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1. Introdu
tion:

A Semiparametri
 Regression

Model

for Panel Count Data

I. Model for the Counting Pro
ess

A. Mean stru
ture: EfN (t)jZg = e

�

0

Z

�(t) ;

� monotone non-de
reasing.

B. Poisson pro
ess assumption:

(N jZ) � non-homogeneous Poisson pro
ess :

C. Parameters of interest: (�;�)

(or just �).

D. Study estimators when the Poisson

assumption B fails.



II. Observation Pro
ess and Covariate

Distribution:

A. (K;T

K

jZ) � G(�jZ) 
onditionally

independent of (N jZ);

K is the (random) number of observation

times of the pro
ess N ;

T

K

is a ve
tor of ordered observation

times:

0 = T

K;0

< T

K;1

< : : : < T

K;K

:

B. Z � H on R

d

.

C. No assumptions about G or H.



III. Data and Primary Goal:

A. Data:

X =

�

Z;K; T

K

; N (T

K;1

); : : : ; N (T

K;K

)

�

�

(

Z;K; T

K

; N

K

)

:

We observe X

1

; : : : ; X

n

i.i.d. as X.

B. Pi
tures!

C. Based on X

1

; : : : ; X

n

i.i.d. as X, estimate

(�;�).



2. Maximum Pseudo-likelihood

and Maximum Likelihood

estimators

A. Pseudo-likelihood: use the marginal

distributions of N ,

P(N (t) = kjZ) =

�(tjZ)

k

k!

exp(��(tjZ))

and ignore dependen
e between N (t

1

),

N (t

2

) to obtain the pseudo-likelihood:

l

ps

n

(�;�)

=

n

X

i=1

K

i

X

j=1

�

N

(i)

(T

(i)

K

i

;j

) log�(T

(i)

K

i

;j

)

+ N

(i)

(T

(i)

K

i

;j

)�

0

Z

i

� e

�

0

Z

i

�(T

(i)

K

i

;j

)

�

:



Then

(

b

�

ps

n

;

b

�

ps

n

) � argmax

�;�

l

ps

n

(�;�) :

Implement in two steps:

b

�

ps

n

(�; �) � argmax

�

l

ps

n

(�;�) ;

and de�ne

l

ps;profile

n

(�) � l

ps

n

(�;

b

�

ps

n

(�; �)) :

Then

b

�

ps

n

= argmax

�

l

ps;profile

n

(�) ;

and

b

�

ps

n

=

b

�

ps

n

(�;

b

�

ps

n

) :

Let t

1

< : : : < t

m

denote the ordered distin
t

observation time points in the 
olle
tion of all

observations times,

fT

(i)

K

i

;j

; j = 1; : : : ; K

i

; i= 1; : : : ; ng, and set

w

l

=

n

X

i=1

K

i

X

j=1

1

[T

(i)

K

i

;j

=t

l

℄

;

N

l

=

1

w

l

n

X

i=1

K

i

X

j=1

N

(i)

K

i

;j

1

[T

(i)

K

i

;j

=t

l

℄

;

A

l

(�; Z) =

1

w

l

n

X

i=1

K

i

X

j=1

exp(�

0

Z

(i)

) 1

[T

(i)

K

i

;j

=t

l

℄

:



b

�

ps

n

(�; �) = left-derivative of Greatest

Convex Minorant of

f(

X

l�i

w

l

A

l

(�; Z);

X

l�i

w

l

N

l

)g

m

i=1

= max

i�l

min

j�l

P

i�p

� w

p

N

p

P

i�p

� w

p

A

p

(�; Z)

at t

l

;

whi
h is easy to 
ompute.



B. Maximum likelihood: use the

independen
e of the in
rements of N ,

�N (s; t℄ � N (t) � N (s), and the Poisson

distribution of in
rements,

P(�N (s; t℄ = kjZ)

=

[��((s; t℄jZ)℄

k

k!

exp(���((s; t℄jZ))

to obtain the log-likelihood:

l

n

(�;�)

=

n

X

i=1

K

i

X

j=1

�

�N

(i)

((T

(i)

K
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; T

(i)

K

i

;j

℄)

� log��((T

(i)

K

i
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; T

(i)

K

i

;j

℄)

+ �N

(i)

((T

(i)
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; T
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K

i
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℄)�

0

Z
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� e
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��((T
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K
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; T
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K

i
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℄)

�

:



Then

(

b

�

n

;

b

�

n

) � argmax

�;�

l

n

(�;�) :

Implement this maximization in two steps

(pro�le likelihood):

b

�

n

(�; �) � argmax

�

l

n

(�;�) ;

and de�ne

l

profile

n

(�) � l

n

(�;

b

�

n

(�; �)) :

Then

b

�

n

= argmax

�

l

profile

n

(�) ;

and

b

�

n

=

b

�

n

(�;

b

�

n

) :

Computation of the (pro�le) \estimator"

b

�

n

(�; �) is hard, but possible:

iterative 
onvex minorant algorithm.



3. Properties of the Estimators

when the Poisson Assumption Fails

Theorem 1. If assumption A holds, then

(under further integrability and boundedness

hypotheses):

p

n(
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A = �
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If the Poisson pro
ess assumption B holds,

A = B = I(�) ;

and

b

� is (asymptoti
ally) eÆ
ient.



4. EÆ
ien
y 
omparisons: when

should we avoid the pseudo-MLE?

S
enario 1: Supppose that:

� �

0

(t) = �t.

� N is a Poisson pro
ess.

� (K;T

K

) independent of Z.

� (T

K

jK) � order statisti
s of

K i.i.d. U [0;M ℄ random variables.

� K � one of:

(a) Degenerate at k

0

.

(b) (Shifted) Poisson(
).

(
) Dis
rete zeta(�).

ARE(pseudo;mle) =

[E(K=2)℄

2

E

n

K

K+1

o

E

n

K(2K+1)

6

o



S
enario 2: Supppose that:

� �

0

(t) = �t.

� N is a Mixed-Poisson

(= Negative-Binomial pro
ess).

� (K;T

K

) independent of Z.

� (T

K

jK) � order statisti
s of

K i.i.d. U [0;M ℄ random variables.

� K � one of:

(a) Degenerate at k

0

.

(b) (Shifted) Poisson(
).

(
) Dis
rete zeta(�).

ARE(pseudo;mle)(NegBin)

=

0

�

1 + a

E

�

K

K+2

�

E

�

K

K+1

�

1

A

0

�

1+ a

E

�

K(3K+1)

12

�

E

�

K(2K+1)

6

�

1

A

�ARE(pseudo;mle)(Poisson) :

where a � q=p = �M=
.



5. Problems.

� Algorithms for 
omputation of the MLE

b

�

of �.

2 Pseudo MLE of �, no 
ovariates:

Sun and Kalb
eis
h (1995);

2 MLE of �, no 
ovariates:

Zhang and Wellner (2000);

2 pseudo MLE

b

�

ps

of �:

Zhang (1999), (2000).

� Further eÆ
ien
y 
omparisons when

(K;T

K

) is dependent on Z.

� Other 
ompromise / hybrid estimators?

� Inferen
e about �: likelihood ratio based


on�den
e intervals for � (Banerjee and

Wellner (2000))

� MLE's for Mixed Poisson Pro
ess (N jZ)

(e.g. Negative-Binomial)?
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