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In a paper [8] published long ago in Geombinatorics, I stated that there is a kind of reciprocity between the sides and angles of convex quadrilaterals. The specifics will be described soon, but as a justification of this note I would like to say that it reports on developments of this topic, presents new problems and gives additional references to the literature and to the classification of convex n-gons.

The well-known exclusive classification by the lengths of their sides (equilateral, isosceles, scalene) has an analogue for quadrangles. For a given quadrangle, there are seven different (mutually exclusive) possibilities regarding the lengths of its sides:

{4}   
all sides are equal;

{3,1}
three sides are equal, different from the fourth;

{2,2}A
two pairs of adjacent sides are equal;

{2,2}O
two pairs of opposite sides are equal;

{2,1,1}A
one pair of adjacent sides are equal, the other two 
are different from these and from each other;

{2,1,1}O
one pair of opposite sides are equal, the other two 
are different from these and from each other;

{1,1,1,1}
all four sides are different.

The fairly self-explanatory notation by partitions of 4 has been introduced independently by Robertson [10] and Alonso [1], [2]. "A" is to remind us of "adjacent", "O" of "opposite". We shall call this classification the "side-lengths classification".
Analogous seven classification possibilities arise with respect to the angles, and now one can ask:

 Which of the  49  pairs of sides and angles conditions can be realized by convex quadrangles?
The answer given in [8] was that there are precisely 20 such pairs, and examples of all 20 kinds of quadrangles were provided. The proof that the other 29 pairs are not realizable was described in [8] only in general terms. It turns out that this was a mistake: As shown in detail by Orlando Alonso in his doctoral thesis [1] and presented in condensed form in [2], the realizable pair {2,1,1}O;{2,1,1}O was missed in [8]. Independently, and without relation to [8], a construction for this pair was presented in [5] and attributed to Nathan Bowles. 

A corrected table of the realizable pairs in shown in Figure 1, where the twenty realizable pairs are indicated by hollow dots, and the additional pair is signaled by a solid dot.  This classification is the source of an activity described by Joseph Malkevitch [9].
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Figure 1. The 21 realizable types of side-and-angle pairs.


The main point of [8] was that there is a perfect symmetry (about the main diagonal) in Figure 1 of the realizable pairs; this has not been changed by Alonso's correction of the previous enumeration. This is the "reciprocity" of the title. Paired with the observation that such a reciprocity is natural for (spherically) convex polygons on the sphere, regardless of the number of sides, and that is can be observed for triangles in the plane as well, led to the formulations of the following conjecture:

[image: image1.wmf]
Figure 2. The example of Auroux [4] that falsifies Conjecture 1 for n = 12 and the partitions {12} and {3,3,2,2,1,1}.

Conjecture 1. For every n, there is a side-angle reciprocity of convex n-gons for paired conditions of the kind discussed above.

Chronologically the first development following [8] was the result of Denis Auroux [4], see Figure 2:

For n = 12 there exists a counterexample to Conjecture 1
Auroux expressed the opinion that the validity of Conjecture 1 may depend on the factorization of n, and that the conjecture may be valid for n prime, power of a prime, or the product of two primes. There have been no results in that direction during the 15 years that elapsed since the publication of [4]. In particular, it is not known what happens for n = 5.


One modification of the questions raised in [8] that was proposed by Malkevitch and carried out by Alonso [1] is a coarsening of the classification discussed so far. This is obtained by considering only the numbers of equal sides (or congruent angles), without attention to the order around the quadrangle. Thus (3) and (4) 
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Figure 3. The 16 types of paired partition conditions realizable by convex quadrilaterals.

coalesce, as do (5) and (6); in fact, each of the resulting classes can be characterized (for arbitrary n) just by a partition of n. For n = 4 there are five partitions, namely {4}, {3,1}, {2,2}, {2,1,1}, {1,1,1,1}. From Figure 1, or independently, it follows that 16 pairs of 25 paired partition conditions are realizable by convex quadrilaterals. This is indicated in Figure 3.

One advantage of the partitions-type conditions over the conditions underlying Figure 1 is that there are fewer cases to be distinguished. This makes it reasonable to consider extension of the classification to polygons with more than four sides. Since there are only seven partitions of n = 5, there are just 49 paired conditions – a situation much more manageable than the 144 cases that need to be examined for Conjecture 1 for n = 5.

[image: image2.wmf]
Figure 4. An equiangular realization of the paired partitions {3,3,2,2,1,1};{12} by a convex 12-gon.


It is easily seen what happens with Auroux' example under the coarsened conditions; the partitions involved are {12} and {3,3,2,2,1,1}, and a realization of the equiangular case is shown in Figure 4. Alonso and Malkevitch [3] mention that it is an open question whether the side-angle reciprocity holds for polygons with more than four sides. In general it would seem reasonable to propose:

Conjecture 2. For every n, there is a side-angle reciprocity of convex n-gons for paired partitions conditions.

Clearly, the side-lengths conditions {4}, ..., {1,1,1,1} listed earlier, as well as the analogous conditions for angles of quadrilaterals, introduce classifications of quadrilaterals. For example, as formulated, {4} by itself describes rhombi (in the inclusive meaning, covering squares as well), while {2,2}O characterizes parallelograms (again in the inclusive meaning). However, if these conditions, or the paired conditions, are understood in the exclusive sense (so that {4} characterizes non-square rhombi), then we obtain two classifications (by conditions on sides, or on angles) into seven classes, or one into 21 (non-empty) classes. Similarly, Alonso's classification leads to two partitions of the quadrangles into five classes, or one into 16 (non-empty) classes.

These classifications refine the traditional ones, which in most writings distinguish squares, rectangles, rhombi, kites, parallelograms, and various other kinds of quadrilaterals. Some of the traditional classes depend on symmetry properties [10], or are restricted to quadrangles inscribed into circles (or circumscribed to circles), or concern other restricted classes. A detailed discussion of the definitions used appears in [11], where also the usage by authors of various texts are compared. Other aspects of classification of restricted kinds of polygons are considered in [7], with some attention given to pairs of dual classifications.

Many Internet sites describe more-or-less clearly defined classifications of quadrangles, most closely related to the traditional kinds.
Alonso [1] considers several refinements of the classification. Although these are of interest, most of them do not lead to any side-angle reciprocity. 


Some discussions and classifications related to the reciprocity appear to have been considered by de Villiers [6]. This work has not been available to me. But his other works, as well as those of some other writers, seem to be limited to stating that for any side-lengths classification there is a corresponding angle-sizes classification –– without considering paired conditions.
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