Branko Grünbaum:

A supplement to Bilinski's paper on rhombic dodecahedra.

1.
Introduction.  


Half a century ago Stanko Bilinski published a paper [2] in which he showed that the enumeration of convex rhombic monohedra by Fedorov [6] in 1885 was incomplete, although accepted as correct till Bilinski's publication 75 years later. Bilinski's remarkable completion of the enumeration needs no correction. However, it may be of interest to examine the situation if nonconvex polyhedra are admitted. This is the purpose of the present note. Fedorov [6, § 83] briefly mentioned the possibility of removing the assumption that the polyhedra considered are convex but, as we shall see in Section 3, his treatment was superficial, incorrect in some assertions, and seems not to have elicited any follow-up investigations.


We begin by clarifying the terminology, and restricting the scope of our inquiry.  Concerning the terminology, we say that a polyhedron is monohedral if all its faces are congruent.  The term "isohedral" –– used by Fedorov and Bilinski –– nowadays indicates the more restricted class of polyhedra with the property that their symmetries act transitively on their faces.  The polyhedra of Fedorov and Bilinski are not (in general) "isohedra" by definitions that are customary today.


The second important clarification concerns the notion of "polyhedron". Convex polyhedra need little explanation, even though certain variants in the definition are possible. However, we are concerned with more general polyhedra regarding which there is no generally accepted definition. In the present note we consider only rhombic monohedra with surface homeomorphic to a sphere.  (Rhombic means that the faces are rhombi, and implies that all edges are of the same length.) There are infinitely many combinatorially different polyhedra of this type –– to obtain new ones it is enough to "paste together" along common faces two or more appropriate smaller polyhedra. In order to stay close to the spirit of Bilinski' paper, we restrict attention to rhombic dodecahedra, except for some more general remarks in the last section.


In Figure 1 we show the traditional rhombic dodecahedron, usually attributed to Kepler [11], [12] together with the Bilinski dodecahedron; Figure 2 shows nets of these polyhedra, drawn so as to illustrate the differences between them. It is obvious that the two dodecahedra are combinatorially equivalent.
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Figure 1. (a) Kepler's rhombic dodecahedron. (b) Bilinski's rhombic dodecahedron.
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Figure 2. Nets for the two convex rhombic dodecahedra. (a) Kepler's. (b) Bilinski's.


The paper is organized as follows. In Section 2 we present the enumeration of monohedral rhombic dodecahedra. Section 3 deals with the relation of these polyhedra to parallelohedra, that is, polyhedra such that translated copies tile 3-space. Various remarks concerning rhombic monohedra, parallelohedra, and related types of polyhedra is considered in Section 4.

2.
Monohedral rhombic dodecahedra.  


In order to construct nonconvex rhombic dodecahedral monohedra we start with the two convex ones – Kepler's and Bilinski's – and apply a modification we call indentation.  An indentation is carried out at a 3-valent vertex of a rhombic monohedron; it consists of the removal of the three incident faces and their replacement by the three "inverted" faces – that is the triplet of faces that has the same outer boundary as the original triplet, but fits on the other side of that boundary. This is illustrated in Figure 3, where we start from Kepler's dodecahedron (a), and indent the nearest 3-valent vertex (b).  It is clear that this results in a non-convex polyhedron.  Since all 3-valent vertices of Kepler's dodecahedron are equivalent, there is only kind of indentation possible. On the other hand, Bilinski's dodecahedron in Figure 4(a) has two distinct kinds of 3-valent vertices, so the indentation results in two distinct polyhedra; see parts (b) and (c) of Figure 4.


Returning to Figure 3, we may try to indent one of the 3-valent vertices in (b). However, none of the indentation produces a polyhedron with surface homeomorphic to the sphere. The minimal departure from sphericity occurs on indenting the vertex opposite to the one indented first; in this case the two indented triplets of faces meet at the center of the original dodecahedron (see Figure 3(c)).  We may eliminate this coincidence by stretching the polyhedron along the family of parallel edges that do not intrude into the two indented triplets. This yields a parallelogram-faced dodecahedron that is sphere-like (but not a monohedral rhombohedron); see Figure 3(d).  As will become significant in the next section, this polyhedron is shown in a different perspective as Figure 121 in Fedorov's book [6].


In Figure 4, the dodecahedron in (c) is obtained by indentation at a 3-valent vertex incident with one acute angle of one rhombic face of the Bilinski polyhedron, while the dodecahedron in (b) is obtained by indentation of a 3-valent vertex incident with only obtuse angles of the rhombi.  Repeated indentation of the dodecahedron in (c) fails for a similar reason as with Kepler dodecahedron – here there is not just touching of the indented triplets at a vertex, but overlap on a set of positive area; see Figure 4(e). However, the dodecahedron in Figure 4(b) can be indented, and yields the rhombic monohedral dodecahedron in Figure 4(d). 
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Figure 3.  Indentations of the Kepler rhombic dodecahedron shown in (a).  In (b) is presented the indentation at the vertex nearest to the observer; this is the only indentation arising from (a).  A double indentation of the dodecahedron in (a), which is a single indentation of (b), is shown in (c); it fails to be a polyhedron of the type admitted in this not, since two distinct vertices coincide at the center. By stretching one of the zones, as in (d), an admissible polyhedron is obtained –– but it is not a rhombic monohedron.


Thus the list of all rhombic dodecahedral monohedra of the spherical type consists of the following six polyhedra:


Two convex dodecahedra (Kepler's and Bilinski's);


Three simply indented dodecahedra (one from Kepler's polyhedron, two from Bilinski's)


One doubly indented dodecahedron (from Bilinski's polyhedron).


If coincidences of various types are allowed, the list will naturally grow – but the resulting polyhedra seem to be less interesting.
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Figure 4. Indentations of the Bilinski dodecahedron shown in (a).  The two different indentations are illustrated in (b) and (c), the former at an obtuse 3-valent vertex, the latter at an acute vertex. The double indentation of (a), resulting from a single indentation of (b), is presented in (d); (e) shows an additional indentation of (c) which, however, is not a polyhedron in the sense adopted here, since two faces overlap in the gray rhombus.

3.
Dodecahedral parallelohedra


As mentioned above, a parallelohedron is any polyhedron P such that translated copies of  P can be used to tile the 3-dimensional space.  This concept was introduces by Fedorov, who proved the following result [6, §§ 77, 79], formulated here in terns customary today:


Each convex parallelohedron is combinatorially equivalent to one of five particular polyhedra shown in Figure 5.


Each of these polyhedra is a zonohedron, that is (by one of the currently accepted definitions) a polyhedron such that its faces are centrally symmetric polygons. By a result that is often attributed to Aleksandrov [1] (see [3]), but in fact can be immediately deduced from a more general 
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Figure 5.  Representatives of the five combinatorial types of convex parallelohedra, as determined by Fedorov [6]. (a) is the truncated octahedron (an Archimedean polyhedron); (b) is an elongated dodecahedron (with regular faces, but not Archimedean);  {c) is Kepler's rhombic dodecahedron (a Catalan polyhedron); (d) is the Archimedean 6-sided prism; and (e) is the cube.

theorem of Minkowski [13, p. 118], each convex zonohedron is centrally symmetric.  In fact, this result is Theorem 23 of the much earlier work of Fedorov ([6, p. 271], [7, p. 689]), even though Fedorov's proof is rather convoluted and hard to follow.


Although Fedorov does not state it explicitly, he indicates indirectly that every centrally symmetric zonohedron of one of these five combinatorial types is a parallelohedron.


A consequence of this is that the Bilinski dodecahedron is a parallelohedron, since it is centrally symmetric and combinatorially equivalent to Kepler's. However, the assertion by Coxeter [5, p. 148] that the two rhombic dodecahedra are affinely equivalent, is incorrect. Even more erroneous is the statement in Schoenflies [14, pages 467 and 470] that each convex parallelohedron is an affine image of one of Fedorov's five polyhedra in Figure 5.


Convex zonohedra have many interesting properties, and have been studied extensively. However, the assumption of central symmetry (of the faces, and of the polyhedra) amounts to putting the cart before the horse if one wishes to study parallelohedra –– that is, polyhedra that tile space by translated copies. In fact, the one immediate consequence of the assumed property of polyhedra that allow tilings by translated copies is that their faces come in pairs that are translationally equivalent. For example, the octagonal prism in Figure 6 in not centrally symmetric, and its bases have no center of symmetry either. But even so, it is a parallelohedron.  It is worth mentioning that by Fedorov's Definition 24 (page 285 of [6], page 691 of [7]) and earlier ones, a parallelohedron need not be convex, nor does it have to have centrally symmetric faces.  Following the suggestion of Taylor [16], we may call the zonohedra satisfying Fedorov's actual original definition –– generalized zonohedra.

In his one mention of non-convex parallelohedra Fedorov writes (§83 in [6, p. 306]):


The preceding deduction of simple [that is, centrally symmetric polyhedra with pairwise parallel and equal faces] convex parallelohedra is equally applicable to simple concave [that is, non-convex] ones, and hence we bring here only illustrations. We do not show the concave tetraparallelohedron [the hexagonal prism] since this is simply a prism with a concave par-hexagon as basis.  Fig. 121 presents the ordinary, and Fig. 122 the elongated concave hexaparallelohedron [the rhombic dodecahedron and the elongated dodecahedron]; Fig. 123 shows the concave heptaparallelohedron [the truncated octahedron]. Obviously, there exists no concave triparallelohedron [cube]. (My translation and bracketed remarks)/

But Fedorov's Figure 121 is just a different view of the polyhedron shown in our Figure 3(d), and it is easily verified that translated copies of this centrally symmetric polyhedron do not tile the space.  The same is true for the rhombic dodecahedron combinatorially equivalent to it, shown in our Figure 4(d), derived from the Bilinski dodecahedron.  Hence Fedorov's claim cannot be generally valid.  It would be very interesting to determine the range of validity of Fedorov's statement. More specifically:


What are the centrally symmetric polyhedra of the spherical type, with pairwise parallel and congruent faces, that are parallelohedra?


The reason that the requirement of central symmetry may appear to be natural is that studies of parallelohedra have practically without exception been restricted to convex ones.  Now, for convex polyhedra the pairing of parallel faces by translation implies that they have equal area, whence by a theorem of Minkowski the polyhedron has a center, which implies that the paired faces coincide with their image by reflection in a point – that is, are necessarily centrally symmetric.  But this argument is not valid for non-convex parallelohedra, hence such polyhedra need not have a center of symmetry. A simple example of such a parallelohedron is the octagon-based prism in Figure 6.


At present, there seems to be no clear understanding of the requirements on a polyhedron with boundary that is a 2-manifold to be a parallelohedron. For example, the three indented polyhedra in Figures 3(b) and 4(b),(c) are parallelohedra: They can be stacked like six-sided prisms.  In fact, with a grain of salt added, starting with suitably chosen six-sided prisms, they may be considered as examples of Fedorov's second construction of non-convex polyhedra [6, p. 306]:


If we replace one or several faces of a parallelohedron, or parts of these, by some arbitrary surfaces supported on these same broken lines, in such a way that a closed surface is obtained, and observing that precisely the same replacement is made in parallel position on the faces that correspond to the first ones or their parts, then, obviously the new figure will be a parallelohedron, though without a center … .


It seems clear that Fedorov did not consider this construction important or interesting, since he did not provide even a single illustration.


In many cases, the face-to-face condition that is often imposed becomes meaningless. For example, the (1,3) semicross (that is, a cube with other cubes attached to three adjacent faces) that has been studied in detail by Stein in [15] and in many later publications (along with far-reaching generalizations), is a parallelohedron but not in a face-to-face manner. The necklace-link polyhedron in Figure 7 is even not of spherical type but still is a parallelohedron in the original meaning of the term.
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Figure 6. A non-convex parallelohedron without a center of symmetry.
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Figure 7. A parallelohedron with boundary of genus 2.

4.
Remarks.

(i)
It is interesting to note that the union of two copies (that are not translates of each other) of the doubly indented rhombic dodecahedron in Figure 4(d) do form a parallelohedron, a non-convex polyhedron with 20 congruent rhombi as faces (although two pairs of the rhombi are coplanar). In fact, translated copies of this icosahedron may be used to tile a slab bounded by parallel planes. Such slabs can then be used to construct tilings of the space that depend on continuous parameters.

(ii)
Fedorov [6] showed that there is a convex rhombic icosahedron, shown here in Figure 8(b); it can be obtained from Kepler's rhombic  

[image: image10.wmf]
Figure 8. The "family" of the rhombic triacontahedron, with each member arising from the previous by deletion of a zone. (a) Kepler's triacontahedron; (b) Fedorov's icosahedron; (c) Bilinski's dodecahedron; (d) a rhombohedron (rhombic hexahedron).

triacontahedron (shown in Figure 8(a)) by the elimination of one zone. Fedorov mentions the possibility of reducing the width of a zone to zero –– that is, the elimination of a zone. This makes it very hard to understand how he missed Bilinski's dodecahedron shown in Figure 8(c), which results from Fedorov's icosahedron by such an elimination.  This failure of observing the possibility of a second rhombic dodecahedron (besides Kepler's) is akin to the failure of so many people that were enumerating the Archimedean solids (polyhedra with regular faces and congruent vertices, that is, congruent vertex stars) but missed the pseudorhombicuboctahedron (sometimes called "Miller's mistake"); see the detailed account of this phenomenon in [8].

(iii)
The rhombic triacontahedron and the icosahedron can each be indented in a unique way; however, multiple indentations lead to a considerable number of polyhedra, which have not been examined in detail. One of the doubly indented icosahedra (see Figure 9) is remarkable in that it is a parallelohedron with 20 faces, no two of which are coplanar. It would be very interesting to investigate the other polyhedra derivable by indentations from the icosahedron and triacontahedron; in particular, are any of them parallelohedra?
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Figure 9. (a) The Fedorov rhombic icosahedron; (b) A double indentation of the Fedorov icosahedron yields a non-convex rhombic icosahedron that is a parallelohedron.       

(iv)
The example of the icosahedral parallelohedron in Figure 9 provides additional support for the assertion made above, that the essential core of being a parallelohedron is not the presence of pairs of faces related by central symmetry, but of such pairs related by translation. However, some additional aspects still need clarification.  One conjecture for which I have no counterexample is the following:
Conjecture.  Let P be a sphere-like polyhedron, with no pairs of coplanar faces.  If the boundary of P can be partitioned into pairs of non-overlapping "patches" such that the members in each pair are translates of each other, and the complex of "patches" is topologically equivalent as a cell complex to one of the parallelohedra P* in Figure 5, then P is a parallelohedron.


In the case of the dodecahedron P in Figure 4(d) the parallelohedron P* is the six-sided prism in Figure 5(d), while for the icosahedral parallelohedron in Figure 9 the polyhedron P* is the one in Figure 5(b).


Additional support for the conjecture is provided by the infinite family of rhombic monohedra each of which is a parallelohedron, defined as follows:


The polyhedron Pn is constructed by taking  n ≥ 2  copies of the rhombohedron in Figure 8(d), all aligned but with adjacent rhombohedra mirror-images of each other; Figure 10 shows P3. As is easily seen each Pn is a sphere-like polyhedron with no coplanar faces; each has a (longitudinal) mirror, and translated copies can be used to form crinkled rods, which can be grouped into crinkled slabs that can be organized into a tiling of the space.  The same construction can be applied to every (prolate or oblate) rhombohedron different from the cube.  In the context of the above conjecture, to each Pn corresponds the cube (Figure 5(e)).
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Figure 10. The polyhedron P3.

(v)
There just possibly may be a prehistory to the Bilinski dodecahedron. As was noted by George Hart [9] [10], a net for a rhombic dodecahedron was published by John Lodge Cowley [4] in the mid-eighteenth century, see Figure 11. This rhombi in this net appear more similar to those of the Bilinski dodecahedron than to the rhombi of Kepler's. However, the rhombi used do not have the correct shape and cannot be folded to form a polyhedron with planar faces. (Since the angles of the rhombi are, as close as can be measured, 60° and 120°, the obtuse angles of the shaded rhombus would be incident with two other 120° angles – which is impossible.) An internet discussion about the net mentioned the possibility that the engraver misunderstood the author's instructions; however, it is not clear what the author actually had in mind, since no text describes the polyhedron. The later edition of [4] mentioned by Hart [9] was not available to me.
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Figure 11. A would-be net of a rhombic dodecahedron, from Cowley [4].
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