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[4.6] Solutions of Laplace’s Equation 159
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Pigure 4-22. Lines of force (indicated by arrows) awrd equipotentials for a con-
ducting sphere in a uniform electrostatic field. The lines of force are normal at
the surface of the sphere, and there is zero electric intensity inside. Observe that
the field is hardly disturbed at distances larger than one radius from the surface
of the sphere.

insulated conducting sphere situated in a uniform electrostatic field E,, as in
Figure 4-22.

At any point, either inside or outside the sphere, the electric field intensity
is that due to the induced charges plus Eo. We assume that the charges which
produce K, are so far away that they are unaffected by the presence of the
sphere. The induced charges arrange themselves on the conducting sphere such
that the total field is zero inside. Outside the sphere, the total field is of course
not zero; we shall calculate it by solving Laplace’s equation.

The field is best described in terms of spherical polar coordinates with the
origin at the center of the sphere and the polar axis along Eo,. Our boundary
conditions are then

V=0 (r = a), (4-141)
V = —Egz = —Eycosf (r = ®). (#-142)

At r = a, from Eqgs. 4-139 and 4-141,
0 = D Awa*Pu(cos0) + D B.a "+ Py(cos ). (4-143)
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[4.6] Solutions of Laplace’s Equation 165

E+ %B‘ = —K.C, (4-184)
%” = —2K.Caa. (4-185)
These sets of equations lead to the following values for the coefficients:
Bo - Co fand O, (4'186)
K~ ]
5= (¥ ) B 4-187)
3E, .
- Ok .
G X +2 (4-188)
B,=Cy,=0 n> 1. (4-189)
Thus K—\a
Vr, 8) = —[1 - (m) 7] Ey cosb, (4-190)
,\ o o o
d P o

Figure 4-34. The field near a dielectric sphere in a uniform electrostatic field. The
lines of electric displacement (indicated by arrows) crowd into the sphere as shown,
with the result that D is larger inside than outside. Since there is no free charge
at the surface of the sphere, the lines of D neither originate nor terminate there,
and they are continuous across the boundary. The equipotentials spread out inside,
corresponding to a lower electric field intensity E. The electric field intensity E is
discontinuous at the surface, and the density of lines of force is lower inside than
outside. As in the conducting sphere, the field is hardly disturbed at distances
larger than one radius from the surface. The field inside is uniform.
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