Finite Volume Methods for Hyperbolic Problems

Introduction to Finite Volume Methods

Comparsion to finite differences

Conservation form, importance for shocks

Godunov’s method, wave propagation view
Upwind for advection

REA Algorithm

e Godunov applied to acoustics
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Finite difference method
Based on point-wise approximations:
Q! ~ q(x4,ty), with z; =iAx, t, =nAt.
Approximate derivatives by finite differences.

Ex: Upwind method for advection equation if v > 0:

gt +ugy =0
ntl _ on n_ Qn
- At “ “‘(Qz Au H) =0
or N
Q' = QF — 1 ulQF -~ Q1y).
L2
Stencil: t

R. J. LeVeque, University of Washington FVMHP Sec. 4.1 fvm/fd1dt.be



Finite differences vs. finite volumes

Finite difference Methods
¢ Pointwise values Q7" ~ q(z;, t,)
¢ Approximate derivatives by finite differences
e Assumes smoothness

Finite volume Methods

. 1 Tit1/2
¢ Approximate cell averages: Q' ~ A/ q(z,t,) dz
x Ti—1/2

¢ Integral form of conservation law,

a/l‘iﬂ/2 gz, t)dr = flq(zi—1/2,1) = fla(@iy1/2,1))

leads to conservation law ¢; + f, = 0 but also directly to
numerical method.

R. J. LeVeque, University of Washington FVMHP Sec. 4.1  fvm/fdfv.be



Finite volume method

T
QZL ~ % fﬂﬂijll//z2 q(z, t") dzx

o Tit1/2
Integral form: - / 4o ) dz = F(a(2i-1/2:1) — F(@(@i11200)
Ti—1/2

R. J. LeVeque, University of Washington FVMHP Sec. 4.1 fvm/fv2a.be



Finite volume method

T
QZL ~ % fﬂﬂijll//z2 q(z, t") dzx

o Tit1/2
Integral form: - / 4o ) dz = F(a(2i-1/2:1) — F(@(@i11200)
Ti—1/2

Integrate from ¢, to tp,4+1 =

/Q(%tnﬂ)dﬂ”:/Q(x,tn)df-"/ n+1 Fla(zi—1y2:t)) — fla(ziqry2,t)) dl

n
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Finite volume method

T
Qp = [/ alw, tn) da

o Tit1/2
Integral form: - / 4o ) dz = F(a(2i-1/2:1) — F(@(@i11200)
Ti—1/2

Integrate from ¢, to tp,4+1 =

/Q(%tnﬂ)dﬂ”:/Q(x,tn)df-"/ " fla(zi_1/2,t) — fa(ziqay2:t)) dt

n

1 1
A—x/q(x,tn+1)dac: A—x/q(:c,tn)dx

A tns1
- Fi (é /tn ’ fla(®iqp1/2,1) — f(Q(mi—l/Qyt))dt>

At
Numerical method: QI =Qr - Ao (Flay2 = Fiy)2)
x

1 tn41
Numerical flux: F}* ; 5 & Kt/ fla(@i_1/2,1)) dt.

tn
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Upwind for advection as a finite volume method

QI =Q; - (z+1/2 )

1 tn+1
Fii12= At/ uq(w;_1/9,t) dt.
tn

For u > 0:
Fin—l/Q = uQ 4, Fﬁ_l/z = uQ@y
SO
At(u@Q? ; —u@)
n+1 _ 'n, 7—1 7
Qi - Q’L A.’II
= Q' - %(Q" n)
A%
Stencil: | P PR
(-t plane)

R. J. LeVeque, University of Washington FVMHP Sec. 4.1 fvm/fv4.be



Upwind method for advection

Flux: f(q) = uq
1 tnt1

Numerical flux:  F", , ~ / fla(wi_y/2,t)) dt.
At Jy

If ¢(x,t,) is piecewise constant in each cell, then

[ u@? ,  ifu>0,
i—1/2 u@y if u<0.

R. J. LeVeque, University of Washington FVMHP Sec. 4.11  fvm/upwind-flux.be



Upwind method for advection

Flux: f(q) =

1 tnt1
Numerical flux:  F", , ~ At/ fla(wi_y/2,t)) dt.
tn

If ¢(x,t,) is piecewise constant in each cell, then

[ u@? ,  ifu>0,
i—1/2 u@y if u<0.

This gives the upwind method:

QI =Q; - UAt(Q” vy ifu>0

n n UAt n 1
Q+1 Qi — ac( o —QF) ifu<0

R. J. LeVeque, University of Washington FVMHP Sec. 4.11  fvm/upwind-flux.be



Conservation form

The method

Qi = Q ( +1/2 Fz‘—l/Q)

is in conservation form.

The total mass is conserved up to fluxes at the boundaries:
AmZQ:&l A:EZQ” F+oo —F_ ).

Note: an isolated shock must travel at the right speed!

R. J. LeVeque, University of Washington FVMHP Sec. 4.1  fvm/consform.be



Nonlinear scalar conservation laws

Burgers’ equation: u; + (3u?)_=0.

Quasilinear form: u; + uug, = 0.

These are equivalent for smooth solutions, not for shocks!

R. J. LeVeque, University of Washington FVMHP Sec. 12.9 fvm/scalar1.be



Nonlinear scalar conservation laws

Burgers’ equation: u; + (3u?) = 0.

xT

Quasilinear form: u; + uug, = 0.

These are equivalent for smooth solutions, not for shocks!

Upwind methods for u > 0:
Conservative: U™ = Up — &L (L(UM)? - (U™)?))
Quasilinear: U™ = Uy — 2Lur(ur — U y).

K3 K

Ok for smooth solutions, not for shocks!

R. J. LeVeque, University of Washington FVMHP Sec. 12.9 fvm/scalar1.be



Importance of conservation form

Solution to Burgers’ equation using conservative upwind:

0 01 o0z 03 04 05 06 07 08 09 1

Solution to Burgers’ equation using quasilinear upwind:

-0
0 01 02 03 04 05 06 07 o8 09 1

R. J. LeVeque, University of Washington FVMHP Sec. 12.9  fvm/impconform.be



Weak solutions depend on the conservation law

The conservation laws

1
U + <2U2)I =0

both have the same quasilinear form
ur + uug, =0
but have different weak solutions,

different shock speeds!

R. J. LeVeque, University of Washington FVMHP Sec. 12.9 fvm/weakdependsia.be



Godunov’s Method for ¢; + f(q), =0

Qrel]
1

P
r A

o1 T \/ \/ \/
_

@

1. Solve Riemann problems at all interfaces, yielding waves
sz—1/2 and speeds SP_W, forp=1,2, ..., m.

i

Riemann problem: Original equation with piecewise constant
data.

R. J. LeVeque, University of Washington FVMHP Sec. 4.10 fvm/godview1.be



Godunov’s Method for ¢; + f(q), =0

Qrel]
1

N
1 \
toi1 T \/ \/ \/
(.

Then either: Qr

1. Compute new cell averages by integrating over cell at ¢, 1,

R. J. LeVeque, University of Washington FVMHP Sec. 4.10 fvm/godview1a.be



Godunov’s Method for ¢; + f(q), =0

Qrel]
1

.
F’ ]
o1 T T T T
" \/ \/ \/ \/
‘.\\_1- _,,./I

Then either: &

1. Compute new cell averages by integrating over cell at ¢,,41,

2. Compute fluxes at interfaces and flux-difference:

Qiﬂ =Q7 - Im[ i+1/2 Fi—l/Q]

R. J. LeVeque, University of Washington FVMHP Sec. 4.10 fvm/godview1a.be



Godunov’s Method for ¢; + f(q), =0

Qrel]
1

T
I 8
o1 T T T T
" \/ \/ \/ \/
"\.,_, 7_7_!/-

Then either: &

1. Compute new cell averages by integrating over cell at ¢,,41,

2. Compute fluxes at interfaces and flux-difference:

Qiﬂ =Q7 - Ix[ i+1/2 Fi—l/Q]

3. Update cell averages by contributions from all waves entering cell:

At -
Qi = Q7 = T ATAQin1 s + AT AQuo]

where AAQ;_1/> = Z(Sf_l/g)iwf—lp'
i=1

R. J. LeVeque, University of Washington FVMHP Sec. 4.10 fvm/godviewla.be



Godunov’s method with flux differencing

Q7 defines a piecewise constant function

q"(z,tn) = Qf forx;_1/y <x <xip1)0

Discontinuities at cell interfaces = Riemann problems.
Q;”l

Qnr
i

q"(Ti—1/2,t) = q\‘/(Qifl, Q;) fort>t,.

ot
Flap=g; | F60"@a@i)de= £(6"QE1 Q)

R. J. LeVeque, University of Washington FVMHP Sec. 4.11  fvm/godunov2.be



Upwind method for advection

Flux: f(q) = uq
1 tnt1

Numerical flux:  F", , ~ / fla(wi_y/2,t)) dt.
At Jy

If ¢(x,t,) is piecewise constant in each cell, then

[ u@? ,  ifu>0,
i—1/2 u@y if u<0.

R. J. LeVeque, University of Washington FVMHP Sec. 4.11  fvm/upwind-flux.be



Upwind method for advection

Flux: f(q) =

1 tnt1
Numerical flux:  F", , ~ At/ fla(wi_y/2,t)) dt.
tn

If ¢(x,t,) is piecewise constant in each cell, then

[ u@? ,  ifu>0,
i—1/2 u@y if u<0.

This gives the upwind method:

QI =Q; - UAt(Q” vy ifu>0

n n UAt n 1
Q+1 Qi — ac( o —QF) ifu<0

R. J. LeVeque, University of Washington FVMHP Sec. 4.11  fvm/upwind-flux.be



First-order REA Algorithm

@ Reconstruct a piecewise constant function ¢"(x, t,,)
defined for all z, from the cell averages Q7.

q"(z,t,) = Q" forall x € C;.

® Evolve the hyperbolic equation exactly (or approximately)
with this initial data to obtain ¢"(x, t,+1) a time At later.

@ Average this function over each grid cell to obtain new cell

averages
1

Qi = Ar /c 7" (@, tpt1) do.

R. J. LeVeque, University of Washington FVMHP Sec. 4.10 fvm/real.be



Godunov’s method for advection
Q7 defines a piecewise constant function
q"(z,tn) = Qf forx, 1o <z <zip1)0

Discontinuities at cell interfaces = Riemann problems.
u >0 u <0

:\_ _|%

L —

—1_|

Q. Qi

R. J. LeVeque, University of Washington FVMHP Sec. 4.11  fvm/godunov1.be



First-order REA Algorithm

Cell averages and piecewise constant reconstruction:

R —

After evolution:
_—| L

L]

R. J. LeVeque, University of Washington FVMHP Sec. 4.11  fvm/reaifig.be



Cell update

The cell average is modified by

ult - (Q7, — QF)
Azx

So we obtain the upwind method

Ut

QT =Qf - (@ - Q).

R. J. LeVeque, University of Washington FVMHP Sec. 4.11  fvm/reatsingle.be



Wave propagation form of cell update

The cell average is modified by

ult - (QF Q”) At
Aa: Az

~—sWi_ 1/2

where W,_, » = (Q} — Q}_,) is the wave strength and s = u is
the wave speed.

The general upwind method for v < 0 or u > 0:

A
QU = Qp — T [wH(QF — Q1) + (e — @)

At

= Ax [sTWi_1/2 + 5 Wiy 9]

where u™ = max(u,0), u~ = min(u,0).
This is the wave propagation form of upwind.

R. J. LeVeque, University of Washington FVMHP Sec. 4.11  fvm/reaisingle2.be



Wave-propagation viewpoint

For linear system ¢; + Aq, = 0, the Riemann solution consists of

waves WP propagating at constant speed AP.
A2AL

)1
Wiii)a

—Qi- 1‘2% 1/2r _Z i—1/2°

QI =Q - P‘zWZ 12 TA W 12 TA W+1/2}-

R. J. LeVeque, University of Washington FVMHP Sec. 3.8 fvm/wp1.be



Godunov (upwind) for a linear system

q: + Ag. = 0 where A = RAR™!. Define the matrices

(aH+ (AH~
(AH* Co
At = N ., AT = .
' ()\'m)+ ()\7”)7
and
AT = RATR, and A" =RAR%.
Note:

AT+ A" =R(AT+A )R '=RAR = A

Then Godunov’s method becomes

QI =Qr — A [A+(Qi —Qi—1) + A7 (Qiv1 — Qi)] -

R. J. LeVeque, University of Washington FVMHP Sec. ?  fvm/godlinsys.be



Matrix splitting for upwind method

For ¢ + Aq, = 0, the upwind method (Godunov) is:

At | &
Q?-‘rl Qn + - Z(Ap i Tp + Z +1/2
p=1
= Qi + [A AQi1p+A” AQz+1/2]

—qQr At t At - Q)+ AT(Q1 - QD)

R. J. LeVeque, University of Washington FVMHP Sec. 4.12 fvm/apmupwind.be



Matrix splitting for upwind method

For ¢ + Aq, = 0, the upwind method (Godunov) is:

At | &
Q;H-l Qn + - Z(Ap i Tp + Z +1/2
p=1
= Qi + [A AQi1p+A” AQz+1/2]

—qQr At t At - Q)+ AT(Q1 - QD)

Natural generalization of upwind to a system.
If all eigenvalues are positive, then AT = Aand A~ =

If all eigenvalues are negative, then AT =0and A~ = A.

R. J. LeVeque, University of Washington FVMHP Sec. 4.12 fvm/apmupwind.be



Godunov (upwind) on acoustics

Q!

7 v:v V

Q7
Data attime t,, : ¢"(z,t,) = QF forz;_1)o <x < xi41/9
Solving Riemann problems for small At gives solution:

Q')Lk—l/Z |f xi—l/Q — CAt <xr< xi_l/g + CAt,
§"(z,thy1) =< QF it 2j_1/2 + cAt <z < @ipq9 — cAt,

;‘:—1/2 if Lit1/2 — cAt < x < Tit1/2 + cAt,

R. J. LeVeque, University of Washington FVMHP Sec. 3.8, 4.12 fvm/godacoul.be



Godunov (upwind) on acoustics

Q!

7 v:v V

Q7
Data attime t,, : ¢"(z,t,) = QF forz;_1)o <x < xi41/9
Solving Riemann problems for small At gives solution:

Q')Lk—l/Z |f $i_1/2 — CAt <xr< xi_l/g + CAt,
§"(z,thy1) =< QF it 2j_1/2 + cAt <z < @ipq9 — cAt,

;!(_‘_1/2 if Tiy1/2 — cAt < x < Tit1/2 + CAt,
So computing cell average gives:
n 1 * n k
Q= o |CAIQ 1y + (A — 26A0)Q) + cAIQ], |

R. J. LeVeque, University of Washington FVMHP Sec. 3.8, 4.12 fvm/godacoul.be



Godunov (upwind) on acoustics

1 . n X
Q?—H = [CAtQi—l/Q + (Az — 2cAH) QY + cAtQm/Z] i

Solve Riemann problems:
2 1 1 2 2
QF = QF 1 = AQi_1yo =W 1 jg + WP )y = o' +ab 1%,
1 2 1 1,2 2
Qiv1— QF = AQi1/2 = Wity o + Wiy = aipyyor + 05017,

R. J. LeVeque, University of Washington FVMHP Sec. 3.8, 4.12 fvm/godacou2.be



Godunov (upwind) on acoustics

1 . n X
Q?H = [CAtQi—m + (Az — 2cAH) QY + cAtQm/Z] i

Solve Riemann problems:

Qi — Qi1 =AQ 1= Wil—l/Q + W 12 = =a;_ 1/27” +ai 1/27“2
Qi1 — Qi = AQip12 = Wi1+1/2 +W? i+1/2 = z‘+1/27" + O‘i+1/27“2’
The intermediate states are:

Q:71/2 Q7 W —1/2 Q;‘k+1/2 Q7 +W+1/2v

R. J. LeVeque, University of Washington FVMHP Sec. 3.8, 4.12 fvm/godacou2.be



Godunov (upwind) on acoustics

1 . n X
Q?H = [CAtQi—l/Q + (Az — 2cAH) QY + cAtQm/Z] i

Solve Riemann problems:
QF — QL1 =AQ; 1) = Wi1—1/2 + W —1/2 = 0%1—1/27"1 + af_1/2r2,
Qi1 — Qi = AQip12 = Wi1+1/2 +W? i+1/2 = 0%1+1/27"1 + 0%2+1/27“2’

The intermediate states are:

Q:71/2 Q7 W —1/2 Q;‘k+1/2 Q7 +W+1/2v

So,
Q= - [eAHQE ~ W2y 0) + (Ax — 20A0Q + eAHQY + Wi )]
. A cAt
_Q W2 1/2 Az Wz+1/2

R. J. LeVeque, University of Washington FVMHP Sec. 3.8, 4.12 fvm/godacou2.be



Godunov (upwind) on acoustics

1
Q= F |CALQ;_ o + (Aw = 20A0Q} + AW

_ F [cAt(Q" 2 L)+ (Az — 26A0QF + cAHQY + W, /2)}
n A cAt
=Qi - W2 1/2 Wz+1/2
At
=Qi - (CW2 1/2 + (= C)Wil+1/2)-

R. J. LeVeque, University of Washington FVMHP Sec. 4.12  fvm/godacou3.be



Godunov (upwind) on acoustics

1
Q= F [cAtQ;l 1o+ (AT = 2eA0QY + cAIQ}, 1,

- F [cAt(Q" | /2) (Az = 26A6)Q7 + cAHQY + Wi, )]
=Q7 — W2 1/2 Wz+1/2

At
=Qi - (CW2 1/2 + (= C)Wil+1/2)-

General form for linear system with m equations:

Qi“ Q _AJ: Z )‘pwzp 1/2"‘ Z AP z+1/2:|

p:)\P>0 P:IAP <0
n At & p +\)P
= Q; T Az Z(/\ Wiiiy2 Z z+1/2
Lm=1

R. J. LeVeque, University of Washington FVMHP Sec. 4.12 fvm/godacou3.be



Wave-propagation viewpoint

For linear system ¢; + Aq, = 0, the Riemann solution consists of

waves WP propagating at constant speed AP.
A2AL

)1
Wiii)a

—Qi- 1‘2% 1/2r _Z i—1/2°

QI =Q - P‘zWZ 12 TA W 12 TA W+1/2}-

R. J. LeVeque, University of Washington FVMHP Sec. 3.8 fvm/wp1.be
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