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Finance 556

L. Schall
INTEREST RATES AND DEBT VALUATION

THE MANY DIFFERENT TYPES OF INTEREST RATES

Definitions – Nominal Interest Rate, Real Interest Rate and the Effect of Inflation:  To focus on the relationship between a real and nominal interest rate on debt, assume that the debt is riskless (no default risk).  Now is time 0.  Define the following terms:
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=  nominal t period interest rate (nominal interest rate on a loan made at time 0 and repayable entirely at time t)
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 =  real t period interest rate (real interest rate on a loan made at time 0 and repayable entirely at time t)
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=  inflation rate (assume known; we discuss inflation uncertainty later)
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 =  time t nominal cash payment (interest + principal) on the loan
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  =  time t real cash payment (the time t payment measured in time 0 dollars, 

                       dollars that have the purchasing power that a dollar had at time 0)

Nominal Dollars and Real Dollars: The term “real” means stated in dollars having the purchasing power that dollars had at time 0.   For example, suppose that the inflation rate from time 0 to time 1, one year later, was 5%.  That means that, on average, what costs a dollar at time 0 would cost $1.05 at time 1.  Imagine that now is time 0 and that someone will owe you $210 at time 1.   Let the inflation rate be 5%.  You are now contemplating what that $210 would buy now.  How would you figure this out?  Well, since goods and services will cost 5% more in one year, it will take $210 one year from now to buy what $200 would buy now.  That is, $200 is the real value of the nominal amount of $210 to be received in one year.  So, in this example, 
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 = $200.  There is an easy way to convert an expected future nominal amount into an expected future real amount.  The formula is: 
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Note that, in (1), we are converting nominal dollars to real dollars; we are not computing a present value.  Nowhere in (1) is there a discount rate or interest rate.  Formula (1) is a way to express time t dollars in dollars have the purchasing power of time 0 dollars.

Two Ways to Compute Present Value:  There are two ways to compute a present value.  One way is to discount the expected nominal amount (
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), as in (2a) below; and the other way is to discount the expected real cash amount (
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) using the real discount rate (
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), as in (2b).   
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It is incorrect to discount a nominal amount using a real discount rate, or to discount a real amount using a nominal discount rate.  

Relationship Between the Nominal and Real Discount Rates: Substitute the right-hand side of (1) into the numerator of (2b):
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Substitute the right-hand side of (3) into the right-hand side of (2b); then (2a) and (2b) imply:
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Rearranging (4) implies that:
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Taking the tth root of both sides of (5) we have:
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When i and 
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Equation (6b) is equation (6a) with 
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 is large, one should use (6a), not (6b); we will use (6a) in this course).  

We can rearrange (6a) to express 
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In this note, all interest rates are nominal unless they carry the superscript “real.”

Example:  You will receive $10,000 in 3 years (
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 = $10,000).  The inflation rate is 3% (
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 = 3%), and the nominal discount rate for valuing the $10,000 is 8% (
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 = 8%).

(a)
What is the real cash flow that you will receive in 3 years?  By equation (1), the real cash flow (
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The $10,000 to be in 3 years from now will have the same purchasing power as $9,151 does now.  That is, $9,151 is the “real cash flow” that you expect to receive three years from now. 

(b)
What is the present value of the $10,000 if we discount the nominal $10,000 in computing the present value?  The nominal cash flow is $10,000, and the nominal discount rate is 8%.  So, using (2a), the present value of the $10,000 is:
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(c)
What is the discount rate for discounting the real cash flow to compute its present value?  Using (7) and the data stated in the problem, we have:


                 
[image: image57.wmf]real

3

r

 = 
[image: image58.wmf]i

1

i

r

nominal

3

+

-

 = 
[image: image59.wmf]03

.

1

03

.

08

.

-

= 4.854%

(d)
What is the present value of the $10,000 if we discount the real cash flow in computing the present value?   From (a) we know that the real cash flow is $9,151.  In (c) we found that the real discount rate equals 4.854%.  Therefore, using (2b) we have:
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Spot Rates, Forward Rates, and the Yield to Maturity: Define the following:
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 = current (time 0) nominal spot rate on a loan that is to be repaid at time t 

        y = current yield to maturity on the debt instrument in question
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 = current forward rate on a loan that involves lending at time t with repayment at time t+j

The current t-period spot rate is the rate that prevails now on borrowing for t periods, with all interest and principal due at time t (like a zero-coupon bond).  If you were to borrow $10,000 now for 5 years at a spot rate of 10% per year, in five years you would owe:


Amount owed at time 5 = 
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                  (8)

The current fixed forward rate on a [t, t+j] forward loan is the rate you could negotiate (lock in) now on a future loan involving an advance of funds at time t and repayment at time t+j.  For example, suppose that now agree to borrow $100,000 in 4 years (at time 4) and repay the loan at time 5 (a “[4, 5] forward loan”).  Let the current forward rate 
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 = 11%.  Then you would receive the $100,000 at time 4 (in four years) and would owe at time 5 the following amount.


Amount owed at time 5 = 
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 $100,000 = (1.11) $100,000 = $111,000                  (9)

The 11% forward rate, 
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, is negotiated now.  This forward rate is not the future time 4 spot rate, nor is it necessarily the currently expected future time 4 one year spot rate.  The forward rate is simply the rate that you can obtain now on funds to be advanced at some future date.


Equivalence of Spot and Sequential Forward Loans:  Consider strategies [a] and [b].  [a] Spot loan at time 0 for t periods (borrow B now and pay all interest and principal at time t); and [b] Agree now (time 0) to a series of t one-period loans: thus, borrow B now at rate 
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) B at time 1 (and repay the first year’s debt) for one more year at forward rate 
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; roll over the debt for another year at forward rate 
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; etc., until time t.  Ignoring transaction costs, [a] and [b] are equivalent.  Both involve borrowing now and paying all interest and principal at time t.  The time t payment under [a] is the left-hand side of (10a); the time t payment under [b] is the right-hand side of (10a).  They must be equal.
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which implies that (taking the nth root of both sides of (10a)): 
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Equations (10a)-(10b) must hold or there would be an arbitrage profit from borrowing in the way ([a] or [b]) that implies the lower average interest rate over the two years, and lending in the way that implies the higher average interest rate over the two years.  Arbitrage forces the rates for [a] and [b] to equalize ((10a)).  There is a second mechanism ensuring (10a).  If (10a) did not hold, no one would borrow using the method ([a] or [b]) with the higher interest rate, and no one would lend using the method with the lower interest rate.  Borrowing and lending implies (10a).  For example, if the left-hand side of (10a) exceeded the right-hand side of (10a), all two-year lenders would lend in spot market and all 2-year borrowers would prefer the forward markets.  A similar argument holds if the left-hand side of (10a) is less than the right-hand side of (10a).


Example: Suppose that you want to invest $1,000 for two years, withdrawing no interest or principal until the end of the second year.  First consider the spot strategy ([a]).  Let the two-year spot rate equal 
[image: image86.wmf]2

r

 = 6%.  If you lend spot by investing in a two-year zero coupon bond or a two-year strip (strategy [a] described above), your payoff in two years will be:

   Payoff on two spot loan = 
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Now consider the forward strategy ([b]).  Let the one-year spot rate be 
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 = 7.009%.  Suppose instead that you agree now to invest for one year at the current one-year spot of 5% (
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 = 5%) and then, at the end of the year, to reinvest the interest and principal on the first loan in a second one-year loan that will pay a forward interest rate equal to 
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           Amount at end of first year = 
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In the forward contract you negotiated at time 0, you agreed to lend, from time 1 to time 2, $1,050 at a forward interest rate of 
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   Amount at end of second year = 
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The accumulated amount at the end of the second year is $1,123.60 under both strategy [a] (equation (11)) and strategy [b] (equation (13)).  If this were not the case, there would be an arbitrage opportunity: one could borrow using the strategy with the lower accumulated debt and lend using the strategy with the greater accumulated debt.   For there to be no arbitrage opportunity, the right-hand side of (11) must equal the right-hand side of (13), which implies: th
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and therefore:


                
[image: image101.wmf]2

r

 = 
[image: image102.wmf][

)

r

1

(

1

+



 EMBED Equation.3  [image: image103.wmf]]

2

/

1

2

,

1

)

r

1

(

+

 (1
                            



   (14b)

Equations (14) and (14b) are equations (10a) and (10b) if t = 2 (the two period case).


Example: Dot Inc. wants to borrow $1 million for four years and to repay all interest and principal at the end of the four years.  Assume that the currently prevailing interest rates are: 


Spot rates: 
[image: image104.wmf]1

r

 = 7% and
[image: image105.wmf]4

r

 = 8.869% (the two spot rates relevant to the problem)


Forward rates: 
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If Dot borrows in the spot market (method [a]), it receives the $1 million at time 0, and, using equation (10a), will owe 
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 $1,000,000 = $1,404,808 (rounded) in four years.   The cash flows for this spot loan are shown in Exhibit 1a.

Exhibit 1a. Dot Corporation Cash Flows from Four-Year Spot Loan

	Date
	Transactions
	Net Cash Flow

	Time 0
	Borrow $1 million 
	+ $1,000,000

	Time 4
	Repay the loan 
	( $1,404,808


Instead of [a], Dot could follow strategy [b] and engage in the spot and forward loans noted in Exhibit 1b below. All four loans (one spot loan and three forward) are negotiated now, with the interest rates determined now.  Exhibit 1c shows the cash flows from this series of loans.

Exhibit 1b. Spot Loan and Forward Loans Now Negotiated By Dot Corporation 

	Date
	Spot Loan
	Forward Loan

	Now
	Borrow $1 million for 1 year at rate 
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	Time 1
	
	Borrow $1,070,000 for 1 year at rate 
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	Time 2
	
	Borrow $1,166,300 for 1 year at rate 
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 = 9.5%

	Time 3
	
	Borrow $1,277,098.50 for 1 year at rate 
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Exhibit 1c. Dot Corporation Cash Flows from Spot Loan and Forward Loans

	Date
	Transactions
	Net Cash Flow

	Now
	Borrow $1 million for 1 year at 
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 = 7%.
	+ $1,000,000

	Time1
	Pay $1,070,000 to retire spot loan; receive  $1,070,000 from [1, 2] forward loan (interest rate 
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	$0

	Time 2
	Pay (1 + 
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) $1,070,000 = (1.09) $1,070,000 = $1,166,300 to retire [1, 2] forward loan; receive $1,166,300 from [2, 3] forward loan (interest rate 
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	Time 3
	Pay (1 + 
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) $1,166,300 = (1.095) $1,166,300 = $1,277,098.50 to retire [2, 3] forward loan; receive $1,277,098.50 from [3,4] forward loan (interest rate 
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	Time 4
	Pay (1 + 
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) $1,277,098.50 = (1.1) $1,277,098.50 = $1,404,808 (rounded) to retire [3, 4] forward loan.  
	( $1,404,808


Exhibit 1a (spot strategy [a]) and Exhibits 1b and 1c (forward strategy [b]) produce the same cash flows ($1,000,000 received now and $1,404,808 paid at time 4).  The spot and forward strategies are two ways of achieving the same thing.


Example: Nor, Inc. will need $5 million in two years to pursue its long-term capital expansion plan.  Nor wants to borrow the $5 million for three years, receiving the $5 million two years from now (time 2) and repaying the loan five years from now (time 5).  Nor wants to ensure that it will get the $5 million in 2 years, and wants to lock in the interest rate now.  It can do this in the forward market.  Suppose that the prevailing forward rate for a [2,5] forward loan is 
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Exhibit 2. Nor Corporation Cash Flows from [2, 5] Forward Loan

	Date
	Transactions
	Net Cash Flow

	Time 2
	Borrow $5,000,000 under the [2, 5] forward loan negotiated at time 0 (now)
	+ $5,000,000

	Time 5
	Retire the [2, 5] forward loan by paying 
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	( $6,655,000


The fixed forward rate 
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 was set at time 0.  Alternatively, the [2,5] forward loan could specify that the rate on the forward loan will be equal to, or is a specified function of, the interest rate prevailing at time 2; or equals some particular floating rate. For example, the forward loan agreement might specify that 
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 will be the time 2 three-year spot rate; or might provide that the rate will be a floating rate, for example, LIBOR + 2 percent.   

Valuing A Bond (or Any Loan)

Let V be the current (time 0) market value of a bond, 
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 be the time t promised payment on the bond (interest and/or principal), and 
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 be the prevailing market spot interest rate for discounting the promised payment 
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 to its current market value.   Formulas (15a) and (15b) are two ways to value the bond.  Rate y is the prevailing yield to maturity on the bond.
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For example, imagine a bond that matures in three years and pays $60 of interest at the end of years 1, 2 and 3 (i.e., at times 1, 2 and 3), and pays $1,000 of principal at time 3.  Then, in formulas (15a) and (15b), 
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= $1,060 ($60 of interest + $1,000 of principal). [We could express each 
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 in (15a) as expressed in (10b) using forward rates.]


Each term in (15a) is the market value at time 0 (now) of the cash flow being discounted.  Thus, 
[image: image142.wmf]1

CF

[

/(1 + 
[image: image143.wmf]1

r

)] is the time 0 market value of a claim to the promised payment 
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.  If the bond were sold as strips (i.e., if each 
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 in (15a) or (15b) were sold as an individual zero coupon bond), 
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Rate y in (15b) can be interpreted in two ways.  First, it is the single rate that discounts the promised payments (
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,
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, etc.) to a total market value equal to the price of the bond, V.   Rate y is a complex weighted-average of all of the 
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 in (15a).  Each of the discounted amounts in (15b) will generally not equal its counterpart in (15a).  For example, 
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 were the same and therefore equal to y; this is extremely unlikely).  Rate y is an average rate that can be used to value the entire bond; y is not appropriate for valuing each bond payment.  Second, y is that rate of return that one would earn on the bond if it were purchased now for price V and were held to maturity, and if the promised payments were made (no default on the bond).   Now let’s use an example to illustrate these points.                                                                                             

Example: Aurora Inc. has outstanding a $100 million (face value) bond issue that matures in four years.  The bonds pay an annual coupon of 6 percent, or $6 million (for simplicity, we assume that interest is paid annually).  In four years, the amount due will be $106 million ($6 million interest plus $100 million bond maturity value).  Exhibit 3 shows these data.  

Exhibit 3.  Promised Interest and Principal Payments on Aurora Bond 

	
	Time 1
	Time 2
	Time 3
	Time 4

	Interest
	$6,000,000
	$6,000,000
	$6,000,000
	     $6,000,000

	Principal
	
	
	
	  $100,000,000

	Total payment
	$6,000,000
	$6,000,000
	$6,000,000
	  $106,000,000


Market interest rates have risen since the Aurora bonds were issued.  Assume that the following interest rates now apply to the Aurora bonds (these rates depend on the Aurora bond’s rating).
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   (16a)      
              y = 8.42%

Using (15a), the current value of the Aurora bonds is computed as follows.
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     =  $5,607,477  +  $5,201,669  +  $4,762,993  +  $76,486,864

     =  $92,059,013







                           (16b)

Using (15b), we also have:

V = 
[image: image166.wmf]0842

.

1

000

,

000

,

6

$

 + 
[image: image167.wmf]2

)

0842

.

1

(

000

,

000

,

6

$

 + 
[image: image168.wmf]3

)

0842

.

1

(

000

,

000

,

6

$

 + 
[image: image169.wmf]4

)

0842

.

1

(

000

,

000

,

106

$


     =  $5,534,034  +  $5,104,256  +  $4,707,854  +  $76,712,869

     =  $92,059,013                                                                                                                (16c)

Each value on the right-hand side (16b) is the current market value of the associated cash flow.  For example, $5,607,477 is the market value of the time 1 $6 million promised interest payment.  The $5,607,477 in (16b) is what that payment would sell for in the market if it were made available as a strip.  The $5,534,035 in (16c) is not a market value; it is the amount, if invested now, would grow to $6,000,000 in one year if the rate of return from time 0 to time 1 were 8.42 percent per year (i.e., equal to y).  Keep in mind that the yield to maturity is the average per period rate of return on the Aurora bonds if held to maturity (and there is no default).  To compute a bond’s yield to maturity y using Excel, employ the IRR function; let V (e.g., $92,059,013) be the initial outlay and the 
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 be the cash returns on the investment.

Interest Rate Changes and Bond Prices 

Recall equations (15a) and (15b): 
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The spot rates in (15a), the 
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, and yield to maturity y in (15b), are market rates demanded by investors.   So, if you own a bond that promises a particular nominal stream of future principal and interest payments [
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,
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], a rise in interest rates will cause the price of your bond, V, to fall; and a fall in interest rates will cause the price of your bond to rise.


Example:  Three years ago, Lion Steel issued 20-year $1,000 (face value) bonds at par and with a yield to maturity y = 7 percent.  Each bond pays a $70 annual coupon.   Interest rates in general are currently higher than they were three years ago and the yield to maturity on a Lion Steel bond is 8%.  The current price of a Lion Steel bond is $908.81, which is computed as: 
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The general rise in interest rates has caused investors to demand a higher return on the Lion Steel bonds, thus the a fall in the price of the bonds from the original $1,000 to the current $908.81.  


Now suppose that the increase in the yield to maturity on the Lion Steel bonds (from 7 percent to 8 percent) were due to greater bankruptcy risk for Lion, rather than a result of a market-wide climb in rates?  Exactly the same computation would apply; the bond price would fall to $908.81.


Now suppose that, instead of rising, the interest were to fall to 6%.  The value of the bond would increase to:
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Of course, if the bond were callable, say at $1,060, the value of the bond would be less.

Promised Rates, Expected Rates and Default Risk 

Equations (15a) and (15b) are two ways to discount the promised payments on a bond to value the bond using the appropriate interest rate(s).  A very different approach can also be employed to value a bond.  It is to discount the expected payments (i.e., the mean of the probability distribution of the interest and principal payments) on the bond using the appropriate risk-adjusted discount rates (RADRs).  Let’s take an example.


Let now be referred to as time 0.  Five years ago, Barley, Inc. issued $1 million of seven-year notes promising interest of $100,000 at the end of each year and $1 million of principle at the end of the seventh year.    The notes mature in two years.   Since the notes were issued, Barley’s fortunes have seriously deteriorated.  As shown in Exhibit 5 below, under Scenario a the firm pays what it promises (no default).  Under Scenario b, the firm makes the promised interest payment at time 1 but defaults at time 2, leaving the creditors with a company worth $990,000.  Under Scenario c, the firm defaults at time 1, leaving lenders with a firm worth only $720,000.  In this case, the debt issue will no longer exist at time 2 (so it pays on $0 at time 2).  

Exhibit 5.  Payoffs on Barley Inc. Bonds (all amounts in $1,000)

	
	Probability
	Time 1 Promised Payment
	Time 1

Actual

Payment
	Time 2 Promised Payment
	Time 2

Actual

Payment

	Scenario a
	.7
	$100
	$100
	$1,100
	$1,100

	Scenario b
	.2
	$100
	$100
	$1,100
	  $990

	Scenario c
	.1
	$100
	       $720
	$1,100
	     $0

	Expected Amount
	
	
	 $162
	
	$968


The probability distributions of the future actual cash payments (not promised payments) determine what investors are now (time 0) willing to pay for the bond.  Let the RADR for the time 1 expected payment be 8%, and let the RADR for the time 2 expected payment be 10%.  Therefore, the value of the bond is V =  $950, which is calculated as follows.
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We cannot easily determine the expected bond payments or the market RADRs.  But we can observe the market values of bonds, the promised payments on the bond, and the implied interest rates (for valuing the promised payments) in the market.     


Let 
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 be the market rates for valuing the time 1 and time 2 promised payments. Then, using (15a): 
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There is an infinite number of 
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 combinations that will satisfy (24).  One of them must prevail in the market.  So, in (24), let 
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Using (15b), we can also compute the yield to maturity y that satisfies (26).  It is y = 12.9973%.  
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                 (26)

We could approach this with more detail by dividing the payments into interest payments and principal payments.  Some securities are available in the market as strips, with interest and principle separately available for purchase.  We can observe the market values and promised amounts for each interest and principal payment and therefore infer its spot market rate 
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.  The present value of the expected payment using the appropriate RADR would produce the same market value, although it is difficult to estimate the expected payment and the RADR.  

The higher is the likelihood of default, and the less that is paid to the creditors if the company were to default, the lower is the expected cash payment to the bondholder, the lower is the value of the bond (V), and the higher are the 
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 spot rates (and the yield to maturity y) for discounting the promised payments on the bond.   

Inflation Uncertainty (Optional Reading)

Recall equation (6a), which relates the nominal interest rate 
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Earlier we assumed inflation rate i was known with certainty ((6a) holds with a known inflation rate; (6a) also holds with an uncertain inflation rate if certain statistical properties apply).  Another way to express the nominal and real rates is as follows.  Both 
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 contain a risk premium to reflect cash flow risk (real cash flow and nominal cash flow).  


Here is another way to think about the discount rate.  Let 
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 be the current real interest rate on a riskless security; that is, it is what one could earn on an asset that promises a known future real return (like the inflation linked U.S. Government TIPS).  Rate 
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 signifies the risk premium for all risk factors other than purchasing-power uncertainty.  Then we could express 
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One source of risk is the uncertainty of inflation.  Equation (27) tells us at least two things.  First, as the expected inflation rate 
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 increases, nominal discount rate 
[image: image239.wmf]t

r

 also increases.  Second, if inflation uncertainty rises, 
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Suppose that you own a bond with the value V, where V equals the right-hand side of (15a).  Because long-term inflation is particularly unpredictable, the risk-premium for purchasing-power uncertainty (
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) is quite large for very long-term debt.  On the other hand, short-term inflation is relatively easier to predict that therefore the 
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 for short-term interest rates is low.  Therefore, when lending money, one way to reduce inflation risk is to invest in short-term rather than long-term debt instruments. 


Table 1 on the next page shows the recent historical behavior of inflation and interest rates.  Typically, a rise (fall) in inflation will raise (lower) expected inflation and therefore raise (lower) prevailing nominal interest rates.

TABLE 1: CONSUMER PRICES and BOND YIELDS

	Year
	Percentage Change in

Consumer Prices (a)
	Baa Bond

Yields (percent) (b)

	1962
	1.2
	5.02

	1963
	1.6
	4.86

	1964
	1.2
	4.83

	1965
	1.9
	4.87

	1966
	3.4
	5.67

	1967
	3.0
	6.23

	1968
	4.7
	6.94

	1969
	6.1
	7.81

	1970
	5.5
	9.11

	1971
	3.4
	8.56

	1972
	3.4
	8.56

	1973
	8.8
	8.24

	1974
	12.2
	9.5

	1975
	7.0
	10.39

	1976
	5.2
	9.75

	1977
	6.5
	8.97

	1978
	7.7
	9.45

	1979
	11.3
	10.50

	1980
	13.5
	13.70

	1981
	10.4
	16.04

	1982
	3.9
	16.11

	1983
	3.8
	13.55

	1984
	3.6
	14.19

	1985
	3.9
	12.72

	1986
	1.1
	10.39

	1987
	4.4
	10.58

	1988
	4.4
	10.83

	1989
	4.8
	10.18

	1990
	6.1
	10.36

	1991
	3.1
	9.80

	1992
	3.0
	8.98

	1993
	3.0
	7.93

	1994
	2.6
	8.63

	1995
	2.5
	8.20

	1996
	3.3
	8.05

	1997
	1.7
	7.87

	1998
	1.5
	7.26

	1999
	2.7
	7.88

	2000
	3.4
	6.19

	2001
	2.8
	5.75

	2002
	1.6
	5.64

	2003
	2.2
	6.61

	2004
	3.0
	6.39

	2005
	3.4
	6.08


(a)  Percentage price change from December of previous year to December of year indicated

(b)  Average yield during the year.
THEORIES OF INTEREST RATE DETERMINATION 

There are various theories regarding how interest rates are determined in the market.  We will examine two of them, the Expectations Theory and the Liquidity Preference Theory.

The Expectations Theory:  Let 
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 be the rate that, at time 0, investors expect will be the spot rate at future time t on a single period loan from time t to time t+1.  The Expectations Theory maintains that the forward rate (
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To illustrate, suppose that you now negotiate to borrow $100,000 at time 4 (four years from now) at an 11% interest rate (forward rate 
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 = 11%), the loan repayment being due at time 5 (five years from now).  The debt payment at time 5 will therefore be $111,000.   The Expectations Theory says that the lender now sets the interest rate on the future time 4 loan at that rate that the lender expects will prevail at time 4 for one year at the time 4 one-year spot rate.  So, if the expected future spot rate 
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The Expectations Theory implies that borrowing short-term over and over will involve the same expected cost as would borrowing long-term (this statement assumes efficient capital markets).  To see why this is so, let’s repeat equations (10a) and (10b), ((10a) implies (10b) and vice versa).  
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               (10a)

which implies that (taking the nth root of both sides of (10a)): 
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               (10b)

Equation (10b) hold whether or not the Expectations Theory holds.  Substitute the right-hand side of (28) for each of the forward rates in (10b).  The Expectations Theory implies that: 
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Equation (29) says that the current long-term spot rate 
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 is the average of the expected future short-term spot rates.  That is, borrowing on a long-term spot basis (that is, paying interest rate 
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 on a loan that matures at time t) can be expected to produce the same average borrowing cost as would rolling over debt every year at the prevailing one-year spot rate.  

Liquidity Preference Theory: The liquidity preference theory holds that the forward rate exceeds the expected future spot rate.  That is: fix: make 
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We refer to the difference between forward rate 
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 and the expected future spot rate 
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 as a liquidity premium.   Letting LP[t, t + 1] signify this liquidity premium, we have:

          LP[t, t + 1] = 
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Combine equation (10b), which must hold, with equation (30a), which holds under the Liquidity Preference Theory and we find that:   
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The expression on the right-hand side of (31a) is 
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 under the Liquidity Preference Theory, and the expression on the right-hand side of the “>” in (31b) is 
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 under the Expectations Theory (see (28)).  That is, 
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 is bigger under the Liquidity Preference Theory than under the Expectations Theory.  Also notice that (31a) implies that, under the Liquidity Preference Theory:
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                           (31c)

The left-hand side of (31c) is what would be owed at time t if one borrowed $1 at time 0 to be fully repaid at time t (e.g., a zero coupon bond).  The right-hand side of (31c) is what one would expect to owe (remember, the rates 
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, etc. are all expected future spot rates) at time t if one borrowed $1 at time 0 and rolled over the debt every period.  Relation (31c) therefore says that the expected cost of borrowing is lower under the roll over strategy that with one long-term borrowing at rate 
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Under the liquidity preference theory, LP[t, t+1] is always positive.  However, it may increase or decrease as t increases.  For example, if LP[3, 4] = .4 percent, LP[4,5] could be less than, equal to, or greater than .4 percent.  
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The above figure shows the yield curve (spot rate 
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Example of the Expectations Theory and the Liquidity Preference Theory: Below are interest rate data that are consistent with equations (8) through (31c).  For the Liquidity Preference Theory, assume that the following liquidity premiums (LP) prevail in the market: LP[for 1,2] = .4% and LP[for 2,3] = .2%.  The numbers in bold italics are arbitrarily assumed; the numbers not in bold or italics are those that follow from the italicized assumed numbers and the equations.  

Exhibit 6.  Example of Expectations Theory and Liquidity Preference Theory

	
	Expectations

Theory
	Liquidity Preference Theory

	Expected Future Spot Rates:
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	5%
	5%
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	7%
	7%

	Forward Rates:
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	5%
	5.4%*
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	7%
	7.2%*

	Spot Rates:
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	4%
	4%
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	4.499%
	4.698%
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	5.326%
	5.525%


         * Follows from assumed numbers, equations, and LP[for 1,2] = .4% and LP[for 2,3] = .2%.

VALUING RISKY BONDS (Optional Reading)

We can view the firm’s stock as a call option.  If, when the firm’s debt matures, the firm’s assets are worth more than is owed on the debt, the shareholders can claim the assets by exercising this call option and paying the lender the amount owed (amount owed = exercise price).  If the firm’s assets are worth less that the amount owed on the debt, shareholders can simply walk away and not exercise the option (that is, not repay the debt) and let the lender have the firm’s assets.  

We we can think of the firm’s borrowing as follows.  The shareholders turn over “ownership” of the firm’s assets to the lender, and the lender issues a call option to the borrower (the shareholders of the firm). The call option gives the shareholders the right to reclaim the firm’s assets by paying off the debt (that is, by exercising the call option on the firm’s assets).  If shareholders do not exercise the call option, the assets remain the property of the lender.  

If the company issues a bond, the owner of the bond (the lender) has in effect obtained “ownership” of the firm’s assets and simultaneously issued a call option to the firm’s shareholders.  Let’s translate the terminology used earlier into the context of the firm’s sale of a bond to a lender.  Assume a zero coupon bond, that is, a bond with only one payment to the lender (at the date of maturity).  

Value of underlying asset = value of the firm’s assets

Exercise price (of call option) = promised debt payment 

The promised principal plus interest is due at time T, when the debt matures. The value of what the bondholder acquires by lending money to the firm is the value of the firm’s asset minus the value of the call option given to the shareholders.  That is:

Value of bond = value of assets ( value of call 
                 


     (32)

where “value of call” is the value of the call option on the firm’s assets. Using (12): 

Value of call = value of put + value of assets ( [PV of promised debt payment]             (33)         

[PV of promised debt payment] is the present value using the risk-free interest rate of the promised debt payment due at time T.  Substitute (14) into (13) and the time 0 value of the bond:

Value of bond = [PV of promised debt payment] ( value of put


     (34)

Equation (34) means that the lender has in effect purchased a risk-free bond and given the shareholders a put option on the firm’s assets (i.e., the option to surrender the firm’s assets rather than pay what is due on the debt).  This put option is the option to default, which shareholders will do at the debt maturity if the prevailing value of the firm’s assets is less than the amount owed on the debt.  Equations (32) and (34) are two ways of viewing the bond.  Now note that:


Value of assets = value of stock + value of bond




     (35)

Substitute the right-hand side of (34) into (35) and we find that, at time 0:


Value of stock = value of assets ( [PV of promised debt payment] + value of put
     (36)

Equation (34) says that the bondholders in effect get, at time T, the amount owed on the debt (X), minus the time T payoff on the put.  Using (5b), the time T payoff to the bondholder is (and using (7c) for the third equality):

      Time T payoff on bond = X ( max[0, X  ( V*]) =  X  + min[0, V* ( X] = min[X, V*]   (37)                                                  





     

Equation (37) says that the bondholders get, at time T, the amount that is owed, X, or the time T value of the firm’s assets, whichever is less (if V* < X, there is default and bondholders get V*).  

Equation (37) implies that stockholders get, at time T, the time T value of the assets (V*) minus the amount owed (X) plus the payoff on the put (see (34)).   That is: 

     Time T payoff on stock = V* ( X + max[0, X ( V*] = max[0, V* ( X]

     (38)

Examples:  Below are examples of two alternative outcomes for a firm that owes $50 at time T.  In case I, the time T value of the firm’s assets (V*) is $90, so the firm is able to fully service the $50 of debt (X), leaving $40 of value for shareholders.   In case II, the time T value of the firm’s assets is only $20, so the firm is unable to fully service the $50 of debt (the firm is insolvent); all of the $20 of asset value goes to the bondholders, leaving nothing for shareholders.   

	
	Time T asset value (V*)
	Time T amount owed (X)
	Firm Solvent at time T?
	Payoff on bond

min[X, V*]
	Payoff on

 stock

max[0, V*(X]

	Case I
	$90
	$50
	Yes
	$50
	$40

	Case II
	$20
	$50
	No
	$20
	$0
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