Lecture 22. Nonlinear Phase-Plane Analysis and Stability

We are finally at a point where we can start to study systems which are much
more realistic in nature: Nonlinear Systems. The methods we will utilize in describing
such systems, which take the form:

dx
E - F(:E,y,t)
dy
a - G(x7y7t)

with F(z,y,t) and G(z,y,t) being some nonlinear functions of z and y, are qualitative
rather than quantitative. Further, they rely on understanding two primary parts of
the problem:

e Equilibrium Points (also known as Critical Points)
e Stability of Critical Points

Provided these two issues are understood, we can develop a variety of approaches to
solving very complicated problems. It should be noted that although our analytic
techniques provide a tremendous amount of insight into the problem, quantitative
understanding comes largely through numerical simulations of the governing equations
and application of the various perturbation methods developed so far.

Since the behavior in linear systems is completely characterized in Lectures 5 and
6, we move on to consider a classical problem which is actually nonlinear. Such is
the case of the pendulum. The schematic of the pendulum is shown in Fig. 1. By
conservation of angular momentum, we find that the swing of the pendulum can be
described by the equation:

2
mLz% = —cL% —mgLsin©

where m is the pendulum mass, L is the length, g is the acceleration due to gravity,
and ¢ measures the frictional /damping forces acting on the pendulum. We can rewrite
this equation as

0" +~40' +w?sin® =0

where v = ¢/mL and w? = g/L.
To convert this into a system of equations, we define

de

=0 and y=

which then results in the nonlinear system

z' _ Y
y' —wlsing —yy /-

Equilibrium solutions are found by letting ' = y' = 0 which yields

y=20 and sinz =0
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Fic. 1. Schematic of pendulum oscillating from o fized support subject to forces of gravity and
damping.

so that the critical points are
y=20 and z=xnm n=20,1,2,....

Thus unlike a linear system, we have more than one equilibrium point. In fact, we
have an infinity of them which lie at multiples of 7 along the the z-axis.

To simplify the analysis, we begin by considering the case in which there is no
damping so that v = 0 and our governing equations are

=y

y' = —w?sinz.

Note that the critical points (equilibrium) above are independent of the damping
parameter. The idea now is to look very close to one of the equilibrium points using
the ideas of perturbation theory. Therefore we let

r=dnm+ I
y=0+y

where Z and § are both very small. Thus this implies we are very near one of the fixed
points. Plugging this into our governing equations for no damping yields the system:

=7

§' = —w?sin(£n7 + 7).

To begin, we consider the well known example of the pendulum which oscillates about
the equilibrium z = 0 (which corresponds to © = 0). In this case n = 0 so that we
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have
sin(znm + &) =sinf =& - —+—+---~ %

where we have used the Taylor series representation of sine and approximated every-
thing by Z since all the other terms are much smaller (provided, of course, that Z is
very small). This is the standard trick that is used in introductory physics in order to
turn the nonlinear system into a linear one. In particular, if we plug this result into
the above equation we preceding equation we find.

K

I:ﬂ
2~

= —WwxT.

'~

<

which results in the linear system:

#=( 9, 1)z
“\=w? 0

where Z = (Z ). We learned how to solve this system in Lectures 5 and 6. Thus
we let & = ¢e* which yields the eigenvalue problem

-2 1 .
(—w2 _)\>U=0.

The eigenvalues are found by taking the determinant of the above matrix to be zero.
This then yields

)T

N+w?r=0 -5 I=ztiw

which are purely imaginary eigenvalues. Thus the equilibrium point for n = 0, i.e.
(z,y) = (0,0) is a center. Thus solutions near the critical point are all elliptic trajec-
tories.

More generally, we can consider all the equilibrium points that are multiples of
27 away from the origin (x,y) = (0,0). Thus we consider the perturbation theory for
these points:

r=22n7t + 2T
y=0+yg

where & and ¢§ are both very small. This implies we are very near one of the fixed
points located at multiples of 27 from the origin. Plugging this into our governing
equations for no damping now yields the system:

/:g
7 = —w?sin(£2n7 + ).

S

But since
sin(£2nw + &) =sin¥ = &,

we then arrive at exactly the same linearized equations as before. Therefore, we can
conclude that all the equilibrium points in multiples of 27 from the origin are centers
with periodic solutions near each critical points (see Fig. 2).
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F1G. 2. Behavior of solutions near each of the fized points which are multiples of m from the
origin. Note that multiples of 2w produce centers while multiples of odd © are saddles.

This is not the case for critical points which are odd multiples of 7 from the
origin. For these we can perturb around each critical point by letting
r=E2nr+7+2
y=0+9
where Z and § are both very small. This implies we are very near one of the fixed

points located at odd multiples of 7 from the origin (i.e. +m, £3m,...). Plugging this
into our governing equations for no damping now yields the system:

! ~

T =g
§' = —w?sin(+2n7w + 7+ I) .
But since
sin(£2nw + 7 + &) = sin(r + &) = sinw cosE + coswsing = —sinZ ~ —%,

we then arrive at a slightly different set of linearized equations. In matrix form, this
can be written as
0 1
- —
7 = ( 5 )
where the only difference now is in the sign of w?. Letting # = @e* yields the

eigenvalue problem
-2 1 R
< w2 _)\ ) v = 0 .

N-w=0 - A=+w

whose eigenvalues are

which are purely real eigenvalues or opposite sign. Thus the equilibrium point for odd
multiples of 7 are saddles. The eigenvectors can then be found:

A=w: <_‘; 1 )U:O—)—wv1+v2=0_)1-)‘(1)=<1>
w —W w

A=—w: <w2 1>17=0 - wop+va=0 — 17’(2)=( : >
w w —W
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F1G. 3. Full nonlinear behavior of solutions near each of the fized points and beyond. This
behavior is deducted directly from Fig. 2 and is the only consistent behavior since all the critical
points are on the line y = 0. The bolded lines are the separatrix which separate the oscillatory
behavior from the behavior above it corresponding to a pendulum which continuously rotates around.

Thus a complete description of the saddle is given near each critical point in odd
multiples of 7 from the origin. The resulting dynamics is depicted in Fig. 2 which
shows the results of our perturbation calculations locally near each of the fixed points.

Although the perturbation results are insightful, their full power is not realized
until we generalize our thinking of Fig. 2. In particular, since trajectories cannot in-
tersect, we can utilize the picture in Fig. 2 to develop a full qualitative understanding
of the dynamics. Specifically, we can describe the behavior far from the critical points
by their behavior near the critical points. In Fig. 3, we develop the full nonlinear
qualitative behavior by simply taking the phase-plane picture and generalizing it in
the only way possible. This results in a dynamical picture which makes a great deal
of sense. Note that near the critical points in multiples of 2w (which corresponds to
the rest position of the pendulum), the behavior is exactly as expected: oscillatory.
Whereas for odd 7 values (which corresponds to a pendulum sticking straight up),
the behavior is given by a saddle and is unstable. Note that the trajectory sepa-
rating the oscillatory behavior from the trajectories above it is called the separatriz.
The separatrix projects along the unstable eigenvector of one saddle into the stable
eigenvector of a neighboring eigenvector. The behavior above this corresponds to the
undamped pendulum swinging around and around its support. This is the case if we
give it a strong enough initial speed. And since there is no damping in this model, it
will continue to circle around and around and will never fall into the oscillatory back
and forth motion predicted near the center equilibrium.

We now generalize our treatment in order to treat the case of the damped pen-
dulum. Recall that the system in this case is given by

=y

y' = —w?sinz —yy.

As in the undamped case, the key now is to find the critical points and their stability.
The critical points (equilibrium) are determined for =’ =y’ = 0 so that

y=20 and r=xnr n=0,1,2,...

exactly as in the undamped case. We once again perturb about these equilibrium
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F1G. 4. Full nonlinear behavior of solutions near each of the fized points when under-damping
is applied to the pendulum. There are no separatriz in this case.

points to determine stability. Therefore we let
T=xnm+ I
y=0+y

where Z and § are both very small. Plugging this into our damped equations yields
the system:

=7
~1

§' = —w?sin(+nm + ) — i .

As in the undamped pendulum case, there are two interesting cases to consider. The
first is when the critical point is at the origin or at multiples of 27 from it. Thus we
have

sin(£2nm + %) =sinZ = &

where we have again approximated sine by Z since it is small. Plugging this result
into the linear damped equation above results in the system:

—w —

where ¥ = (& §)7. Letting ¥ = @e* yields the eigenvalue problem

- 1 .
(_wz —’Y—A)UZO

The eigenvalues are found from the determinant to be

2
A=y =N+ =X+ A +uw?=0 = )\:—%ii\/oﬂ—%.

So depending on the quantity w? —~?2/4, the equilibrium is either a spiral (w? > v2/4),
an improper node (w? = 42/4), or a node (w? < 42/4). The three different cases are
referred to as underdamped, critically damped, and overdamped respectively. In
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any case, the real part of the eigenvalue is negative so that the equilibrium point is
asymptotically stable. In what we depict in Fig. 4, we assume that w? > v?/4 so that
the equilibrium points at multiples of 27 are all spirals.

When the critical points are at odd multiples of 7 from the origin, we once again
have

sin(£2nm + 7+ %) =sin(r + &) = —sinZ ~ —%

Plugging this result into the linear damped equation results in the system:

w?  —y

where = ( §)7. Letting ¥ = @e* yields the eigenvalue problem

- 1 .
(w2 —"y—A)sz-

whose eigenvalues are found from the determinant to be

2
A=A = =X+ - =0 — Az—%:l:\/uﬁ—}—’yz.

This yields two real eigenvalues which are of opposite sign. Thus a saddle is once again
generated for all equilibrium points which are odd multiples of 7 from the origin. The
complete nonlinear dynamics is depicted in Fig. 4 where the interaction of the spirals
and saddle nodes is shown. Note how in this case, the solutions eventually end up in
one of the spiral points.



Lecture 23. Applications of Nonlinear Phase-Plane

We now have enough background material to develop a more general theory and
understanding of nonlinear systems. There are two key concepts in nonlinear systems
that determine all the resulting dynamics. The two primary issues are:

e Equilibrium (Critical Points)
e Stability

Both of these concepts, which were mentioned in the last lecture, are rather intuitive
in nature and have been illustrated in the previous lecture.
We begin by considering the following general system of equations

z' = F(x,y,t)
y' =G(z,y,t),

where F(z,y,t) and G(z,y,t) are some general functions of z, y, and time ¢. We will
simplify this for the present by considering the autonomous system:

g’ = F(z,y)
Y =G(z,y),

where F' and G are not explicitly time dependent.

We begin to analyze this system by considering the concept of equilibrium. Equi-
librium occurs when there is no “motion” in the system, i.e. when both 2’ = 0 and
y' = 0. The point at which this occurs is the equilibrium point (zo,yo) which satisfies:

F(z9,y0) =0

G(:I’.OJ yO) =0 )
since ¢’ =y’ = 0. This is all there is to equilibrium. We simply find the points (there
may be more than one) which satisfy the above equations simultaneously. Once this
is done, the behavior of the system can be determined entirely from the stability of
each equilibrium (critical) point.

The stability of each critical point may be determined by looking very near each

individual point. Thus we assume that

r=2x0+ 2
Y=y +Y,
where Z and ¢ are both very small so that they can be considered to be in a very small
neighborhood of the critical point. Plugging this into our original equations gives us
&' = F(zo + ,y0 + 9)
7' =G(xo+ &,y +7),
where we recall that since z¢ and yo are constants then zj = y, = 0. The key now is

to remember our Taylor expansion formula from the series chapter. Thus to expand
about some point, we have

=2 ~3
F(wo +&) = f(z0) +&'(wo) + Ty F"(w0) + 5 £ (w0) + -+

1
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Keeping only the first few terms in this approximation is good provided Z is small.
In the full problem, we now have to expand about both zg and yy. Doing so yields
the following:

& = F(20,y0) + ZF3(20,Y0) + §Fy(zo0,%0) + - - -
7' = G(20,Y0) + TG+ (Z0,Y0) + §Gy(20,¥0) + - - -

where we have neglected all terms which are smaller than 2, 32, and £j. In matrix
form, this linearized system can be written as:

( z )I _ ( Fy(%0,90) Fy(%o,Y0) ) (
) \ Gz(®o,90) Gy(zo,%0)

We call this a linearized system since we turned the original nonlinear system into a
linear system near the critical points. The methods developed in the previous chapter
and reviewed in the introductory lecture of this chapter are now applicable. Thus
we simply need to determine the eigenvalues of the above system and the resulting
global, i.e. nonlinear, dynamics can be understood qualitatively.

To make use of these ideas, we turn to some specific examples to help illustrate
the key ideas. We begin by considering what are called predator—prey models. These
models consider the interaction of two species: predators and their prey. It should be
obvious that such species will have significant impact on one another. In particular,
if there is an abundance of prey, then the predator population will grow due to the
surplus of food. Alternatively, if the prey population is low, then the predators may
die off due to starvation.

To model the interaction between these species, we begin by considering the
predators and prey in the absence of any interaction. Thus the prey population
(denoted by z(t)) is governed by

@ &

dr
E = axr
where a > 0 is a net growth constant. The solution to this simple differential equation
is z(t) = z(0) exp(at) so that the population grows without bound. We have assumed
here that the food supply is essentially unlimited for the prey so that the unlimited
growth makes sense since there is nothing to kill off the population.
Likewise, the predators can be modeled in the absence of their prey. In this case,
the population (denoted by y(t)) is governed by

where ¢ > 0 is a net decay constant. The reason for the decay is that the population
basically starves off since there is no food (prey) to eat.

We now try to model the interaction. Essentially, the interaction must account
for the fact the the predators eat the prey. Such an interaction term can result in the
following system:

dz

— = ar — ar
dt Y
d

il = —cx + axy

dt
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where o > 0 is the interaction constant. Note that alpha acts as a decay to the prey
population since the predators will eat them, and as a growth term to the predators
since they now have a food supply. These nonlinear and autonomous equations are
known as the Lotka—Volterra equations.

We rely on the methods introduced in this lecture to study this system. In
particular, we consider the equilibrium points and their associated stability in order
to determine the qualitative dynamics of the Lotka-Volterra equations.

The critical points are determined by setting ' = ¢’ = 0 which gives

ar —azy =xz(a—ay) =0
—cy +azy =ylazx —c) =0.
This gives two possible fixed points
I.z=0and y=0
I. z=c/a and y =a/a.

Each of these fixed points needs to be investigated separately in order to determine
the full (qualitative) nonlinear dynamics.

We begin with the critical point I. (z¢,y0) = (0,0). Following the methods
outlined above we calculate the following:

F(z,y)=ar—azy — F,=a—ay — F;(0,0)=a
Fy=—az F,(0,0)=0

Gz,y)=-cy+azy — Gp=ay — G,(0,00=0
Gy=—-c+azx Gy(0,0) = —c

The resulting linearized system is

= __ a 0 - __
w —(0 _C)w—O

where @ = (% §)7. As with all previous linear systems, we make the substitution
W = Texp(At) in order to yield the eigenvalue problem:

a—A 0 L
( 0 —c—A )”_0'

Setting the determinant to zero gives the characteristic equation
(a=A)(—c=A)=0

whose eigenvalues are
A=a and A = —c

Thus the eigenvalues are real and of opposite sign giving us a saddle at the critical

point (0, 0).
The eigenvectors can also be easily determined for this case. They are as follows:

o a—a 0 L, (0 0 L w1y _ [ 1
A=a: ( 0 —c—a)v_<0 —(c+a))v_0 — 7 —(0)
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F1G. 1. Behavior near each of the fixed points. Here we have assumed that a = c=a =1 so
that the two critical points are the saddle at (0,0) and the center at (1,1).

and

. a—c 0 . (a—c 0\, w2 _ (0
A= c.( 0 _C+c>v—( 0 0)1}-0—)1} —(1)

The behavior near the critical point at the origin in thus completely determined.
Figure 1a depicts the saddle behavior near the origin.

We now consider critical point II. (2o,%0) = (¢/a,a/a). Following the previous
calculation we find:

Fy(c/a,ala) =0, Fy(c/a,a/a) = —¢, Gy(c/a,a/a) =a, Gy(c/a,a/a) =0.

The resulting linearized system is

=+ 0 —C -+
w _<a 0 )w—O.

Making the substitution @ = ¥exp(At) yields the eigenvalue problem:

A —c \ .
(a _)\>v—0.

Setting the determinant to zero gives the characteristic equation

M 4ac=0
whose eigenvalues are
Ay = Fivac

Thus the eigenvalues are imaginary giving a center at the critical point (¢/a,a/a).
Before calculating the eigenvectors for this case, we note that the periodic behavior
goes counter—clockwise in order to be consistent with the flow of the critical point
I. The behavior near the critical point is depicted in Fig. 1b. The full nonlinear
dynamics is depicted in Fig. 2 which shows the saddle behavior near critical point I.
and periodic motion around the critical point II.
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F1G. 2. Fully nonlinear behavior of the predator—prey system. As with Fig. 1, we have assumed
that a = ¢ = a = 1 so that the two critical points are the saddle at (0,0) and the center at (1,1).

Note the periodic behavior between these two fized points.

To get a better idea of the periodic motion, we can calculate the eigenvectors
associated with critical point II.

a —i/ac

Rewriting the eigenvector then gives

a0 = ( Vac >exp(¢mt) - ( Vaceos act ) +z'( Vacsin yact ) .

A =ivac: (ﬂﬁ ¢ )1720—)—1’ acvl—cv2:0—>ﬁ(1):(

—ia asiny/act —a cos+/act

Rewriting our solution in terms of a purely real solution then is easily done by com-
bining the real and imaginary parts to form

—c vaccosy/act Le vacsin/act
- asin+/act >\ —acosyact |-

Thus the population of predators (y(t)) and prey (z(¢)) can be calculated explicitly:

g

z(t) = Sy c1v/accosvact + cav/acsin/act
a

y(t) = i + ciasin+/act — caa cosv/act .
o
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— Prey x(t)
—— Predators y(t)

Amplitude

Time t

Fi1G. 3. Fully nonlinear behavior of the predator—prey system as a function of time. Here
a=a=1 and c =2. Note the /2 lag between the solutions.

To simplify this further, we can replace the constants ¢; and ¢y by the two new
constants K and ¢ so that

ﬂﬂ=§+§KmqﬁB+@

y@=3+3¢%mmw@+@.

(o4 a

This representation allows us to see explicitly the fact that the populations are /2
out of phase. Thus the reaction to changes of population occur (near the critical
point) one quarter of a cycle out of phase. This behavior is demonstrated in Fig. 3.



Lecture 7

We %\Dé {’:g\“ﬂ ‘:\”%‘n;‘i é‘l% &}%‘f}{@{”‘i {}? ba\m é{;ﬁp UQLQQ 5
g;r@\w‘igwi% lng consl éeramﬁ a pacta diffecen ol
f%@!&‘u@'i%‘;%ﬁ 32}5‘&?%&\% Yhe d\éﬁﬁv’v‘\i{ﬁ QJL = 6%{*@‘%&:%§§;
wile ofF 3“&(\”%\8. Tt can be shown ff;w
NEW%'@({% lovw %\ajr Hhe é’ug%g Jh’m\ @f" %g ﬁ%"y’”%ﬁﬁ
) %f&;&m L’Jﬂ 7

Ug = ¢° Uxx

where U is e é{ép\aiﬁmemé and <
Measues the m&%"{a‘s érggef}ﬁf% of e 6;’3”1%36&

oC u e, J
We Eg‘%‘ .
u-= @Ni V(X))
0 %{3{%
- ,>»2 Vo= {:2 \ffx;(
Then

From  our mej("méia Cit?szL@ f?}gﬁ Qm’"%{ff; e

can tasiby Fnd Solubons to e m%a{%;%@
second ~w§w ODE.  These are

V= C, %%%(%x) + C, igsé%x)



Ig‘ e Mf\i’té ’§\> W\&k‘% @ %u;%‘ﬂ{} re
woould {’;\&w\? Vosth  ends of Tpuv e

So \E"m%

ViY=6  and v(iL)=o0o
Obuiovsby, V=0  =aksfies Lok the gi&ﬁﬁfﬂ&%3
é’%«ga}ﬁ&sm and %Cwﬁclg?f mm§§%{®?\§. 3"%};@@*‘63&{‘,
We  Ofe Srer%%cl (A msﬂ%ﬂm‘a{ 0 ﬁu\w‘m%
c:v\\sg Thus  we npose  The Vooundas
Con Hw’ar\% oy oo @wmﬁ %@Lu%‘lm
S0 When

@’xj( X =0: Viy=0 = C,
5o Mhen
V)= €, o (Mex)

and  “Yhen

af x=L vty O = C, sin (ﬁf{ig—\}

Thous
S AL = o
Lol
S0 Mhat
AL = T n=o,1, 2,2 .,
c
S0 Tnen |
/}\ﬂ: T AT ¢ Qia&maiuﬁﬁ .
- GaFnde vumber )



The éi}f‘fﬁ‘i@@%’\é&f\% 8{%@%’\ g/g’\i%\‘i?ﬂf’z ave

Vo= Cy =i (%‘x} = Ca =in (N3x)

[

This i mafkéé\rﬂ éi?—?@g\eg\% :\s"mm w\ma% e
e e Coe\}*@wﬁd 00 Qa@ In Paf’%“{{id&f‘

 Thevre ore on %xf\fiini%ﬁ nuvoer of
6&@%’%*‘5; Aot j.;s% hwo b

This raises e @c{ueﬁs«%’@ﬁf;
1. What = Hhe 3%ﬁ6m§ %@iuj@'@ﬁ?
2. What do \?)&.} do an  inAnite
oF

Avmber solubiong 7
> How do gou dedermine Yhe ¢,?

The %{%f\émﬁ %qu%ﬁﬁﬁi %UN.OW\;\% %G éésea%
of  lnear ﬁu?w?@%%%‘aw} W can cv\@u*é WUnert
V=Cosin ()t ¢ an(2T) + o 4 Coan (MT¥)4 ..
o
@K
v Z Ch oain (")

This beas \H\ée qo%%\'m: are He =oluhons
Vi %QQ@WS {mé%gﬁ@méw% of ot ?



Consider Yhe o eigen Lone Kons
V= =sin (M4 and V.= ain (M%)

Then  calcdale

¥VEE’m,V'mj - %“;}(m%ﬁ‘} ﬂf;gr. {:Q%(ﬁﬁ?gf) _ fﬁ{* cos (NTXY i {m%x}
= T (sin Lo ] 4 g ey ]
= 3 (slomn @] =sinlo-mw]) ]

- ZHL{ (n-nysinlonrmy 2T + Cmin) SinL (-m) ] i

So  as sigmg as
0 == m =) W =Fo

tnd Va and Ve are Nr\e@fi,g %ﬁ&ﬁf@%é%%.
We  pro ceed now Yo debne Ve mggﬁ% of

. aner Dfo ;iuc;‘;{

{.L

Cu, vy = ), wo vy dx

where ¥ ﬁé%ﬂ@%’%} Wﬁéx @ﬂé\}%a%iﬁf\,
ITF we Rnd Yot K

(w,vY= 0o

{ g £ H 5y ‘ﬁ §
+hen A ang ¥V Ne “oad l‘@ %’EE C}i"”%@?{@*\ﬁi} €.

Yhey o iéa%fﬁj mdgg&mlm-‘r,



G&\f’\% X"’?&CK Yo o ﬁkgmp\‘f) we  fand
€.L
~ ¢ 7/
(Va, Vi) = ], 30 (") 2in (M) Ay

= E:g cos((MmMP) = 5 cosf gm-m*f‘”%\}léx

.
= LSy h-eyix L S (M) TX
2(A-myTT L 2intmyT Loy
= 0 ('zf\%ﬁf %xh%ﬁ”ﬁ‘)ﬁz = @\)

So oVice ﬁ%&{n; we gz’fié Va s:fmcl Ven Ore i}f\f*ﬁ%%@ﬁ@a\l,

‘ . N
\J\J{‘A"‘{‘\m Wis mﬁ%) we Lan ﬁi\%@ A@E"Eﬁz‘i *@’ﬁhé’;
I 1
norwy o a hanchon

L iy
W, .
hutl = (u,u) ' = ( 5)$ ug&‘éx>

Tn ouve case

i
vy, ﬂ?" L Sin (ﬁmj’i) Sin (y\mifi‘} dx
¢ L L

AN

) N 7y | 2NGK,

- SinZ ("M% ) dx = Jo bz ™ 3 ws (&“%H&i
X, . & . /2ni e L

= 2 Tdan Sin {‘m’h{é.\} L = 7%

S Inen

Nvall = ﬂ‘%



We C oy %ﬁﬁ C@f\é’}ﬁﬁngr ﬁﬁ?mg&%&é& Qi%eﬁ;\%‘wn{“\\mﬁ
“E-‘uC.tV\ %a%

‘\Jv}i\ = vﬁ"\
Vsl
%C} %’\c\‘{'
(wf’\} WW\} = %'ﬁm
where
%ﬁm = { } YV = w
L0 g}%erwieﬁ

Fou Yhe ?Xam@% ﬁ{v\gﬁ W en
) &
Wq = \,’2/;_ Sin f’:h’“x/‘;} = V)= ZCa{A}ﬂ
i=y

F{mcz\ig\ji W ‘m% from  Yhe o Bal problem
Hhat e could %m@@ﬁe an nifal m@%m
So . Yhen

A

U (X, o) = e Cvix) = Vi) = Fex)



%af%“ i"i‘iia“ \‘%"\Q%
a5} o
VD= ZCawa = VH Z Ca ey (170
iz =
S0 %%?\

&
Feyv = vk = yﬁ%_ Z Ch sin (ﬂﬂ’f;;}

oy

I;m?aféz%\g e ini Kal condibon  allows vs
Yo delerminge e Ch. This is the o

r%ma{ﬁ{n% un Inowm. o Whenn  Conside

o f60Y = (% Z 0o (%) )

= \;% Cn (fem ("% ) ; Vm\)

V% ¢ G

=% cn
S0
Cm = \j% (E‘f!m} {;{?d)
S0 ‘Eﬂ’\ﬁjr

&
[z o . /an
VOO = VL Z e ()< % 2 05 (o, £10) @i (7™%1)

By

o

V= 2, ( Vi, £60) sin ( L)

i

This is also called a  Foucier Series



€4 %@m}aﬁﬂ*@

L %d‘gx’? ol

Linear @?Q%‘Gjrbf‘ T%)z?éfj Gnd Fumi%'sﬁ@f /Am/‘;{?g{/ﬂ"‘;;ﬁ

r i
%@é’ow "pm C@é’cﬁm
\ﬁ’éi \x,e&zﬁéif\

‘fﬁ\)f\&, !ﬁm S

we€ 9o

Em ear QB& oo
Jace.

%@ﬁ@wma Qﬁ&gc%g}% f‘iﬁa%

Ve {,jttf“ "53239\{‘;%

A% -

f} %vi‘%%v’* %w’% o é%ﬁ&;ﬁ%{un iy
Sov€

%M@r%al connechos
aﬁé o8y \”Bi‘ﬁ%a?ﬁi‘

i;ﬁ %’f}ari\wig{“} we noke Yhe

Fone Kon %?:Z{{ﬁ

Lu= Auw
P{\’} .‘6&%
. i { . s
Mner ?@s@a Xy =0 (ug;} =0
Gr%sﬂamii%
norm I Xll= X % tun = (u,u)
. [ : . %
We iﬁ@ o te %\9 Sy fo“\%‘xfi@ n wa}mi
e ”’\i}ig%&&,mﬁ ﬂ&ﬁ?\ﬁms%@ﬁéi}u% ?fs‘b\%ma
Mebod 1@ Thuer<e
. r
Afﬁ %) LU« = T
Yhen
X= A u= L7
%wﬁg@{* mL his fbmmt AP é@ﬂ% Vanow how e
[

xﬁiiui&}ﬁ. ia T‘i{

e

Green's mwgﬁgﬁ meThod.

ifbtﬁ% Ov‘jf %‘\Q% %’%i%

s The



Method 2 2%@9@ ?wm%’iam Ex?aw‘éi@ﬁ
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A=AT and

- - _ Vi
XW‘XW\ = Mam %nm: % : )W‘i
O nFw
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. 3 i

sides Lpoter Cuv)- Sé C0 AV dx |

o

{: ?551}/({)&\}) &m\} = ( é‘ C?"é)ﬂ , ¢?¥\\)
[ . ) a
L rixy - T 00 Py = 33;45 Codin ) B dx
EL
Jo {:{‘}i‘} égy\ d}i =
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The Dirac {DQHG\ @n&%\‘@f\ and Gmehfﬁ
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Called a  cqenecalized fonc k. The analysis of
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Qﬁé Ci?fziv“jn:\% Jf\’\{ wadi%‘é?ﬁ 655;%:@ =3 B=0
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we also Yot e addi Benal %ﬁa}&%‘ms

. [Gl=o = GGBEH-GE) = D-Az =0
I IGI=1 = GE-6:(3)= 0 - A = |

So Yhenw



To  Summorize our f‘“t?ﬁv%%ﬁf we %&w Nane

Glx3) = ~ X x<g
X>z

w;;a% 5 Cur Oreeps if:m{;:&f\'m o &ﬁ&ameﬁ\n\
%ﬂu}i‘%eﬁ. To =olue wvur C}{‘i%;‘m‘\ Pm%‘\fim; we
cecall  Haat

L
uix) = g{, f13) G(3,x) dg

€, for é?xam?\%j FG=X Yhen we woold
fad Yat

ued < b 3 (-5)ds +

ey }{}
- =3 X 2L
= -5 - x5
2 e Z X
- “ng %gz%x)gz
3 “ z

S0 dhon

g §‘ . ;{,};
You can  easil, %*‘”Cﬁj Hrat %z%é S0 vl “i‘i%&nﬁm?f}
bobh Yhe  rvon VRAENE DUS g}f%‘miﬁm and  “Pe
b&iﬁ&s«ﬁﬁ condi Hons.



Efé‘a{w@%&?: Galedate Mhe Greens funchion  for e
g@iigw;ﬁ% ?r@\oxﬁm

Gue + K2G = S (X-%) O X, 2< |

Luivh Gy lo)ro  and Gy (L):=o0

We  beain \Qj {A‘;f*\%;é:;éx’“{ﬁa once again  Yhe
‘uwo Ceqiong
T. Xgsg Gux+ K2 G =0 ot A Gx (o) =0
Whis  gives
G= A cos Kx
W Xz Guxt K*G=0 with Gy (L) =20
s Aives

G= 8 cos K(x-L)

e ag{f\ﬁ e i‘“’“”"? condi bons

[G]=0: B oosk(g-1) - Acos kg =0

LG =1 -k B g KGE-L) + KA am Kg = |

Solving br A and B we fnd: A=Cos K(3-1) |, B= osK3

Ksin kKL K = KL

Cos Kx cos K(z-t) X< Z
K sin KL

S0 Yhen {
Gix3)= 4

L K sin XL

X?i};



Lective i1

Geneval ?ﬂ%‘%{”kﬁ for Greenls Fuﬁa%‘wﬁ

Frovn Yhe Q{%‘ig{wgﬂ %8{,%\:\’%} we ?%a.)v"wl %% we
would calcdak e nverse of Aruen Anchiong|
fia{uﬁ%’fmi

s

1

Lu=T =3 U= L7'f
This was accomplished with Hhe Greens
fone Bon. T ?G*f“l:”{iu‘\a%}"} we  solvred
L6 = six-3) = G(x,3)
C%s"\;i %@&é

L
U (x) = % fg) G{§,x§é§

So o e A

%Q{rs Yhe a&é@ah% Qq\_m%‘m \

| , E}i ’ - =
A Key vrole. The ques Non  shoold 'arde
Cer m}ﬂxﬂ “‘%”}’*\? TN i’;‘}s:;f %tm%’ Tl 03:' ‘f}é’;&\}'“ ad 'czxif‘ﬁ

prodlems) and i paficdar, Sturm- Lisouille Pneory.

Thus we  cons, d v

§

Lu= ~Lpouds +aou = f6) sex<l
Since  Yhis &QPQ‘{"Q%Y}{ ) “5@}?*@%@;;’{%; Yhe
Greens  foncPion  eofis fes

LG = - [pd G Ix ¢ A60G = S-2) o0=x3 <L

LR
PUTE =2

d, Glo) + ;Q::s 6;{5%3\535;}
Ky GILY + &5 Gye(L)=d
H



j\% wv&s’% %g f{“z” ViU S éy\awxgiﬁﬁ W vin J‘fié%
:;,g:;*ﬁ%a:ﬁ%“ 5&/@15{ j%,}f’v\iﬁ i}; Aﬁf\*@ &{‘?{‘zv{;&‘ﬁ U a‘% ¥ g
zaﬂiz \f‘{\@a we dssomnme G s W‘% nuovs,.  Thusg

&l

We. Yen consider

LG= ~[ptoGily + )G = Slx-g)
anaoe d \n “‘%“ﬁ%f‘a%ﬁ GCCross l{" Thos
-
gi - E’sax}éxég + Qix}ﬁ\,clf ‘}}
3- 3.
so  Vhat
- EP(X‘}GX;.& g%f{&%}ag{ =
Eng}gx—} = 7|
X=g
or
fel .-
L i){:g ) P{g}

Do {‘ec{ylf‘{ﬁf} Prat
QG?ng =0

i

(z)

ggxzxﬁxg = 7 }/fP

{ i .
jw@‘{; \*"n& i\m:; mé %Qﬁ% ﬁ&?cf%‘ﬁéf:ﬁz% %\@ O mAIne

Yhe  unbno Uon m%""ﬁn%?é



And of Yo ond V2 o are Yhe soluhems e X< 3
and X Zg Cespecively, we then Find

\}fi{f}i}\;(;;jg%} ;}{{g

G (x,3)= % PEIWGE)
AN NS X23

PEIWE)

whidh  is Yhe  Andamentdl =oluhon.

Examg ‘e: Gux ° %{iwg‘) Gloy =0 ond Ox(L)=0

B.C.
=0 Hen X<z Gxx =0 % G=Ax4BR — G=Ax

so  Hhew Vi= X
, B.C
X>Z: Gux=0 — G=AxtB — (=8
<o Hhen Vo = i
T Wy d=v/ -y iy, = xeo = 11 =~
YooYz e =Y Y2 b

r. ply=1

i
20 Yhen

Y@“f‘zfﬁf - - X (g

G(x,4) = PBIW(3)
B x=Z

pIW(3)




Exam@v@:

X‘{% \}ig = os KX
x>z v, = oS K (x-1)
<o Yhen
. pB)-=
T WhywI= v/ = vyY, = wekx = Ksin KIX4) + K Sinkx - cos I (x-1)
I . \
= K| 9m Kx cos kK(¢-L) — 5KX s k:ix»a.‘;j
=K sl Kx-— (kx—)d = K » KL
Thus -
11 s%‘/a‘{’i}&\"{fe fé} Cs KX o5 %({3*{_} X< g
Gxz)y= PIZYW(3) K sin kL
1 NACHAICS B Cos Kg o5 Kix-L) X>z
p(EIWIE) Koam KL
%Exc:?amé\*é! (r cﬁG‘\ = 5({««?’} 0= {*}{:}i&
worbn G@)=o and 6lo) = fnile

Gux + K*G = 3(x-3)

C’?;{{j@} = QK{L\} :Q

Thisa 5 a .;;fvj&a{* problem since =0  cquses the
QY’\Q&%&E‘% %ﬁ‘fs’?’?’\% %?5 QX%%Z}??QG@ ﬁﬂi

P

S0

f@b%@wﬁ}

r<p:

{‘*7‘?:;

H
Yhen

has Yhe solohons
Vo=
”‘};2:: Y -
Grp)= {

G=7 )

v

hom oOENMEDVS

%V‘i {g S0 Pﬁﬁ‘&'

y
= W= ";f“ = g}ii;’\}i:‘{"

i
N

r

=1



Emmgls: \Ifgf + ’Z\{ = =~ % ot \{503%3 and \;iz‘%-%\f?%'}ﬂi:a

Twis ?mﬁ;‘xﬁmfa 1o of Shorn- Liouviile 3}3?% vt
piI=t, A=2, and Fi=-x. We con Hherefore
sider Mne “5521\?” ﬂii\;&\‘ﬁ} ??ﬁ‘b\w {0{‘ Pre

Greens ?ﬁzﬁ{;};‘\'&’\%.

Gxx + 2G = 20-%) GEY= 0o
GOY + G =0
<o Yhen
X<g: Gex + 2G =0 with  Gk) =0
G=CsmZx+ Guslax = GEY=0 = C, =0
S0 Yhen v, = Sn YZ X
>3 Gux ¥ 2G=0 with GO $ GG =0

G= ¢, 5 {2 (x-1) + G Cos{Z (x-1)
and  we howe e looun éwj Condi Neon
G+ Gey= C, + 2C, = 0O
S0 Yhen ¢, = -fzc¢, and
Y,  Sin Ty = 2 cos 2 (x-1)
The Wronaltian 5 Hhen

\ . § = : - 4 ,
WYL=y 'y, = SinfZx (12 cos -0 4 2 sin 0]~ 2 cosfix iﬁaéﬁfx-{}bgmsf&‘iﬂ}g



This  Suw ?iiﬁa b othe %ii&w\i
W=z (ﬁa;« Zx cos [2(x-1) =conlz ® Sﬁ%fi{v% %2(5% 2X SinT2(4-10 +coslx c%&ém%)
=z %{ﬁz zx - i‘?:fx«ﬂ + 2 o5 E Bx — (lg-) 1
{2 a2+ 2 cos 12 = 6(‘%{}”1@? EC@%&‘}

We  Yhen howe (note p= 1)

Sin (2% (‘S{f‘; {E{§~—i‘} ~{z ieﬁi"i{;ﬂ‘}\} X<g
Gx3)= 2 (s + 3 cosz)

3. { * o 9»(’; -~ g,,z\i

W 127 S0 2= 12 cos (2 (x-) ) X"}’ff

G (sn 3+ 3 wslz)

o nma% %{ ?mB\%m (e MQ%‘}{ 50 Q;ﬁ “%"P\S
g“ﬂcwxﬁﬁ m‘\tﬁ%mg

H
e i tz) GG0dg

X i
= g“i cenizg (sin@(x-0-F <o%?'§5’x~$§¥%‘?‘ Ex"-g sinlZx (sx%ﬁ%wﬁ ~Zeslz {%"i\}}{éi
o

2{snlE + 3 wsl2)

% H
_ ~Vsin Gc-d- BeosBenl . 3 sinfi 5 iz ~§%§Ex§x§(és}§§€§»&~fic@s&(§~z§34§
[(Z(siniz+ 2 osfz)

= - <%m [Ztx-1y — 2 cos{Zix- ii} ( Sin ﬁg % co5{23 % \}
Z(sin (2 + 12 coslz) N ’

—~ Sin f2¥ {/.}i Sk (2 (3-) ~ 2 cos Z(z-1- sin 2(3-0 K;)
G(snGE + 5 cosl) | =z



{:W‘\X'x\’f\u{’ﬁg on  we fnd

== (Sin o) - B cos Bix-1)) { LanBEx - X Cos i’éx)
2 (sinf3 + 3 con i) e

]

- i 3 x
% (52 + (2 cosl3)

<~i ~dain BOED +X s (2041 4 ss%»;f'éig~f§>
rz 2 7]

= i

. .
’{ (7 cos -0 = Sin 2 -0 ) S X = 12 X cosfix)
2% (sin (2 + R coslz)

~sinfzx (*{'z 1S Zx-1) +2xcos @{i“l}j ?

= 4 t { (2 5in (2x B Z00=1) = 2X CoslZx sl (x-) = 25iiix sinZl-)
b e £ .
@ sk (Zooshz + K 5in -0 s B — 5inZx cosfit-)) ¥ 2 swn (T X f

=t | B X sl - 2x ik wsRi-) 4 [Z sin (ZX
A2 s R esh + 12 (%;%«z B x cosBlx-0)= 12 St [IX sin B x-1)) %

P
“2»*% ! 3 ~Bx (ohl+ 2 s 3) + 2% 5in(Zx sinf2 =0 + (2 s (3x
2 ohfd 4 2 coslt 112 2m Bx ( cosf) = B 50 Bix-0)

=Xy B olmEx [ BxsinBhe0+ ) 08 -0 - B sin G |
2 20 (a2 4 Ecoslz) L )

Pnd i poo keep %émgj and  rosre ;},ﬁ,g};{\\"aﬁ*ﬁ , iF uplise
done e ﬁg%@i‘v{‘a 2"1%‘ , g,i\;;}a) %Q‘%‘

Wiy = Sin 22X - ¥

Sin 2 + 7 cos iz

So Qi%swgh Hhe &%x}?f;%m} (5 o K::s‘} g‘::sf‘a.s%aig %ﬁ

Qvgaer 5 ey Jean and 9%%&@4 and doesnt

e lue any Bums .



%.9&'\{‘@%"& Vo
Rg%u\\&f ?ef%\vr\m%ﬁﬁ M&%%éﬁ

At s point, sne oy devels o fulse

sense of se c/w‘*{%«, concermng  Obks, AHes all,
W can ow Solue  ooth

wital and \ésuﬁ&éﬂ‘*
valve problems.  However,  for seusnd order
i 4 L.
Q%Ug%mg , Q\f@f\j %mﬁ‘ \h{:‘t% \Y}Q&ﬁ hneav.  And

Praf;lﬁ‘\‘m\ %Peabf\g ) o st és:»}%%éw\% ace %w-\\‘mﬁaf'
o éﬁ?ﬁ&i\ﬁ Y‘ut}{\hﬂ‘?ﬁ%’. fﬁ\f\& Here s no %3%%%1{%&
and casy way o alve nanlinear ?(‘t}\oiﬁmﬁ,

Given This {ﬁajrj we ool spend Yhe rest of We
unrEr \“E’Q&‘ﬁ‘mﬁ ‘VM Jﬁy Q?me{ f‘{\g%ﬁ %Lu%}‘ma

We \btgm with  he @q\)a%\‘msr
Lu= €F(u,Ug,t) Ul)=A, U ()=B
Lu=€ FLu, ug +) AU B Ux (01 =0

QEQUL(.L} + ﬁzéﬁx Ly=0

&.&4\*\@(‘@ <<t ond F is now a R’x{:‘w\g which
Qg@«?ﬂ?m&é by u, Uxk, oand t. Heve ure assume
Lu “}fb Xr?% Some  linear @»\‘:‘sz’*&%r.

™he boasic a550mpHons :

e We VYww how %ﬁ “5‘3!&% Lu=o

* We dont Vrow how o sduve Lu= Flu,ul, )



S iF we Yeot  Mne for g as & % mall Qer!w\fmﬂm;
wie fﬁa@g \se avle Ao %ﬁh& Yhe  huil ?WG%‘@%& L ¥l
SOWNE mexl maltt ;ﬁa‘%"‘m{%\ﬁ. This 15 ACcovn ?E{%\hgi
v%sé«wg ?’S« %%a‘%ﬁ% %%Gw"j, We api’}f‘cx%ma% \m\j
Eé%’%‘fsr\g

{vt.:: &’(\Q%étf{;%itzu&%"
G A W\%%&*’Rv’\ﬁ Fhis vl Phe arig;v\sf‘x équa%\m,
Thwos e Vare

L(mteu v ety to) = e F (uteus- JUdtew/ v b)
w{% iﬁﬁh‘ﬁk @’W\&Aﬁ‘m‘ﬁ {ﬁﬁv’ i;‘\ﬁ}%‘ay’}{{f\}

w(o)= WUelo) ¥ €Uo) r €U, (D) rees = A

Ug (6= Udeo) + eulroyy €20, (o) -+ = B

The i1dea Yhen je H collect  each order

of € ﬁgﬁwﬁ&}t\pﬁ. o When

O G): Ly, =0

L]

o : Lu, = F (U, W, t)

i

O Ly Fg {U\af U, ung;i zv(f; t )

‘e

O (e): LUy,

"

Fo (Uo, Uppos Uamy, Yo, 0/, o U, )



We aiég %ﬁa%{, ‘%6 {ﬂjﬁai

vﬁ‘*f\éi’i{é‘ﬂ%
Usloy = A U, ) =0 Nz
Uplo) = B Un (6)56  nz2

Q}\f} 5@\5% %iﬁ} e Cann Solve G} each
ordev  ofF ¥ne ?9{1\\@f‘\3&%f&>w expansion SN
Ie)

all e equalions lane been linearized.
Thve Hie hordest "\’DCN’%" s o evawale Hie

Moo %%ﬂ@isu% ODE= é"\jf E‘aé\n G{"Cﬂ@v",

Our
S0 &L*‘@/\ 15 dn’\@v\

23]

U= Z ™ Ua

oc i we miﬂj \Cgep J for Qxczrwpiz} Hhe
Firat two tervas

U= Ut €U, + OCe?)

whichh s a uvalid EF@oxéma\%’m up fo
some *fﬁ'fme 7. Murdocle ?Fﬁ%}@v\}% Ch,

%%ﬁsv@ Qocussion oF e ucﬁ{é{#ﬁ ol

such o sencs,

Ouy %%emi\ AWy in ?Q?%Em%"ﬁ% %“hﬁwb
0 as %5;9%&35,&36

Eclaﬁjfi% o gﬁmr% of e i}m‘bi%m

we  can Solve aﬂatﬂﬁ%wi%

1 , - ¢ H
39%?&’}%%€ it Theve arce m %ma%% TeLms
. H ()

in Yne @3%%6%

Calevlate an PO X s’?‘x&% soluhon to
whatewer order oF Accomny deared.



g}(&‘ﬁ’f}\l‘et Af\ m;%‘@’% Uaii?f 3’3{5\0%%
if - Z / - J7es =~
\f - \7 = & \7 \/(9\3 =X aﬁ& y (53}%;%

We &?{x@x%wa%& e Solbion ‘E:uj ﬁee‘rCQn%
A i?bi’mgf\ éx\{)@a(\%{wﬁ %@%Hmi

Y7 Yot €Y €T YL e
Pi\w%cz‘;{\cj i %i‘d‘ﬁé

Q\[g% eyt Y- {‘%%’é\fﬁ’w\} = € f:\/a% €Yy, %~~~\}[\1Q§“€""\fﬁ“}

and Yolo) & €Y, oy ¥ €2y, (3) + oo = Al
Yollo) £ ey () 4 €2y, )k =

20 that
O Ly =Ye=0 Yol(0)= X, Y'Y= B
O i,.\};:‘y%” =~ = \/BZ \713593:{3 B 76;{5‘3;{}
OCe®: Ly, "' =Yo = 2vpY,  Yalod=0, Y,0)=0

) |
and S0 en. L4 =1 is the lineovized

operador.  Note ‘hat ¥ appeacs et every order.

C}@\w{ﬁg we  fnd

L . -t
oy 5 Y S 1
Vo = {{3‘*5’%}%/2 + écgn""‘;g‘%\ﬁ e/,

Y, = i'fyizwii,o{g% ’2;5‘21} Q{:,fg + (a4 2o fA "2[533?;%/%
+ {M?}g_ e?t/, + -pYe ?'%/gg - 5&1»;323/’2_«

Qﬂ&
VT Yot €Y, % 0

This é}’xaw\?i@ %gim@wg i:'&q%’iaf‘{?é Yow f”}’xa?%%ij %‘wg%

Cenry %eﬁs‘{ .



Ex&m?\ﬁi A %O*ouaigwiﬁ ws&i@é ({f}*fﬂ(}%t‘;i&wf\

\5;” -y =€ \;2“ Y (o)=L and \{'5133\{”

) , Is |
Once ﬂi%ﬁgh; We gseelk e %G‘:“wa\ %T@%ujﬁﬁf?
ngsf;m%z‘m

YT Yot €Y, t €y, .

‘i’}‘\u%%{{\:i ah i{ug% %Qr‘f}&ﬂﬁ\‘? 05 MHre
last @gm«?\e it Yhe boovn dories

Vi)l = Yoyt ey, () + .. = A
vy W=y rey, (0 F =Y
2o Hhen
Ouy: LYo = Vo' =Y, = O Yol 2ol , Vo) =V
O Ly, =y -y = ¥> Y=o, yi(n=0

O (e LYa= Yo" =2 = 2% Y, Yae)=0, Va0 =0

wWhich  can be solved ab cack order by wield

e

C}\w‘fé\) @){

) HKE — —-%
\7{&: j~-et ~ )

- iff[ -t =
The f‘xof‘:‘xf\@w\éfi}\&f\é@u% éqg&%‘\’m g‘%r Y, CAn %*:}?
4 . - - 1 .

2olved  via Yhe Greens Fuachon mmethod o

’e&;ﬁ\&é%‘ei‘m;v\f’é 5«{;@?13{%;2&«%; This \f{f%é%
Vi = At BeX 4+ Ce™® 4 De?* 4 g8

% ¢ H R

uNEre ﬁu%,fif% and £ can \pfi‘ g;i@;,%es{m;meé waHn

LW~ Sms much @f;%(:%i +. Then

Y= Yot €Y ¥ O(6%)



gXQg‘ﬂgxéf An eiieﬁ;z;éu\?ﬁ Qfgb%m
N Oy = eC(y) Y)Y = Y= 0
Now , we expond vot t:f\\fj v bt also

A ance ‘gé*\j\ My oller = value

i

Yot €Y, ¢ €7y, ¥ o

;

4

A= Do ten, FEX N, 4 o

96 ‘\‘m@w at ieaé{mﬁ @ré\sw‘ and Yhe @w‘f’%% C@ﬁ”&é‘*{@f"i

o6) Yo'+ MNoVo =0 Yolo) = Yoli)=0

Oy Doy = Fl =Ny, Y ()= Y,a)=0

%@Xu}{‘\g e o) *\'}w’%‘:}\p‘\% 633'%&63
A=t Yo= A sin amx
Al b next ocder bt e v term
V' ontnly = }?Cﬁi*ﬁf’iﬁ k)~ M Asin amx

&3
[ f Am Sin mx 20 Haat

we  Can %yg{}ﬁ?w:\x r =
3 LS

7=

o
v nrmly, = (o, —MAYsin X+ 2 A Sien mx
Mt

The %ﬂkggfﬁ&%&me@uﬁ dever s ATX 5 resovnant Avish
g &

AMNARS G deves whids does not %@z%ﬁé% HAe
\t;a::eumf;\wj ndihve . Thererore we must Jake

JAE = Qﬁ/j;ﬂ\

and
» A ..
Vilxl = C sin nTx (22 12
%iwgm WISy T

Sy mTTX



Lectwe 12
The Pomncare-Lindstedt Method

We %eii% ‘%”ﬁif‘%és ?&F@m %b*j ; M%;cl&ﬁ{q 05¢; lla %Wj
;’B%Smo mena  and Yhe linvidahss o a {\agufcx{*
{3&” 3?@&" B&‘f‘\m Q}{Pﬁiﬁﬁ?m,

Az « ﬁ{mp‘iﬁ é“xamplse we  consder

VARESREE e)?y =0 ylo)=ol and /) =0

This can lof* ff‘éie’fjf‘ ‘5@1%& Ej Uy %%anc:lw\gi
metods  and yields Hhe soluhian

y = ol tos (1+elt

, 2
Thus  +he <o {“’;\‘0" hz‘f{ﬁ +the ?@f‘f@ Cl T ="1%¢€
cn el %éqnf%% Jie)= Ite.

What does a

r%ﬁdﬁaf* *e&fsmﬁﬁ'm ﬁfiié? We
Men %E’%

Y TVt €Vt €Y b

Do Yhen
O): No'' Y, =0 Yolo)=dk y{j{s‘;m{;
O (e) N YT =25 Y0} = Y, (o)=0
0 (e%):

YR T TV oYe yeledE We)=o



The lﬁaéiﬁc} e{‘é@f pmg%m % eaa‘%) %0%‘@5}&
and \{ieicé%

Yo = o (st
we  Yhen need to olue
vUIEY s =2V, = 24 wst Vo)=Y o)z 0
The “v‘»ﬁm@%@wg&vﬁ %a\u%‘w\ i5
Y. = G st t ¢, ant
A ool N
vy e %M%‘% A ?W\wmamr %@iumﬂ

\ﬂa; f&\ ”t Sin ’{:

o Hhen

‘\}Pf: Asnt + At cost and *7;; = 2Acost — At sint.
This ASES

2A cost —At omt + Adtsimt = ~ 2 cost

5o ‘then A=~ and

N o T €Y+ 0(€?)
E ol cost — et sint + 0(>?)

So iF te<l then 8&@"3’%’%3&3 is Fne. B
a5 Lt ~0(%), *hen vy~ vy, and the

PQ?%W%&%M &Pfﬁ%;{iw\ai‘w’@& faila fo hold.

The + st term is called a secylar ferun
ov 5?%,?{‘1%0*3 term. T4 E%W%;’%% he validid

i iLg
he g}@f‘%@%&é‘fm EXp ansion .



The lbasic problem: the {‘Q%U\G*{" *sgrjﬁw\oa%‘m
EXPONSIN éo%& r;ojr auem :‘:@* m@@g%ﬁx@& ) dﬂne

p€:~£e& (or %%@%%}.

We remedy s sihabon  with Yhe Poincone- Lindstedt
mernod.  Thos we inivoduce e Strdined Hwne
T=w@t = (Wt ew, ¥ 2w, )t

which  allows  For &&qu@ﬁ@n corcecBons ., Lue
Wnen  consider

\?;sf + KZY = @fj(\f‘) \{;(g}fd and \fg{&}’;{}

Node hat Vs VeTez Wy 2 vi=wlyee and
NVle) = Wy loyzo. So  Hhen

W? Yoo + sz =€ ?‘i\ﬂ y@elzal and yo(0)=0
Then e ‘Q&Paﬁ.ﬂ

v = Yo t €Y, éré?»\{,z toaes
W= Wy tEw, + €4, Foe

So Yhew at  O6),  lVere + K2Yo=0. And i
we wont 2w peniodic %LUHM%} we Take (=K

so0 ‘that
O: Yerz + Mo =0 Vogﬁé:a{ i Yor0)=0
GE Vite + V= FORIKE = 200V, ze /K Vo)=Y, Y= 0

And 20 forbn. An example  wall serve fo illuslale
e methed ﬁiiﬁ%«



Example:  The Van der Rl Oscillafe
vyt e (724\\};’ +y=0

We  will use +he Poincore -Lindskedt methed to solve

Hhis pm}iﬁm. }%we%f\i we nofe  the %ff:}w;ﬁtj "}4’\\;’%‘5

s if y =1 Yhen Yzwi*?i ond  Hhe {.‘:bméx;’\%
coefflicient s Q@ﬁi%@g ieaé;%\ﬁ to &me}{ﬁﬁp

e f y <1 1 Bn \,’2‘-%<‘.i Cind e é&mg{ﬁg
coeFfhcient 2 ﬁé%@ﬁ‘\,f iéaéa;ﬁg 1o %g*{}w%.

Talvibvely Yhen, we wn éx?&:} Hhe exislence of
what o7 called o limit Ojdé. We use Yhe
{Poincore- Lindsledd adhod W%%‘u&r i+ We \;ga{m
‘b&ﬁ C\Qs@{ﬁ{ﬁ% ne  sifrained Hme

= et
1 %a@

W Yre + € (y2-1) wy, +y =0

a’;m% A/}\% e Qx;gﬁa«m%

YT Yot €Yt ELY, toe.
wo T i&){}‘%" éwi ?‘“’é‘z‘fﬁdg”"rw’

Bond g\éf“%’h&{*} Wl &Q/H Yrooo “‘%’if‘zﬁ Wi‘f{_j’{ {ﬁ‘a%‘f&{
condiNons., S Mhen et

Yo}z Qo + €A, + €24, + .-
\/;50§‘: O

H

And  we delermine the a; which %{aﬁ? Yne  limach Cyere.

nd



= N - i I 0.
i’ig%ﬁmﬁ n  and i@i%?ﬁ%ﬁ?\i pbuwers We %”‘U’"‘é

oGy Weo Vore t Yo =O Volol= dg Vgalo) =0

This pmh?%im i Q@%EL\j 5olved  and 7;‘&%%&
e %QE&U%{@
‘}j@: {:{’{} ‘i@% {‘C/f;ﬁ;}

To M%{z}&% a2 %{;}w{c’&hi ‘5&%@’%@ g

require wp =t S gt

\][G = G\g} o5 T

F A
mzf’gi\‘l’atz “{Ys | }7&“{

i

Zwldcos T + (Cif cos?z =1 )0, Sin T

al 33 .
= 20,0, T 4195 ) SinT 4 4 Sin 3T = I~

L ; i» N

To C&Q% rid of sewlae g{‘%w’% Yerwns, we st
A 4 g

fequire Yhe bt and sih T T€rwes h uvanish.

Yhen  house fj’ﬁgks we dowt want o, =0)

e
20,0, =0 = W, =0
Z %
Qc}(ﬁt}é{”i}zé = Q =2
Alle ‘ Y % | ‘
Al fﬁ&%\ﬁ% , e could PP\ Fredho b - Allevvatie
: v Ver + V=0 which

We nole Yhe Ce%@%%}’% @%}}a‘%{m =

bobh sint and cos = =olubsns. Thus

{>ﬁ> éw{i{%

‘(frzagi%té =0 = wi=0o
(F,ant) =0 = Ao =2



OCe™ YazetYe = = 2WaVore = W Vige T (Yo =0 Ve
w0 Yer T 2 ever V)
bt since wy o
Yere ¥ Y2 2wy Nore ~ (yot-1) Yie 7 2YYi Yor
= Hw, cos T 4 (ireostc) (3 cos® -2 ws3T -4 0, SinT)

“2sinT 5T (3%in T- Sin3t +"~iq,£%t) = F,

U%‘iﬁ% a  Litte %13 %éx&a%‘iﬁi fy’\c:ﬁiﬁ, e
Hnen 5‘*@\5&

Fz = (%wng)c@sz ~20, SinT +ws 3T -4, % 2T ~ % ws ST
“

Either ‘9\3 avppliying %e‘am\aﬁi%ﬁ (Feedhnolm) oc just
‘5;}%‘:&3 %E‘H"?‘aﬁ na Qf: éew\ﬁr gmm% tevvnae we ia{?"u;i

%wg ’?ff%{ =0 =3 wg: 7}{(3

l@i = = Ch

i
o

Ovr  zolutign 15 Pvs

y)= 2 + 0(e%)
< = (14 €276 + OCeV ) &

ana

o

Y= 2 cos\ (4 7€Xe ) tlte L% ain L (1476%) £ ] ““fgé* Sin 3L 01+ 7¢%/g) é:”i; + O
LY



L @C}R}’?‘ﬁ i

Forced Nonlinear Qecillabions @ Dof ffa'ﬂiﬁ Equa Fon
e 2‘09;:3% 13 Lasyy é}tg&” mir*a% \i’%f? ol gx}\;ﬁ; &g e
éampéé s Jforced %Uﬁ;?'ﬂgﬁ éqma%'%. The

%9§ 61%"{1& {ﬂfg {)C?wx% iz jfi*‘\tf O f‘ai §ﬂ:€a€‘ @Ciucxﬁm
:?‘t}%" C ?ﬁm &)u%xuv‘;ﬁ Wi\{i;% LA ve wf“:’%’%@;ﬁ

i

Y %ixhyi‘@

_ 0.
T we add Some TOrcin

ég’ @'S‘i‘!ﬁgﬁg% N C{ﬁ%
?‘P@Q{u‘%\r\ 2%

ﬁ%’\é %s}} ggé{é{m &i%—&w 'i’br
éiﬁ%ipa%ﬁm\ o PricHomal forces we  Lnd

Ty sy sy = Y os ool
Y 4 Y >
éamp{nﬁ {"%’\G\?“mﬂ;f_ cif*{v%wﬁ

We also assome Yhe '&J%%ngi‘\% iviibal  condi hons

vy (el =d ond ‘\/’ffo‘ki“*[@
Thos  Yhis problewm contains  six param obrs: 3,7, w,ol b
and Yhe sixdh whidh  wll m;’f%gﬁwﬁ& o e

%ﬁ@mlﬁ?&@e&s’ 6%@&43‘%\ T s{)a\'%‘ﬁ{:&af} Yine }k\g)g@{
Png to do is  assume v << | ond Mhen
ot

Sin vy omYy
Bub if v 15 not %o %}ma?‘ﬁj Hhen
T, x ~4° bee - “;f’g + O(ys)
" \7 Y v’f‘f‘;i * i 7 17

] L { [ | { I .
Thus we Ihdoduce g ahbic "j;‘éi“m To Yhe Nay, e
L pf e |

Pe Dol no 4oy,



Linear %gef‘tj: o écawx{){sf\g

We sé’gm \Oj W%i‘é}%‘f‘if\f} Yhe ‘éxg\x\?z%&i case,; %ajf

¥

J?_ il ﬁ&*"xh?\?@”i{j o Wif\ﬁ Thus
i

\7; 4 \7" = N o5 i"\}%

OF ?Q‘{‘%‘{&iéf m%»@g\g%% s when w=l and we
hone  resornant gwéiwj. Thous  iF e toke

\f“ ty =Y cos t y(ééz\f’{s)ié

Then e 3 Caan C&ﬁ\ﬁ,‘:}% \{?? A t t‘:is\’ht {‘;}Lﬁé
21n e \/?f‘: 2A cont - At et then

(A wat - At sint) + At aint = v et
50 then A=Y ana A= Y4 . Ouve  Folal
solubon s hen vy = Geost 1Gent £ Y5 tosint .
Thus ifF Y o)}=0 = G on d xf%}mi’atc =0 tYhes

E }2 t =t

This 5099 g%‘sfs Hal ove soluhas arow withodt
k@u%é i %ﬁiw@%iiggbﬁ '{f?“"‘@@a"\‘j\ a:ecé ;

/ =% . ?g
! IS )

:
H
A / /o

,-/\’ ;fx ff'} //i\\
w';’i/‘} 1;; / / i
3 i
i

Y ,
/
¢

o,
e

S
S

o
S

/
/
1




Lineac Tif\@m\i"- C}éaﬁm?é’\g

e nows 6\'@% aézg &Qwiﬁg %@ U
?}f\év{a}ﬁﬁ covedaboves . Thus

Vi 497;5 + v o v cos wt
TF dne davnping 15 swall Yhen  Hhe }‘&m‘%@w&%
solohme  are 5.4 ~at

7 . I —
y=ge  Cos st + € SN (et

Ad e can Fnd the ‘P@Wh clar  2olihen
b ¢ P = \A “ ’& = A o= t—_ 5 e
T;'is quessing e 4%‘5%52& A +Bsint (at resonance)

-t ~St
Vo= Ge Tews ViRt +C0  sin [Tt 4 WY sinwt
G-weY ¢ St

.

o Gt
[INALES g e

@aﬁ

and z%%ﬁw’h‘nq the  inifal condiboas (o8 %qmikmﬂeﬁewi%%ﬂ?g

= Swy sin =0 4 cliud) ek
h-wt)t gt T e S

which  conm bve rcewriten as

( G-w?) cos wt +ubein Wt )

o = ~
f {g_ FAR R 1, %
=" % 97w

Note wow Yhere 15 no biﬁw,-v? of solubms.

f

woeeas iﬁ% dea %’éﬁ{}!{ﬁgﬁ




Nowlinear T‘h@y{}‘{\ii o és\w\p{ﬁﬂ

e mows Cnaider e elfect ok mm‘n‘ﬁ&aﬂ{éxﬁ

iMoot é\{;w\w{)s;'\cfs
\;,r“ 4 \f + %"x\;/g = ¥ cos wt
We  do Poincare- Lindsledt

T=wt
2o them
R % 3 . ’ -
Ve giz\f N Ez\f = X cos T
o *{%wr{waﬁg
LIVARES é(f’wﬁ»t w;’gy 4 \/’%E

*,
[

s

- VR { - K
w‘h%p& W“érf} /;)i?,wi%égé} Gng €= ST o ke

%{?\% LAE %ﬁé’w““‘f %{\(j kep’r ‘%"%’\6 ‘i‘\é}i%“ {,}s"i@f %‘65"%
i hne ‘ﬁf‘\?amicn since (e w\éﬂ %ﬁ%‘ The HArst
e reechion, Expan é;’mg VoE Yot EYF

o) : Yotz Yo = © = Yo 0,8 T t beSinT

"

O): Vitge Y= M eosT = By, + Yo

\¢

= { r-Ba, + % aaz’aﬁ%&}iw T+ § bo (’";%% Hlalihl))hsm
+ Ay, (aF =362) 5 3T + by, (308 -L2) 5 3¢

Removing seular termer  T=alp-%latind)|  bolp-2laim)]<o

Se  Yhew

o
&
i}
g

an d A, {ﬁ;«gf{%ﬁ;g> =y



After waowni @v\ﬁx%{mﬁ back info the {}{“iéiy’}gs

(Vo aki@ﬁ, we Bnd

w* = L F3Kaqr- XY (a, +0)
“ 4

o
Hren

or if Y=o,

A =0 of 3VH(wi—))/3x

Trn  total %ﬁm , Snmce Qo Measures Yine Fﬁ—’:alem%é
A5 o bwnchon  of E‘f\ﬁqg&f%j, we  FRad

NGy 79 \ﬁ{i

Thos  solubions sk = P v?? Pt O?"%Lj
ﬁiiﬁﬁi Yhe Curve T =0, For quj ﬁivﬁh
w, Ynheve is g Anite slubon, 0
aﬁ@ﬁ\ia?@fﬁl ocks T hbit Q@ow% }‘U%‘?
25 Yhe disspalon does. -



Nonlineac Theory:  damping
e ﬁ%’@"ef% VWO {Jw%%
\/” 4 g\f + v o4 %4\732 = Y Cos *‘J%

]

By ?Q{ﬁamw@z\&%\é&% we Can  onCe
Ao rewn ke this as

Vet TY =€ {/Yc@st “;‘%\f 47% - .fiw;;z>

wheve U, B, D, ebc. are suitably vedefined
lea é.{mg order  Covrechons. With  vo=aycos T+l oih T,
solvakilily abt next ocder glues

Agkﬁg, + Uy {;ﬁ "“%fq {QQZ’?%Q2}33' K

b A, ngi:* (fg - 34 {Qézi‘%ﬂ;}i}} =0
DF&W}\Q o = (a2 +be2 )Y Hhen %{mﬁfé

Loty potaw) 1=

Cs

\L vsw\ai%%‘r‘ é@\@n{} W‘ﬁ

Q;y;ag;@ a::éz%;{% %{‘a?aﬂﬁ {




?&‘%’%’%tﬂxih e
@bz&)&?g\ai %as:if«z;q&;%»; i+ s mited

+ % H B
Pomcare—- Lindsedt polrod isa Ueiaa,
%

L 9
in Scope 4o peviodic

%&iﬁ%@“% {}ﬂ%véi‘ T%”w%, for “Hhe Von der %ii Qc.{u{:’{k%ﬁt
We  usene mi»:} oble t Hnad Whe Lt cuche.

_— T s
The method of m&‘é‘@%%‘ 6"‘@&“1%% fENOUes S 0me {;JL

e Limai %—m%‘&\%,

We %@3% Fhe élzv%b of moultigle scales 19‘;1
Lo S é?.,af*;r"\ﬁ e wﬂai‘ﬁﬁ“é&mf?@é ?Qﬁév Vi

proolens

*7” + 2evi vy ()Y =6

, i, { y
The exact soluton + Hnis IS blem
i

~gt

Y= ol€ cos Vite-€2 t 4 Ex

‘
-

(=]

e

Ji+ &=z

}f&ﬁ';d, Y gf@}’*‘@

-€t

Sy Yitée-e? &

&E’xii}h Ln be %:xﬂ\g* %‘3 @i{i’,m&ﬁ%m»ﬂﬁ m@%&éa
wd

The ol %V?\‘?}@F%@ﬂé cbservabons of s soluhen
1. The 3@%?3&3 occurs o the %m? sele et
2. The g‘v'eqkﬁmﬁ =hifls  ales occor on thimes et
3, The %»gaci;'ng orcder behavior

. t 4 | of A B
lice. e os<illatony  pehanior

3
J

Ecurs On %mie 1



Tust as in Fhe Poincore-Lindgredt m@;%z;%f we Haen
define & new hime pick op Hhe "slow hme"
iﬁf\mm%i% of 3‘%’%"%% é&méy}g {:;mqi Q%Qa%ema\:} @‘&»\;5-%?5,
The nrew slow hme g

T = %?:"{i
Thus  our %Qﬁvi‘t{m 1%

Y=y (t,¢)

B B fﬁ 5 ) % .

Yk s , a rw\ijgx@y\ of both  + and T which ol
: . . H . 4

b (EvSi C\;%f@g WA iﬁﬁpﬁﬁg\é@w% h@f%&i}% S

i . . i R
Let  us  Hhen H o osove Mhis ?mi‘@\ BN USing
Hais if‘f”‘*ut%%‘{gj\*f scate' (e t an dzy p@x‘%&sf‘%‘b@%% k
technique.  we frst note \noweuver, Hod de

CV\L"‘%& e ' 11{3 %%\e& €5 '

il
N
~L
et
i
(
~
S
ot
1
~
o
[a s
e
o)
4
i
e
T
i
r
0
e
f‘T
~L
o
ol
i
[ 3

ii. \?,

3 H i
We  are rnouu vea&*j o é%pcms::% covr  Soluhon
e

Y® YolE® t ey, (1) + €2y, (4,1 +o

wacy s f‘ M
Q’w"\i—ii {/‘332%?52‘ ?:saaw&‘s“ﬁs OfF éa;}%x%fsﬁ,



9§u ' N [
%%m% Py WE mAag

@5%}

Yoy t Yo = O Yo (0,0) = X , Yo (o,0)=0
§{£>: \fg £t + \ff = m‘[‘ \/‘!{} + Z\zfs% + 2%%;
i . JU \ - .
with oy pY=0 and (o0 = — Y, (5,0)
iR { 2}3 ; e o] Ry N g
O (e?) \{3&%\52 E;‘\gE T z;«\;w:%» ziggéwi %2‘\53@ 4 ?'Gzzj
3\’}‘);% \’{Z{%;GT}:‘Q} QN g\jgz_é:{%}i}x} Q- \Yi'g; {0;{}%

fﬁ\% leo ti%{acg or ﬁ@r ‘“‘%’iﬁ\ég\ e “;i‘:"acl.

Vo AR cost + B ant

where Aoy = oL and BO)=D., Thuse we no bk

§ oy { t ,;« . ;
VoL UL 3W€En%i ; Yout ‘!’”ﬁ%‘\&* foreh vrs of
A Hhe next order we Bnd

e
bow—h
O™ Sibuo - e T

: [ o= s ? SR H AY;
Yopr ¥Y, ° LYo T 2Yoyq + "‘\fw:zj
= ~(A+1B+ 2B.) cost + (-B+2A+2A,) amt

L A i { . ;
Fred zf’;@%?f"f\ - A ai%?&*ﬁ&f%\gif% ¢ c‘i“;i%x}%\s’“{ig us 1O %«5@ o Db \;A?A &
e M%Q‘%F’” %{“@bv%\ FEY e, Thos  wuoe %‘f"?’“&t}%s% \?’““&,g&{

A L
Ar =28 —A

Br= —B-3A



{
Wle wost
[
%&‘h%}% a

N $
Coarny  vau H“;

YLD ‘Sa\w ‘ﬁ‘)r A

“he uljbgj} @q\g@j\‘w )

bottom by 2B Yo And k
2AA, = AB — 2A%
288, = 282 - AB
ﬁ%ééia% %i-e%ér we vl

2AAL 4 288 =

-2 (A%+82%)
(A*)z & (8%)¢r = -2 (AZ2+482)
A2 R ) = - 2 (AZ4 B2)

Thus Wwe tan <olwe for Ag“ﬁ»»;%‘z

n s -7
A%+ B%* =ce

e
e
rl

i
«

Ay + BADY= A240% = x?® = C
3 7 e - 2
A% R = x26%F = (4€°)

So  Yhewn

hacd

H

Mey= o€ " cos g(e)
B = €™ sih (1)

A and B which
2x 2 ég@b\a oF @gua“}‘fﬁv\%

We
?A &;f\é&

s Hhen

; P f i { N ;
e simply  now need fo de Yermwaine e z(o.
(%



pi@{’ﬁ As A€ cos gy into the Ar=hB-A ‘E"‘Quﬁt&’\'\s’\‘.
SO dnen

2A~ +2A-B = 2|-a€ “cos5 — dg,€ “sing |

So  Mnen

and “}%ﬁfh
Vo = Alx) cost + B aint

which %{a,,%s
(t) = @i'éimdt s T st - =i T %mta
Yolt 3 t : ;

Oy

T )
Vot D)= € " cos (b))

So  Yhew o= Yo ) + OCe).



A comn ANSOI 15 in i}é"cg%". Hous

m@%i@ e Scale

% i,
calcdakiom  oor K,

H

well  did VMhe

Recall Mot

Hre  exoact acluton was
&t €t P
y= ol cos Jite-el t + € « e sinflte-€? t
Jire-e?
v
0
Thosg
 -et —r
Y= &€ Cos V[+€ -€* ¢ + 0Ce¢)
Now we zztejt’i% %&,‘%
7 i
(lve-€2)%= 1€ _ge?y .
Z ]
Thus
- &t P i
Y= &€ cos (14€) 1 + OCe)
Recall Hat
i‘;g&ﬁ << Cos éi’%é% tfzﬁ} + Od&)
o QWE% 7 z 5
T AL oz (1 +€5)E + OC¢)
— 3 { { K b
T rnvs e CXOLT Solohon fmé e S i:%??f‘@:zfs'ma e
« . g il A <
are %é&f\%\mi at %%ﬁég‘ﬁg or den)
d



Lectore 16
F&Ppiiza%'anﬁ of MMH?}}? Scales : The Van dey Pyl quaig'm
We now 5{()?{3 Yhe method of mui%fo)@ seales
4o the Van der Pol %qva%’m‘ Our hs;;-pe now is
'§‘ 30 W&UC‘\ be Her Han \i?fﬂﬂé‘r e réﬂu}m“‘
or  Poincare - Linds fed4 &'.Panﬁim pmi:aféw«s.
There fore e consider
\fn* é(\/z”i}y’ ¥ Y =9
Lot Ph
\/{0};0{ and y‘m}ré}
We rnow define Hhe 5EDL@~§€€2{€’
T = et
Thvs with  y'=y, t €yz and yi= Yee t 2€Yer + €2 Yee

we  have
(\{& t 26y, + éz\{m} + € Cy?#»-()(\;é tE€Yz) +y =0
We Hhen expand in po Lvers of e
Y= Ry ey by ey, (B0) & o

Recall Forther Vhal \ffio‘}:s; = Y, 4 é\;zii =6
at

tagags



CO%}QC'}{F\% Pe wers  uge Ig‘iné

0G): Yoy £ Yo =0 Yolo,03 =l | Vo, (o= D
Oy Yiee t Y, = "{2*\/%% + (y2-) ‘Ya%] y, (eo)=0 | \I;'iﬁ:}l;}b\/e?{qg}
O(e?): Yot Vo ° “E 21 + 20V + AVAVAVIRE KD VR \{Mj

Yo(o0Y=0,

We  can novs  =dlue  at each order

Oy Yo + Yo =O Yolo,0) =l Y, (00} =0

No= Alt)ecost + B(X) sin t
The nibal  Condikons Yhen qive
Volo0)=  A) s o+ BloYsin o = Alo) = &
Yo (0,03 = ~ ALY 51 0+ Bl s D = Blo) =0
So  Yhew
Yo (£t TY= AG) ost + B sin t

v eve A (o) =d

Bloy=0

Ya L (007 “Nig {o,0)



At next order we Bnd

OcCe): Vit Y ® -12y, pe b OO0 \feiz Yitoroh=o ) Y, (o) =Y Lo0)

S %ﬁ&n

2o * Q\{ﬁ»—t\i\\;fg,& = ~2ALsint t 2B, st — (“Asint + B wst)
+ (Aot + 2AB sint wst + B in?t (-Asint + B ost)
= = 2A;9nt + 2By cost = A® (1-sintt) Sint
~288 (1-cos?t)cost = AB  sind £ + A%B coat
+2A8 (1 sin2t)sint 4 B® (1- cos2t) cost 4 Asint = B s t
= sint (2A-A® $2AB20 + sin®t (A*-ABZ - 288%)
tcoot (28, —2A%B 1 83%) 4 cosPt (2A%8 + AB - 33)

, ) 3 i 3. il
Nows rem!h‘m% ‘that Sin® X = § SINX " § Sin 3%, coef x = 5Co5X + 7 053X
we Yhen Find

N

Z -
= sint (~2A.-A% 4 2AR% 4 A3 - T ABIY | W st ( A*-2pp%)
q £ N
peost (2B +83-2a%8 + 3 A*B-3 830) | W (o3t (2428 -32)
= sin £ {"’2}5\1“ ZUI}\% - E{’i ﬁ%‘%@ - if;f Sin 3t (ﬂ@, 3’%82%

teost ( 2B 48 Uy ATBY — Yy con3t (R3-3AB)

Afec all that éxrn?)ii{fi%ca’%‘fm} we now (an set  Fhe

e ualae %mw% teyms %‘t:; 280,



Thus  wue X*"%éis«e
A 4 1 ABY =¢o
4
3 1A% =0
B 4 L
we mg‘ﬁi?‘m\j fhe top  equabn \p\j A and dne
si(;sy\a \e\j B %o Yat
A% 4 2AA. 4 LAY i{/‘«\zgz =0

*82%-25’562 + z% B L %f AZB% =0
/3\33\}’\% these ﬁcped‘\'mﬁ :h:» %@\H’\%r e ii‘m:é
AR +28Be & L (AT + 2A282 3 BY) - (A%+8?) =0

or upen fewri ‘%‘ﬁ'ﬂﬁ

{ﬁz\)—; ¥ {8}“)? + %i (A%4 B2)* - (A24g2) = 0

So Hhen %ﬁHﬁ’zﬁ pe A%+ B* e haure



We can solve Hhis  First order oDE  ula Separatiun,
Thus  we howe

P~
Injfe%v*a{\‘nﬁ B\a‘ﬁﬁ %EAQ‘S %g‘%ﬁ%%
\n ZE - T +C
V= Py
O
P - Ce
|- F/t&

Recall Hhat our ‘i*"‘rii\‘ak condihon %Quf% )a{a‘}: Aol & By = =2
Thus at T=o0 we bnd

T=0" pho) - oL - C = C= 4t
b= plo) /o |- oty H— o2
Thws
4p(ry - 4’ e’
—1PT)

L?’w)aﬁ”c} 4-

%@ib{ﬁﬁ foce ;Cé{?ﬁ Ao here f’}geu‘si%

;ﬁ{“g:} = H o2
o« 4 (4-x2) e



Frow  the @c’{ua;ﬁ\'w 2h~A + WAL AR 2o and e

Fock Yt B2%= gﬁﬂf’:\z we Bnd

Azwéf}\‘%%;ﬁ\tg =2y _g;%:éié@»Pf%}ﬁgt
"ﬁ’\%v\
WA= 1§(#§- Y2 )éz%»fi

8 at g (qou2)e” T

= 1 g (Y-42)e © d= + ¢
2 oAt H-at)e "

~(Y-ot?) | n (o2t (4=a2)E" ) + C
2 - {4-a2)

= In (x24 (4-a2)e Y™ 4 ¢

So  Yhen

Alty= C
(a2 (4-o2)e TY2

. . £ ~ 2
Gnd with  Abl=ol, this qives &= @2 C=HR. S0 then

ATy = L ;
(22 + (4-x2)E™ )2

and then %Z(iﬁ”?\a‘)%‘ S that

Blxy= ©

Thew

V= vy T v o) = Ak) cost 4 0O(g)

and
2 cos £+ 0OC)

Y= =
\/;g + (4-o2) €

which s he %Qﬁéi;?g

So When as towm , y o 2cest

ocder  Limit emcle.



Lﬁiﬂl’“i}’i‘e V7

Y

R@zﬁi@g} omd  Tehoduchon o BPoon «%wi %-»%395‘ TH‘&%?“B
™ ¢ 1

Thus %?:n"} We Wowt @%@%EC}%gg Havee ??g’“%@gﬁﬂi%ﬁ‘ﬁﬂ

%“éﬂmlﬁs&&é}: gg%w\&’%f‘; ?Gx'niaﬁwaé{?aé%%té}j ond

moultple Scales. T is good ot Yhis ?aéﬁ% Yo

recey Hredr uﬁﬁ%‘w%%&

T. ?%ﬁv%a{‘ %’ir%’w\m%‘w Exganﬁt‘%

ﬁxi:)aﬁﬁim: Y= Yo ¥ €Y, % 62‘\7‘2 o
agpf‘speig%ﬁ §>€~e\3\e‘m§ - bs}sf\&?{g volue Pm%%ﬁw&
i é{%%\s&%’w‘“{ {}r&biﬁm“é

- a%auaﬂg 23 %ﬁ;}eﬁ é“i{‘s% Q%%ﬁmg:;%'.

I. Poncore- Lindsled] Exf&ﬁs{m

?ng}aﬁﬁfm:

i

YT Yol®) ¥ ey (T) + €2y, (D) ¥ - ..
LS

wi = (gt ew + €2m, +.-)1

Q?gﬁfsz?{‘{a;é ?mkieme; - Qf)ii%%‘i&%‘%f’% %ﬁ%gm%mes?x& f::;f‘agmi
— %f“ea% forr limit (ihji}’ﬁ"é

- %éq&y\% correchons  ave easy
1. mg%%?‘%{v&g\ag gx?&ﬁé;ﬁﬁ

expansion: Y= Yolt@) £ ey tht) + v, (hT) + .-
Tt “slow Bme

Appropr v f::g%ﬁ ?ch\% s

@%c%%ia%‘ma omd cy{;w% ff§€€a;j
- \J%?%&%ﬁ“{é

%eqﬁﬁ{ﬁ And. é&m?ii%éfz é@w@&&‘ﬁﬂ%
vnost vb‘g@ﬁi}mu%



After all Yhis E?%?E&%";m ﬁﬁaé\ﬁ%;‘gf ONE oy

1 [ 3 : I 4
%e% Yhe idea dhat all the mathe mabal +taolt
are now in place Yo %@msmmtﬁ approach oy
ﬁr@i‘\ﬁfa@m‘ ee - !ﬁxv Con ‘f}"m%" hevsepr !
To §§%§§;§‘%Y\G”i{§ ‘ﬁﬂﬁ %:’Ef‘*?»ﬁia}’:g@wﬁ oF SQurp mﬁ%%is}
wre Qm%?ciﬁr \%Jm»é} %¥§gw{ﬂq é%%ﬂf;%é %Cgu&f?%fi‘f‘i.

é\[f it + \ff + \;f - i‘:}

i b VY=o  and voLy= A
Since 1+ cpptars %3 i%i? a ﬁ“fﬁf\%&f@é ?Qg%\ﬂ*ézx%‘{@y\

?}rg“@%@f‘* Wi% bagf\f\@j m&%ﬁf“?\i e
o @m;::«% A f“&:’}%}i‘;a&’“ f&pﬁif‘*\ﬁ%&“

2.
Y= Yo t €Y, tEY, T
O Yo + Vo =0 Yoo} =0,y a)= A
oley Vi Y s =Y, v, (=0 , v, w)=o

The Xa{:‘imﬁ or éfﬁsp %%Xﬁgm is 8@%5%3 =olved
and SS{ elds e %?ﬁmﬁ«;“@.% eal{;gﬁ{}ﬁ

— R
Yo = G €
é?@“‘j"é}‘% ‘}g’hf %@méﬁ@{é’%: Key e Ve (o) = C =0 =5 =0
x=Lt yoay=cet=A = c=:Aek

Thus  there Seems to be a  condmdichon.



Whiad isv%m%” @w?%&%? Hous  could

ﬁ‘%%% i’\gg?i —up
I ) I
Vasl-1 ﬁ%ﬁ{’;@zﬁj %;"‘zf},i%

&
O iéa;i% ow €asy {ra}b\&@.

The answer: the p%‘%%%’ﬁ % ":ﬁ%m%'u%aaﬁ (Hhis means. .. )

" ; ) . | . I
1. as €= e %%3%@%% devivgTwe  wnishes.

Recall hal he L\i%?x%% devivatoe  delermines
Pre  number  of ¥€ﬁ%&f% %%é‘%??y}\éwé soluhions

=g O Our ?f"ﬁ\bigm

L TH issecond ocder:  uye  expect e linear,
3""!&9!}5%&%«& %@%v‘%‘ié?\%,

N

We i?%%;%z‘:»

M on éﬁ?ézﬁ’ "%mg C,bﬁﬁjmﬁ% %
G&{;pear

2. The @%%éﬁa“{“ﬁ are Gvaﬁua%s& From Mo
i&&{}ug\f;@fb mé%%ﬁm\%.
Pt n Yhe pec %w’*xco\’%?:@h method

1. The ?m%’ie&% bewmes Fest ~order

o oW U%@Q t’f”::;gfﬁi,ci' one —‘aeixﬁdm and
sy Ve im‘é%’é\a%

Ll

%ﬁ; A %”}iié bhave ‘%We \O(}&}ﬁ%y‘:j

e di bena.

The %ﬂﬁéqw@ﬁ& " AL C‘\Q‘ir an é}%}"éﬁ%&“mmfé %ﬁém

which  leads to  condra dickon.

(#]



%&Jﬁéaﬁz Lagers
RN
- 4 ‘iﬁi
Now Consider Hhe problewm
H

eyt (hredy'+y=o Y®I=0, yui= |

which  haa e exad =olobon

= ‘8%){ —
\?f{x} -
et~

?%f@‘%‘%h% Yhis %{wf@

3
f 1 &ec{‘ea%mﬁ €
. \ f““ éxg’:’@fsﬁﬂ%\‘a? cﬁei%

!

i L ¢
(5] X

%‘T‘&i\%;‘kf}ﬁ i‘c?_axlﬁv’\

This ﬁwq\fﬁg%i\ﬁ the existence of o reaions
L3 5 .

which  ave  dishnck

4. The {}v%ﬁ{‘ W%iﬁﬂ“: %a%{\s’r\% if? ﬁ"‘%é}ﬁ";‘

of Yhe inkrval Tor o<x<l.

2. The " jamec region ' taltihg vp a  rarrou
w i
slice near x=o. s is alse Bhaown
de, %e %@%ﬂé@j %a%%r or LN’QK‘%%% Non

f”@i%a’}ﬂ.



To  solve Yhis i}mzﬁ“%{% , e Vereal f

o jué‘%
o the ijm%%%@m guqc\}@gé‘s.

{

T. Ooter i“}m%?em :

H

1 . !
R AT i“}‘mg Wy Ao 53%3?&%‘ B i}%{“ &

O Yo't Yo =0 Vo (1) =1
Ole): \/’;' ‘i“\f; = “\{Q”w\f; Y, 0y=0

N P
Yo = €
1, ‘ P X ) _
;rs\f*s’%%fﬂwﬁg %&%vmg %W@; Yg.’:‘_\fz wx}(g = ... 0,
Thus concludes Yne outer E}m%iem
i Iwnner i}f@%?ﬁw: (G&x <3 4i<§f}

To do “Hais ﬁfg\o“em, we dehne a  news uorlable
which “ie %{.%—g‘é Hne ‘i’?@’t}i\ g\sy‘j \f’\&%mﬁ Thvs
we et '

5= x
€

P — . 3 , - « .
Then Wy = }égézg‘ = %f ’\‘g‘% dn d \}’yix = 4 xg;g . This

% i gz
%séﬁ?‘é e nguo ng&‘i‘{{sfs
{143 A = I
Ysz + (14€)Y. 4 ey =0

Wi vy (€g) = vy =0

f“%%a&x}%c&{ \@;ﬁ{)&;’\é{&ﬁ wih ym=| ( 344?‘{‘313



We now expand:  y=v(8) + €Y. (5) v ey, () + ...

oG

St

Yogg ¥ Yog 7€ her=o

Ole): %‘fi'%g + Y, 3 = “k\;a§ Yo Y, o)=0

%@%sj{g’a% {;Sr %Q@\é%}ag o é%f %{uﬁé
\f{:} = A;;, {:ig ‘i}%%}

; . { )
w%"«ég\é gfi\g 5 DO E Vﬁ%ﬁ%ﬁf‘m{ﬂ?é‘ i&‘ﬁ%%ﬁf“j\

5, ¢, e i
T, %‘V\Qﬁi’iiﬂi‘f’\gt Qm@’%‘ra{%mg e oviiiore Soluhon
) .;r P . [R>S
mner solubon : Yie = A, (1- e 3) + o)
T b ‘ : L ~ = |
Jo  maich we requirtt That L L7 ohve N
J =) X530 \fﬁv o ;fm
\ . - =X
Thos v Vot = liem € = b © (1= x + %%,
A=30 \{W? FHo ;‘\g K éf’ i

bim Yin = 0 AgU-e7%) = 1o A, = A,

% 3o =0 50
/i}D %8&%
A,=e

The unifors ﬁ}{g}%@”x i5 c\s??iﬁ\?& a5
.

T *%'\:‘\‘S%

. =%% [~ X
NG = e(i-e ") e - e
Ui &

which Aylves

Yonit (x}= € - e

which matches  he %%ﬁa&%a{% order belavier of
B 3 -
Hre  exact soleben!

=< X 2|
C g €% <<

g‘gmi:ﬁ = \‘fi;\ F Yoot = Yemakch .



Lecture 18

3 oun éarﬁ L&x}; evs

In e lash examP\ﬁ ;o we lane, how 1
determmine  Wne locehon o ¥he
b Stvap b %w{m e z:‘?)(aa& %aiu‘}ﬂ'm.

) P § ‘
waeww! iy c?}ewa?a{tﬁ we vieed o VLo e QM%‘%YUC,E‘)N
“ocan o delerim ne Ye locahon.
Coveider Yhe  second - order |

bm?’\ ig{:w*j %Q_Lﬁ@g‘

Thos  wee
inear %c{g)&% )

ey’ + bixyy! + iy =o 0s X< |
VoY= A ond Yyy=8
And R G5SLwre bix) ¢ for 05X < |
T Outer solubion
we  find Yae  oulen Soluhan Ezﬁ %s&?isﬁ
fi’}ipamé\}xﬁ
V= Yot €Y + €2y, 4.
which Aiues
OC1): bV, + cox ye =0
OCe): by, + cooy, = -y, 1
We me%iszfr Yhe %/e%ncimi @M«c&{‘}{%&ﬂ% ot
Haig Pornt  since  wpe & not  Wows (F
A iounéfr ool forna

at- X=Q or Xx=1.




The %QC&%‘W‘\% ordee ?rbEESW on  be ga@((ﬁ

Solwed. Dn s:;%“f we  Find
be + Q) Yo =0
bx)

20 %9‘%
Yo =K ex?[ § o9 3*]

where K s Somme Cons fant

Ir. Iﬁﬂé\f“ %%%U%%

Not 9"‘%‘\1‘3 3o we need ® baow Haie \ocabion
of  the i@@gwé% ECK\:}g&{“j we  alss  need
Peow its Hiickness.  Thos we deline a
=y “ﬁ%‘{'{i%‘ik‘xx‘v& N Uoviable

5= X
o
= %C“&"Y
Yx = Ygix s 2 Yz
Txx = giz Yié’



Thus e §g\5§; a.z? éxﬂ‘*%’h

SV v EEYD 4 Copy =0

Gnd we  would  like o ééirﬁvmshe S6Y: Haah &

Yre  Micknesa of Whe Emﬂ&@fj %&3@3& Theee
are  Hiree @@%@ﬁgi%\e%

f

ﬁ. € > S . %E‘V\ y§g =5
%{6 iﬁxé‘} v y = E}g + E
% Hhia  hag jﬁm avo: ;raﬁb leav’\%%
xa ﬁ@g\fﬁé (for %a m one @mdgﬁ Qi Ao
and m&%c\vwxg‘} %p <o | Q%W\ Llows - ~up n
e ms‘alttbm\% Fﬁtiim: %ﬁ; N %i?) %}%;},E =00,

We  con Vs rule ot es>s.
2. €<<S Fhen b(s3) Yz =0
this  yields y= D
This  costunt mugd satis ?«3 e  boun c‘wj
conditon a5 well a5 matching . Thus

we  hove an  ouerde Fernine §3@§Qm.

We can MNMus rule w% € <<g,



€~ The é{%%{h%viék‘\%& %’;‘{‘ﬂi‘é{

lething €25 giues - Vg ¥ BERIY; =0
This ‘«;{ﬁ‘é&% o %QEU%\‘{}{\ which hag ”\ﬁ,ug
Cmﬁ%m% oF *%“)"Xf%‘f@\%iyz whidh  allows

For W\&%ﬁ/\‘;rg an d %&%5@\3{ e b@uf\é@wj
condifons.  Forther, 9oluhsas are
%}{}uﬂé&d.

The m\aa}a;e pmc‘eﬁy\e abooue  to &*@y%@i"%ﬁ’\{?\g (e
s called y’xﬂfe%aé G&gf::i:»m;af\aﬁ% Bazaﬁge Oc
rethed o distinquighed limik. Waat oo
goum:‘ﬁ is  Phaod

N
iy
AYRve

5o Yhat
Yoy + b(€5) Yz + € Clef)y =0

We  Can vnow expand: Y=z v (3) ey, (z) FETV(Z) 4
OGY: Yoge b (€2) Yog =0

Oce): Yig; + E({—gﬂf%% = = C(&3)Y,



At %Q&&K;ﬁ% ordexr Haen e \f\G@‘é
Yozz + \o(sgﬁygi = 0
%v}r e 5’1{3‘%‘3 ‘H’\C&
b= (€2) = be) + OC) o

by + 06e) iF
Tng%
Yogg b Yoz =©

and

-bs
Yo = De e

I, Ma%g\"x{n%“

Al Hais ’Fm}f\? e have

ok = Kegﬁ’qﬁm dx

Vin = De o3 + E

ond ma&cifs{wﬁ ceg uives

! = % bl ¥ 5 “ o M
avwer at x=0: %‘;?;;3 Vin = &:{; Yool
iaggf at ¥=it Lo Vin = Fown

E R sy foot

\‘:«@ﬁéwi \Guﬂ{ﬁ(’ B ol x=e

b{}-vmé@fj &ajav & ot X=1



We cen now deler mine e %@ﬁé@rg layer
locafon in a ﬁméa%r%i{‘%fwgfgi ?ﬁzﬁ%{m

Case A bzo 3 =0

Hienw at
XK= W Vi = s S%ﬂgbg FE o= E
z50 Z 500 -
A= hm Lo = D o3 =
A Yin gi% De + E @ (oa%améﬁé)

\{_ i
s i bWz ‘wwéwb X&%@?" occurs abt x=o

Case 2:  blx)<0 = by = — gl <
HYrenn a“r
X=0:

} g <= . o 11{,5‘;‘ = |
§1;;; Yf“ ;::; De + B = {bﬁgﬁWméﬁé‘}

%

X2t b yps e peMEie = g
RS 55~

r - § ! | 4
Thus iF LoD <« 0, boun g\c*f‘i} éa\ﬁévﬂ Occuvs al ¥ =|
For bl20 Hhen, we BLind . E= ¥ Yim

ﬁi’i{x}@{ﬁé%
dnd  Yhe addifoal conditbons o

\fba}} (b= ﬁﬁé ") {oy= /’3\'
Thve  KE, and D are delermined and Yiin
E - fgass) 4
Y{”’%i} = \?/ts’t + ‘\:;m;% ”Ymﬁ,\%é = ﬁ{? bg%+£ 3 K{ij ﬁéé&) % _
ﬁﬁg

M%g Sig} ﬁ:g}?{
Yot = De + ke X




Lec.)mx“ﬁ 19
Twnikal Lmﬁm Grnad  Lipaid C%&‘&e&; In %in{ﬁg\ﬁf Linaids
Wwith  Yhe Cﬁf\ie{)l” oF  bounda

Mond, We duen o an s‘n%mg ‘ﬁ% ?t’b\\a{%mﬁ which

s U‘E&"xj &AW‘\%%;‘S?: “he Qayjé\?{cjif\ G‘:&c{%%a%&(‘. Bor
Ao with a ‘S‘i‘w'\éi" i%’i 31;’\;@&&,‘!\61“.
“d

\i&‘jg{% oW ’ujéii {;’7

Eyn + [M\{e )’é{\?‘}gl £y =0

S0 viow the = G\?Pﬁo\fi ‘n g"‘bf\*' of  Whe
Lm‘%heg‘r devivabive. Thus  Hhe nwnlinear &&w?s;af}}%m‘?ﬂ
Yerm  dominaks Fhe akavior.

Lefhing z=dy , we Can rewrik this as a 63%@?\
ai

dy
dy

i
e

¢ d& . z»123»~7
dit 3

Div;‘ é‘;ﬁ% Hhe  bottom %ciga%ﬁ‘ém ‘baj he %03‘3
%f‘»’l% +he %%iow{w‘g

£ dz gm%%iﬁy
z

{
Se now o ‘}N\éﬁ?‘%ﬁ &T’é:}” G ” A gf%mc*ﬁ‘m f}f Y.
ot



I

Lé@’élﬁ{}i Sé"é%’: @Jrfiff %iw%‘i@ﬁ

H
The osoter ‘5:1‘,}%,&13(“;@;”\ Coayn “b@ “fi:w;a:l i@aj o ?gﬁw%@;f‘
€xpaﬁ%€m

2= 2, F €2, 0+ €%2, +...
%gg,i(‘a‘ig}?% %g@gg

00): 2.~ %2 -y Lo

<

This then %mes

Note Yhat o Wi<?g ,  Yhere are Hhree
rossible  yalues for 2.



What iF e are not exact on the \eading ordey

wree? T fad at, weToo badk fo Wne oviginal
ﬁO\Q&'\{zﬁsas‘. h

dy - 2 éé};gw;gswf
1 dp 3
Thus we consider
) e {*
at Z=i: €dz - 2.y = 20 ‘ Y <3
ot ’ <0 s
77
at  Zaz-f: e dz - ~Z.y = >0 Y<~%,
at 3
<o Y 724

,} ‘5’/ Hrans: Khon !"S’%{&Y"ii
| e

=
"
s
=
o
“al




. Trans: hor Qégi%t Mney exponsion

The  Nars: hon region %gﬁ%eﬁ% Phe %Nm{g«ﬁ

lal=n %a%@’{‘ ER{?Q{‘&%?@T;

= Y- %
€

13

Thus ?7 = ilgg?

: 25 2%;§f§g; an < Y72+ €3,
?iu%%!}\ﬁ " g;\}?fz 3

1
€

dz - 2-%z2%_.24-¢3

dg z

Ex?a@cﬁi%\% ONLE G&%Q{h %{xﬁz%
e 23) v € 2(5) ¥ e22,(3) £ ...
S Phat

OX da . 2.- 25 -2
dg 2,

This can be %sia:\eci %3 %e@@*ezéém

gg 2o 2 - (ég

o~ 25/5,“2/%
whaich yields (a Lite Faitia @9&683

=24 12s42] 42 b 12e~1) —~ 1 -

~L(z 4
A4 4 2(2o-1) 33\? {;)

H
Ao

w‘i’\ﬁ%ﬁ s o {Zm%%aal o s%\kgf&%m‘



. Matching

Top rightt  corner:

Tn s ase, our  outer soluben approcclres
e gfgﬂwﬁs’\g

3\

ew‘li’éf: (‘7‘,2,9 = ( %“} b)

The itaney ‘BSQvH&*\ G\%f\éaé«\j %’%is‘f\?«?%
Jﬂ/\iﬁ SinCe

NAEY i (i}:ét‘ -3, g
INney %:jm 8.4 5:?@( V)

Sin €8 ~L w0 or  a lz-l —voo as 7 = o with 2=
251

Bottown right  corqer :
Now  our ﬁfiu%im a??t“ QQ‘Q‘*\Q‘E %’? g@iiowm’g
ovter f:%,f, 2o} (‘?’%: -2)

Aad e (nner adubon makches Hais

S e
mwaee r i (3,20) = o (-, =2}
b Lad %g»«:(g
where in Whis  ase b igZet2l = =0 as z - with 22,

Thos %"’?\Q%{;éﬂg%\% s Corm 35\@%{“ ad leading order
, i 3
ond the costnt ¢ repncins  onde ber nmined. Wwe

Can  Simnilon expand  on Yhe lefH  dvansi fan \awer
with 2=+ Yo cﬁﬁa% Similar  resdl s,



Lecture 20
WK R “?\’xesé’\j on 5&{:\?%’1{1@%@{%.

- 3 [ LB oA H {
o wmaKe & SeCond Order chi??e{‘ef\ Tal %QQ%\M
uﬁ‘iaiua\nw , We an do two %iﬂ@% c:ag&c& LT xﬁ%gx%\j

oF wmake i+ non- vorstant z:fuff"?%}m@{& The
FS(%\V"}?&’%‘\&\ wethods  dealt with v Hhis 9@;{3% Can
Wondle  either of Haese coses, The w%ié method

(Wentzel - Kromeps- Bei) louwn)  deals  only with linear
J%*G\b"‘@k“ﬁﬁ bout with Mﬁ“wﬁﬁ%@ﬂ% u’%@miiﬁﬁ%
g&"%é{“; »%" 5 fﬁ.%‘ﬁeﬁf*x@\l @%é‘{’iig“%ﬁi WA %ﬂﬁw’*\ w’“\{‘j)

%\E?‘%ﬁw} Q™ gﬂ’”{f}\}? NS,

53\ Kﬁ(‘(ﬂe ﬁum\b@\* g;f Jmhiﬁm% Gie aif\a(‘sﬁc;jff;(a'”ée:é
\93 Qﬁiﬁ%%v“a%ﬁ&f‘ %‘a’é”:\f\&umfr eithov real o :w%mw
Therefore , i+ is  somevhot vabucal o ceck a
"5@3u%~im @fi ‘“f/;:}”‘ii? &}”m

DL

VY~ AGye F S<<|

whh eve S 15 A Small @ammé%i (note: Yhis
B for 6‘;ﬁ%u3a;r %ﬁm‘b\%ﬁﬂmﬁ)

Thus

\«M
i
o~
,3”5
(‘\‘}

,,m

Ay — " awn p%;%gﬁ”

Gl \?"‘h;g {4 m@(‘ﬁ\i oA ?xmz‘f}%{&é&—{f}%ﬁ%?
de {;Wf%}g;%;%ﬁ\%* E

(I



The foemal KB EXDGnSIoN  assomes

Yo~ exp] 0] - exp [ 506045500 + 52 i |

g

Tn  ordec o isﬁsu%%ée, e ngmi o i%}%}
Do, chz;a%\%ﬁ T o8 ,fi‘?‘"‘,&qyi{ﬁ% h %i@%s?ﬁﬁ
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492 GLOBAL ANALYSIS
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Figure 103 Same as in Fig 10.2 except that n = 2. The exact eigenfunction and the WKB approxima-
tion are almost indistinguishable.
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mate analytical and the computer solutions arc given in Table 10.1 and Figs. 102 and 103.
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Figere 102 Comparison of the exact solution to y'(x) + Efx + z)'y{x) = 0 [#0) = y{x) = 0], with
the WK B approximation to this solution as given in (10.1.35) for the lowest (n = 1) mode. Akhough
WKB becomes exact as n — o, this plot shows that even when n = | the WKB approximation is
extraordinarily accurate
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