
Problem 1. Complex Numbers

A. Convert the following complex numbers into polar form

(a) (61 + 27 i)
(b) (9− 3 i)
(c) (−37 + 15 i)
(d) (−17− 60 i)

B. Convert the following complex numbers into Cartesian form

(a) (9 eiθ) with θ = 71 degrees
(b) (21 eiθ) with θ = -137 degrees
(c) (14 eiθ) with θ = 1 radian
(d) (7 eiθ) with θ = -1 radian

C. Add the following complex numbers.

(a) (61 + 27 i) + (−37 + 15 i)
(b) (−37 + 15) i+ (14 eiθ) with θ = 2 radians
(c) (21 eiθ) + (7 eiφ) with θ = -1 radian and φ = 153 degrees
Express your answers in polar form and in Cartesian form

D. Multiply the following complex numbers

(a) (61 + 27 i)× (−37 + 15 i)
(b) (−37 + 15 i)× (14 eiθ) with θ = 2 radians
(c) (21 eiθ)× (7 eiφ) with θ = -1 radian and φ = 153 degrees
Express your answers in polar form and in Cartesian form

E. Solve the following quadratic equations

(a) z2 + z + 12 = 0
(b) z2 + z + 12i = 0
(c) z2 − z i+ 12 = 0
(d) (3 + 2 i)z2 + (8 + 2 i)z + (15− 7 i) = 21

E. Solve the following polynomial equations

(a) z7 + 6 = 0
(b) z5 − 5 = 0
(c) z3 − 2 i = 0
(d) z6 + (15− 7 i) = 21



Problem 2. Damped Harmonic Oscillators

Mechanical harmonic oscillators are described by the second-order ordinary differential equation
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d2x

dt2
+ 2b

dx

dt
+ ω2x = 0

and its auxiliary equation becomes

D2 + 2bD + ω2x = 0

A. Use the quadratic formula to find the general solution to the auxiliary equation

B. Show that the general solution to the auxiliary equation breaks into three classes

(1) overdamped when b2 > ω2, (2) critically damped when b2 = ω2, (3) underdamped when b2 < ω2

C. Write down the general solution x(t) to the differential equation for case 1

D. Write down the general solution x(t) to the differential equation for case 2

E. Write down the general solution x(t) to the differential equation for case 3

F. Sketch the time dependence of the three types of solution using x(t) plots

G. Explain the analogy between the mechanical oscillator and the LRC circuit



Problem 3. Laplace’s Equation in Three-Dimensions

A. For three-dimensional Cartesian coordinates

(a) Write down Laplaces equation in those coordinates
(b) Write down the form of the product solution
(c) Put the product solution into the equation
(d) Take the derivatives
(e) Multiply by one over the product solution
(f) Separate the result into ordinary differential equations for each variable
(g) Write down the general solution to each of the separated ODEs
(h) Write down the general solution by combining your separated solutions
(i) Write down the general solution to each of the separated ODEs
(j) Sketch what the three solutions look like in space

You do not need to derive the solutions in parts g and h, you may just quote them. You can find the solutions
to this problem online, in books, in the class notes, etc. The point of this problem is for you to go through
all of the steps yourself carefully and thoughtfully so that you really understand them.

B. Repeat Part A for three-dimensional spherical coordinates

Do both cases—i.e., with axial symmetry and without axial symmetry.

C. Repeat Part A for three-dimensional cylindrical coordinates

You only need to do the axially symmetric case.



Problem 4. The Separation of Variables in Two-Dimensions

Consider the following two-dimensional partial differential equation

∇2A(r, θ) + β r2 A(r, θ) = γ A(r, θ)

∇2A(x, y) + β (x2 + y2) A(x, y) = γ A(x, y)

This is the same PDE expressed in polar A(r, θ) and Cartesian A(x, y) coordinates

A. Use the product solution A(r, θ) = R(r) Θ(θ) to separate the variables

(a) Separate the variables
(b) Write down the resulting ODE for R(r)
(c) Write down the resulting ODE for Θ(θ)
(d) Solve the resulting ODE for R(r)
(e) Solve the resulting ODE for Θ(θ)
(f) Combine your results to write down the general solution

B. Use the product solution A(x, y) = X(x) Y (y) to separate the variables

(a) Separate the variables
(b) Write down the resulting ODE for X(x)
(c) Write down the resulting ODE for Y (y)
(d) Solve the resulting ODE for X(x)
(e) Solve the resulting ODE for Y (y)
(f) Combine your results to write down the general solution



Problem 5. The Two-Dimensional Box Redux

This problem refers to the solution shown on the following pages

Study the solution to the two-dimensional Laplace equation given by equations 4-106 and 4-107 for the setup
shown in figure 4-19

A. Use the solution given by equations 4-106 and 4-107 to write down the solution for the
same setup when the sides are held at the potentials V1, 0, 0, 0

B. Use your result from part A and superposition to write down the solution for the same
setup when the sides are held at the potentials V1, V2, V3, V4

C. Work out the solution for the same setup when three sides are grounded and the fourth
has the triangular shaped potential

V (x, b) = 2V0x for 0 ≤ x ≤ a/2

V (x, b) = 2V0 (a− x) for a/2 ≤ x ≤ a




















