
Physics 564 Assignment #1 October 5, 2016
Due Tuesday, October 11, 2016

1. Any vector field u may be regarded as a linear operator acting on scalar fields, with u(f) ≡
∂uf = uα∂αf = uαf,α for any scalar function f . Given any two vector fields, u and v, the
commutator [u,v] ≡ [∂u, ∂v]. Using a coordinate basis: (i) what is the commutator of basis
vectors, [eα, eβ], and (ii) what are the components of the commutator [u,v]? Explain why
these results imply that, in any coordinate basis, the connection components are symmetric
in the last two indices, Γµαβ = Γµβα.

2. Define polar coordinates on a flat two-dimensional plane as usual: x ≡ r cosφ and y ≡
r sinφ. Let {r(s), φ(s)} describe some curve on the plane parameterized by s. Consider a
functional on such curves defined by I ≡

∫
ds 1

2
[(dr/ds)2 + r2(dφ/ds)2].

(a) Vary the functional I, with fixed endpoints for the curve. What are the resulting
differential equations which characterize minima of I?

(b) Justify the claim that curves (with fixed endpoints) which minize I are necessarily
geodesics — i.e., geometrically straight lines on R2.

(c) Compare the general form of the geodesic equation, d2xµ/ds2+Γµαβ (dxα/ds) (dxβ/ds) =
0, with your result in part (a) and extract the values of all connection coefficients {Γµαβ}
for polar coordinates (with coordinate basis vectors) on R2.

3. Let {θ, φ, ψ} be conventional spherical coordinates for a three-sphere (S3), related to Carte-
sian coordinates in R4 via x4 = r cos θ, x2 = r sin θ sinφ cosψ, x3 = r sin θ cosφ, and
x1 = r sin θ sinφ sinψ. Define the vector fields
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,
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,

e3 ≡
∂

∂ψ
.

Compute the commutators [ei, ej] and show that [ei, ej] = fij
k ek for some constant set of

coefficients {fijk}. What are these coefficients? Can you explain their form (without your
explicit calculation)?


