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Supplement to “Large-sample study of the kernel density estima-
tors under multiplicative censoring” by M. Asgharian, M. Carone
and V. Fakoor.

Additional technical details: proof of lemmas.

Proof of Lemma 1. a) By the definition of Um,n and (2.4), we have that
‖Ĝ − G‖∞ = ‖Um,n‖∞/

√
k ≤ ‖F−1m,n‖‖Wm,n‖∞/

√
k. Using (2.3), we may

write that ‖Wm,n‖∞/
√
k ≤ ‖Gm − G‖∞ + ‖Fn − F‖∞, from which the re-

sult follows using the law of the iterated logarithm for empirical distribution
functions and the uniform boundedness of ‖F−1m,n‖.

b) We may write that

‖f̂ − f‖[am,n,∞) ≤ ‖f̂ − f‖[am,n,γm,n)I[0,γm,n)(am,n) + ‖f̂ − f‖[γm,n,∞)

and use that

‖f̂ − f‖[am,n,γm,n) ≤ sup
am,n≤t<γm,n

∣∣∣∣∣
∫
t≤z<γm,n

1

z
d
[
Ĝ(z)−G(z)

]∣∣∣∣∣
+

∣∣∣∣∣
∫
z≥γm,n

1

z
d
[
Ĝ(z)−G(z)

]∣∣∣∣∣
≤ [FU (γm,n)− FU (am,n)] /µU + ‖f̂ − f‖[γm,n,∞) .

In the last inequality above, we use that Ĝ vanishes below γm,n. Because

we may also show that supγm,n≤s<∞ |f̂(s)− f(s)| ≤ 2‖Ĝ−G‖[γm,n,∞)/γm,n
using integration by parts, the conclusion follows from a).

Proof of Lemma 2. Choose ε ∈ (0, 1). By Lemma 1.2.1. of [1], there exists a
constant C = C(ε) > 0 such that

pr

(
sup

0≤x≤1
|Wn(x)| ≥

√
3 log n

)
≤ pr

(
sup

0≤x≤1
sup

0≤y≤1
|Wn(x+ y)−Wn(y)| ≥

√
3 log n

)

≤ 2C exp

(
−3 log n

2 + ε

)
.

The result follows from the Borel-Cantelli lemma. Alternatively, the reflec-
tion principle may be used along with results from [4].
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Proof of Lemma 3. We first note that

‖Fm,n,ε −Fε‖ = ‖(p̂− p)I + (1− p̂)Gm,n,ε − (1− p)Gε‖
≤ |p̂− p| (1 + ‖Gε‖) + ‖Gm,n,ε − Gε‖ .

The first summand above is almost surely of order O(
√

log log k/k) in view

of (A1) and the fact that ‖Gε‖ < ∞. We have that ‖Gm,n,ε − Gε‖ ≤ ‖f̂ −
f‖[0,τ−ε]‖A ◦ Iε‖+ ‖Gm,n,ε − f̂(A ◦ Iε)‖. Using integration by parts, for t in
[γm,n,∞), we may write that

|Gm,n,ε(u)(t)−f̂(t) (A ◦ Iε) (u)(t)|

≤ f̂(t)

{∣∣∣∣∣
∫
γm,n<y≤t

y

(∫
y≤z≤τ−ε

u(z)

z2
dz

)
d

[
1

f̂(y)
− 1

f(y)

]∣∣∣∣∣ +∣∣∣∣∣
∫
0<y≤γm,n

y

(∫
y≤z≤τ−ε

u(z)

z2
dz

)
d

[
1

f(y)

]∣∣∣∣∣
}

≤ f̂(t)


∣∣∣∣∣∣
[[

1

f(y)
− 1

f̂(y)

]
y

∫
y≤z≤τ−ε

u(z)

z2
dz

]t
y=γm,n

∣∣∣∣∣∣+∣∣∣∣∣
∫
γm,n<y≤t

[
1

f(y)
− 1

f̂(y)

]∫
y≤z

u(z)

z2
dzdy

∣∣∣∣∣
}

+

f̂(t)

{∣∣∣∣∣
∫
γm,n<y≤t

[
1

f(y)
− 1

f̂(y)

]
u(y)

y
dy

∣∣∣∣∣ +∣∣∣∣∣
∫
0<y≤γm,n

y

(∫
y≤z≤τ−ε

u(z)

z2
dz

)
d

[
1

f(y)

]∣∣∣∣∣
}

≤ ‖u‖[0,τ−ε]

2

∥∥∥∥∥1− f̂

f

∥∥∥∥∥
[γm,n,∞)

[
1 +

∫ t

γm,n

dy

y

]
+

f̂(γm,n) (f(0)− f(γm,n))

f(0)f(γm,n)

}

≤ ‖u‖[0,τ−ε]

{
2‖f̂ − f‖[γm,n,∞)

f(τ − ε)
[1 + (log(τ − ε)− log(γm,n))] +

f̂(γm,n)FU (γm,n)

f(γm,n)

}
.
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Similarly, we may show that the inequality

|Gm,n,ε(u)(t)− f̂(t) (A ◦ Iε) (u)(t)| ≤
‖u‖[0,τ−ε]f̂(γm,n)FU (γm,n)

f(γm,n)

holds for t in [0, γm,n). In view of part b) of Lemma 1 and the fact that
‖A‖ <∞, we conclude that both ‖Gm,n,ε−Gε‖ and ‖Fm,n,ε−Fε‖ are almost
surely of order

O

(
log(1/γm,n)

γm,nf(τ − ε)

√
log log k

k
+

FU (γm,n)

γm,nf(γm,n)

√
log log k

k
+ FU (γm,n)

)
.

Define the operator Mε : D[0, τ ]→ D[0, τ ] as

Mε(u)(t) = (1− p)f(t)

∫
0<y≤t

y

(∫
τ−ε<z≤τ

u(z)

z2
dz

)
d

[
1

f(y)

]
and observe that Fε = F −Mε = F ◦

(
I − F−1 ◦Mε

)
, where F−1 exists

and has norm ‖F−1‖ ≤ 2/p2 by Lemma 3 of [5]. It is possible to show that

‖Mε‖ ≤ (1− p)
(

ε

τ − ε

)
and thus, provided ε < τp2/(p2 − 2p + 2), ‖F−1 ◦Mε‖ ≤ ‖F−1‖‖Mε‖ < 1
and I − F−1 ◦ Mε is invertible. In such case, Fε is invertible with inverse
F−1ε = (I − F−1 ◦Mε)

−1 ◦ F−1 of norm

‖F−1ε ‖ ≤
‖F−1‖

1− ‖F−1 ◦Mε‖
≤ 2τ − 2ε

p2τ − (p2 − 2p+ 2)ε
,

the latter bound decreasing monotonically to 2/p2 as ε goes to zero. Simi-
larly, one can show that, provided ε < τp̂2/(p̂2− 2p̂+ 2), Fm,n,ε is invertible
with inverse F−1m,n,ε of uniformly bounded norm.

The rate of convergence found above is preserved for the inverse operators
since, for some C > 0, we have that∥∥F−1m,n,ε −F−1ε ∥∥ =

∥∥F−1m,n,ε ◦ (Fε −Fm,n,ε) ◦ F−1ε
∥∥ ≤ C ‖Fm,n,ε −Fε‖

in view of the boundedness of F−1m,n,ε and the fact that the image of a con-
tinuous function under F−1ε is a continuous function.

Proof of Lemma 4. Let s ≤ τ − ε. Consider the sequence of Bernstein
polynomials Pdm,n of order dm,n approximating BY,n, that is,

Pdm,n(x) =

dm,n∑
j=0

BY,n

(
j

dm,n

)(
dm,n
j

)
xj(1− x)dm,n−j .
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We may first write, for s ≥ γm,n,∫ s

0
BY,n(F (y))d

[
1

f̂(y)
− 1

f(y)

]

= −
∫ γm,n

0
BY,n(F (y))d

[
1

f(y)

]
+

∫ s

γm,n

BY,n(F (y))d

[
1

f̂(y)
− 1

f(y)

]
.

By the MVT, setting L = ‖g‖[0,τ ] + ‖f‖[0,τ ] <∞, we have that∣∣∣∣f̂(s)

∫ γm,n

0
BY,n(F (y))d

[
1

f(y)

]∣∣∣∣
≤ f̂(s) sup

0≤y≤γm,n
|BY,n(F (y))|

[
f(0)− f(γm,n)

f(0)f(γm,n)

]
≤ f̂(γm,n) sup

0≤u≤Lγm,n
|BY,n(u)|FU (γm,n)/f(γm,n)

= O

(
f̂(γm,n)FU (γm,n)

f(γm,n)

√
γm,n log (1/γm,n)

)
a.s.

Defining ∆m,n = (BY,n − Pdm,n) ◦ F , we may write∫ s

γm,n

BY,n(F (y))d
[
1/f̂(y)− 1/f(y)

]
as ∫ s

γm,n

∆m,n(y)d

[
1

f̂(y)
− 1

f(y)

]
+

∫ s

γm,n

Pdm,n(F (y))d

[
1

f̂(y)
− 1

f(y)

]
.

We may easily show that∣∣∣∣∣f̂(s)

∫ s

γm,n

∆m,n(y)d

[
1

f̂(y)
− 1

f(y)

]∣∣∣∣∣ ≤ 2‖∆m,n‖∞

[
1 +
‖f̂ − f‖[γm,n,∞)

f(τ − ε)

]
.

In view of Theorem 1.6.1 of [3], denoting by Ω(φ, δ) the modulus of continuity
of φ with respect to bandwidth δ > 0, we have that

‖∆m,n‖∞ ≤
5

4
· Ω

(
BY,n,

1√
dm,n

)
= O

(√
log dm,n√
dm,n

)
a.s.

We may then use integration by parts to show that∣∣∣∣∣f̂(s)

∫ s

γm,n

Pdm,n(F (y))d

[
1

f̂(y)
− 1

f(y)

]∣∣∣∣∣
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≤
‖f̂ − f‖[γm,n,∞)

f(τ − ε)

{
2 sup
γm,n≤y≤τ−ε

|Pdm,n(F (y))|

+

∫ τ−ε

γm,n

∣∣∣P ′dm,n(F (y))
∣∣∣ f(y)dy

}
≤
‖f̂ − f‖[γm,n,∞)

f(τ − ε)

{
2
[
‖∆m,n‖∞ + ‖BY,n‖[0,1]

]
+

∫ τ−ε

γm,n

∣∣∣P ′dm,n(F (y))
∣∣∣ f(y)dy

}
Inspecting the proof of Theorem 2.1 of [2], we have that

∣∣∣P ′dm,n(F (t))
∣∣∣ ≤ 2 · Ω

(
BY,n,

√
F (t)(1− F (t))

dm,n

)√
dm,n

F (t)(1− F (t))
,

from which some algebraic manipulations yield that∫ τ−ε

γm,n

∣∣∣P ′dm,n(F (y))
∣∣∣ f(y)dy

= O
(
d1/4m,n

[√
log dm,n +

√
log (1/γm,n) +

√
log (1/ε)

])
a.s.

Some calculations indicate that the choice dm,n = k/
√

log log k leads to the

upper bound for f̂(s)
∣∣∣∫ sγm,n BY,n(F (y))d

[
1/f̂(y)− 1/f(y)

]∣∣∣ of least order,

provided we have that dm,nγm,n →∞: this optimal order is

O
(
k−

1
4 log k/f(τ − ε)

)
.

Proof of Lemma 5. Define the following terms:

J1(s) =
√
p̂ |WX,m(s)−BX,m(G(s))| , J2(s) =

∣∣∣√p̂−√p ∣∣∣ |BX,m(G(s))| ,

J3(s) =
√

1− p̂f̂(s)

∫
0<y≤s

|WY,n(y)−BY,n(F (y))| d

[
1

f̂(y)

]
,

J4(s) =

∣∣∣∣∣(√1− p̂−
√

1− p
)
f̂(s)

∫ s

0
BY,n(F (y))d

[
1

f̂(y)

]∣∣∣∣∣ ,
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J5(s) =
√

1− p

∣∣∣∣∣f̂(s)

∫ s

0
BY,n(F (y))d

[
1

f̂(y)
− 1

f(y)

]∣∣∣∣∣
and J6(s) =

√
1− p

∣∣∣∣(f̂(s)− f(s)
)∫ s

0
BY,n(F (y))d

[
1

f(y)

]∣∣∣∣ .
Define further Ir = ‖Jr‖[0,τ−ε] for r = 1, ..., 6, and note that

∥∥Wm,n −W 0
m,n

∥∥
[0,τ−ε] ≤

6∑
r=1

Ir .

From KMT, we have that both I1 and I3 are O
(

log k/
√
k
)

almost surely.

Using Lemma 1.4.1 of [1], (A2) and Lemma 2, we have that both I2 and I4
are O

(√
log k log log k/k

)
almost surely. In view of Lemma 4, we have that

I5 = O

(
k−

1
4
√

log k(log log k)
1
4

f(τ − ε)

)
a.s.

Further, we find that I6 ≤ ‖f̂ − f‖[0,∞) sup0≤t≤1 |WY,n(t)| /f(τ − ε), which
implies that

I6 = O

([
γ−1m,n

√
log log k

k
+ FU (γm,n)

] √
log k

f(τ − ε)

)
= O

(
k−

α−1
2α
√

log k

f(τ − ε)

)

almost surely. It is clear then, in view of the above, that I6 dominates for
α ∈ (1, 2), while I5 dominates for α ∈ [2,∞).

Proof of Lemma 6. The result is a consequence of Lemma 1.4.1 of [1], Lemma
2 and (3.2).

Proof of Lemma 7. By Theorem 1, there exists a sequence of Gaussian pro-
cesses U0

m,n such that, as k →∞,

sup
0≤s≤τ−η

∣∣Um,n(s)− U0
m,n(s)

∣∣ = O
(
εm,n(log k)

3
2

√
log log k

)
a.s.

For any s ∈ [0, τ − η], we may use integration by parts to show that

g̃m,n(s)− gm,n(s) =
1

hm,n

∫ ∞
0

K

(
s− x
hm,n

)
d
[
Ĝ(x)−G(x)

]
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= Bm,n(s) +O

(
εm,n(log k)

3
2
√

log log k√
khm,n

)
a.s. ,(S.1)

where Bm,n(s) = (
√
khm,n)−1

∫ 1
−1 U

0
m,n(s − uhm,n)dK(u). We notice that,

for large m and n,

sup
0≤s≤τ−η

sup
−1≤u≤1

∣∣U0
m,n(s− uhm,n)− U0

m,n(s)
∣∣

≤ sup
0≤x≤τ−η

sup
0≤y≤hm,n

∣∣U0
m,n(x+ y)− U0

m,n(x)
∣∣ ,

and thus, using Theorem 2 and (K1), we obtain that
(S.2)

lim sup
m,n→∞

sup
0≤s≤τ−η

|Bm,n(s)| ≤ lim sup
m,n→∞

{√
hm,n log(1/hm,n)
√
khm,n

VK

}
= 0 a.s.

The result follows from (S.1), (S.2) and (A6).
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