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The History of Stokes’ Theorem

Let us give credit where credit is due:
Theorems of Green, Gauss and Stokes
appeared unheralded in earlier work.

VICTOR J. KATZ
University of the District of Columbia
Washington, D.C. 20005

Most current American textbooks in advanced calculus devote several sections to the
theorems of Green, Gauss, and Stokes. Unfortunately, the theorems referred to were not original
to these men. It is the purpose of this paper to present a detailed history of these results from
their origins to their generalization and unification into what is today called the generalized
Stokes’ theorem.

Origins of the theorems

The three theorems in question each relate a k-dimensional integral to a k — I-dimensional
integral; since the proof of each depends on the fundamental theorem of calculus, it is clear that
their origins can be traced back to the late 17th century. Toward the end of the 18th century,
both Lagrange and Laplace actually used the fundamental theorem and iteration to reduce
k-dimensional integrals to those of one dimension less. However, the theorems as we know them
today did not appear explicitly until the 19th century. ‘

The first of these theorems to be stated and proved in essentially its present form was the one
known today as Gauss® theorem or the divergence theorem. In three special cases it occurs in an
1813 paper of Gauss [8]. Gauss considers a surface (superficies) in space bounding a solid body
(corpus). He denotes by PQ the exterior normal vector to the surface at a point P in an
infinitesimal element of surface ds and by QX,QY,QZ the angles this vector makes with the
positive x-axis, y-axis, and z-axis respectively. Gauss then denotes by 4% an infinitesimal
element of the y-z plane and erects a cylinder above it, this cylinder intersecting the surface in -
an even number of infinitesimal surface elements ds,,ds,,...,ds,,. For each j, dZ= * ds;cos QX;
where the positive sign is used when the angle is acute, the negative when the angle is obtuse.
Since if the cylinder enters the surface where QX is obtuse, it will exit where QX is acute (see
FIGURE 1), Gauss obtains dX= —ds,cos QX,=ds,cos QX,=... and concludes by summation
that “The integral [ dscos QX extended to the entire surface of the body is 0.” ‘

He notes further that if 7, U, V are rational functions of only y,z, only x,z, and only x,y
respectively, then “ [(Tcos QX+ UcosQY + VcosQZ)ds=0." Gauss then approximates the
volume of the body by taking cylinders of length x and cross sectional area d= and concludes in
a similar way his next theorem: “The entire volume of the body is expressed by the integral
J dsx(cos QX) extended to the entire surface.” We will see below how these results are special
cases of the divergence theorem.

146 MATHEMATICS MAGAZINE



Ostrogadkssy discovered Gauss' theorem
Cauchy discovered Green’'s theorem
Lord Kelvin (William ._.—.o,.smo:v discovered Stokes’ theorem

Bourbaki discovered the general case
(called the generalized Stokes’ Theorem)

Ostrogadkssy-Gauss Theorem
Cauchy-Green Theorem
Kelvin-Stokes Theorem
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Physics 543 Electromagnetic Theory
Autumn Quarter 2008

Professor: Larry Sorensen

Office: Physics-Astronomy Building B-435
Phone: 543-0360

e-mail: seattle@u.washington.edu

Office hours: Right after class, or by appointment

Class Website: htip://faculty.washington.edu/seattle

Required texts: Electricity and Magnetism by Edward Purcell
Introduction to Electrodynamics by David Griffiths

Purcell presents a beautiful, masterful, and extremely physical treatment of EM.
| expect you to master everything in Purcell---and | will do my best to assist you.

Griffiths' book is more mathematical than Purcell's. In his preface, Griffiths writes:

"Practically everything | know about electrodynamics---certainly about teaching
electrodynamics---1 owe to Edward Purcell."

Read Purcell for the physics. Read Griffiths for the math.

Homework: There will be 10 homework assignments, one per chapter. They will be posted on the class
website on the Monday that we begin each chapter, and they will be due on the following Wednesday.
See the course schedule for details.

Exams: There will be three take home exams. You will have two weeks---including two weekends---to do
each exam. See the exam schedule for details.

Grades: Your course grade will be based on your homework and exam scores.
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Page contents:

Description
Homework

Applets
Lecture Notes

Reading

https://faculty.washington.edu/seattle/physics543/543index.html

Physics 543, Autumn 2008
Electromagnetic Theory

http://faculty.washington.edu/seattle/

Instructor: Larry Sorensen

Email: seattle@u.washington.edu

Office: B-435 Physics-Astronomy Building
Office Hours: Right after class--or by appointment
Telephone: 543-0360

Description

Introduction to static electromagnetism:

Static electric and magnetic fields
Boundary-value problems

The electric and magnetic properties of materials
Maxwell's equations

Course Information
Exam 1
Exam 2
Exam 3

Homework

Homework Assignment 1
Purcell Problems
Example Purcell Solutions
Griffiths Problems
Purcell Solutions
Griffiths Solutions

See these solutions to learn how to solve EM problems

Homework Assignment 2
Purcell Problems

Example Purcell Solutions
Griffiths Problems

Purcell Solutions

Griffiths Solutions

Homework Assignment 3
Purcell Problems
Example Purcell Solutions
Griffiths Problems

Purcell Solutions

Griffiths Solutions

Homework Assignment 4
Purcell Problems
Purcell Solutions to Chapter 4

Homework Assignment 5

Feynman's Version
Purcell Problems

Purcell Solutions to Chapter 5

Purcell Solutions to Chapter 6

Purcell Solutions to Chapter 7

Purcell Solutions to Chapter 9

Purcell Solutions to Chapter 10

Purcell Solutions to Chapter 11
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