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Conservation form

The method

QI =qQf - E( ivi2 — Fili2)

is in conservation form.

The total mass is conserved up to fluxes at the boundaries:

Az QUM = Az QF — At(Froo — Fooo).

Note: an isolated shock must travel at the right speed!

gt/m q(z,t)dx = F(x1) — F(z2).
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Weak solutions to ¢; + f(¢). =0

Alternatively, multiply PDE by smooth test function ¢(x, t), with
compact support  (¢(z,t) = 0 for || and ¢ sufficiently large),
and then integrate over rectangle,

/000 /Z (a0 + f(@)a)d(2,t) dw dt
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Weak solutions to ¢; + f(¢). =0

Alternatively, multiply PDE by smooth test function ¢(x, t), with
compact support  (¢(z,t) = 0 for || and ¢ sufficiently large),
and then integrate over rectangle,

/000 /Z (a0 + f(@)a)d(2,t) dw dt

Then we can integrate by parts to get

/Ooo /Z (ad¢ + f(q)¢s) dadt = _/Z o(z,0)6(, 0) da.

q(z,t) is a weak solution if this holds for all such ¢.
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Lax-Wendroff Theorem

Suppose the method is conservative and consistent with
qt + f(q)m = 05

Fi 19 =F(Qi—1,Qi) with 7(q,9) = f(q)
and Lipschitz continuity of F.

If a sequence of discrete approximations converge to a function
q(x,t) as the grid is refined, then this function is a weak
solution of the conservation law.

Note:
Does not guarantee a sequence converges (need stability).
Two sequences might converge to different weak solutions.

Also need to satisfy an entropy condition.
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Sketch of proof of Lax-Wendroff Theorem

Conservative numerical method:

QI =qQp - E( iv12 = Fil1)2)

Multiply by ®7: (cell-averaged version of test function ¢(x,t))

At
QI = dPQ} - E‘W( ir12 — Fily)0)-
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Sketch of proof of Lax-Wendroff Theorem

Conservative numerical method:

QI =qQp - E( ivi2 — Fil12)

Multiply by ®7: (cell-averaged version of test function ¢(x,t))

QI = dPQ} - qu)z'( iv12 — Flya)-

This is true for all values of i and n on each grid.
Now sum over all i and n > 0 to obtain

Z Z o7 Qn+1 Q) = Z Z i (F, Z—lH/2 1/2)'

n=0 i=—o0 n=0 i=—o0

Use summation by parts to transfer differences to @ terms.
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Summation by parts

Integration by parts:
b b
/ w(z)v' (x) de = u(b)v(b) — u(a)v(a) — / o (z)v(x) dx.
Consider sum:

Euzz Uzl
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Summation by parts

Integration by parts:
b b
/ w(z)v' (x) de = u(b)v(b) — u(a)v(a) — / o (z)v(x) dx.
Consider sum:

Euzz Uzl

= ul(vl — Uo) +U2('U2 — U1) +---

+un_1(vN—1 —vN_2) +un(vN —VN_1)
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Summation by parts

Integration by parts:
b b
/ w(z)v' (x) de = u(b)v(b) — u(a)v(a) — / o (z)v(x) dx.
Consider sum:

Euzz Uzl

= ul(vl — Uo) + UQ('UQ — U1) +---
+un_1(vN—1 —vN_2) +un(vN —VN_1)
= —uvg — (ug — u1)vi — (ug — uz)vay + - -

— (un —uNn—1)UN—1 + uNUN
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Summation by parts

Integration by parts:
b b
/ w(z)v' (x) de = u(b)v(b) — u(a)v(a) — / o (z)v(x) dx.
Consider sum:

Euzz Uzl

= ul(vl — Uo) + UQ('UQ — U1) +---
+un_1(vN—1 —vN_2) +un(vN —VN_1)
= —uvg — (ug — u1)vi — (ug — uz)vay + - -

— (uNy —uN—1)UN—1 + uNUN
N-1
= UN-1UN—-1 — U1V0 — Z (ui-l—l - Ui)vz‘
i=1
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Sketch of proof of Lax-Wendroff Theorem

Conservative numerical method:

QI =qQp - E( iv12 = Fil1)2)

Multiply by ®7: (cell-averaged version of test function ¢(x,t))
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QI = dPQ} - E‘W( ir12 — Fily)0)-
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This is true for all values of i and n on each grid.
Now sum over all i and n > 0 to obtain

Z Z o7 Qn+1 Q) = Z Z i (F, Z—lH/2 1/2)'
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Use summation by parts to transfer differences to @ terms.
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Sketch of proof of Lax-Wendroff Theorem

Obtain analog of weak form of conservation law:

sn[$ 5 (15 o

n=1i=—o0

Y < 1~ ?)F[L_I/Q} — A Y @),

n=0 i1=—o0 i=—00
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Sketch of proof of Lax-Wendroff Theorem

Obtain analog of weak form of conservation law:

AzAt [Z i < q)n 1>Q”

n=1i=—o0

Jrz Z < i+l ?>Fin—1/2:| A Z @?Q?.

n=0 i1=—o00 i=—00

Can show that any limiting function
QY — q(X,T) almost everywhere, as Az, At — 0

must satisfy weak form of conservation law.
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Sketch of proof of Lax-Wendroff Theorem

Obtain analog of weak form of conservation law:

AzAt [Z i < q)n 1>Q”

n=1i=—o0

Jrz Z < i+l ?>Fin—1/2:| A Z @?Q?.

n=0 i1=—o00 i=—00

Can show that any limiting function
QY — q(X,T) almost everywhere, as Az, At — 0

must satisfy weak form of conservation law.

Must use = f(QF) almost everywhere, using
consistency of numerical flux Fj_;/, = F(Qi-1,Q:)-
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Analog of Lax-Wendroff proof for entropy

Suppose the numerical flux function 7(Q;—_1,Q;) leads to a
numerical entropy flux ¥(Q;—1,Q;)

such that the following discrete entropy inequality holds:

At

n+1 n n n
(@) < m(Q7) — Az [‘I’i+1/2 - \Ijifl/Q} :
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Analog of Lax-Wendroff proof for entropy

Suppose the numerical flux function 7(Q;—_1,Q;) leads to a
numerical entropy flux ¥(Q;—1,Q;)

such that the following discrete entropy inequality holds:
At
n+1 n n n
(@) < m(Q7) — Az |:\Ili+l/2 - \Ijifl/Q} :

Then multiply by test function @7, sum and use summation by
parts to get discrete form of integral form of entropy condition.
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Analog of Lax-Wendroff proof for entropy

Suppose the numerical flux function 7(Q;—_1,Q;) leads to a
numerical entropy flux ¥(Q;—1,Q;)

such that the following discrete entropy inequality holds:
At
n+1 n n n
(@) < m(Q7) — Az |:\Ili+l/2 - \Ijifl/Q} :

Then multiply by test function @7, sum and use summation by
parts to get discrete form of integral form of entropy condition.

= If numerical approximations converge to some function,
then the limiting function satisfies the entropy condition.
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Entropy consistency of Godunov’s method

For Godunov’s method, F(Q;—1,Q;) = f(QZ.V_l/Z)

where Q}_I/Q is the constant value
along z;_; /> in the Riemann solution.

n \
Let Vilie = w(Q;/—Uz)
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Entropy consistency of Godunov’s method

For Godunov’s method, F(Q;—1,Q;) = f(QZ.V_l/Z)

where Q}_I/Q is the constant value
along z;_; /> in the Riemann solution.

n |
Let \Iji—l/2 = 1( ;/—1/2)

As usual, let ¢"(z, t) be the exact solution of the conservation
law for ¢, <t <, starting with piecewise constant data Q7.
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Entropy consistency of Godunov’s method

For Godunov’s method, F(Q;-1,Q;) = f(QZ.V_l/Q)
where Q}_I/Q is the constant value
along z;_; /> in the Riemann solution.

n \
Let \Iji—l/2 = 1( ;/—1/2)

As usual, let ¢"(z, t) be the exact solution of the conservation
law for ¢, <t <, starting with piecewise constant data Q7.

If we use exact solution satisfying the entropy condition, then

1 Ti41/2 o 1 Tit1/2 o
&~ [ e e < o [T @) a
Ti—1/2

Ti—1/2

1 tni1 . 1 tni1 .
+E/ ¥(q (331‘1/2775)d75—Aw/tn V(G" (Tig1/2:1) dt

tn
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Entropy consistency of Godunov’s method

For Godunov’s method, F(Q;-1,Q;) = f(QZ.V_l/Q)
where Q}_I/Q is the constant value
along z;_; /> in the Riemann solution.

n \
Let \Iji—l/2 = 1( ;/—1/2)

As usual, let ¢"(z, t) be the exact solution of the conservation
law for ¢, <t <, starting with piecewise constant data Q7.

If we use exact solution satisfying the entropy condition, then

1 Ti41/2 o 1 Tit1/2 o
&~ [ e e < o [T @) a
Ti—1/2

Ti—1/2

1 tni1 . 1 tni1 .
+E/ ¥(q (331‘1/2775)d75—Aw/tn V(G" (Tig1/2:1) dt

tn

= (@) = 1, (Vi = Viliye)
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Entropy consistency of Godunov’s method

1 Tity1/2 o n At
EL / n(q" (2, tni1)) dz < 0(QF) — E(\IJ?JAD =)
i—1/2
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Entropy consistency of Godunov’s method

1 Tity1/2 o n At
EL / n(q" (2, tni1)) dz < 0(QF) — E(‘I’?ﬂ/z =)
i—1/2

We want:

U(QiH) <n(Q7) — Ix( i+1/2 \I’i—1/2)
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Entropy consistency of Godunov’s method

1 wi+1/2 ~Nn n At n n
EL (" (@, tpi1)) dz < (QF) — E(\Iji+1/2 =V )s)
i—1/2
We want:

U(QiH) <n(Q7) — Ix( i+1/2 \I’i—1/2)

We need:

1 /:m+1/2 n( )d 1 Tit1/2 (~n( )) d
n|-— ¢ (z,tpq1)dx | < —/ n(q" (z, th41 T.
Az Ti—1/2 Az Ti—1/2
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Entropy consistency of Godunov’s method

1 wi+1/2 n At n n
Ax/xil/z (" (@, tpi1)) dz < (QF) — x( 12— Vilie)
We want:
n(Q; +1) n(Qy) — x( i+1/2 *\I’i—l/Q)
We need:

1 /:m+1/2 n( )d 1 Tit1/2 (~n( )) d
Nl — q (z,tp1)dx | < 7/ (g (z;tny1)) da.
Az Ti—1/2 Az Ti—1/2

Follows from Jensen’s inequality for convex functions:

If n”(q) > 0 then The value of n(¢(x)) evaluated at the average value
of ¢(x) is less than or equal to the average value of n(¢(z)), i.e.,

n (/q(x) dx) < /n(q(m))dx.
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Convergence and stability

Let ¢" be cell averages of exact solution at time ¢,

Q"=q"+E"
We apply the numerical method to obtain Q™ *!:
Q" = N(Q") = N(¢" + E")
and the global error is now
Enl = gntl _ gntl

=N(¢"+ E") — "

= N(¢" + E") = N(¢") + N(¢") — "

= N(¢"+ E™) = N(q")] + At T".
where 7" is the local trucation error introduced in this step.
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Convergence and stability

E" = [N(¢" + E™) — N(¢")] + At ™.

SO
BT < IN(g" + B™) = N(g")l| + At |77
If
IN(q" + E™) = N(q")I| < [IE"|
then
N-—1
IEN] < |E° + Aty =
n=1

< (| E°| + 7|7 (for NAt =T).
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Nonlinear stability

Would like to show
IN(¢" + E") = N(¢")| < |IE]
If method is linear, N'(¢" + E™) = N'(¢") + N (E™), then enough

to show:
INVE™ < I1E™|
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Nonlinear stability

Would like to show
IN(¢" + E") = N(¢")| < |IE]
If method is linear, N'(¢" + E™) = N'(¢") + N (E™), then enough

to show:
INVE™ < I1E™|

But in nonlinear case we need contractivity,

IN(P) = N(@Q)II < [P =@Qll
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Nonlinear stability

Entropy stability n(N(Q)) < n(Q) analogous to
IN@I < (1€

but this does not always imply contractivity.
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Nonlinear stability

Entropy stability n(N(Q)) < n(Q) analogous to
IN@I < (1€

but this does not always imply contractivity.

Kruzkov’s Theorem (1970): Entropy stability for n(q) = |q

(lg = kDe + ((F(q) — f(k))sgn(q — k), <0

for all constants & implies
lg(-8) —w(, )l < llg(-,0) —w(:, 0)|x

for all ¢ > 0. (1-norm contractivity)
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Nonlinear stability

Entropy stability n(N(Q)) < n(Q) analogous to
IN@)I < 1R
but this does not always imply contractivity.
Kruzkov’s Theorem (1970): Entropy stability for n(q) = |¢ — &/,
(lg = ks + ((f(q) — f(k))sgn(q — k)), <0
for all constants & implies
la(-t) —w(, )l < [la(-,0) — w(:, 0|1
for all t > 0. (1-norm contractivity)

Numerical methods with this property are at best first order.
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TV Stability

A numerical method is Total Variation Bounded (TVB) if

TV(Q") < R forall n with nAt <T
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TV Stability

A numerical method is Total Variation Bounded (TVB) if

TV(Q") < R forall n with nAt <T

Sufficient condition: TV (Q") < (1 + aAH)TV(QM)
TVD method satisfies stronger condition TV (Q"*1) < TV (Q™).
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TV Stability

A numerical method is Total Variation Bounded (TVB) if
TV(Q"™) < R forallnwithnAt <T

Sufficient condition: TV (Q") < (1 + aAH)TV(QM)
TVD method satisfies stronger condition TV (Q"*1) < TV (Q").

Function space BV: A set of functions such as
{ve L : TV(v) < Rand Supp(v) C [-M, M]}

is a compact set, so any sequence of functions has a
convergent subsequence.
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TV Stability

Suppose a numerical method is
e Total Variation Bounded (TVB),
e Conservative,
¢ Consistent with flux f(q).
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TV Stability

Suppose a numerical method is
e Total Variation Bounded (TVB),
e Conservative,
¢ Consistent with flux f(q).

Theorem: Then as we refine the grid our approximations Q™
must be getting closer to the set of weak solutions of

qt + f(q)z = 0.
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TV Stability

Suppose a numerical method is
e Total Variation Bounded (TVB),
e Conservative,
¢ Consistent with flux f(q).

Theorem: Then as we refine the grid our approximations Q™
must be getting closer to the set of weak solutions of
qt + f(Q)a: =0.

Proof: Otherwise we could choose a sequence of approx’s that
are bounded away from the set of weak solutions.
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TV Stability

Suppose a numerical method is
e Total Variation Bounded (TVB),
e Conservative,
¢ Consistent with flux f(q).

Theorem: Then as we refine the grid our approximations Q™
must be getting closer to the set of weak solutions of
qt + f(Q)a: =0.

Proof: Otherwise we could choose a sequence of approx’s that
are bounded away from the set of weak solutions.

This must have a convergent subsequence converging to some
function ¢(x, t)
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TV Stability

Suppose a numerical method is
e Total Variation Bounded (TVB),
e Conservative,
¢ Consistent with flux f(q).

Theorem: Then as we refine the grid our approximations Q™
must be getting closer to the set of weak solutions of
qt + f(Q)a: =0.

Proof: Otherwise we could choose a sequence of approx’s that
are bounded away from the set of weak solutions.

This must have a convergent subsequence converging to some
function ¢(x, t)

But then Lax-Wendroff Theorem — ¢ is a weak solution.
Contradiction.
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Accuracy at local extrema

TVD methods must clip local extrema:

Clipping by Az? each time step can lead to O(Axz) global errors
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Accuracy at local extrema

TVD methods must clip local extrema:

Clipping by Az? each time step can lead to O(Axz) global errors

TVB methods: Only require TV (Q"+!) < (1 + AHTV(Q™).

Essentially nonoscillatory (ENO) methods
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Order of accuracy isn’'t everything

Order s: ||EN| = C(Az)* + higher order terms.
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Order of accuracy isn’t everything

Order s: ||EN| = C(Az)* + higher order terms.

Comparison of Lax-Wendroff and a high-resolution method on
linear advection equation with smooth wave packet data.

q[0] attimet = 1.00000000 g[0]attime t= 1.00000000
1.00 1.00
075 0.75
050 0.50
025 0.25
0,001 0.00
-0.259 —0.25
-0.50 1 —0.50
0751 —0.75
-1.00 | -1.00
0.0 02 04 06 08 10 0.0 0.2 0.4 0.6 08 10
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Order of accuracy isn’t everything

Order s: ||EN| = C(Az)® + higher order terms.

Comparison of Lax-Wendroff and a high-resolution method on
linear advection equation with smooth wave packet data.

The high-resolution method is not formally second-order
accurate, but is more accurate on realistic grids.

Crossover in the max-norm is at 2800 grid points.

1-normerrors att =2

10" 10t
=

— Lax-Wendroff
== MC-limiter

) 10°
10

107"
107"

107

10°?

10

10" 10° 107 10 10° 107
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