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Ef
�

fects of the mismatchbetweenthe hydrophobiclength d
�
,� of transmembranealpha helicesof

integral
�

proteinsand the hydrophobicthickness,D
�

h
� ,� of the membranesthey spanare studied

theoretically
	

utilizing a microscopicmodelof lipids. In particular, we examinethe dependenceof
the
	

periodof a lamellarphaseon the hydrophobiclengthandvolumefraction of a rigid, integral,
peptide.
 We find that theperioddecreaseswhena shortpeptide,suchthatd

� �
D
�

h
� ,� is inserted.More

surprising,� we find that theperiodincreaseswhena long peptide,suchthatd
� 


D
�

h
� ,� is inserted.The

ef� fect is due to the replacementof extensiblelipid tails by rigid peptide.As the peptidelength is
increased,the lamellar period continuesto increase,but at a slower rate, and can eventually
decrease.
�

The amountof peptidewhich fails to incorporateandspanthe membraneincreaseswith
the
	

magnitudeof thehydrophobicmismatch� d� � D
�

h
� � . We explicatethesebehaviorswhich areall in

accord� with experiment. Predictions are made for the dependenceof the tilt of a single
trans-membrane
	

alpha helix on hydrophobic mismatch and helix density. © 2002 American
Institute
�

of Physics. � DOI:
�

10.1063/1.1477927�
I. INTRODUCTION

The interaction of integral proteins with the lipids in
which� they are embeddedis of great importancefor mem-
brane
�

function.1 One
�

principle governingthis interactionis
that
	

the lengthof thehydrophobicsegmentof proteinshould
closely� matchthat of the membranewhich it spans.2

�
Among

the
	

evidencethat this hydrophobicmatchingis usedin mem-
brane
�

organizationis that the various membranesbetween
the
	

Golgi and the plasmamembranehave different thick-
nesses.Proteinscanberoutedthroughthesecretorypathway
by
�

increasingtheir hydrophobicthicknessvia mutagenesis
and� passingfrom one membraneto anothermore closely
matchingtheir new length.3

�
The differencebetweenthe hy-

drophobic
�

length of protein and membrane,denotedhydro-
phobic
 mismatch,affects inter

�
alia,� lateral segregationof

proteins
 in membranes,4,5 the
	

lipid melting transition,6
�

and�
protein
 activity.7,8

 
Hydrophobic mismatchalso affects the

way� in which the stability and the inclination of transmem-
brane
�

helices change as functions of their hydrophobic
length. Such information is very important in predicting
transmembrane
	

domains from potential protein se-
quences,! 9,10

"
a� topic becomingincreasinglyimportantin biol-

ogy# with the completionof the HumanGenomeProject.
In an effort to elucidatesuch effects on a molecular

level, Killian and co-workers11 investigatedthe effect of a
series� of hydrophobicpeptideson the meanthicknessof hy-
drated
�

phosphatidylcholinemembraneswith different tail
lengths.The peptidesconsistedof a sequence,whoselength
could� be adjusted,of alternatingleucineandalanineflanked
on# both sidesby two tryptophans.The latter preferto reside
just
$

below the lipid headgroups,and thereforeserveasan-
chors� for thepeptide.12 TheN- andC-terminii wereblocked,
e.g.,� FmAW2

� % LA & n' W( 2
� Etn. The solution of peptideswas di-

lute,a 1/30peptide/lipidmolarratio.Theresultsof this study
which� areof the most interestto us areasfollows:

• peptideswhose hydrophobic thickness,d
�
,� is smaller

than
	

that of the hydrophobicthickness,D
�

h
� ,� of the bi-

layer causea reductionin the bilayer thickness.

• peptideswhose hydrophobic thicknessis larger than
that
	

of thebilayercauseanincreasein thebilayerthick-
ness.) As the peptidesare madelonger, the membranes
continue� to thicken, but the increasein the membrane
thickness
	

is alwayslessthanthe peptideincrement.

• an increasein the magnitudeof mismatch, * d� + Dh
� , ,�

whether� dueto peptidesbeingtoo long or too short for
the
	

membrane,resultsin an increasein the fraction of
peptides
 which fail to incorporateinto the membrane.
This effect hasalsobeenobservedby Renet- al.13,14

The first observationis easilyunderstoodon simpleen-
er� getic arguments,but the secondis not. One might have
expected� the longerpeptidesimply to insertat ananglesuch
that
	

the membranethicknessis undisturbed.15 However, the
thickness
	

is
�

disturbed,
�

and grows with increasedpeptide
length,
.

but doesnot track that increaseidentically. To under-
stand� this puzzlingbehaviorandto isolatethevariousfactors
which� bring aboutthenet resultof hydrophobicmismatchis
the
	

primary purposeof this paper.
Many
/

theoreticalapproacheshave beenapplied to the
ef� fectsof mismatch.Almost all of themarephenomenologi-
cal,� basedon treating the membraneas an elastic sheet.16

Some
0

have, however, included in thesephenomenological
descriptions
�

somepropertiesof the lipid tails, such as the
ability� of the tails to tilt to accommodatethe perturbationof
inserted
�

proteins.17 These
1

approaches,which have recently
been
�

reviewed,18 are� valuablein clarifying severalaspectsof
the
	

generalproblemof membraneimpurities,andhaveeven
been
�

applied17 to
	

the lamellar-invertedhexagonaltransition
induced
�

by a sufficientconcentrationof peptide.19 Neverthe-
2

less,
.

they lack a direct link to the moleculardetailsof the
a3 4Currentaddress:The Institute for SystemsBiology, 1441 North 34th St.,
Seattle,Washington98103-8904.
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system.� A major theoreticaladvancewas the work of Fattal
and� Ben-Shaul20

�
who� provided a molecular theory for the

behavior
�

of the lipid chainsof the membrane.The peptides,
with� their hydrophobiclength, were treatedas providing a
boundary
�

conditionon the configurationof the lipid chains.
This molecularmodeling was combinedwith phenomeno-6
logical
7

free
8

energy contributionsdescribinglipid headgroup
repulsion9 andmembranesolventsurfacetension.In this pa-
per
 we eschewphenomenologicaldescriptionand presenta
moleculartheorywhich, from straightforwardstatisticalme-
chanics,� yields thefreeenergy of theentiresystem,lipid and
peptide.
 We utilize a molecular lipid model employed
earlier� 21

�
and� treatthepeptide,which traversesthemembrane

as� an alpha helix, as a rigid rod. We considera lamellar
phase
 formed by the lipid, and investigatethe effect on the
period
 of this phasedue to the addition of peptidein small
concentrations.� As a consequenceof our calculations,we are
able� to reproduceall of the above-mentionedresults,eluci-
date
�

the reasonsfor the increasein membranethickness
when� penetratedby long peptides,anddelineateseveraldif-
ferenteffectsof hydrophobicmismatch.

II. THE MODEL AND ITS SELF-CONSISTENT FIELD
SOLUTION
:

W
(

e considera systemof volume V consisting� of lipids
and� peptideswhosenumbers,N

;
l
< and� N

;
p= ,� are controlledin

the
	

grand canonicalensembleby the fugacitiesz> l
< and� z> p= ,�

respectively9 . We takethesystemto beanhydrousfor simplic-
ity
� ?

see� below@ . The lipids consistof a headgroupof volumeA
h
� ,� andtwo equal-lengthtails eachconsistingof N

;
segments�

of# volume B tC . Eachlipid tail is characterizedby a radiusof
gyrationD R

E
gF G (

H
Na
; 2/6)

I 1/2,� with aJ the
	

statistical segment
length.
.

The peptideconsistsof a rigid, hydrophobic,coreof
L segments� eachof length b

K
and� volume L cM and� a terminal

groupD at eachendof volume N eO . We choosetheseendseg-
mentsP to be hydrophilic so that the peptideindeedmodelsa
hydrophobic
Q

segmentwithin an otherwisehydrophilic re-
gion.D The hydrophobiclengthof the peptideis d

� R
Lb.

Therearefour local densitieswhich specify the stateof
the
	

system.We measurethemall with respectto the conve-
nient) density S h

� T 1 . They arethe numberdensityof the lipid
headgroup,
Q U

h
� V 1W

h
� (H rX )Y , and of the lipid tail segments,Z

h
� [ 1\

tC (H rX )Y , the numberdensityof the peptidecoresegments,]
h
� ^ 1_

cM (H rX )Y , andthepeptideendgroups,̀ h
� a 1b

eO (H rX )Y . Note that
all� numberdensities,c (

H
rX )Y , aredimensionlessby definition.

W
(

e considerrepulsivecontactinteractionsbetweenthese
four elements.In the simplestcase,the strengthsof the re-
pulsive
 interactionsbetweenthetwo hydrophilicandthetwo
hydrophobic
Q

elementsare the same,kT
d e

h
� f ,� with k

d
Boltz-
g

mann’s constant,andT the
	

absolutetemperature.We takethe
total
	

energy of interactionto be of the Flory type

E
h ikj

h
� ,� l t

C ,� m eO ,� n cM oqp kT
d r d

�
rs
h
� tvu h

� w rX xzy|{ eO } eO ~ rX ���
�����

tC � tC � rX �z�|� cM � cM � rX ��� ,� � 1�
where� we have introducedthe relative volume of the tails,�

tC � 2N
; �

tC /I � h
� ,� of thepeptidecores,� cM � L � cM /

I �
h
� ,� andof the

peptide
 endgroups � eO ��� eO /
I �

h
� . Note that the interactionen-

er� giesdependuponthe local volumefractions � eO   eO ,� etc.as
opposed# to the local numberdensities¡ eO ,� etc.22

�
In
¢

addition to this local repulsion,we include the hard-
core� interactionsbetweenall particlesin anapproximateway
by
�

imposition of a local incompressibilityconstraint,i.e.,
that
	

thesumof thevolumefractionsof all componentsmust
be
�

unity everywhere:
£¥¤

rX ¦z§©¨ h
� ª rX «z¬|­ tC ® tC ¯ rX °z±|² eO ³ eO ´ rX µz¶|· cM ¸ cM ¹ rX ºz» 1 ¼ 0.

½ ¾
2
¿ À

Steric,
0

orientation-dependentinteractionsbetweenthe rigid
peptide
 rods are not included. Such interactions, which
would� make the calculation much more difficult, can be
safely� ignoredat the low peptideconcentrationsat which the
experiments� werecarriedout.

As shownearlier,21
�

the
	

partition function of the system
can� be written in a form in which the four fluctuatingdensi-
ties,
	

insteadof interactingdirectly with oneanother, interact
indirectly via four fluctuatingfields, heredenotedWh

� ,� W tC ,�
WeO ,� and WcM . Self-consistentfield theory resultswhen the
fluctuating
Á

fields and densitiesare approximatedby those
valuesÂ which extremizethe free energy, Ã ,� of the systemin
the
	

presenceof thesefields.This free energy hasthe form

Ä
h
�

kTV
d ÅÇÆÉÈ z> l

< Ê l
< Ë Wh

� ,� W tC Ì
V Í z> p=

Î
p= Ï WeO ,� WcM Ð

V Ñ
Ò

h
�

kTV
d E

h

Ó d
�

rX
V
Ô
Wh
� Õ rÖØ× h

� Ù rÚzÛ W tC Ü rÝØÞ tC ß rà
á

WeO â rãØä eO å ræzç WcM è réØê cM ë rì�í
î d

�
rX

V

ïñð
rX òØó�ô rX õ . ö 3÷ ø

Here ù l
< ú Wh

� ,� W tC û is thepartition functionof a singleü lipid in
external� fieldsWh

� ,� andW tC ,� and ý p= þ WeO ,� WcM ÿ is thepartition
function
8

of a singleü peptide
 in theexternalfieldsWeO and� WcM .
Note
2

that a Lagrangemultiplier ��� rX � has
Q

beenintroducedto
enforce� the incompressibilityconstraintof Eq. � 2� . Thefunc-
tions
	 �

,� Wh
� ,� � h

� ,� etc.which extremizethis free energy will
be
�

denotedby their correspondinglower caseletters � ,� w	 h
� ,�

and� 

h
� . They are obtainedfrom the five equationsfor the

fields

w	 h
� � r��
������ tC � tC � r����� cM � cM � r���! �"$# r% ,� & 4'

w	 tC ( r) /I * tC +�,�-�. h
� / r0�1�2 eO 3 eO 4 r5�6!7�8$9 r: ,� ; 5< =

w> eO ? r@ /I A eO B�C�D�E tC F tC G rH�I�J cM K cM L rM�N!O�P$Q rR ,� S 6T U

w> cM V rW /I X cM Y�Z�[�\ h
� ] r̂�_�` eO a eO b rc�d!e�f$g rh ,� i 7j k

1 l�m h
� n rX o�p�q tC r tC s rX t�u�v eO w eO x rX y�z�{ cM | cM } rX ~ . � 8� �

The
1

field � can� be easilyeliminated,while Eqs. � 5� � and��
7
j �

imply
�

w� tC (H rX )/Y � tC � w� cM (H rX )/Y � cM ,� so that onedealsessentially
with� threeequations.Thefour densitiesareall functionalsof
the
	

abovefields except � and,� therefore,closethe cycle of
self-consistent� equations:

�
h
� � r��� w� h

� ,� w� tC �!��� z> l
<
���

l
< � w� h

� ,� w� tC ��
w� h
� � r� ,� � 9� �

10479J.
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¡
tC ¢ r£¥¤ w� h

� ,� w� tC ¦¨§�© z> l
<
ª�«

l
< ¬ w� h

� ,� w� tC ­®
w� tC ¯ r° ,� ± 10²

³
eO ´ rX µ�¶ w� eO ,� w� cM ·!¸�¹ z> p=

º�»
p= ¼ w� eO ,� w� cM ½¾
w� eO ¿ rX À ,� Á 11Â

Ã
cM Ä rX Å�Æ w� eO ,� w� cM Ç!È�É z> p=

Ê�Ë
p= Ì w� eO ,� w� cM ÍÎ
w� cM Ï rX Ð . Ñ 12Ò

W
(

ith the aid of the aboveequations,the self-consistent,or
mean-field,free energy Ó mfÔ ,� which is the free energy func-
tion
	

of Eq. Õ 3÷ Ö evaluated� at theself-consistentfield valuesof
the
	

densitiesandfields, canbe put in the form

×ÙØ
mfÔ Ú z> l

< ,� z> p= ,� TÛ Ü�Ý kT
d
Þ

h
� ß z> l

< à
l
< á w� h

� ,� w� tC â!ã z> p= ä p= å w� eO ,� w� cM æ
ç

V è 0
é ê�ë E ì�í h

� ,� î tC ,� ï eO ,� ð cM ñ ,� ò 13ó
where� we havedefinedV ô 0

é õ÷ö�ø (
H
r)
Y
d
ù

r. All the fields, w� ,ú û 0
ü ,ú

andý densities,þ ,ú are functionsof the fugacities,z> l
< ,ú z> p= ,ú and

temperature.
ÿ

All of the above-mentionedis a simple exten-
sion� of previousprocedure21.

There remainsonly to specify how the partition func-
tions
ÿ

of the lipids and of the peptidesare calculated.One
defines
�

the end-segmentdistribution function of the lipid
q� (
H
r,ú s� )Y , a function of the externalcoordinater andý internal

coordinate,� s� . The latter, measuredalongthe lipid, takesthe
value� 0 at the end of one tail, passesthrough 1/2 at the
headgroup,
�

andtakesthevalue1 at theendof theothertail.
Becausethe lipid tails aretreatedascompletelyflexible, the
end-segment� distribution satisfies the modified diffusion
equation�

�
q� 	 rX ,ú s� 
�

s� � 2RgF2� 
 2q� � r,ú s� ����� w� h
� � r����� s� � 1/2�

�
w� tC � r�! q� " r,ú s� #�$ 0,

% &
14'

with( initial condition

q� ) r* ,0ú +�, 1. - 15.
Fromthis function,oneobtainsthepartition functionsof the
lipids,
/

0
l
1 2 d

ù
rq� 3 r,1ú 4 ,ú 5 166

and,ý from Eqs. 7 98 9 andý : 10; ,ú the headandtail densities

<
h
� = r* >�? z@ l

1 exp� ACB w� h
� D r* EGF q� H r* ,ú 1

2
I JLK q� M r* ,ú 1

2
I NPO ,ú Q 17R

S
tT U r* V�W z@ l

1
0
ü
1

dsq
ù X

r* ,ú s� Y q� Z r* ,1ú [ s� \ . ] 18̂

To obtainthepartitionfunctionof thepeptide,onedefinesits
end-segment� distribution function q� p_ (

`
r* ,ú na ˆ ,ú s� )b , where na ˆ is

c
a

unitd vector which specifiesthe orientation of the peptide.
Becausethe peptideis rigid, andof lengthLb,ú this function
satisfies� the equation23

e
q� p_ f r,ú n̂,ú s� gh

s� i Lbn̂ j
rq
�

p_ k r,ú n̂,ú s� l
mon

w� ep q r* rts!u�v s� w�xzy�{ s� | 1 }!~�� w� c� � r* ��� q� p_ � r* ,ú na ˆ ,ú s� �t� 0,
% �

19�
with( initial condition

q� p_ � r* ,ú na ˆ ,0ú �P��� exp� ��� w� ep � r* �!� . � 20
� �

From this function, oneobtainsthe partition function of the
peptide,�

�
p_ � d

ù
r* d

ù
na ˆq� p_ � r* ,ú na ˆ ,1ú � ,ú � 21

� �

and,ý by meansof Eqs. � 11  andý ¡ 12¢ ,ú its endandcoredensi-
ties,
ÿ

£
ep ¤ r¥�¦ 2z@ p_ d

ù
n̂q� p_ § r,ú n̂,1ú ¨ ,ú © 22ª

«
c� ¬ r* ­�® 2

�
z@ p_

0
ü
1/2

ds
ù

d
ù

na ˆq� p_ ¯ r* ,ú na ˆ ,ú s� ° q� p_ ± r* ,ú ² na ˆ ,1ú ³ s� ´ . µ 23
� ¶

To summarize:therearefive self-consistentequationsto be
solved� for the five fields w� h

� (` r* ),b w� tT (` r* ),b w� ep (` r* ),b w� c� (` r* )b , and·
(
`
r* )b . They areEqs. ¸ 4¹ º to

ÿ »
8
¼ ½

. The fields dependon the four
densities
� ¾

h
� (` r),
b ¿

tT (` r),
b À

ep (` r)
b
, and Á c� (` r)

b
, which depend,in

turn,
ÿ

on thesefields. The densitiesare given by Eqs. Â 17Ã ,úÄ
18Å ,ú Æ 22

� Ç
,ú and È 23

� É
. Once the fields and densitiesare ob-

tained,
ÿ

the free energy follows from Eq. Ê 13Ë .
W
Ì

e areinterestedin theway in which thepeptidesaffect,
onÍ the average,a periodic array of lipid bilayers,that is, a
lipid
/

lamellar phase.We thereforeassumethat the lamellae
areý uniform in their plane,and vary only in the normal di-
rection,specifiedby the coordinatez@ .

In the limit of vanishingpeptidedensity, it is sufficient
to
ÿ

solvefor the fields anddensitiesof the purelipid bilayer,
andý then to solveEq. Î 19Ï for

Ð
the peptideend-segmentdis-

tribution
ÿ

function in the presenceof thosedensities.This is
easily� donein realspace,sincethesolutionof Eq. Ñ 19Ò is

c
just

q� p_ Ó r,ú n̂,ú s� Ô�Õ exp� Ö
0
ü
s×
dt
ù

wep Ø r Ù tÚ n̂ÛtÜ!Ý�Þ tÚ ß�àzá�â tÚ ã 1 ä!å

æ
w� c� ç r* è tÚ na ˆ é ,ú

andý the fields are provided by Eqs. ê 6ë ì andý í 7î ï with( ð
epñóò

c� ô 0.
%

At nonzero peptide densities, the full set of self-
consistent� equationsmust be solved,and it is more conve-
nientõ to expandall functionsof the positionr* andý the direc-
tor
ÿ

na ˆ in
c

termsof a completesetof basisfunctions.23,24
�

gö ÷ r,ú n̂øtùûú
l
1
,mü ý 0

ü
þ

gÿ l
1
,mü f
�

l
1
,mü � z@ ,ú cos ��� ,ú � 24�

where( cos � is the projectionof the unit vector n̂ ontoÍ the z@ -
axis.ý A convenientset is

f
�

l
1
,0	 z@ ,ú cos 
��
��� 2� l

� �
1 � 1/2�

l
1 � cos� ��� ,ú
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f
�

l
1
,m� � z@ ,ú cos ���
��� 4l

 !
2 " 1/2cos� 2 # mz$

D
%

l
1 & cos� '�(

even� m$ ,ú )
25
� *

f
�

l
1
,m� + z@ ,ú cos ,�-
.�/ 4l

 0
2 1 1/2sin� 2

� 2
mz$

D
3

l
1 4 cos� 5�6

oddÍ m$ ,ú
where( 7

l
1 is the l

 
th
ÿ

Legendrepolynomial,andD is theperiod
ofÍ the lamellae.The latter is determinedby minimizationof
the
ÿ

freeenergy with respectto it. Detailsof theprocedurefor
solving� the self-consistentequationsin this basis can be
found
Ð

elsewhere.24
�

Of
8

importancehereis that the expansion
into
c

theinfinite setof basisfunctionsmustbetruncatedto an
expansion� in a finite number of such functions. We have
utilizedd 30 valuesof l

 
andý 10 valuesof m$ ,ú or a total of 300

functions.
Ð

Theerrorsin thefreeenergy broughtaboutby this
truncation
ÿ

arelessthan0.1%. Notethatthedescriptionof the
peptide,� which requiresnonzerovaluesof l

 
,ú increasesthe

numberof basisfunctions requiredby a factor of 30. Had
solvent� beenincluded,the necessarynumberof basisfunc-
tions
ÿ

would haveincreasedstill further. It is for this reason
that
ÿ

we haveignoredsolvent.However, as theessenceof the
phenomenon� we study lies in the interactionof the peptide
with( thelipid bilayer, it seemslikely thatthesolventplaysno
crucial� role. The agreementbetweenexperimentandour re-
sults� supportsthis.

The parameterswe havechosenfor our calculationsare
asý follows. The lipid is characterizedby the volume of the
headgroup,9 h

� : 370
;

Å3
<
,ú and the volume of the tails, 2N

= >
tT? 999

8
Å3
<
. For comparison,the volumeof the phosphatidyl-

choline� headgroupis 337 Å3
<

andý that of two tails with sev-
enteen� carbonsand one doublebond eachis 985 Å3

<
.25 The
@

radiusof gyration of the tails was takento be RgA B 12.3 Å
which( wasfound to be reasonablein a previousstudy.21

�
The

peptide� is characterizedby the volume of the end groups,
which( we took to be C ep D 555

�
Å3
<

each,� thevolumeof eachof
its coreunits, E c� F 96.2

8
Å3
<
,ú andthelengthof eachcoregroup

b
G

which( we took to be the lengthof eachamino acid in an
alphaý helix conformation,1.5

�
Å . For comparison,the vol-

umed of the two tryptophansand two alanines,which were
onlyÍ a portionof theendgroupsusedby dePlanqueetH al.,ú 11

is 460 Å3
<
,ú while the averageof the volumes of the core

alanineý andleucineunits is 95.5Å3
<
. The interactionstrength

between
I

hydrophilic and hydrophobicelementsis suchthatJLK
tT M 20, a value which placesthe systemwell within the

lamellar
/

phase,but not so strongly segregatedas to require
aný overly largenumberof basisfunctions.We havetakenthe
numberof peptideunits to vary from L N 10 to 40.

III.
O

RESULTS

W
Ì

e first considerthe limit in which the densityof pep-
tide
ÿ

is vanishinglysmall.Thevolumefractiondistributionof
the
ÿ

lipid headgroupsandtails in the anhydrouslipid bilayer
areý shownin Fig. 1. The periodD

P
,ú in units of the radiusof

gyrationQ of the lipid tails, RgA is D/
R
RgA S 2.831.The thickness

ofÍ thehydrophobicregion,Dh
� ,ú as definedby thosepointsat

which( the volume fraction of the tails T tT U tT V 0.5,
%

is D
P

h
� /
R
D
P

W 0.757.
%

The profile of Fig. 1 indicatesthat the systemis
relatively weakly segregated.Lipids in apposingbilayers
have
�

significantprobability to be found in either.
It
X

is of interest in this limit to determinewhether the
insertedpeptidespansthe bilayer and, if so, whetherit in-
serts� normal to the bilayer or at an angle, Y ,ú to it. This is
readilyZ determined. We compute the probability
distribution
� 24

P̃ l
1 [ z@ ,ú cos \�]
^ q� p_ _ z@ ,ú cos ` ,1ú a /R dzd

ù b
cos� c�d q� p_ e z@ ,ú cos f ,1ú g ,ú

ofÍ peptideendswhich are at an angle h with( the bilayer
normal,õ when that end is locatedat position z@ within( the
bilayer
I

. The coordinatesz@ /R D i 0
%

and 1 correspondto the
center� of the tail region,as in Fig. 1. The probability distri-
bution
I

canbe calculatedfor peptidesof different lengthLb
j

.
It
X

is shown in Fig. 2 for an L
j k

20
�

peptide, for which
Lb/
R
Dh
� l 1.143,that is, somewhatlongerthanthe hydropho-

bic
I

thicknessof the bilayer. One seestwo major and two
minorm peakscorresponding,respectively, to peptideswhich
span� the bilayer, andpeptideswhich do not. We first discuss
the
ÿ

former.
Of
8

the two major peaks,one correspondsto a peptide
inserted
c

almostnormally, at an anglesuchthat cos nporq 0.9
%

andý with one end at z@ /R D s 0.35.
%

This peptidewould pass
through
ÿ

the tail region at z@ /R D t 0
%

. Endsof peptidesin the
adjacentý lamellae near z@ /R DP u 0.65

%
are characterizedby an

angleý vxwzy so� that the valueof the cosineis the negativeof
that
ÿ

of thefirst peak.Thus,thesecondpeaksimply describes
the
ÿ

other end of the rigid { andý periodically repeated| ,ú pep-
tide.
ÿ

As the terminalgroupof the peptideis anchoredin the
regionZ betweenlipid headsandtails, it would presumablybe
little affectedby solvent,which modifiesthe headgroupre-
gion.Q

In
X

orderto illuminate thebehaviorof this angleof inser-
tion,
ÿ

we integratethe probability distributionof Fig. 2 over
allý spatialpositionsfor a fixed angleto obtaintheprobability

FIG. 1. Volumefractiondistributionof the lipid headgroupsandtails in the
lamellar phaseplotted vs coordinatez} perpendicular~ to the lamellae.The
wavelengthof the phaseis D

�
. z} /� D� � 0.5 correspondsto the centerof the

headregion,and z} /� D � 0 and1, to the centerof the tail region.The inter-
action strengthbetweenhydrophobicand hydrophilic entities is such that���

t
� � 20.
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distribution
�

P
�

L(
`
cos � ).b It is shownin Fig. 3 for severalvalues

ofÍ the hydrophobiclengthof the peptideLb divided
�

by the
hydrophobicthicknessof the bilayer, Dh

� . From this distri-
bution
I

we obtain the averageangleof peptideinsertionand
the
ÿ

mostprobableangleof insertionasa functionof Lb
j

/
R
D
P

h .
Thesequantitiesare plotted in Fig. 4 in dashedand solid
lines, respectively. We observethat peptideswith hydropho-
bic
I

lengths(Lb
j

/
R
D
P

h
� )b � (

`
L
j

* b
G

/
R
D
P

h
� )b � 1.07, insertnormalto the

bilayer
I

. This ratio is not equalto onebecauseour definition
ofÍ thehydrophobicthicknessof themembrane,Dh ,ú in terms
ofÍ equalheadandtail volumefractionsis, like all otherdefi-
nitionsõ of this quantity, a somewhatarbitrary one.Peptides

which( are longer than L
j

* b
G

insert
c

at a nonzeroangleto the
membranem normal.Their terminalgroupsareanchoredto the
interface.Onemight haveexpectedthat for L � L* ,ú thepep-
tide
ÿ

would insertat ananglesuchthat its hydrophobicthick-
nessõ matchedthatof themembrane,i.e., cos �p� L

j
* /
R
L
j

. Indeed
in
c

our calculation,oneseesthedependenceon L
j

cos� � in
c

the
second� termof Eq. � 19� . Howeverthe incompressibilitycon-
dition
�

dependsonly on the volume of the peptide,propor-
tional
ÿ

to L
j

,ú not on its orientation.Thus,thepeptideinsertsat
aný anglesomewhatdifferent from that which causesthe hy-
drophobic
�

lengths to match, and the behaviorcos �p� L* /
R
L

should� only beanapproximationto theactualbehavior. That
this
ÿ

is indeedso is seenin Fig. 4, wherewe haveplottedthis
dependence
�

asa dottedline. Oneseesthatour resultsdeviate
from this simpledescription.

Returning
�

to Fig. 2, we also observethe two smaller
peaks� at cos �p� 0

%
correspondingto a fraction of peptides

which( do not traversethe lamellae,but areparallel to it. As
ourÍ modelpeptideis predominantly, but not completely, hy-
drophobic,
�

the nontraversingpeptidesare found somewhat
below
I

the head-tailinterfacein the tail regionof the bilayer.
In orderto determinehow this amountof nontraversingpep-
tides
ÿ

varieswith thepeptidelength,we calculatethe fraction
ofÍ peptideswith an end at sufficiently large angle0 � cos� ��

0.2,
%

I �
0
ü
0.2
ü

PL
� � cos� ��  dù ¡ cos� ¢�£ . ¤ 26¥

This
@

fraction is plottedversusLb
j

/
R
D
P

h
� in
c

the insetof Fig. 3.
W
Ì

e seethat the fraction, which doesnot insert acrossthe
membrane,increaseswith themismatchbetweenpeptideand
bilayer
I

hydrophobicthicknesses,(Lb
j

/
R
D
P

h
� )b ¦ 1, irrespective

ofÍ the sign of the mismatch.The largestfraction of inserted
peptides� occursfor Lb/

R
Dh § 1.15.

W
Ì

e now considernonzeropeptide densities.We have
calculated� the period,D

P
,ú of the lamellarphaseasa function

FIG. 2. Normalizedprobability distribution, P̃ l
¨ (z} ,cos © ) of the orientation,

cos ª , and location, z} , of the peptideends for a L « 20 peptide,of length
Lb
¬

/
�
D
�

h
­ ® 1.143, with D

�
h
­ the
¯

hydrophobicthicknessof the lamellae.The
centerof the lipid tail regionis at z} /� D ° 0 and1. Contourvaluesaregiven
in the legend.

FIG. 3. Normalizedprobability distribution PL(cos ± ) of the orientationof
the
¯

peptideends vs cos ² for various relative peptidelengthsLb
¬

/
�
D
�

h
­ , as

notedon eachcurve.The lengthscorrespondto L ³ 16 to L ´ 26 in incre-
mentsof 2, plus two extremecases,L

¬ µ
10 andL

¬ ¶
40.
·

The insetshowsthe
fraction, I

¸
, of peptideswhich do not insert into the bilayer asa function of

Lb
¬

/
�
D
�

h
­ .

FIG. 4. Full line: locationof thepeakin theprobabilitydistributionfunction
P
¹

(cos º ) which occursat nonzerovaluesof cos » ; dashedline: meanvalue
of cos ¼ ; dottedline: simple1/L behavior

½
. Curvesaregiven asfunctionsof

peptide¾ length in units of D
�

h
­ ¿ lower xÀ scaleÁ andL

¬ Â
upperÃ xÀ scaleÄ .
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ofÍ peptidevolume fraction, xÅ p_ ,ú for valuesof xÅ p_ Æ 0.04
%

and
find that D varies� approximatelylinearly with it; i.e.,

D Ç xÅ p_ È /R D É 0% Ê
Ë 1 Ì Rxp_ ,ú Í 27Î
where( D(

`
0) is the period of the lamellar phasein the ab-

sence� of peptide.In Fig. 5 we plot the rateof bilayer thick-
ening,� R

Ï
,ú versusthe relative peptidethicknessLb

j
/
R
D
P

h . We
see� that the insertionof shortpeptides,Lb/

R
Dh Ð 1.17,causes

the
ÿ

period, and thereforethe bilayer thickness,to contract,
while( the insertionof long peptidescausesit to increase.As
the
ÿ

peptidesbecomelonger, the rate of increasebecomes
smaller� . Eventually the insertion of sufficiently long pep-
tides,
ÿ

Lb
j

/
R
D
P

h
� Ñ 1.6, causesthe bilayer thicknessto decr

ù
ease.

IV. DISCUSSION

Our
8

resultsreplicateandilluminate the experimentalre-
sults� listed in theIntroduction.We recallanddiscussthemin
turn.
ÿ

The insertion of peptides whose hydrophobic thickness is
less
 

than that of the bilayer causes a reduction in the bilayer
thickness.Ú

Our
8

calculationreproducesthis result. The behavioris
clearly� dueto simpleenergetic considerations.

The
Ò

insertion of peptides whose hydrophobic thickness is
grÓ eater than that of the bilayer causes an increase in the
bilayer
G

thickness. As the peptides are made longer by a cer-
tainÚ amount, Ô d

ù
, the membranes continue to thicken, but the

incr
Õ

ease in membrane thickness is less than Ö d
ù

.
W
Ì

e reproducetheseresults.As notedearlier, their origin
is not obvious,for energetically the peptideswould be satis-
fied
×

to insert at an angle such that the bilayer would not
deviate
�

from its original thicknessat all. The reasonfor this
behavior
I

, therefore,is clearly entropic.To understandit, we
needonly recall the reasonthe bilayer thicknesstakesthe
value� it doesin the absenceof peptide.The repulsiveinter-
actioný betweenlipid headgroupsandtails tendsto crowdthe
headgroupstogetherwhich, from the constraintof incom-
pressibility� , causesthe lipid tails to stretch.This tendencyis
opposedÍ by the loss of tail entropy such stretchingbrings
about.ý Theequilibriumthicknessof thebilayerresultsfrom a

balance
I

of thesetwo tendencies.Thusin theequilibriumcon-
figuration, the lipid tails are stretched.20

�
Peptides,being

rigid,Z do not stretch,andthereforeloseno suchentropyif the
bilayer
I

thickens,while theydisplacelipid tails which restrain
the
ÿ

membranefrom thickening.26
�

Thus it canbe understood
that
ÿ

the insertionof longerpeptidescausesthe width of the
bilayer
I

to increase.The orientationof the peptidethen ad-
justs
Ø

to this increasedwidth. Within this mechanism,how-
ever� , thereis no reasonthata given increasein the lengthof
the
ÿ

peptideshouldresult in a correspondingincreasein the
thickness
ÿ

of the bilayer.
An increase in the magnitude of mismatch, whether due

toÚ peptides being too long or too short for the membrane,
rÙ esults in an increase in the fraction of peptides which fail to
incorporate
Õ

in the membrane.
Our
8

calculationreproducesthis asshownin the inset to
Fig.
Ú

3. Shortpeptidestendnot to insertfor energeticreasons.
Long
Û

peptidestend not to insert even though there is no
ener� geticpenaltyto do so.Presumably, theyfail to insertdue
to
ÿ

the loss of lipid tail entropy, which increaseswith the
length
/

of the hydrophobicportion of the insertedpeptide.
In addition to reproducingthese experimentalresults

which( demonstratesits efficacy, our model also yields pre-
dictions.
�

As notedearlier, we foundthat insertionof peptides
whose( hydrophobiclength is greaterthan the hydrophobic
thickness
ÿ

of themembranecausesthemembranethicknessto
increase.
c

As the peptideis madelonger, the rateÙ of increase
ofÍ membranethicknesswith peptidelength,denotedR

Ï
in
c

Eq.Ü
27Ý ,ú decreasesin accordwith experiment.27

�
Strikingly
Þ

, our
modelpredictsthat insertionof peptideswhich arevery long
compared� to the hydrophobic thicknessof the membrane
(
`
Lb
j

/
R
D
P

h ß 1.6 in Fig. 5à actuallyý causesthe membranethick-
nessto decr

ù
ease. We believe the reasonfor this is that a

significant� fraction of theselong peptidesdoesnot traverse
the
ÿ

membrane,but lies parallel to it. Becausethe peptides
havea muchlargerendgrouprelativeto its corethando the
lipids, they createrelatively more free volume for the lipid
tails
ÿ

to fill, i.e., they effectively increasethe areaper lipid
headgroup.As thesystemis incompressible,this effect tends
to
ÿ

make the bilayer thicknessdecrease.We have recently
learned
/

that this unusualthinning of the bilayer on the addi-
tion
ÿ

of relatively long peptideshasbeenobserved.28

Finally, our modelmakespredictionsaboutthe insertion
ofÍ peptidesat very low densities.Shortpeptides,whosehy-
drophobic
�

thicknessis lessthanthehydrophobicthicknessof
the
ÿ

bilayer, insertnormal to it. Peptideswith a hydrophobic
thickness
ÿ

greaterthanthatof thebilayer insertat anangleto
the
ÿ

normal which grows with the hydrophobicmismatch.
Although
á

gramicidinchannels29 areý too largeandcomplexto
be
I

describedby our theory, we expectthesamebehaviorfor
proteins� which spanthemembranewith a singlealphahelix.
As
á

we haveignoredlocal effects in the planeof the mem-
brane,
I

theactualangleof insertionwill differ somewhatfrom
that
ÿ

which we havecalculated,but the qualitativebehavior
will( not be changed.Exceptfor very large mismatches,our
theory
ÿ

predictsthe tilt to decreasewith increasingpeptide
concentration.� Although there is much dataon helix tilt in
specific� systems, there appears to be no attempt

FIG.
â

5. Rate,R
ã

, of increaseof relativelamellarperiodwith volumefraction,
xÀ pä , of peptidevs relativehydrophobiclengthof peptide.
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atý a systematiccorrelationof it with hydrophobicmismatch.
Such
Þ

datawould be most interesting.
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