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We examine the behavior of lamellar phases of charged/neutral diblock copolymer thin films contain-

ing mobile ions in the presence of an external electric field. We employ self-consistent field theory and

focus on the aligning effect of the electric field on the lamellae. Of particular interest are the effects

of the mobile ions on the critical field, the value required to reorient the lamellae from the parallel

configuration favored by the surface interaction to the perpendicular orientation favored by the field.

We find that the critical field depends strongly on whether the neutral or charged species is favored

by the substrates. In the case in which the neutral species is favored, the addition of charges decreases

the critical electric field significantly. The effect is greater when the mobile ions are confined to the

charged lamellae. In contrast, when the charged species is favored by the substrate, the addition of

mobile ions stabilizes the parallel configuration and thus results in an increase in the critical electric

field. The presence of ions in the system introduces a new mixed phase in addition to those reported

previously. C 2015 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4931826]

I. INTRODUCTION

Block copolymers are commonly utilized because of their

ability to form self-assembled structures with wavelengths that

scale as the size of the polymers. This is generally on the

order of 10-100 nm. Such a property offers the possibility

of many applications such as nanolithographic templates,

nanostructured networks, stimuli-responsive materials, and

well-ordered arrays of metal nanowires.1,2 The challenge

encountered when using thin films of block copolymers is

that the creation of highly ordered, long-range, single-domain

structures is often made difficult by interactions at the surface

of the polymer film. These interactions often result in the

formation of microdomains self-assembled parallel to the air

or substrate interfaces. In many applications, however, the

perpendicular orientation is the desired one. This problem

has motivated the implementation of techniques for directing

the self-assembly of block copolymers or for realigning

the morphologies from the parallel to the perpendicular

orientation.

A number of methods have been developed for directing

the self-assembly of block copolymers and have been re-

viewed recently.3 Among them are the use of pre-patterned

substrates,4–7 topographically modified substrates,8–10 and

external stimuli such as an electric field.11–16 The electric

field brings about alignment due to a difference in the

dielectric constant of the different blocks of the polymers. The

effects of the strength of this field, of the polymer-substrate

interactions, and of the film thickness have been the subject of

several experiments.17–20 For example, Xu et al. investigated

the effects of an external electric field on the cylinder

forming diblock copolymers in thin films.21 They showed

that redirecting the formation of cylinders from the parallel

configuration, caused by the selective polymer/substrate inter-

action, to the perpendicular orientation was made possible

by application of the field.21 In a theoretical study, Tsori and

Andelman examined the alignment of microdomains formed

by symmetric polystyrene-b-poly(methyl methacrylate) (PS-

b-PMMA) in the presence of an external electric field as a

function of film thickness and polymer/surface interactions.13

They noted that the ability of the electric field to induce the

self-assembly of microdomains in the direction parallel to it

depends strongly on the film thickness. For some systems, the

electric field required to reorient the morphologies might well

result in the dielectric breakdown of the material.

To induce the formation of perpendicularly oriented

microdomains in thin films by means of smaller electric fields,

Tsori et al. suggested adding mobile ions.22,23 The reasoning is

that the electrostatic potential energy of a dipole moment per

unit volume, P, in an electric field, E, is −P · E. The battery

keeps the total electric field across the film constant. Because

the dipole moment depends upon the separation of charges,

the addition of mobile charges is expected to increase this

separation and thereby increase the difference in the energy

of the parallel and perpendicular orientations. The unstated

assumption is that the increase in dipole moment is larger in

the perpendicular orientation than in the parallel one. They

also suggested that Li ions, present in the system from the

anionic polymerization process, might be responsible for the

success in bringing about reorientation of the microdomains.

Any significant role that ions play can easily be discerned by

applying an orienting, frequency-dependent, electric field. At

low frequencies, the effect of free ions would be manifest and

would vanish at higher frequencies. It was noted24 that there

was no frequency dependence in some successfully oriented

films of PS-PMMA.25 Nonetheless, when lithium chloride was

0021-9606/2015/143(13)/134902/11/$30.00 143, 134902-1 © 2015 AIP Publishing LLC
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intentionally added io the system, the effect due to the free

ions was quite clear.25 Equally clear was the effect of doping a

PS-PMMA system with lithium triflate, a salt which dissolves

almost completely in the PMMA and much less so in the PS.26

The reasons for the success of free ions in reducing

the value of the electric field needed to reorient the self-

assembled domains and the generality of the result is less

clear. Wang et al. attribute the success to a complexation of

Li ions with carbonyl groups in the PMMA which enhances

the difference between the dielectric constants of the PMMA

and PS blocks.25 In contrast, Kohn et al. take an approach26

more in the spirit of the original suggestion of Tsori et al.

in that they treat their system as a simplified one, consisting

of alternating dielectric and conducting slabs. They calculate

the torque on the interfaces due to the mobile ions. In a

similar spirit, Putzel et al. considered a toy model consisting of

alternating layers of two materials, A and B, characterized by

different dielectric constants.14 The A layers were uniformly

charged, with mobile counter ions providing charge neutrality.

The substrate preferred the B layers. They investigated the

effect of selectively localizing the counter ions within one

of the two blocks. They found that if the counter ions were

confined such that each layer of A material was electrically

neutral, then the value of the electric field needed to bring

about a perpendicular orientation was indeed decreased by the

addition of ions. This was attributed to the fact that only in the

perpendicular configuration could an extensive polarization be

brought about, i.e., an induced dipole moment per unit volume

with a charge separation on the order of the film thickness.

However, if the counter ions were free to migrate so that the

system as a whole was electrically neutral but that individual

layers of A were not, then the addition of charges did not

necessarily decrease the field needed to reorient the system.

Indeed they found that if the substrate preferred the A layers,

then addition of ions could well increase the field needed for

reorientation.

In this paper, we consider a system of lamellar forming AB

diblock copolymers. The A polymers are partially charged and

the system contains mobile counter ions which provide charge

neutrality (Figure 1). Similar systems have been considered

previously,27–31 although their objective was to determine the

effect of the charges on the phase diagram of the polymeric

systems, not the effect of an external electric field on one of the

microphases, as is the case here. In our study, the free energy

of the system is obtained by employing self-consistent field

theory (SCFT), as in several of the previous calculations.28,30,31

As a consequence, the location of all charges is determined by

a Poisson-Boltzmann equation. We also consider the effects

of localization of charge within one block or the other and of

the preference of the substrate for the blocks. We find for the

case in which the substrate prefers the uncharged B polymers,

as in the PMMA-PS system in which the PS is preferentially

adsorbed,32 the critical field needed to reorient the system

decreases markedly even with the small concentration of

ions utilized in experiment, typically parts in 10−3. Were the

substrate to prefer the charged polymer, however, we find that

the addition of free ions increases the field needed to reorient

the system, in agreement with Putzel et al.14 Such a prediction

could be easily tested.

FIG. 1. A schematic diagram showing the model system examined in this

work.

II. THEORETICAL MODEL

We consider a system in volume Ω of nAB AB diblock

copolymers with negatively charged A blocks and neutral

B blocks. The index of polymerization is NAB, so that the

monomer density is ρ0 = nABNAB/Ω. There are nI mobile

positive counter ions with density ρI = nI/Ω. We define

dimensionless densities for polymers and ions as

Φ̂A(r) =
NAB

ρ0

nAB
∑

i=1

∫ f

0

ds δ(r − RA
i (s)),

Φ̂B(r) =
NAB

ρ0

nAB
∑

i=1

∫ 1

f

ds δ(r − RB
i (s)), (2.1)

Φ̂I(r) =
1

ρI

nI
∑

i=1

δ(r − rIi ),

where f is the fraction of A in the AB diblock copolymer

chain. In the above equation, RA(s) and RB(s) are space curves

specifying the position of polymer segment s along the chain.

Similarly, rI represents the position of the ions in the system.

We assume that the free ions are positively charged and that

there is a uniform negative charge density on the A blocks. The

degree of ionization of the A block is PA and, as noted above,

is quite small in experiment. Charge neutrality implies that the

densities of ions and polymers is related by ρI = PA f ρ0. In

our study, we ignore ion pairs.29 The polymers are confined

between plates separated by a distance L, with a potential

difference V0 between them, one which is maintained by a

battery. The electrostatic energy of the system, which includes

the battery, is a functional of the charge densities,

U[Φ̂I ,Φ̂A] = −
1

2

∫
dr ǫ(r)[∇V (r)]2

+ ρ0PA f

∫
dr eV (r)[Φ̂I(r) −

Φ̂A(r)

f
], (2.2)

where e is the unit of charge and V (r) is the electric potential

which itself is a functional of the charge densities via the

Maxwell equation,

∇ · [ǫ(r)∇V (r)] = −ePA f ρ0

�
Φ̂I(r) − Φ̂A(r)/ f

�
. (2.3)

The dielectric constant, ǫ(r), is position-dependent because

the concentration of the two blocks varies in space. We
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approximate the local dielectric constant by its volume-

fraction weighted-average ǫ(r) = ǫ0[κAΦ̂A(r) + κBΦ̂B(r)].

This approximation is clearly correct in the limits in which

the volume fraction of one component approaches zero or

unity. It captures the essential variation and has the advantage

of simplicity, which is why it is commonly employed.24,29 We

assume that the dielectric constants are independent of the

applied field and take κA = 6.0, appropriate for PMMA, and

κB = 2.5 appropriate for PS.

In addition to the electrostatic energy, there is also the

energy of interaction between the A and B monomers with

strength given by a Flory parameter χAB and the surface

interaction of the polymers with the plates, h(r). Furthermore,

to test the idea that increased confinement of the mobile

charges should have a large effect on the critical value of

the aligning field, we control the relative solubility of the

mobile charges by introducing an ad hoc repulsive interaction

between them and the B monomers, an interaction of a strength

we denote χBI .

The total energy functional is

H[Φ̂A,Φ̂B,Φ̂I]

= U[Φ̂I ,Φ̂A] + kBT ρ0

∫
dr[χABΦ̂A(r)Φ̂B(r)

+ χBIΦ̂B(r)Φ̂I(r)]

− kBT ρ0

∫
dr h(r)[Φ̂A(r) − Φ̂B(r)]. (2.4)

The thermodynamic properties of the system are conve-

niently described in the canonical ensemble, with fixed

volume, temperature, and concentrations. The partition func-

tion is

Z =
1

λ
3nI

I
nI!λ3nABnAB!

[ ∫ nAB
∏

i=1

D[RAB
i (s)]PAB[R

AB
i (s)]

]

×
[ ∫ nI
∏

i=1

drIi

] ∫
D[V (r)]exp(−βH[Φ̂A,Φ̂B,Φ̂I ,V ])

× δ
(

Φ̂A(r) + Φ̂B(r) − 1
)

, (2.5)

where β ≡ 1/kBT , and λAB and λI are the thermal de Broglie

wavelengths of the polymers and ions, respectively. We have

assumed that the system is incompressible and have ignored

the volume of the mobile ions. The polymers are treated as

flexible Gaussian chains with configurations weighted by the

Weiner measure,

PAB[R
AB
i (s)] ∝ exp

[
−

3

2NABb2
◦

∫ 1

0

ds
( dRAB

i
(s)

ds

)2]
, (2.6)

where b◦ is the Kuhn length of the polymers.

We obtain the free energy of this system within the

SCFT approximation. There are excellent reviews of this

approximation as it is applied to polymeric systems33–35 and

clear explications of its applications to systems with applied

electric fields.15,24,35 For completeness, we provide a brief

derivation in the Appendix. As outlined there, within self-

consistent field theory, βFscft/nAB, the free energy per polymer

in units of kBT , can be written as

βFscft

nAB

= − ln(
QAB

nAB

) −
1

Ω

∫
drχABNABΦA(r)ΦB(r)

+
1

Ω

∫
dr [βeV (r)PANAB fΦI(r)

+ PANAB fΦI(r) lnΦI(r)]. (2.7)

Here, ΦI(r) is the ensemble average value of Φ̂I(r), the

dimensionless density of the counter ions, in the presence of

an electric potential V (r),

ΦI(r) =
exp[−βeV (r)]

(1/Ω)
∫

dr exp[−βeV (r)]
, (2.8)

so that the last two terms in the above free energy are simply the

free energy of the counter ions. The first term in the free energy,

Fscft, is the free energy per polymer in the single polymer

ensemble. As the latter double-counts all binary interactions,

it has to be corrected by the binary interactions of the second

term. The functionsΦA(r) andΦB(r) are the ensemble-average

values of the local volume fractions Φ̂A(r) and Φ̂B(r) in the

single polymer chain ensemble with partition function QAB

given below. Within self-consistent field theory, the potential

is related via the Maxwell equation to the thermodynamic

averages of the charge densities,

∇ · [ǫ(r)∇V (r)] = −ePA f ρ0 [ΦI(r) − ΦA(r)/ f ], (2.9)

and the local dielectric constant is now approximated by

ǫ(r) = ǫ0[κAΦA(r) + κBΦB(r)]. (2.10)

The partition function of the single polymer ensemble is

obtained from the end-integrated propagator, q(r, s), which

satisfies the modified diffusion equation,

∂q(r, s)

∂s
= [R2

g∇
2 − iWA(r)]q(r, s) 0 ≤ s ≤ f (2.11)

= [R2
g∇

2 − iWB(r)]q(r, s) f < s ≤ 1, (2.12)

where Rg is the polymer’s radius of gyration, and the fields are

given by

iWA(r)

NAB

= χABΦB(r) −
κA

8πρ0ℓ
[∇βeV (r)]2

− PAβeV (r) − h(r) − i
ξ(r)

NAB

, (2.13)

iWB(r)

NAB

= χABΦA(r) + χBIΦI(r) −
κB

8πρ0ℓ
[∇βeV (r)]2

+ h(r) − i
ξ(r)

NAB

, (2.14)

where ℓ ≡ βe2/4πǫ0 is the Bjerrum length. The propagator

satisfies the initial condition q(r,0) = 1. It is also convenient

to define the propagator, q†(r, s), integrated from the other end

of the polymer. It satisfies

∂q†(r, s)

∂s
= −[R2

g∇
2 − iWA(r)]q

†(r, s) 0 ≤ s ≤ f (2.15)

= −[R2
g∇

2 − iWB(r)]q
†(r, s) f < s ≤ 1, (2.16)

with the boundary condition q†(r,1) = 1. The single polymer

partition function is then obtained from

QAB[Wa,WB] =
1

λ
3
AB

∫
dr q(r,1), (2.17)
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and the ensemble averages of the dimensionless monomer

densities from

ΦA(r) =
Ω

λ
3
AB

QAB

∫ f

0

ds q(r, s)q†(r, s), (2.18)

ΦB(r) =
Ω

λ
3
AB

QAB

∫ 1

f

ds q(r, s)q†(r, s). (2.19)

The field iξ(r) in Eqs. (2.13) and (2.14) is a Lagrange multiplier

adjusted so that the incompressibility condition

ΦA(r) + ΦB(r) = 1 (2.20)

is satisfied locally. Equations (2.8), (2.9), and (2.18) constitute

the Poisson-Boltzmann equation.

The Maxwell equation (2.9) and five equations (2.13),

(2.14), and (2.18)–(2.20) determine self-consistently the

electrostatic potential, V (r), and the five unknown fields

WA(r), WB(r), ΦA(r), ΦB(r), and ξ(r). They are solved in

two dimensions using a combination of pseudo-spectral and

finite-difference methods with appropriate initial and boundary

conditions for a given phase.36,37

We fix the potential difference across the thin film by

setting the value of electrostatic potential at the top and bottom

surfaces to Vtop = 0 and Vbottom = V0. In addition, we keep the

height of the film constant at L = 2d0, where d0 is the natural

period of the lamellae for neutral AB diblock copolymers in

bulk. We choose the height to be an integer value of d0 as the

parallel configuration is then most stable.38,39 Therefore, the

calculated value of the electric field needed to reorient the film

will be an upper bound. We take the strength of interaction

between the A and B species to be χABNAB = 20. Finally, we

must specify the interaction, h(r), between the polymers and

the substrate. The interactions are complex and their theoret-

ical description is difficult, as noted by Messina et al. in their

review.40 However, our interest here is not in the origin of this

attraction between substrate and polymer, but in the value of

an imposed electric field needed to overcome the effect of this

interaction which favors the parallel configuration. Hence, we

approximate the interaction by the simple function h(r) which

takes the value µ at the plates and which is zero otherwise.

III. RESULTS

In this section, we present our results on the phase

behavior of the charged AB diblock copolymers as a func-

tion of electric field strength, charge density, and surface

interactions. The blocks are lamellae forming with equal

polymerization index so the volume fraction, f , of A monomer

is 1/2. We consider two scenarios. In the first, the neutral B

species interacts favorably with the top and bottom surfaces,

which results in the aggregation of the B segments to a

thickness of about d0/4 at both substrate interfaces (Fig. 1). In

the second, the charged A species interacts favorably with the

top and bottom substrates.

We now consider the first scenario. In this case, the

polymer/substrate interaction favors the parallel morphology

with the B species aggregated at the top and bottom surfaces.

One can bring about a phase transition from the parallel

to the perpendicular phase by applying an external field

FIG. 2. Difference in the free energy between the perpendicular and the

parallel phases as a function of applied voltage for copolymers characterized

by χABNAB = 20, χBINAB = 0, κA= 6.0, κB = 2.5, and µ =−1.

perpendicular to the substrate. Figure 2 presents the free

energy difference between the perpendicular and parallel

morphologies as a function of dimensionless electric potential

βe∆V for neutral and charged systems. Here, we consider

copolymers in which the fraction, PA, of polymer which

is ionized is small, PA = 0.0, 0.001, and 0.002. This is

comparable to experiment.26,32 We note that for both neutral

and charged thin films, the parallel phase has the lowest free

energy at small values of ∆V . An increase in the applied

voltage results in a phase transition from the parallel to the

perpendicular phase at some critical voltage ∆Vc.

From Figure 2, we see that the addition of mobile charges

does indeed lower the voltage required to orient the lamellae

from the parallel to the perpendicular orientation. Furthermore,

the reduction can be large, even for small amounts of added free

charge. With the parameters chosen in the figure, addition of

only two parts per thousand of mobile ions reduces the critical

voltage by about 30%. This can be understood in terms of

the polarization in the two orientations. In the case considered

here, the positive counter ions are free to move throughout

the system; however, the negative charges are bound to the

A chains and thus are confined within the A domains. In

the presence of an applied external field, charge separation

in the perpendicular phase is of the order of the film thickness

L = 2d0, where d0 is the period of the AB system in bulk. In

the parallel orientation, however, the interposition of a layer of

the neutral B polymers of thickness d0/4 between the anode

and the nearest lamella of negatively charged A polymers

results in a separation of charge which is no greater than

L − d0/4 = 7d0/4, significantly smaller than that in the perpen-

dicular phase. Therefore, the addition of charge favors the

perpendicular phase and lowers the voltage required to reorient

the lamellae domains. Note however that the difference in

charge separation in the two orientations, d0/4, does not scale

with the film thickness as the total free energy does. Hence as

the thickness of the film increases, we expect the magnitude

of the reduction in critical field due to the ions to decrease.

To further examine the effect of charge separation on the

critical voltage, we consider a system in which the positive

counter ions are increasingly confined to the A domains. We
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FIG. 3. One dimensional charge distribution for the charged AB system

with PA= 0.001, χABNAB = 20, κA= 6.0, and κB = 2.5 with χBI = 0 and

χBI = 300. The positive and negative electrodes are at y = 0 and y = 8Rg ,

respectively. The AB polymer distribution is shown as red/green shades,

respectively, where in this case, B species are attracted by the substrates.

achieve this by introducing a repulsive interaction, χBINAB,

between the positive counter ions and the B monomers.

As shown in Fig. 3, an increase in χBINAB results in a

depletion of the positive ions from the domain near the negative

electrode, thus resulting in a smaller separation of charge. The

constraint of the confinement increases the free energy of both

orientations at a rate proportional to the average overlap of

ions and B monomers. It is not difficult to see that this overlap

is large in the parallel configuration at the plate at which

the ions tend to aggregate, a plate covered by B polymers.

The free energy of this configuration, favored in the absence

of an applied field, rapidly increases with ion confinement.

The overlap is much lower in the perpendicular orientation;

hence, the free energy advantage of the parallel phase rapidly

decreases with the consequence that the critical voltage needed

to bring about reorientation decreases.

The effect of confinement is evident from Fig. 4 which

shows the critical voltage ∆Vc as a function of the fraction,

PA, of free ions for various values of the interaction parameter

χBINAB. As can be seen, the effect of the confinement of the

FIG. 4. The critical voltage ∆Vc plotted as a function of the degree of

ionization PA for a system with χABNAB = 20, κA= 6.0, κB = 2.5, and

µ =−1.

ions is quite large. In terms of charge separation, we expect

it to scale with the film thickness L in the perpendicular

configuration, but to be independent of L in the confined,

parallel configuration. Hence in this case, the difference in

charge separation does scale with film thickness, and we expect

the reduction in critical field due to the ions to persist as the

film thickness increases.

We now consider the effects of the strength of the

surface interactions, µ, on the voltage required to reorient

the lamellae morphologies. Larger magnitudes of the negative

surface field, µ, correspond to a greater attractive interaction

between the substrate and the B monomers relative to the

A monomers. We begin with the simple case of neutral AB

diblock copolymer thin films, subjected to an applied external

voltage. Figure 5 presents the phase diagram of the neutral

AB diblock copolymer thin films in the βe∆V − µ plane.

Here, we consider three distinct phases: the parallel (Para), the

perpendicular (Perp), and the mixed (Mix) phases. The mixed

phase is composed of parallel and perpendicular morphologies

(see Figure 6). For systems with µ= 0, application of an

infinitesimal electric field results in the instability of the

parallel phase. As expected, a non-vanishing surface field

stabilizes the parallel phase. The critical voltage required to

reorient the lamellae from the parallel to the perpendicular

phase increases as the strength of the surface interaction

increases as expected. There exist a critical surface interaction

µc beyond which an increase in the voltage results in a phase

transition from the parallel to the mixed phase. In this region

of the phase space, the surface interactions are strong enough

to induce the formation of a thin partial wetting layer of B

species at both surfaces. Away from the substrate, however, the

electric field results in the formation of perpendicular domains.

Because of this surface layer of B monomers, the cost of

reorienting the lamellae to align with the field is not as great as

in the simple perpendicular phase. Hence, the rate at which the

critical field increases with surface field is less in going from

the parallel configuration to the mixed phase than it is in going

from the parallel phase to the simple perpendicular phase. This

is an effect that cannot be captured by the toy models employed

FIG. 5. Phase diagram for the neutral AB system with PA= 0, χABNAB

= 20, χBINAB = 0, κA= 6.0, and κB = 2.5 in the βe∆V -µ plane. The Per,

Par, and Mix phases correspond to the perpendicular, parallel, and mixed

phases, respectively.
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FIG. 6. Density profiles for the (a) parallel, (b) perpendicular, (c) mixed, and

(d) partially mixed phases. Here, B species are green and A species are red.

The top/bottom electrodes are negatively/positively charged.

previously.14 Figures 6(a)–6(c) show the density profiles for

the parallel, the perpendicular, and the mixed phases.

To the above uncharged system, we add a uniform negative

charge distribution to the A blocks and positive counter ions.

The effect on the phase diagram in the βe∆V − µ plane is

shown in Figure 7 for a system with PA = 0.001. As in the

neutral system, at µ = 0 the parallel phase becomes unstable

when subjected to an infinitesimally small voltage. A non-

zero µ stabilizes the parallel phase and results in an increase

in the critical voltage. What is new in the charged system is

the presence of a partially mixed phase (denoted P-Mix in

Figure 7), which appears between the perpendicular and the

mixed phases. To determine the difference between the two

mixed phases, we examine their density profiles.

FIG. 7. Phase diagram for the charged AB system with PA= 0.001,

χABNAB = 20, χBINAB = 0, κA= 6.0, and κB = 2.5 in the ∆V -µ plane.

The Per, Par, Mix, and P-Mix phases correspond to the perpendicular, parallel,

mixed, and partially mixed phases, respectively.

Figures 6(c) and 6(d) present the density profiles for the

mixed and partially mixed phases, respectively. In the charged

system, the parallel, perpendicular, and mixed phases are

similar to those observed in the neutral system. The difference

between the two mixed phases is seen as a difference in

surface behavior. The electrostatic interaction between the

negative A segments and the charged electrodes favors a partial

wetting of the positively charged plate (bottom surface) by

the A monomers, whereas the surface interaction, µ, favors

the partial wetting of both top and bottom surfaces by the

B species. The presence of charge introduces an asymmetry

which results in the formation of the partially mixed phase,

Figure 6(d). For larger surface fields, the asymmetry is less

important and the B species will partially wet both top and

bottom surfaces, Figure 6(c).

We now consider the scenario in which the charged A

species is attracted to the top and bottom surfaces. In this case,

in the absence of an external electric field, the parallel phase

with the A species partially wetting the polymer/substrate

interface is the most stable structure. We begin by analyzing

the phase transition between the parallel and perpendicular

morphologies as a function of applied external voltage.

Figure 8 presents the difference in the perpendicular and

parallel free energies as a function of external voltage ∆V

for neutral and charged thin films with PA = 0, 0.001 and

0.002, respectively. As expected, for both neutral and charged

copolymers, the parallel phase has the lowest free energy

at small values of applied external voltage. Increase in ∆V

results in a phase transition from the parallel to perpendicular

phase at some critical ∆Vc value. In contrast to the previous

case, in which the neutral B polymers were attracted to the

surfaces, adding charge now increases the critical voltage

required to reorient the lamellae from the parallel to the

perpendicular orientation. An increase in PA further stabilizes

the parallel phase. To examine this effect, we analyze the

charge distribution within the system.

In the previous case with the neutral B species partially

wetting the substrate interfaces, the charge separation in the

parallel phase was smaller than the charge separation in the

perpendicular phase, which resulted in a decrease in ∆Vc with

FIG. 8. Difference in the free energy between the perpendicular and the

parallel phases for a system with χABNAB = 20, χBINAB = 0, κA= 6.0,

κB = 2.5, and µ = 1.
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FIG. 9. One dimensional charge distribution for the charged AB system

with PA= 0.001, χABNAB = 20, κA= 6.0, and κB = 2.5 with χBI = 0 and

χBI = 300. The positive and negative electrodes are at y = 0 and y = 8Rg ,

respectively. The AB polymer distribution is shown as red/green shades,

respectively, where in this case, A species are attracted by the substrates.

the addition of free ions. In the present scenario, the charged

A species partially wet the top and bottom surfaces in the

parallel configuration, which in the presence of an applied

external voltage would result in a charge separation of the

order of film thickness L. This is comparable to the magnitude

of charge separation in the perpendicular phase. In fact, in a

charged system the parallel configuration is more favorable

since both positive and negative charges coat the entire top

and bottom plates, while this is only possible to a lesser extent

in the perpendicular phase. For this reason, an increase in

PA stabilizes the parallel configuration and thus increases the

critical voltage ∆Vc.

We further explore this idea by considering the effect

of charge confinement on the critical voltage. As before, we

confine the ions by introducing a repulsive interaction between

the positive ions and B polymer. The effect of this confinement

is shown in Figure 9. An increase in χBINAB results in a greater

aggregation of positive ions at the negative electrode and hence

a greater separation of charge thereby stabilizing the phase.

Again the effect of the repulsive interaction on the free energy

FIG. 10. The critical voltage ∆Vc plotted as a function of the degree of

ionization PA for a system with χABNAB = 20, κA= 6.0, κB = 2.5, and

µ = 1.

FIG. 11. Phase diagram for the neutral AB system with PA= 0, χABNAB

= 20, χBINAB = 0, κA= 6.0, and κB = 2.5 in the ∆V -µ plane. The Per, Par,

and Mix phases correspond to the perpendicular, parallel, and mixed phases,

respectively.

is proportional to the ensemble average of the overlap of ions

and B monomers. In the parallel orientation in which the ions

are attracted to one plate which is covered by A monomers,

the overlap is small so that the free energy is not increased

significantly. The overlap is clearly larger in the perpendicular

orientation so the free energy of this phase does increase

significantly with the imposition of this interaction. Hence,

the free energy advantage of the parallel phase increases with

the confinement of the ions to the A blocks. Figure 10 shows

the critical voltage∆Vc as a function of the degree of ionization

PA for various χBINAB values.

We now consider the effect of surface interaction on the

voltage required to reorient the lamellae domains from the

parallel to the perpendicular orientation. As before, we first

consider the phase behavior of neutral AB diblock thin films

and then extend our study to the case with charge. Figure 11

presents the phase diagram for the neutral AB system (PA = 0)

for a system with χABNAB = 20, χBINAB = 0, κA = 6.0, and

κB = 2.5 in the βe∆V -µ plane. The phase behavior seen here

is similar to that observed in the case in which the neutral

FIG. 12. Phase diagram for the charged AB system with PA= 0.003,

χABNAB = 20, χBINAB = 0, κA= 6.0, and κB = 2.5 in the βe∆V -µ

plane. The Per, Par, Mix, and P-Mix phases correspond to the perpendicular,

parallel, mixed, and partially mixed phases, respectively.
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FIG. 13. Density profiles for the (a) parallel, (b) perpendicular, (c) mixed,

and (d) partially mixed phases. Here, B species are colored green and A

species are colored red. The top/bottom electrodes are negatively/positively

charged.

B species was attracted to the substrates, Figure 5. When the

applied external voltage is small, the parallel configuration

has the lowest free energy. As we increase ∆V , depending on

the strength of the surface interaction µ, two scenarios are

possible. When the surface interaction is weak, we observe a

phase transition from the parallel to the perpendicular phase.

When the surface interaction is strong, the phase transition is

between the parallel and the mixed phases.

We now turn to the phase behavior of the charged AB

diblock copolymer thin films. Figure 12 presents the phase

behavior of the charged AB system with PA = 0.003, χABNAB

= 20, χBINAB = 0, κA = 6.0, and κB = 2.5 in the∆V -µ plane.

The phase behavior seen here is similar to that given in Figure 7,

in which the addition of free ions results in the formation

of a new partially mixed phase. The density profiles for the

parallel, perpendicular, mixed, and partially mixed phases are

presented in Figure 13. As before, the addition of charge

breaks the symmetry in the effective interaction between the

negatively charged A polymers and the positive/negative elec-

trodes. In this scenario, there is a favorable electrostatic and

surface interaction between the negatively charge A polymers

and positively charged bottom substrate, while there is only

the favorable surface interaction between the A species and

the negatively charged top surface. At intermediate surface

interactions, the A polymers partially wet the bottom surface;

however, the extent of such wetting is less at the top plate.

At large values of µ, the surface interactions dominate and

the A polymers completely cover the top and bottom surfaces

resulting in the formation of the mixed phase.

IV. CONCLUSION

We have examined the effect of the addition of free ions

on the magnitude of the external voltage required to reorient

a lamellae phase from the parallel configuration to a phase in

which domains form perpendicular to the substrates. It was

originally suggested by Tsori et al.22,23 that such an addition

would reduce the critical voltage ∆Vc. A toy model,14 which

consisted of rigid dielectric media, not block copolymers,

indicated that this could be the case provided that certain

conditions were met. In particular, Putzel et al. suggested

that adding charge to a system in which the charged domains

are attracted to the surfaces could in fact increase the critical

voltage.14

In our study, we have examined the behavior of a

dielectric material which consists of block copolymers. We

have considered two different scenarios, one in which the

neutral B blocks are favored by the top and bottom surfaces

and the other where the charged A blocks are favored. In

both cases, we have examined the effect of adding charge

on the critical voltage required to reorient the lamellae from

the parallel to the perpendicular morphology. We have also

examined the phase behavior of the system as a function of

voltage and surface interactions for both neutral and charged

films.

In the first case, in which the neutral B polymers

were attracted to the surfaces we found that adding charge

significantly lowered the critical voltage required to reorient

the lamellae from the parallel to the perpendicular orientation.

We argued that the decrease in the critical voltage is due to the

difference in the magnitude of charge separation in the parallel

and perpendicular orientations. We further examined the effect

of charge separation on the critical voltage by confining the

positive counter ions to the charged A domains. In the confined

case in which the difference in magnitude of charge separation

between the parallel and perpendicular phase was increased,

we found that adding charge would result in much greater

reduction in the critical voltage. These results are in accord

with experiment.25,26

We then considered a scenario in which the charged A

polymers were attracted to the substrate surfaces. In this case,

adding charge further stabilized the parallel phase and thus

resulted in an increase in the critical voltage. We argued

that in this scenario, there is no difference in the magnitude

of charge separation between the parallel and perpendicular

phases. However, in the parallel phase, both the negative and

positive ions could coat the entire top and bottom plates, while

this coverage is only partial in the perpendicular phase. When

the positive counter ions are confined to the A domains, we

found that an increase in their density results in an increase

in the critical voltage. This interesting behavior should be

amenable to experimental verification.
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APPENDIX: THEORETICAL FRAMEWORK

We begin with partition function Eq. (2.5),

Z =
( 1

λ
3nI

I
nI!λ3nABnAB!

)

×
[ ∫ nAB
∏

i=1

D[RAB
i (s)]PAB[R

AB
i (s)]

]

×
[ ∫ nI
∏

i=1

drIi

]
exp
(

− βH[Φ̂A,Φ̂B,Φ̂I]
)

× δ
(

Φ̂A(r) + Φ̂B(r) − 1
)

, (A1)

where

H[Φ̂A,Φ̂B,Φ̂I]

= U[Φ̂I ,Φ̂A] + kBT ρ0

×

∫
dr[χABΦ̂A(r)Φ̂B(r) + χBIΦ̂B(r)Φ̂I(r)]

− kBT ρ0

∫
dr h(r)[Φ̂A(r) − Φ̂B(r)] (A2)

and

U[Φ̂I ,Φ̂A] = −
1

2

∫
ǫ(r)[∇V (r)]2dr + ρ0PA f

×

∫
eV (r)[Φ̂I(r) −

Φ̂A(r)

f
]dr. (A3)

The electrostatic potential is itself a functional of Φ̂A and Φ̂I

as it is a solution of the Maxwell equation

∇ · [ǫ(r)∇V (r)] = −ePA f ρ0

�
Φ̂I(r) − Φ̂A(r)/ f

�
, (A4)

with a boundary condition of the specified voltages on the

plates. Given that Maxwell’s equations for the electric and

displacement fields have been used to derive the electrostatic

energy, Eq. (A3), it may not be too surprising that this

energy is an extremum with respect to the potential V ,

i.e., δU[V ]/δV = 0 leads to Eq. (A4). We now derive the SCFT

approximation to the free energy. To make the self-consistent

field approximation transparent, it is convenient to rewrite the

partition function by introducing auxiliary fields WA(r) and

ΦA(r), and WB(r) and ΦB(r) via the identities

∫
DWADΦA exp

{

nAB

Ω

∫
dr iWA(r)

�
ΦA(r) − Φ̂A(r)

�}
= 1, (A5)

∫
DWBDΦB exp

{

nAB

Ω

∫
dr iWB(r)

�
ΦB(r) − Φ̂B(r)

�}
= 1. (A6)

Similarly, we utilize

∫
DΦIDWI exp

{

ρI

∫
dr iWI(r)[ΦI(r) − Φ̂I(r)]

}

= 1. (A7)

With the introduction of these fields, we rewrite the incompressibility constraint in the form

δ
(

Φ̂A(r) + Φ̂B(r) − 1
)

=

∫
Dξ exp

{

nAB

Ω

∫
dr iξ(r) [ΦA(r) + ΦB(r) − 1]

}

. (A8)

Utilizing the above identities, we can rewrite the partition function in the form

Z =

∫
DWADΦADWBDΦBDWIDΦIDξDV exp {−βF [WA,ΦA,WB,ΦB,WI ,ΦI , ξ]} , (A9)

where

βF = −nI ln(QI[iWI]/nI) − nAB ln(QAB[iWA, iWB]/nAB)

− f PAρ0

∫
dr iWI(r)ΦI(r) − βρ0

∫
dr

1

2ρ0

ǫ(r)(∇V (r))2 + β f PAρ0

∫
dr V (r)e[ΦI(r) − ΦA(r)/ f ]

+ ρ0

∫
dr[χABΦA(r)ΦB(r) + χBIΦB(r)ΦI(r)] − ρ0

∫
drh(r)[ΦA(r) − ΦB(r)]

−
nAB

Ω

∫
dr [iWA(r)ΦA(r) + iWB(r)ΦB(r) + iξ(r)(ΦA(r) + ΦB(r) − 1)]. (A10)

In the above equation, QAB[iWA, iWB] is the partition function of a single polymer chain in the fields iWA and iWB, and QI[iWI]

is the partition function of a single ion in the field iWI ,

QI[iWI] ≡
Ω

λ
3
I

∫
dr

exp{−iWI(r)}

Ω
. (A11)

In addition, the charge neutrality condition, ρI = PA f ρ0, has been used. The electrostatic potential, V (r), is obtained from the

Maxwell equation

∇ · [ǫ(r)∇V (r)] = −ePA f ρ0[ΦI(r) − ΦA(r)/ f ], (A12)
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which is completely equivalent to Eq. (A4) because of

the identities Eqs. (A5) and (A7). Thus, at this point, the

electrostatic potential varies with the distinct configurations

of charges.

The above transformations are exact, but the integrals

cannot be carried out in general. Self-consistent field theory

results from extremizing the functional βF with respect to the

seven functions on which it depends. Extremizing with respect

to WA and WB, we obtain

ΦA(r) = 〈Φ̂A(r)〉, (A13)

ΦB(r) = 〈Φ̂B(r)〉, (A14)

where 〈Φ̂A(r)〉 is the average of Φ̂A(r) in the ensemble of a

single polymer in the fields iWA and iWB, and similarly for

〈Φ̂B(r)〉. Variation with respect to WI yields

ΦI(r) =
exp[−iWI(r)]

(1/Ω)
∫

exp[−iWI(r)]d r
. (A15)

Extremizing with respect to ΦA,ΦB, and ΦI and utilizing

the fact that F , like the electrostatic energy U, is an extremum

with respect to variations in the potential V ensuring that

{δF /δV [ΦA,ΦI]}{δV/δΦα} = 0,α = A,B, I, we obtain

iWa(r)

NAB

= χABΦB(r) −
κA

8πℓρ0

[∇βeV (r)]2

− PAβeV (r) − h(r) − i
ξ(r)

NAB

, (A16)

iWB(r)

NAB

= χABΦA(r) + χBIΦI(r)

−
κB

8πℓρ0

[∇βeV (r)]2 + h(r) − i
ξ(r)

NAB

, (A17)

iWI(r) = βeV (r). (A18)

Finally, variation with respect to ξ produces

ΦA(r) + ΦB(r) = 1. (A19)

The value of the electrostatic potential averaged over all

configurations of the charges, 〈V [Φ̂A,Φ̂I]〉, is approximated

in self-consistent field theory by the value of the same

functional evaluated at the ensemble average values of the

charge densities V [〈Φ̂A〉,〈Φ̂I〉].

Similarly, the free energy in the self-consistent field

approximation, Fscft, is the value of the functional F above

evaluated with the functions that satisfy the self-consistent

equations

βFscft

nAB

= −PA f NAB ln(QI/nI) − ln(QAB/nAB) (A20)

−
1

Ω

∫
drχABNABΦA(r)ΦB(r)

−
1

Ω

∫
driξ(r). (A21)

We can eliminate the explicit appearance of the partition

function QI by the use of Eqs. (A18) and (A15)

−ln QI/nI = βeV (r) + ln *,
ΦI(r)λ

3
I

Ω

+
- + ln nI . (A22)

We multiply the above by nIΦI(r) and integrate over the

volume to obtain the free energy of the ions, FI ,

FI = −kBTnI ln QI/nI

= ρI

∫
drΦI(r) [eV (r) + kBT lnΦI(r)]

+ nIkBT ln *,
nIλ

3
I

Ω

+
- . (A23)

We substitute this into Eq. (A20) and again use charge

neutrality to obtain

βFscft

nAB

= − ln(QAB/nAB)

−
1

Ω

∫
drχABNABΦA(r)ΦB(r) (A24)

+ PA f NAB

∫
dr [βeV (r)ΦI(r) + ΦI(r) lnΦI(r)]

+ nI ln *,
nIλ

3
I

Ω

+
- , (A25)

where we have set to zero the integral over the volume of

ξ(r). This is the expression we seek for the free energy of the

system within self-consistent field theory. We shall ignore the

last term as it is a constant in the canonical ensemble.
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