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Any given polygon leads naturally to the polygon that has vertices at midpoints of the sides of the original one. Although there is nothing particularly remarkable about this "midpoints polygon" construction, its repetition leads in the limit to surprising results. These were first investigated by Darboux [D], and later by Berlekamp et al. [B] and many others. The result is, roughly, that in most cases the limit is an affinely-regular polygon, that is, an affine image of a regular polygon. For the much more complicated precise results see, for example, Grünbaum [G] or Shephard [S].

Here we shall be interested in the inverse of the midpoints polygon construction. By this is meant the following. 

Problem.  Given a (cyclically understood) sequence of n points M1, M2, ... , Mn, the vertices of a polygon Q, find the n-gon or      n-gons P = [V0, V1, ... , Vn-1, Vn = V0] such that Mj is the midpoint of the edge [Vj-1Vj] of P for all j = 1, 2, ... , n, or decide that there is no such n-gon.

For n = 3 and n = 4 the problem has easy solutions, as indicated in Figure 1. For every triangle Q there is a unique solution, the triangle homothetic with ratio –2 with the triangle [M1M2M3], and with the same centroid. For quadrangles, a solution is not possible unless Q = [M1M2M3M4] is a parallelogram; in that case there are infinitely many solutions –– in fact, any point of the plane can be chosen as V0.

The source of these results is lost in the mists of the past. The first reference I have to additional development is the article of Lionnet [L], where the above problem was formulated; Lionnet added the restriction requiring that the inverse construction be 
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Figure 1. The unique solution of the inverse midpoint problem for a triangle, and two of the infinitely many solutions for a parallelogram.

carried out using only compasses –– but this is not relevant to the problem or its solution. Lionnet's problem was solved by Prouhet [P], and the same problem was solved, apparently independently, by Nagel [N]. Both authors first establish (or quote) the above results for n = 3, 4, and then proceed by imprecisely described constructions. Each of the authors gives for even n>4 a construction that involves an arbitrary segment centered at one of the points Mj, and then says that if the construction closes in a suitable way there are infinitely many solutions, otherwise there are none. This is not a satisfactory proof, since there are many arbitrary choices involved, and it is entirely possible that other choices would lead to different conclusions. For the odd case a similar construction is given, and it is asserted that it is always possible, and that it yields a unique polygon with the given midpoints of sides – without any information about this polygon.

The two main shortcomings of these presentations are the absence of any indications of the dependence of the (unique) solution on the starting set of midpoints in the odd case, and of any characterization of the even n-gons (with n > 4) for which the problem has a solution. As we shall see, all these questions can be resolved in a very simple and satisfactory manner by investigating what happens to the attempt of constructing the desired polygon without worrying (to begin with) about the outcome. In each case a basic step in the construction consists of taking a point V and finding its image M* under a 180° rotation about a chosen point M. Formally, we have V* = 2M – V.

In order to formulate our results in a convenient way, we need some notation. As before, the starting polygon Q has vertices M1, M2, ... , Mn.  An arbitrarily chosen point V0 is the start of a (finite or infinite) sequence P of points V0, V1, ... , Vj-1, Vj ... obtained by successive application of the basic step to the appropriate point of Q. Specifically, Mj is the midpoint of the segment with endpoints Vj-1, Vj; the subscripts of the Mj's are to be taken (mod n). When convenient and appropriate, we may consider P as a polygon or polygonal line.

From the expression for the basic step and the definition, it follows that

V1 = 2M1 – V0

V2 = 2M2 – (2M1 – V0) = 2(M2 – M1) + V0
V3 = 2M3 – V2 = 2(M3 – M2 + M1) – V0

. . . 

Vj = 2Mj – Vj–1 = 2(Mj – Mj–1 . . . – M3 + M2 – M1) + (–1)jV0
Therefore, 

Vj+n – Vj = 2(Mn+j – Mn+j–1 + . . . + M3 – M2 + M1) + (–1)n+jV0 


        – 2((Mj – Mj–1 + . . . + M3 – M2 + M1) + (–1)jV0).         (*)

Hence, for even n, we have


Vj+n – Vj = 2(Mn+j – Mn+j–1 + . . . – Mj+3 + Mj+2 – Mj+1) 


= 2(-1)j ((Mn +  . . .  + M4 + M2) – (Mn–1 + . . . + M3 + M1)) 


= 2(-1)j n (Ge – Go)

where Ge and Go are the centroids of the even resp. odd labeled vertices of Q.

From this we conclude the following:

Theorem 1. For even n ≥ 4, a given Q and an arbitrary V0, all vectors Vj+n – Vj have the same length, and alternate in direction. Hence, either Ge – Go = 0 or  Ge – Go ≠ 0. 

(i)
If Ge – Go = 0 then Vj+n – Vj = 0, that is, the sequence of Vj's repeats after n steps. This means that P is an n-gon, and an arbitrary V0 can serve as the starting vertex. This is illustrated in Figure 2.

(ii)
If Ge – Go ≠ 0 then for each j, the points Vj, Vj+n, Vj+2n, ...,  form an infinite sequence of equidistant points, that is, an apeirogonal ray with starting point Vj. This is illustrated in Figure 3.

Corollary 2. The inverse midpoint construction leads for even n to an n-gon if and only if the centroid of the even-labeled points coincides with the centroid of the odd labeled points.

Hence for n = 4 we get back the result that the construction closes after one circuit around Q if and only if Q is a parallelogram. But already for each n ≥ 6 we find the apparently new result that the coincidence of the centroids is a necessary and sufficient condition for the closure of the construction after a single circuit around Q; this includes various more-or-less symmetric polygons, but also some that have no particular symmetry (see Figure 2). In all other cases, that is, if Ge ≠ Go, repeated circuits around Q yield the families of apeirogonal rays described above shown in Fig. 3.
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Figure 2. An illustration for n = 6 of the special case in which Ge = Go, and the inverse midpoint construction ends after one circuit around the n-gon.

[image: image4.wmf]
Figure 3. An illustration of the case n = 6. The edges of the starting polygon P and the lines carrying the points of the apeirogon rays and shown with heavy lines, the line determined by the centroids of the even and the odd vertices, and the path of the basic construction are shown with thin lines. To avoid clutter, the points on all lines except the first are indicated by numerals only.

In case Q is an n-gon with odd n = 2k–1, the arguments are similar but the conclusions are quite different. As before, we start with an arbitrary point V0, perform the sequence of basic steps. Then (*) yields

Vj+n – Vj = 2(Mn+j – Mn+j–1 + . . . + M3 – M2 + M1) + (–1)n+jV0 


             – 2((Mj – Mj–1 + . . . + M3 – M2 + M1) + (–1)jV0)  


         = 2(Mn+j – Mn+j–1 + . . . – Mj+3 + Mj+2 – Mj+1) – 2(–1)jV0 .

Therefore

Vj+n–Vj = (–1)j 2((Mn+. . .+M3+ M1) – (Mn–1 +. . .+ M4 + M2 + V0))
 
       = (–1)j 2k(Ge – Go) = (–1)j (Vn – V0 ), 
                   (**)

where here Go is the centroid of the odd labeled vertices of Q, and Ge is the centroid of the set consisting of the even labeled vertices and the starting vertex V0.  This implies:

Theorem 3.  For odd n ≥ 3 all vectors Vj+n – Vj  have equal lengths and alternating directions. The case Vn = V0 (the special polygon) happens if and only if Ge – Go, that is, if the starting point is 

V0 = W0 = Mn – Mn–1 + . . . + M3 – M2 + M1.

On the other hand, if Vn ≠ V0 then 

V2n – V0 = V2n – Vn + Vn – V0  

     = (–1)n (Vn – V0 ) +  (Vn – V0 ) = 0. 

This means that for odd n, regardless of the choice of V0, the sequence of Vj's ends after two circuits around Q, so P is a (2n)-gon.


As is obvious both geometrically and calculationally, the midpoints Wj of the segments with endpoints V2n+j – Vj are the vertices of the unique special n-gon, regardless of the choice of V0.


The situation is illustrated in Figure 4 for n = 7.
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Figure 4. An illustration of the construction for n = 7. The points Ge and Go, were calculated with respect to the starting point V0. From (**) it follows that the distance between V0 and V7 is n+1 = 8 times the distance between Ge and Go.  The midpoints of the segments Vj+nVj are the vertices Wj of the exceptional polygon.


It is easy to confirm that the lengths of the sides Wj+1,Wj of the special polygon are uniquely determined by the centroids of even resp. odd labeled centroids of P different from Mj. This is illustrated for n = 7 in Figure 5 (and for n = 3 in Figure 1a).
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