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492 GLOBAL ANALYSIS

Table 10.1 A cmparisoe .1 the exact eigen
values E of the Sn,rm-Lkville problem y’(x)
+ E(x + x)4v{x) = () (y(U) = i’(r) =0] with the
leading-order WXB predIctiøi [see (10.1.34)] for
these eigenvalnes Ea 9n2’92(n -+

As ezpected. this prediction becomes more accurate as a in
creases. The relative error is deked as (approximate —

exact(exact)

a EJWKB) Eexact) Relative error,

I
2
3
4
5
10
20
40

0.00185539
000754235
e0169703
0.0301694
0.0431397
0.188559
0.734235
3.01694

0.00174401
0.00734865
0.0167524
0.0299383
0.0469006
0.188305
0.753977
3.01668

Si
2.6
1.3
0.73
031
0.13
0.033
0.009

The pre
tial approxi
exponential
linear equat
for finding 1

(346)1 In(
the pnncip
method, th
Exponential
not terribly
-ithebasis

1.2 CON
APPROX

WKB theot
ntial equat
Lhe small i
ruptly). 1
expctner

Unless S0(
of th

,. 101)
theless, eve
examples iii

Thisse
8will be usd
for the W1
error.

In ord
necessary ti
‘vfor

0.05

Exact solutiony(x)

V

0.03
(n 2) mode

—0.2

—0.03

—0.04

—0.05

Figure 103 Same as in Fig. 10.2 except that a 2. The exact eigenfunetion and the WXB approxima
don are almost indistinguishable.



Thus. the eigenfunctions are

WKS THEORY 41

Note that if Q(x) 1. then the rit side of (10.1.33) reduces to . 2ir sin (nx which is the exact
solution to y” + y = 0 [y(O) = v(t) 01.

To demonstrate the accuracy of ouz results, we choose Q(x) = (.x — x)” Then the approxi
mate eigenvalues and eigemfunctions are given by

We have checked these results numericaliy br computeL The compariso.s between the approxi
mute alvtical and the computer solutions ace given in Table iOJ and Figs. 2 and W.3

r iei Conspariso dtbe exact solutiee tof(x). £$v + xf$yx=with
the WKB approximation to this solution m given m (1CL35) for the lowest i = I) mode. Akhcugh
WKB becomes exact m n -. z, this plot shows that even when n = I the WKB approximation is
ext raordinadly accurate.

v,(x)— ( f&)Qx) sin e— x. (IOJ,33>

and
[T sm (x3 ÷ 3xg + 3it47r2j

(NkL34)

005

(10J35)

0.04
y
03

002

(irs 1)ano*

-0.01

-002

x

—0.03

-0.04

,whence

—0.05
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