Geombinatorics 8(1998), 78 - 85.


Selfintersections  of  polyARCS

by Branko Grünbaum

University of Washington, Box 354350, Seattle, WA 98195-4350

e-mail: grunbaum@math.washington.edu


An  n–arc  Q  is a family of  n  distinct points  V1, V2, ... , Vn  in the plane, together with  n  simple arcs (which can be assumed to be Jordan, or differentiable, or polygonal –– it does not matter for the purposes of our discussion)  Aj  with endpoints  Vj, Vj+1,  where  j = 1, 2, ..., n,  and subscripts are taken  mod n.  Except in Remarks (v) and (vi), we shall assume that conditions analogous to properties of ordinary polygons are satisfied.  More precisely, this means that we assume that the intersection of any two of the arcs of  Q  (which we shall call edges of  Q)  is either a single, relatively interior point of each at which they cross each other, or a single endpoint ("vertex") of each, or empty, and that no three of the arcs have a common point.  Thus,  n–arcs are analogies of  n–gons, but with the requirement that "edges" be straight-line segments relaxed by allowing them, instead, to be curved –– as long as any two behave with respect to mutual intersections as if they were straight.


Clearly, one can consider many properties of  n–arcs in com​plete analogy to those of  n-gons.  Among these is the question of possible numbers of selfintersections, which was considered for polygons in [3].  In analogy to the notation  x(Q),  X(n)  and  x(n)  used in [3] for polygons, let  y(Q),  Y(n)  and  y(n)  denote, the num​ber of selfintersections of the  n–arc  Q,  the set of values of  y(Q)  as  Q  varies over all  n–arcs,  and the maximal value in  Y(n),  respecti​vel​y.  As an analog of Theorem 1 of [3] we have the following significantly different result:

Theorem 1. 
If  n ≥ 3  is odd then  y(n) =   EQ \F(1,2)  n(n – 3).  If  n  is even we have:  y(4) = 1,  y(6) = 9,  and for  n ≥ 8  either  y(n) =   EQ \F(1,2)  n(n – 3)  or  y(n) =   EQ \F(1,2)  n(n – 3) – 1.  For all  n  we have  Y(n) = {0, 1, … , y(n)}.

Conjecture 1.   y(n) =   EQ \F(1,2)  n(n – 3) – 1  for all even  n ≥ 8.

Proof of Theorem 1.  We first note that for every  n,  the inequality  y(n) ≤  EQ \F(1,2)  n(n–3)  can be obtained as in the proof of Theorem 1 in [3], by noting that each arc can intersect at most  n–3  other arcs.  The assertions concerning  n ≤ 4  are obvious.  Hence, to complete the proof, we need only supply constructions for  n–arcs  Q  with  y(Q) = d  for all  d  Y(n) \ X(n).  For odd  n  this is just  d =   EQ \F(1,2)  n(n – 3) – 1.  To obtain an  n–arc  Q  with that number of selfintersections we start from the star  n–gon  Pn  with  x(n)  selfintersections (see Figure 1(a)), delete one of its vertices and the two edges incident with it, and replace them by a new vertex and two arcs as indicated (for  n = 7)  in Figure 1(b).
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Figure 1.  The construction used in the proof of Theorem 1 for odd  n;  here  n = 7.


If  n  is even, we note that the  6-arcs  Q'  and  Q"  in Figure 2 have  y(Q') = 8 = x(6) + 1 = y(6) - 1  and  y(Q") = 9 = y(6)  selfintersections.  For even  n ≥ 8, the value of  y(n)  is not known.  For such  n,  we can exhibit  n-arcs  Qn  with  y(Qn) =  EQ \F(1,2)  n(n – 3) – 1  and indicate how polyarcs with fewer selfintersections can be obtained.  The construction of  Qn  is illustrated in Figures 3(b) and 3(d) for  n = 8  and  n = 10.  For each even  n,  we start with a regular  (n–1)-gon for which every edge intersects all  n – 3  edges not adjacent to it.  At one vertex we extend the incident edges beyond the vertex, and replace that vertex by two new vertices, at the endpoints of the two extended edges.  These two new vertices are then connected by an edge which is an arc that intersects  n – 4  of the original edges.  An easy count shows that the resulting  n-arc  Qn  has    EQ \F(1,2)  n(n – 3) – 1  edges, as claimed.  On the other hand, if the extensions are carried out so that the extended edges do not intersect (see Figures 3(a) and 3(c), then we obtain an  n-arc with    EQ \F(1,2)  n(n – 3) – 2  edges.
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Figure 2.  The 6-arcs  Q'  and  Q"  used in the proof of Theorem 2 for  n = 6.   Q"  is isomorphic to the polyarc in Figure 2 of [4].  A different representation of  Q" appears in Figure 4(a) below.


To construct the n-arcs  Q  for the still missing values of  y(Q) it is sufficient to note that by reshaping the new curved edge in each of the polyarcs in Figure 3, the number of selfintersections can be decreased by any even number between  2  and  n – 4.  This bring us down to the range of  X(n),  thus completing the proof of Theorem 1.


Remarks.  


(i)  Support for Conjecture 1 comes, among others, from the recent result of [1], which solves a problem going back to [4].  In our terminology, the result of [1] can be formulated as follows:
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Figure 3.  The construction of  n-arcs (for  n = 8, 10) with   EQ \F(1,2)  n(n–3) – 2  and   EQ \F(1,2)  n(n–3) – 1  edges.

For even  n ≥ 8,  if an  n-arc  Q  has the property that some combinatorial cyclic permutation acts transitively on the edges of  Q  while preserving the order of intersections on each edge,  then  y(Q) ≤   EQ \F(1,2)  n(n – 3) – 1.  (For  n  divisible by 4, a proof of this result attributed to R. K. Guy is given already in [4].)  Our Conjecture 1 assert that all  n‑arcs with even  n ≥ 8  have the same property, without assuming the existence of any combinatorial symmetries.


(ii)  The case  n = 6  is exceptional, since there exist two distinct 6-arcs with    EQ \F(1,2)  n(n – 3) = 9  crossings with a combinatorial cyclic permutation which acts transitively on the edges, and preserves the order of intersections on each edge.  These 6-arcs were found already by Woodal [4].  It seems not to have been noticed till now that both can be imbedded in the sphere in such a way that the combinatorial symmetries are induced by geometric isometries, and that these isometries act transitively on the vertices as well.  These imbeddings are indicated in Figure 4, in which equally labeled vertices are to be identified, and the resulting ring projected to a sphere as an equatorial strip.  The isometries are the rotary reflections, which map the vertices cyclically, as indicated by the labels.  imbedded on the sphere, the 6-arcs in Figures 4(a) and 4(b) are isomorphic to the ones given in Figures 2 and 6 of [4].


(iii)  It is of some interest that there exists another 6-arc  Q, with fewer symmetries than the 6-arcs described above, which nevertheless has the maximal possible number  y(Q) = y(6) = 9  of selfintersections.  It is illustrated in Figure 5.  Although a search for  examples of  n-arcs  contradicting Conjecture 1 was unsuccessful so far, the example in Figure 5 shows that there is a gap between the result of [1] mentioned in (i) and the validation of Conjecture 1.


(iv)
It would be of interest to characterize all symmetric    n-arcs, that is  n-arcs for which some cyclic permutation acts transitively on the edges (or vertices), under preservation of selfintersections.

Conjecture 2.  Every symmetric n-arc can be realized on the sphere in such a way that its combinatorial symmetries are induced by isometries.
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Figure 4. The two 6-arcs imbedded in the sphere; equally labeled vertices should be identified.  Each has a cyclic symmetry generated by a rotary reflection and acting transitively on the vertices and on the edges.   
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Figure 5.   A 6-arc with fewer (combinatorial or isometric) symmetries than the ones in Figure 4, which has the same (maximal possible) number of selfintersections.


(v)   If noncrossing intersections of the edges of polyarcs are admitted, the uncertainty in Theorem 1 regarding the number of selfintersection points is resolved.  Indeed, the one intersection missing in polyarcs such as the ones in Figures 3(b) and 3(d) can easily be added, as shown by the examples in Figure 6.


(vi)   It is easily seen that for ever odd  n = 2k+1 ≥ 7  there are several mutually non-isomorphic  n-gons with   EQ \F(1,2)  n(n – 3)  selfintersections.  However,  if in addition it is required that a isomorphism-preserving cyclic permutation acts transitively on the edges of the  n-gon, then it is easily seen that there is just a single type, that of the regular polyhedron  {n/k}.  In the recent paper [2], this result has been shown to remain valid for all  n-arcs with  odd  n  in which the selfintersections are restricted to crossings.  It is not known whether for any even  n ≥ 8  there exist  n-arcs in which noncrossing selfintersections are admitted, which have   EQ \F(1,2)  n(n – 3)  selfintersections and a symmetry group (isometric or combinatorial) which is transitive of the edges (or on the vertices).  Also, if such  n-arcs exist, are they of unique isomorphism types?
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Figure 6.  If the arcs of a polyarc may touch without crossing, the number of selfintersections of an  n-arc may be as high as   EQ \F(1,2)  n(n – 3).
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