is Dirac and

he is an Englishman. He has been giving lectures for the intelligensia of the math and
physics department—and a few other guys who got in by mistake.

So the other afternoon | knocks at the door of Dr. Dirac’s office in Sterling Hall and a
pleasant voice says, “Come in.” And | want to say here and now that this sentence
‘come in” was about the longest one emitted by the doctor during our interview.

He sure is all for efficiency in conversation. It suits me. | hate a talkative guy.

| found the doctor a tall youngish-looking man, and the minute | see the twinkle in his
eye | knew | was going to like him. His friends at the U. say he is a real fellow too and
good company on a hike — if you can keep him in sight, that is.

The thing that hit me in the eye about him was that he did not seem to be at all busy.
Why if | went to interview an American scientist of his class—supposing | could find
one—l would have to stick around an hour first. Then he would blow in carrying

a big briefcase, and while he talked he would be pulling lecture notes, proof, reprints,
books, manuscripts, or what have you, out of his bag. But Dirac is different. he seems
to have all the time there is in the world and his heaviest work is looking out the window.
If he is a typical Englishman it’s me for England on my next vacation!

Then we sat down and the interview began. “Professor,” says I, “I notice you have
quite a few letters in front of your last name. Do they stand for anything in particular?”

“No.” says he.

“You mean | can write my own ticket?”

“Yes,” says he.

“Will it be all right if | say that P. A. M. stands for Poincare Aloysius Mussolini?”

“Yes,” says he.



‘Fine,” says |, “We are getting along great! Now doctor will you give me in a few
words the low-down on all your investigations?”

“No,” says he.

“Good,” says . “Will it be all right if | put it this way—‘Professor Dirac solves all

the problems of mathematical physics, but is unable to find a better way of figuring
out Babe Ruth’s batting average’?”

“Yes,” says he.

“What do you like best in America?” says |.

“Potatoes,” says he.

“Same here,” says |. “What is your favorite sport?”

“Chinese chess,” says he.

That knocked me cold! It sure was a new one to me! Then | went on: “Do you go
to the movies?”

“Yes,” says he.

“When?” says |.

“In 1920—perhaps also 1930,” says he.

“Do you like to read the Sunday comics?”

“Yes,” says he, warming up a bit more than usual.

“This is the most important thing yet Doctor,” says I. “It shows that me and you are
more alike than | thought. And now | want to ask you something more: They tell me
that you and Einstein are the only two real sure-enough high-brows and the only
ones who can really understand each other. | won’t ask you if this is straight stuff for
| know you are too modest to admit it. But | want to know this—Do you ever run
across a fellow that even you can’t understand?”

“Yes,” says he.

“This will make great reading for the boys down at the office,” says I. “do you mind
releasing to me who he is?”

“Weyl,” says he.

The interview came to a sudden end just then for the doctor pulled out his watch and
| dodged and jumped for the door. But he let loose a smile as we parted and | knew
that all the time he had been talking to me he was solving some problem no one
else could touch.

But if that Professor Weyl ever lectures in this town again | sure am going to take a
try at understanding him! A fellow ought to test his intelligence once in a while.



Atrue story about the physcist/mathematician Paul Dirac.

Dirac was apparently a very hard person to get along with. Soon after he was awarded the
Nobel Prize in Physics, Dirac went on a speaking tour of the country, visiting different
universities and talking about his research. In those days, it was more convenient for him to
travel by car, so he had a big car and a driver who took him from one speaking engagement to
the next.

Dirac and his driver got to be very good friends after awhile and at one point, his driver
remarked, "You know, | am so sick and tired of hearing the same lecture over and over again. |
easily give it myself!"

Dirac thought about this for a moment, and then decided that his driver could give the next
speaking engagement at U. Michigan in Ann Arbor, Michigan. Before reaching the university,
Dirac and his driver switched clothes. When the reached the university, the driver went up to
the podium and delivered Dirac's seminar flawlessly. After he was finished, an upstart
graduate student asked a question, snottily pointing out a perceived mistake in the talk.

The Driver gave the student a long look of contempt and then exclaimed, "That question is so
stupid that even my driver could answer it!", and Dirac stepped forward and proceeded to do
sO.

Today, if you go to U Mich and see a picture on the wall of Dirac and his driver, you would
have to know this story to realize that the two are switched.



I went to a beer party in the Nassau Tavern in Princeton. There was a
gentleman, newly arrived from Europe (Herbert Jehle) who came and sat
next to me. Europeans are much more serious than we are in America
because they think a good place to discuss intellectual matters is a beer
party. So he sat by me and asked, "What are you doing" and so on, and I
said, "I'm drinking beer." Then I realized that he wanted to know what
work I was doing and I told him I was struggling with this problem, and I
simply turned to him and said "Listen, do you know any way of doing
quantum mechanics starting with action--where the action integral comes
into the quantum mechanics?" "No," he said, "but Dirac has a paper in
which the Lagrangian, at least, comes into quantum mechanics. I will show
it to you tomorrow."

Next day we went to the Princeton Library (they have little rooms on the
side to discuss things) and he showed me this paper. Dirac's short paper in
the Physikalische Zeitschrift der Sowjetunion claimed that a mathematical
tool which governs the time development of a quantal system was
"analogous" to the classical Lagrangian.

Professor Jehle showed me this; I read it; he explained it to me, and I said,
"What does he mean, they are analogous; what does that mean,
analogous? What is the use of that?" He said, "You Americans! You
always want to find a use for everything!" I said that I thought that Dirac
must mean that they were equal. "No," he explained, "he doesn't mean
they are equal." "Well," I said, "let's see what happens if we make them
equal."

So, I simply put them equal, taking the simplest example . . . but soon
found that I had to put a constant of proportionality A in, suitably adjusted.
When I substituted . . . and just calculated things out by Taylor-series
expansion, out came the Schrodinger equation. So I turned to Professor
Jehle, not really understanding, and said, "Well you see Professor Dirac
meant that they were proportional." Professor Jehle's eyes were bugging
out -- he had taken out a little notebook and was rapidly copying it down
from the blackboard and said, "No, no, this is an important discovery."

Feynman's thesis advisor, John Archibald Wheeler (age 30), was equally
impressed. He believed that the amplitude formulation of quantum
mechanics--although mathematically equivalent to the matrix and wave
formulations--was so much more natural than the previous formulations
that it had a chance of convincing quantum mechanics's most determined
critic. Wheeler writes:



Visiting Einstein one day, | could not resist telling him about Feynman's
new way to express quantum theory. "Feynman has found a beautiful
picture to understand the probability amplitude for a dynamical system
to go from one specified configuration at one time to another specified
configuration at a later time. He treats on a footing of absolute equality
every conceivable history that leads from the initial state to the final
one, nho matter how crazy the motion in between. The contributions of
these histories differ not at all in amplitude, only in phase. And the phase
is nothing but the classical action integral, apart from the Dirac factor h.
This prescription reproduces all of standard quantum theory. How could
one ever want a simpler way to see what quantum theory is all about!

Doesn’t this marvelous discovery make you willing to accept the
quantum theory, Professor Einstein?"

Einstein replied in a serious voice, "l still cannot believe that God plays
dice. But maybe”, he smiled, “l have earned the right to make my
mistakes."

John Wheeler



Thirty-one years ago, Dick Feynman told me
about his “sum over histories” version of
quantum mechanics.

“The electron does anything it likes,” he said.
‘“It just goes in any direction at any speed, . ..
however it likes, and then you add up the
amplitudes and it gives you the wave function.”

| said to him, “You’re crazy.” But he wasn’t.

Freeman Dyson



The Character of Physical Law

way to get a deep understanding of the whole world, with
that aspect alone, is a mistake. It is not sensible for t.he. ones
who specialize at one end, and the ones who specialize at
the other end, to have such disregard for each other. (They
don’t actually, but people say they do.) The great mass of
workers in between, connecting one step to another, are
improving all the time our understanding of the wprld, both
from working at the ends and working in the middle, and
in that way we are gradually understanding this tremendous
world of interconnecting hierarchies.
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Probability and Uncertainty — the Quantum
Mechanical view of Nature

In the beginning of the history of experimental observation,
or any other kind of observation on scientific things, it is
intuition, which is really based on simple experience with
everyday objects, that suggests reasonable explanations for
things. But as we try to widen and make more consistent
our description of what we see, as it gets wider and wider
and we see a greater range of phenomena, the explanations
become what we call laws instead of simple explanations.
One odd characteristic is that they often seem to become
more and more unreasonable and more and more intuitively
far from obvious. To take an example, in the relativity
theory the proposition is that if you think two things occur
at the same time that is just your opinion, someone else
could conclude that of those events one was before the
other, and that therefore simultaneity is merely a subjective
impression.

There is no reason why we should expect things to be
otherwise, because the things of everyday experience involve
large numbers of particles, or involve things moving very
slowly, or involve other conditions that are special and rep-
resent in fact a limited experience with nature. It is a small
section only of natural phenomena that one gets from direct
experience. It is only through refined measurements and
careful experimentation that we can have a wider vision.
And then we see unexpected things: we see things that are
far from what we would guess - far from what we could have
imagined. Our imagination is stretched to the utmost, not,
as in fiction, to imagine things which are not really there,
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The Character of Physical Law

but just to comprehend those things which are there. It is
this kind of situation that I want to discuss.

Let us start with the history of light. At first light was
assumed to behave very much like a shower of particles,.of
corpuscles, like rain, or like bullets from a gun. Then with
further research it was clear that this was not right, that t_he
light actually behaved like waves, like water waves for in-
stance. Then in the twentieth century, on further research,
it appeared again that light actually behaved in many ways
like particles. In the photo-electric effect you could count
these particles — they are called photons now. Elpctrons,
when they were first discovered, behaved exactly like par-
ticles or bullets, very simply. Further research showed,
from electron diffraction experiments for example, that tl}ey
behaved like waves. As time went on there was a growing
confusion about how these things really behaved ~ waves or
particles, particles or waves? Everything looked like both.

This growing confusion was resolved in 1925 or 1926 Wlth
the advent of the correct equations for quantum mechanics.
Now we know how the electrons and light behave. Bqt what
can I call it? If I say they behave like particles I give the
wrong impression; also if I say they behave like waves. .They
behave in their own inimitable way, which techmcal}y
could be called a quantum mechanical way. They behave in
a way that is like nothing that you have ever seen befort?.
Your experience with things that you have seen before is
incomplete. The behaviour of things on a very tiny scal'e is
simply different. An atom does not behave l_1ke a welght
hanging on a spring and oscillating. Nor does it bel}ave _hke
a miniature representation of the solar system with little
planets going around in orbits. Nor does it appear to be
somewhat like a cloud or fog of some sort surrounding the
nucleus. It behaves like nothing you have ever seen beforp.

There is one simplification at least. Electrons behave in
this respect in exactly the same way as photons; they are
both screwy, but in exactly the same way. ) )

How they behave, therefore, takes a great deal of imagi-
nation to appreciate, because we are going to describe
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something which is different from anything you know about.
In that respect at least this is perhaps the most difficult lec-
ture of the series, in the sense that it is abstract, in the sense
that it is not close to experience. I cannot avoid that. Were
I to give a series of lectures on the character of physical law,
and to leave out from this series the description of the actual
behaviour of particles on a small scale, I would certainly not
be doing the job. This thing is completely characteristic of
all of the particles of nature, and of a universal character, so
if you want to hear about the character of physical law it is
essential to talk about this particular aspect.
It will be difficult. But the difficulty really is psychological
and exists in the perpetual torment that results from your
saying to yourself, ‘But how can it be like that?’ which is a
reflection of uncontrolled but utterly vain desire to see it in
terms of something familiar. I will not describe it in terms of
an analogy with something familiar; I will simply describe
it. There was a time when the newspapers said that only
twelve men understood the theory of relativity. I do not
believe there ever was such a time. There might have been a
time when only one man did, because he was the only guy
who caught on, before he wrote his paper. But after people
read the paper a lot of people understood the theory of
relativity in some way or other, certainly more than twelve.
On the other hand, I think I can safely say that nobody
understands quantum mechanics. So do not take the lecture
too seriously, feeling that you really have to understand in
terms of some model what I am going to describe, but just
relax and enjoy it. I am going to tell you what nature be-
haves like. If you will simply admit that maybe she does be-
have like this, you will find her a delightful, entrancing
thing. Do not keep saying to yourself, if you can possibly
avoid it, ‘But how can it be like that? because you will get
‘down the drain’, into a blind alley from which nobody has
yet escaped. Nobody knows how it can be like that.
So then, let me describe to you the behaviour of elec-
trons or of photons in their typical quantum mechanical way.
I am going to do this by a mixture of analogy and contrast.
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The Character of Physical Law

If I made it pure analogy we woqld fail; it r{ll}st be by ansa-
logy and contrast with things which are familiar ;o you. (}
I make it by analogy and contrast, first to the bz avict)lurbo
particles, for which T will use bu}lets, and second to W; tei
haviour of waves, for which I w11} use water waves. 7 g ;
am going to do is to invent 2 partmqlar experiment ar'l£ irs
tell you what the situation would be in that experlme}; u:mg
particles, then what you would expect to happen 111 waves
were involved, and finally wl_lat happens whel_lnt elie ‘are‘:t
actually electrons or photons 1n the system. 1 wi tat e ]1;311
this one experiment, which has been designed to contain t
of the mystery of quantum mechanics, t.o 1.31,_1t you up agains
the paradoxes and mysteries an.d pe.cuha}rltxes of nature c;lne
hundred per cent. Any other situation i1 quantum mech a-
nics, it turns out, can always be' explamgd by saymgil 1 01;
remember the case of the experiment with the two holes:
It’s the same thing’. I am going to tell. you about the exi)en-.
ment with the two holes. It does cgntam the general mys erly,
I am avoiding nothing; I am baring pature in her most ele-

gant and difficult form.

N =N, + Ny, \
Figure 28

i hat we have some
We start with bullets (fig. 28). Suppose t :
source of bullets, a machine gun, and in front of it a plla?;
with a hole for the bullets to come through, and this pla

130

Probability and Uncertainty

is armour plate. A long distance away we have a second
plate which has two holes in it — that is the famous two-
hole business. I am going to talk a lot about these holes, so
I will call them hole No. 1 and hole No. 2. You can imagine
round holes in three dimensions - the drawing is just a
cross section. A long distance away again we have another
screen which is just a backstop of some sort on which we
can put in various places a detector, which in the case of
bullets is a box of sand into which the bullets will be caught
so that we can count them. | am going to do experiments
in which I count how many bullets come into this detector
or box of sand when the box is in different positions, and
to describe that I will measure the distance of the box from
somewhere, and call that distance x’, and I will talk about
what happens when you change ‘x’, which means only that
you move the detector box up and down. First I would
like to make a few modifications from real bullets, in three
idealizations. The first is that the machine gun is very
shaky and wobbly and the bullets go in various directions,
not just exactly straight on; they can ricochet off the edges
of the holes in the armour plate. Secondly, we should say,
although this is not very important, that the bullets have
all the same speed or energy. The most important idealiza-
tion in which this situation differs from real bullets is that
I want these bullets to be absolutely indestructible, so that
what we find in the box is not pieces of lead, of some bullet
that broke in half, but we get the whole bullet. Imagine in-
destructible bullets, or hard bullets and soft armour plate.
The first thing that we shall notice about bullets is that
the things that arrive come in lumps. When the energy
comes it is all in one bulletful, one bang. If you count the
bullets, there are one, two, three, four bullets; the things
come in lumps. They are of equal size, you suppose, in this
case, and when a thing comes into the box it is either all
in the box or it is not in the box. Moreover, if I put up two
boxes I never get two bullets in the boxes at the same time,
presuming that the gun is not going off too fast and I have
enough time between them to see. Slow down the gun so it
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The Character of Physical Law

goes off very slowly, then look very quickly in the two boxes,
and you will never get two bullets at the same time in the
two boxes, because a bullet is a single identifiable lump.

Now what I am going to measure is how many bullets
arrive on the average over a period of time. Say we wait an
hour, and we count how many bullets are in the sand and
average that. We take the number of bullets that arrive per
hour, and we can call that the probability of arrival, be-
cause it just gives the chance that a bullet going through a
slit arrives in the particular box. The number of bullets that
arrive in the box will vary of course as I vary ‘x’. On the
diagram I have plotted horizontally the number of bullets
that I get if I hold the box in each position for an hour. I
shall get a curve that will look more or less like curve Ny,
because when the box is behind one of the holes it gets a
lot of bullets, and if it is a little out of line it does not get
as many, they have to bounce off the edges of the holes,
and eventually the curve disappears. The curve looks like
curve Nj,, and the number that we get in an hour when
both holes are open I will call N;,, which merely means the
number which arrive through hole No. 1 and hole No. 2.

I must remind you that the number that I have plotted
does not come in lumps. It can have any size it wants. It
can be two and a half bullets in an hour, in spite of the fact
that bullets come in lumps. All I mean by two and a half
bullets per hour is that if you run for ten hours you will
get twenty-five bullets, so on the average it is two and a half
bullets. I am sure you are all familiar with the joke about
the average family in the United States seeming to have two
and a half children. It does not mean that there is a half
child in any family — children come in lumps. Nevertheless,
when you take the average number per family it can be any
number whatsoever, and in the same way this number Nz,
which is the number of bullets that arrive in the container
per hour, on the average, need not be an integer. What we
measure is the probability of arrival, which is a technical
term for the average number that arrive in a given length
of time.
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Fina}ly, if we analyse the curve N;, we can interpret it
very nicely as the sum of two curves, one which will rep-
resent what I will call N;, the number which will come if
hole No. 2 is closed by another piece of armour plate in
front, and N,, the number which will come through hole
No. 2 alone, if hole No. 1 is closed. We discover now a
very important law, which is that the number that arrive
with both holes open is the number that arrive by coming
through hole No. 1, plus the number that come through
holc': No. 2. This proposition, the fact that all you have to
do is to add these together, I call ‘no interference’.

N;; = N; +N,; (no interference).

That'is for_bullets, and now we have done with bullets
we begin again, this time with water waves (fig. 29). The

\II))) ,

X

et u% L
Tu= (hy)*

Figure 29

source is now a big mass of stuff which is being shaken up
qnd down in the water. The armour plate becomes a long
line of ba}rges or jetties with a gap in the water in between.
P_erhaps it would be better to do it with ripples than with
big ocean waves; it sounds more sensible. I wiggle my finger
up and down to make waves, and I have a little piece of
wood as a barrier with a hole for the ripples to come through.
Then I have a second barrier with two holes, and finally a
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The Character of Physical Law

detector. What do I do with the detector ? What the detector
detects is how much the water is jiggling. For instance, I put
a cork in the water and measure how it moves up and down,
and what I am going to measure in fact is the energy of the

agitation of the cork, which is exactly proportional to the .

energy carried by the waves. One other thing: the jiggling
is made very regular and perfect so that the waves are all
the same space from one another. One thing that is im-
portant for water waves is that the thing we are measuring
can have any size at all. We are measuring the intensity of
the waves, or the energy in the cork, and if the waves are
very quiet, if my finger is only jiggling a little, then there will
be very little motion of the cork. No matter how much it is,
it is proportional. It can have any size; it does not come in
lumps; it is not all there or nothing.

What we are going to measure is the intensity of the waves,
or, to be precise, the energy generated by the waves at a
point. What happens if we measure this intensity, which I
will call ‘I’ to remind you that it is an intensity and not a
number of particles of any kind ? The curve I;,, that is when
both holes are open, is shown in the diagram (fig. 29). It
is an interesting, complicated looking curve. If we put the
detector in different places we get an intensity which varies
very rapidly in a peculiar manner. You are probably familiar
with the reason for that. The reason is that the ripples as
they come have crests and troughs spreading from hole No.
1, and they have crests and troughs spreading from hole No.
2. If we are at a place which is exactly in between the two
holes, so that the two waves arrive at the same time, the
crests will come on top of each other and there will be
plenty of jiggling. We have a lot of jiggling right in dead
centre. On the other hand if I move the detector to some
point further from hole No. 2 than hole No. 1, it takes a
little longer for the waves to come from 2 than from‘l,
and when a crest is arriving from 1 the crest has not quite
reached there yet from hole 2, in fact it is a trough from 2, so
that the water tries to move up and it tries to move down,
from the influences of the waves coming from the two
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holes, and the net result is that it does not move at all, or
practically not at all. So we have a Jow bump at that place.
Then if it moves still further over we get enough delay so
that crests come together from both holes, although one
crest is in fact a whole wave behind, and so you get a big
one again, then a small one, a big one, a small one . . . depen-
ding upon the way the crests and troughs ‘interfere’. The
word interference again is used in science in a funny way.
We can have what we call constructive interference, as
when both waves interfere to make the intensity stronger.
The important thing is that I,, is not the same as I, plus
I,, and we say it shows constructive and destructive inter-
ference. We can find out what I, and I, look like by closing
hole No. 2 to find I,, and closing hole No. 1 to find I,. The
intensity that we get if one hole is closed is simply the waves
from one hole, with no interference, and the curves are
shown in fig. 2. You will notice that I, is the same as Ny,
and I, the same as N, and yet I,, is quite different from Ny,.

As a matter of fact, the mathematics of the curve I, is
rather interesting. What is true is that the height of the
water, which we will call h, when both holes are open is
equal to the height that you would get from No. 1 open,
plus the height that you would get from No. 2 open. Thus,
if it is a trough the height from No. 2 is negative and
cancels out the height from No. 1. You can represent it by
talking about the height of the water, but it turns out that
the intensity in any case, for instance when both holes are
open, is not the same as the height but is proportional to the
square of the height. It is because of the fact that we are
dealing with squares that we get these very interesting curves.

hlZ = h1+h2
but
I, #1;+1, (Interference)
I12=(h12)2,
I1 = (hl)2
I, = (hy?
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That was water. Now we start again, this time with
electrons (fig. 30).
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M (%) Figure 30

The source is a filament, the barriers tungsten plates, these
are holes in the tungsten plate, and for a detector we ha}ve
any electrical system which is sufficiently sensitive to pick
up the charge of an electron arriving with whatever energy
the source has. If you would prefer it, we could use photons
with black paper instead of the tungsten plate —in fact black
paper is not very good because the fibres do not make sharp
holes, so we would have to have something better — anc} fqr
a detector a photo-multiplier capable of detect.ing the indi-
vidual photons arriving. What happens with either case‘..7 I
will discuss only the electron case, since the case with
photons is exactly the same. ’
First, what we receive in the electrical detector, with a
sufficiently powerful amplifier behind it, are clicks, .lum‘ps,
absolute lumps. When the click comes it is a certain size,
and the size is always the same. If you turn the source
weaker the clicks come further apart, but it is the same
sized click. If you turn it up they come so fast that they
jam the amplifier. You have to turn it down enough so
that there are not too many clicks for the machinery that
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you are using for the detector. Next, if you put another
detector in a different place and listen to both of them you
will never get two clicks at the same time, at least if the
source is weak enough and the precision with which you
measure the time is good enough. If you cut down the in-
tensity of the source so that the electrons come few and far
between, they never give a click in both detectors at once.
That means that the thing which is coming comes in lumps
— it has a definite size, and it only comes to one place at a
time. Right, so electrons, or photons, come in lumps. There-
fore what we can do is the same thing as we did for bullets:
we can measure the probability of arrival. What we do is
hold the detector in various places — actually if we wanted
to although it is expensive, we could put detectors all over
at the same time and make the whole curve simultaneously —
but we hold the detector in each place, say for an hour,
and we measure at the end of the hour how many electrons
came, and we average it. What do we get for the number of
electrons that arrive ? The same kind of N,, as with bullets ?
Figure 30 shows what we get for N,,, that is what we get
with both holes open. That is the phenomenon of nature,
that she produces the curve which is the same as you would
get for the interference of waves. She produces this curve for
what? Not for the energy in a wave but for the probability
of arrival of one of these lumps.

The mathematics is simple. You change I to N, so you
have to change h to something else, which is new - it is
not the height of anything — so we invent an ‘a’, which we
call a probability amplitude, because we do not know what
it means. In this case a; is the probability amplitude to
arrive from hole No. 1, and a, the probability amplitude to
arrive from hole No. 2. To get the total probability amplitude
to arrive you add the two together and square it. This is a
direct imitation of what happens with the waves, because we
have to get the same curve out so we use the same mathe-
matics.

I should check on one point though, about the inter-
ference. I did not say what happens if we close one of the
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holes. Let us try to analyse this interesting curve by pre-
suming that the electrons came through one hole or through
the other. We close one hole, and measure how many come
through hole No. 1, and we get the simple curve N;. Or we
can close the other hole and measure how many come
through hole No. 2, and we get the N, curve. But these two
added together do not give the same as N, +N,; it does
show interference. In fact the mathematics is given by this
funny formula that the probability of arrival is the square
of an amplitude which itself is the sum of two pieces,
N, = (a,+a,)% The question is how it can come about
that when the electrons go through hole No. 1 they will be
distributed one way, when they go through hole No. 2 they
will be distributed another way, and yet when both holes are
open you do not get the sum of the two. For instance, if I
hold the detector at the point q with both holes open I get
practically nothing, yet if T close one of the holes I get
plenty, and if I close the other hole I get something. I leave
both holes open and 1 get nothing; I let them come through
both holes and they do not come any more. Or take the
point at the centre; you can show that that is higher than
the sum of the two single hole curves. You might think that
if you were clever enough you could argue that they have
some way of going around through the holes back and
forth, or they do something complicated, or one splits in
half and goes through the two holes, or something similar,
in order to explain this phenomenon. Nobody, however, has
succeeded in producing an explanation that is satisfactory,
because the mathematics in the end are so very simple, the
curve is so very simple (fig. 30).

I will summarize, then, by saying that electrons arrive in
Jumps, like particles, but the probability of arrival of these
lumps is determined as the intensity of waves would be. It
is in this sense that the electron behaves sometimes like @
particle and sometimes like a wave. It behaves in two dif-
ferent ways at the same time (fig. 31).

That is all there is to say. I could give a mathematical
description to figure out the probability of arrival of elec-

138

Probability and Uncertainty

TABLE
BULLETS WATER WAVES ELECTRONS (PrbTong)
LOME IN LuMPs LAN HAVE ANY QiZE COME IN LuMPS
MEASURE PROBARILITY | MEASURE INTENSITY MEASURE PROBABILITY
IF ARRIVAL 0F WANES OF ARRIVAL
N._ =
2= Nty Ip#Lit Iy | Np#E N+ Ny

No INTERFERENCE SHOWS INTEREERENZE | SHAWS INTERFEREN(E

Figure 31

trons under any circumstances, and that would in principle
be the end of the lecture — except that there are a number
of subtleties involved in the fact that nature works this way.
T}lere are a number of peculiar things, and I would like to
d1§cuss those peculiarities because they may not be self-
evident at this point.

. 'Io discuss the subtleties, we begin by discussing a propo-
sition which we would have thought reasonable, since these
things are lumps. Since what comes is always one complete
lump, in this case an electron, it is obviously reasonable to
assume that either an electron goes through hole No. 1 or it
goes through hole No. 2. It seems very obvious that it
cannot do anything else if it is a lump. I am going to discuss

Ehis pro.p‘osition, so I have to give it a name; I will call it
proposition A’.

Prposition . 4.
Eitnor an olecinn, qees W
G Nl ov i bvanghs =
hote N:L{.N ool o
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Now we have already discussed a little what happens
with proposition A. If it were true that an electron either
goes through hole No. 1 or through hole No. 2, then the
total number to arrive would have to be analysable as the
sum of two contributions. The total number which arrive
will be the number that come via hole 1, plus the number
that come via hole 2. Since the resulting curve cannot be
easily analysed as the sum of two pieces in such a nice
manner, and since the experiments which determine how
many would arrive if only one hole or the other were open
do not give the result that the total is the sum of the two
parts, it is obvious that we should conclude that this pro-
position is false. If it is not true that the electron either
comes through hole No. 1 or hole No. 2, maybe it divides
itself in half temporarily or something. So proposition A is
false. That is logic. Unfortunately, or otherwise, we can test
logic by experiment. We have to find out whether it is true
or not that the electrons come through either hole 1 or hole
2, or maybe they go round through both holes and get
temporarily split up, or something.

All we have to do is watch them. And to watch them we
need light. So we put behind the holes a source of very in-
tense light. Light is scattered by electrons, bounced off them,
so if the light is strong enough you can see electrons as they
go by. We stand back, then, and we look to see whether
when an electron is counted we see, or have seen the mo-
ment before the electron is counted, a flash behind hole 1
or a flash behind hole 2, or maybe a sort of half flash in
each placeat the sametime. We are going to find outnow how
it goes, by looking. We turn on the light and look, and lo,
we discover that every time there is a count at the detector
we see either a flash behind No. 1 or a flash behind No. 2.
What we find is that the electron comes one hundred per
cent, complete, through hole 1 or through hole 2 — when
we look. A paradox!

Let us squeeze nature into some kind of a difficulty here.
I will show you what we are going to do. We are going to
keep the light on and we are going to watch and count how
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many electrons come through. We will make two columns,
one for hole No. 1 and one for hole No. 2, and as each
electron arrives at the detector we will note in the appro-
priate column which hole it came through. What does the
column for hole No. 1 look like when we add it all together
for different positions of the detector? If I watch behind
hole No. 1 what do I see? I see the curve N; (fig. 30). That
column is distributed just as we thought when we closed
hole 2, much the same way whether we are looking or not.
If we close hole 2 we get the same distribution in those that
arrive as if we were watching hole No. 1; likewise the num-
ber that have arrived via hole No. 2 is also a simple curve
N,. Now look, the total number which arrive has to be the
total number. It has to be the sum of the number N, plus
the number N,; because each one that comes through has
been checked off in either column 1 or column 2. The total
number which arrive absolutely has to be the sum of these
two. It has to be distributed as N;+N,. But I said it was
distributed as the curve Nj,. No, it is distributed as N; +N,.
It really is, of course; it has to be and it is. If we mark with
a prime the results when a light is lit, then we find that N/,
is practically the same as N,, without the light, and N,’ is
almost the same as N,. But the number N,,’, that we see
when the light is on and both holes are open is equal to the
number that we see through hole 1 plus the number that we
see through hole 2. This is the result that we get when the
light is on. We get a different answer whether I turn on the
light or not. If I have the light turned on, the distribution is
the curve N;+N,. If I turn off the light, the distribution is
N;;. Turn on the light and it is N;+N, again. So you see,
nature has squeezed out! We could say, then, that the light
affects the result. If the light is on you get a different answer
from that when the light is off. You can say too that light
affects the behaviour of electrons. If you talk about the
motion of the electrons through the experiment, which is a
little inaccurate, you can say that the light affects the motion,
so that those which might have arrived at the maximum
have somehow been deviated or kicked by the light and
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arrive at the minimum instead, thus smoothing the curve
to produce the simple N, +N, curve.

Electrons are very delicate. When you are looking at a
baseball and you shine a light on it, it does not make any
difference, the baseball still goes the same way. But when
you shine a light on an electron it knocks him about a bit,
and instead of doing one thing he does another, because
you have turned the light on and it is so strong. Suppose we
try turning it weaker and weaker, until it is very dim, then
use very careful detectors that can see very dim lights, and
look with a dim light. As the light gets dimmer and dimmer
you cannot expect the very very weak light to affect the
electron so completely as to change the pattern a hundred
per cent from Ny, to N;+N,. As the light gets weaker and
weaker, somehow it should get more and more like no light
at all. How then does one curve turn into another? But of
course light is not like a wave of water. Light also comes
in particle-like character, called photons, and as you turn
down the intensity of the light you are not turning down the
effect, you are turning down the number of photons that
are coming out of the source. As I turn down the light I am
getting fewer and fewer photons. The least I can scatter
from an electron is one photon, and if I have too few photons
sometimes the electron will get through when there is no
photon coming by, in which case I will not see it. A very
weak light, therefore, does not mean a small disturbance, it
just means a few photons. The result is that with a very
weak light I have to invent a third column under the title
‘didn’t see’. When the light is very strong there are few in
there, and when the light is very weak most of them end in
there. So there are three columns, hole 1, hole 2, and didn’t
see. You can guess what happens. The ones I do see are
distributed according to the curve N;+N,. The ones I do
not see are distributed as the curve Ny,. As I turn the light
weaker and weaker I see less and less and a greater and
greater fraction are not seen. The actual curve in any case
is a mixture of the two curves, so as the light gets weaker it
gets more and more like Ny, in a continuous fashion.
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I am not able here to discuss a large number of different
ways which you might suggest to find out which hole the
electron went through. It always turns out, however, that
it is impossible to arrange the light in any way so that you
can tell through which hole the thing is going without
disturbing the pattern of arrival of the electrons, without
destroying the interference. Not only light, but anything
else — whatever you use, in principle it is impossible to do it.
You can, if you want, invent many ways to tell which hole
the electron is going through, and then it turns out that it is
going through one or the other. But if you try to make that
instrument so that at the same time it does not disturb the
motion of the electron, then what happens is that you can
no longer tell which hole it goes through and you get the
complicated result again.

Heisenberg noticed, when he discovered the laws of
quantum mechanics, that the new laws of nature that he had
discovered could only be consistent if there were some basic
limitation to our experimental abilities that had not been
previously recognized. In other words, you cannot experi-
mentally be as delicate as you wish. Heisenberg proposed
his uncertainty principle which, stated in terms of our own
experiment, is the following. (He stated it in another way,
but they are exactly equivalent, and you can get from one
to the other.) ‘It is impossible to design any apparatus what-
soever to determine through which hole the electron passes
that will not at the same time disturb the electron enough to
destroy the interference pattern’. No one has found a way
around this. I am sure you are itching with inventions of
methods of detecting which hole the electron went through;
but if each one of them is analysed carefully you will find
out that there is something the matter with it. You may
think you could do it without disturbing the electron, but
it turns out there is always something the matter, and you
can always account for the difference in the patterns by the
disturbance of the instruments used to determine through
which hole the electron comes.

This is a basic characteristic of nature, and tells us
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ing about everything. If a new particle is found tomor-
:236 ‘:llllel: kgaon - actual)lly the kaon has already been foqnd, but
to giveita name let us callit that —and I use kaons to interact
with electrons to determine which hole the electron is going
through, I already know, ahead of. time — I hope - enough
about the behaviour of a new particle to say th_at it cannot
be of such a type that I could tell througl} which holp the
electron would go without at the same time producing a
disturbance on the electron and changing .the pattern from
interference to no interference. Thej uqcertamty principle can
therefore be used as a general principle to guess ahead at
many of the characteristics of unknown objects. They are
imited in their likely character.
hnﬁteidulsnreturn to 0};1r proposition A - ‘Ele;ctrons must gc;
either through one hole or another’. I§ it true or ngt ?
Physicists have a way of avoiding the pitfalls which exist.
They make their rules of thinking_ as foll.ows. If you have an
apparatus which is capable of telling which hole the elect;on
goes through (and you can have such an apparatus), then
you can say that it either goes through one hole or the other.
It does; it always is going through one hole or the other -
when you look. But when you h:fwe no apparatus to deter;
mine through which hole the thing goes, then you car;?o
say that it either goes through one hole or .the .other. ( olu
can always say it — provided you stop .tl.nnkmg immediately
and make no deductions from it. Physicists prefer not to szy
it, rather than to stop thinking at the moment.) To conclude
that it goes either through one hole or t_he othe_r \fvhen yhmi
are not looking is to produce an error in predxcglon. T.ah
is the logical tight-rope on which we have to walk if we wis
i ret nature. ' .
° 'i“llllti:rgroposition that I am talking about is gfax}eral. 1£t 1;
not just for two holes, but is a gen.eral proposition whic
can be stated this way. The probablh_ty of any event in arf
ideal experiment — that is just an experiment in whlc}} everz_
thing is specified as well as it can be —1s t‘h? square o Stc))'IIIilty
thing, which in this case I have calleq a’, the proba lt've
amplitude. When an event can occur in several alternati
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ways, the probability amplitude, this ‘a’ number, is the
sum of the ‘a’s for each of the various alternatives. If an
experiment is performed which is capable of determining
which alternative is taken, the probability of the event is
changed; it is then the sum of the probabilities for each
alternative. That is, you lose the interference.

The question now is, how does it really work? What
machinery is actually producing this thing ? Nobody knows
any machinery. Nobody can give you a deeper explanation
of this phenomenon than I have given; that is, a description
of it. They can give you a wider explanation, in the sense
that they can do more examples to show how it is impos-
sible to tell which hole the electron goes through and not at
the same time destroy the interference pattern. They can give
a wider class of experiments than just the two slit inter-
ference experiment. But that is just repeating the same thing
to drive it in. It is not any deeper; it is only wider. The
mathematics can be made more precise; you can mention
that they are complex numbers instead of real numbers,
and a couple of other minor points which have nothing to
do with the main idea. But the deep mystery is what I have
described, and no one can go any deeper today.

What we have calculated so far is the probability of arrival
of an electron. The question is whether there is any way to
determine where an individual electron really arrives? Of
course we are not averse to using the theory of probability,
that is calculating odds, when a situation is very complicated.
We throw up a dice into the air, and with the various resis-
tances, and atoms, and all the complicated business, we are
perfectly willing to allow that we do not know enough de-
tails to make a definite prediction; so we calculate the odds
that the thing will come this way or that way. But here what
we are proposing, is it not, is that there is probability all
the way back: that in the fundamental laws of physics there

are odds.

Suppose that I have an experiment so set up that with the
light out I get the interference situation. Then I say that
even with the light on I cannot predict through which hole
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an electron will go. I only know that each time I look it will
be one hole or the other; there is no way to predict ahead
of time which hole it will be. The future, in other words, is
unpredictable. It is impossible to predict in any way, from
any information ahead of time, through which hole the
thing will go, or which hole it will be seen behind. That
means that physics has, in a way, given up, if the original
purpose was — and everybody thought it was — to know
enough so that given the circumstances we can predict what
will happen next. Here are the circumstances: electron
source, strong light source, tungsten plate with two holes:
tell me, behind which hole shall I see the electron? One
theory is that the reason you cannot tell through which
hole you are going to see the electron is that it is determined
by some very complicated things back at the source: it has
internal wheels, internal gears, and so forth, to determine
which hole it goes through; it is fifty-fifty probability, be-
cause, like a die, it is set at random; physics is incomplete,
and if we get a complete enough physics then we shall be
able to predict through which hole it goes. That is called the
hidden variable theory. That theory cannot be true; it is not
due to lack of detailed knowledge that we cannot make a
prediction.

1 said that if I did not turn on the light I should get the
interference pattern. If I have a circumstance in which I get
that interference pattern, then it is impossible to analyse it
in terms of saying it goes through hole 1 or hole 2, because
that interference curve is so simple, mathematically a com-
pletely different thing from the contribution of the two other
curves as probabilities. If it had been possible for us to
determine through which hole the electron was going to go
if we had the light on, then whether we have the light on or
off is nothing to do with it. Whatever gears there are at the
source, which we observed, and which permitted us to tell
whether the thing was going to go through 1 or 2, we could
have observed with the light off, and therefore we could have
told with the light off through which hole each electron
was going to go. But if we could do this, the resulting curve
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would have to be represented as the sum of those that go
through hole 1 and those that go through hole 2, and it is
not. It must then be impossible to have any information
ahead of time about which hole the electron is going to go
through, whether the light is on or off, in any circumstance
when the experiment is set up so that it can produce the
interference with the light off. It is not our ignorance of the
internal gears, of the internal complications, that makes
nature appear to have probability in it. It seems to be some-
how intrinsic. Someone has said it this way — ‘Nature her-
self does not even know which way the electron is going to
go’.

A philosopher once said ‘It is necessary for the very exis-
tence of science that the same conditions always produce the
same results’. Well, they do not. You set up the circumstan-
ces, with the same conditions every time, and you cannot
predict behind which hole you will see the electron. Yet
science goes on in spite of it — although the same conditions
do not always produce the same results. That makes us un-
happy, that we cannot predict exactly what will happen.
Incidentally, you could think up a circumstance in which it
is very dangerous and serious, and man must know, and
still you cannot predict. For instance we could cook up —
we’d better not, but we could — a scheme by which we set
up a photo cell, and one electron to go through, and if we
see it behind hole No. 1 we set off the atomic bomb and start
World War 111, whereas if we see it behind hole No. 2 we
make peace feelers and delay the war a little longer. Then
the future of man would be dependent on something which
no amount of science can predict. The future is unpredict-
able.

What is necessary ‘for the very existence of science’, and
what the characteristics of nature are, are not to be deter-
mined by pompous preconditions, they are determined
always by the material with which we work, by nature her-
self. We look, and we see what we find, and we cannot say
ahead of time successfully what it is going to look like.
The most reasonable possibilities often turn out not to be
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the situation. If science is to progress, what we need is the
ability to experiment, honesty in reporting results — the
results must be reported without somebody saying what they
would like the results to have been — and finally — an im-
portant thing — the intelligence to interpret the results. An
important point about this intelligence is that it should not
be sure ahead of time what must be. It can be prejudiced,
and say ‘That is very unlikely; I don’t like that’. Prejudice
is different from absolute certainty. I do not mean absolute
prejudice — just bias. As long as you are only biased it does
not make any difference, because if your bias is wrong a
perpetual accumulation of experiments will perpetually
annoy you until they cannot be disregarded any longer. They
can only be disregarded if you are absolutely sure ahead of
time of some precondition that science has to have. In fact
it is necessary for the very existence of science that minds
exist which do not allow that nature must satisfy some pre-
conceived conditions, like those of our philosopher.
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Seeking New Laws

What I want to talk about in this lecture is not, strictly
speaking, the character of physical law. One might imagine
at least that one is talking about nature when one is talking
about the character of physical law; but I do not want to
talk about nature, but rather about how we stand relative to
nature now. I want to tell you what we think we know, what
there is to guess, and how one goes about guessing. Some-
one suggested that it would be ideal if, as I went along, I
would slowly explain how to guess a law, and then end by
creating a new law for you. I do not know whether I shall
be able to do that.

First I want to tell you what the present situation is, what
it is that we know about physics. You may think that I have
told you everything already, because in the lectures I have
told you all the great principles that are known. But the
principles must be principles about something; the principle
of the conservation of energy relates to the energy of some-
thing, and the quantum mechanical laws are quantum
mechanical laws about something — and all these principles
added together still do not tell us what the content is of the
nature that we are talking about. I will tell you a little, then,
about the stuff on which all of these principles are supposed
to have been working.

First of all there is matter — and, remarkably enough, all
matter is the same. The matter of which the stars are made
is known to be the same as the matter on the earth. The
character of the light that is emitted by those stars gives a
kind of fingerprint by which we can tell that there are the
same kinds of atoms there as on the earth. The same kinds
of atoms appear to be in living creatures as in non-living
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