ME565 - Winter 2021 Due: 5:00 pm Friday February 12th, 2021
Homework 3

Exercise 3—1: Now, compute the solution to the 2D heat equation on a circular disk in Matlab.
Recall that the heat equation is given by:

u = o?V3u.

For this problem, we will solve the heat equation using a finite difference scheme on a Cartesian
grid, as in class. We will use a grid of 300x300 with the circular disk in the center. The radius of
the circle is r = 1, a = 1, and the domain is [—1.5,1.5] in « and [—1.5,1.5] in .

You can impose the boundary conditions by enforcing the temperature at points that are outside
of the disk at the beginning of each new time-step. It should be easy to find points that are outside
the disk, because they satisfy 22 + y? > 1.

Simulate the unsteady heat equation for the following boundary conditions:

e The left half of the boundary of the disk is fixed at a temperature of v = 1 and the right
half of the boundary is fixed at u = 2. Try simulating this with zero initial conditions first.
Next, try initial conditions inside the disk where the top half is u = —1 and the bottom half
isu=1.

e The temperature at the boundary of the disk is fixed at u(6) = cos(0).
Include your Matlab code and show some plots of your solutions to the heat equation. Plot the

temperature distribution for each case 1) early on in the diffusion process, 2) near steady state,
and 3) somewhere in the middle.
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Exercise 3—2: Compute, by hand, the Fourier series representation for the following square wave
defined on z € [-2,2]:
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In Matlab, plot the mode coefficients a,, and b, for the first 100 cosine and sine modes (i.e. for
the first n = 1 to n = 100).

Also, plot the approximation using n = 10 modes on top of the true square wave. Try a
few different values for Az, the grid spacing, that you use in Matlab. For example, try Ax = 0.01
(small) and Az = 0.2 (large). Comment on any interesting behavior that you notice when changing
the value of Az.
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Exercise 3—3: Heat conduction in a thin circular ring is described by the following PDE
Up = Ugg, for t > 0. (1)
with periodic boundary conditions in space (z € [0, 27)):
u(0,t) = u(2m,t),uz (0,t) = uy(2m, 1), etc. (2)

Solve using the separation of variables, i.e. u(x,t) = X(x)T'(t). Find a general solution (i.e. for
arbitrary initial condition u(x,0) = f(z)) and describe the asymptotic behavior of all solutions as
t — oo. Provide a physical interpretation of this behavior.

u(0,t) = u(2m,t)

uz(0,t) = ug(2m, t)




