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1. Introduction: Estimation theory on a model P

* Suppose P is a semiparametric model.
* Fix Py € P;assume X1,..., X, are i.i.d. P,.
* Let P = P(P) be the tangent space of P at P.

* Assume that P G L3(P); thus LY(Py) = P + P+ where
P+ £ .
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1. Introduction: Estimation theory on a model P

* Suppose P is a semiparametric model.

* Fix Py € P;assume X1,..., X, are i.i.d. P,.

* Let P = P(P) be the tangent space of P at P.

* Assume that P G LY(R); thus LY(Py) = P + P+ where
P #£0.

* Suppose that v = v(P) is a (differentiable) parameter: i.e.
v:P — R.
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* Suppose that v, is an inefficient estimator of v(P) at Py with
influence function v: thus

v (on —v(F))

VP + op(1)
= \/—Zlb ) + 0p(1)

where Egyp(X;) = 0, Egp? < oo, and ¢ ¢ P.
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* Suppose that v, is an inefficient estimator of v(P) at Py with
influence function v: thus

Vn(on —v(Ry))

VP + 0p(1)
= \/—Zlb ) + 0p(1)

where Egyp(X;) = 0, Egp? < oo, and ¢ ¢ P.

* |tis well - known that the efficient influence function Ty for
estimation of » on P is given by

~

1, = II(¢)|P) = orthogonal projection of ) onto P

see e.g. Bickel, Klaassen, Ritov, and Wellner (1993, 1998),
Proposition 1, page 65.
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* |f ﬁ,?ff Is a locally regular and asymptotically efficient
estimator of v(Py), then o€ satisfies

ﬁp 1, + 0,(1)
Zl i)+ op(1).

Ve — u(Ry))
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2. Estimation theory off a model P

* George Box (1987): “Essentially, all models are wrong, but
some are useful.”
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2. Estimation theory off a model P

* George Box (1987): “Essentially, all models are wrong, but
some are useful.”

* Variant 1: “Remember that all models are wrong; the
practical question is how wrong do they have to be to not be
useful.”

* Variant 2: “All models are false, but some models are
useful.”
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* Consider enlarging P by allowing an additional parametric
sub-model Q ={ @, : n € R} parametrized by a real
parameter n which satisfies Qg = Py € P.
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* Consider enlarging P by allowing an additional parametric
sub-model Q ={ @, : n € R} parametrized by a real
parameter n which satisfies Qg = Py € P.

* Suppose that Q is regular with, for simplicity, densities {q¢, }
with respect to a dominating measure . and score function

a € LY(Py) but a ¢ P.
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* Consider enlarging P by allowing an additional parametric
sub-model Q ={ @, : n € R} parametrized by a real
parameter n which satisfies Qg = Py € P.

* Suppose that Q is regular with, for simplicity, densities {q¢, }
with respect to a dominating measure p and score function

a € LY(Py) but a ¢ P.
* Thus for the sequence of densities ¢, = ¢,,-1/2,

ViY@ - iR} — qavFin La(n).
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* Given a € L(P) \ P, define a one-dimensional parametric
submodel

d@
Qz{Qnid—JEqn, n € R}
where, with m(z) = 2/(1 + ™),

L mna(@))
qTI('CB) _pO( )fm(ﬁa)dpo

Then @, has score function a and satisfies Qo = F.
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* Now asymptotic linearity of 7,, and Le Cam’s second lemma
yields

V(v —v(H))
log fif_?,éﬁ

pr 0 Ey®  E(ya)
”M((—oz/z>’<E<w> o2 ))

where 0% = Fa*(X).
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* Hence by Le Cam’s third lemma we find that

( VA — v(Py)) )

log 4<n
08 aprp

%N ([ P Ey?  E(a) ))
+02/2 )\ E(pa) o

where 0% = Fa?(X).
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* Hence by Le Cam’s third lemma we find that

( V(D — v(Pp)) )

log 4<n
08 aprp

% N, ([ E@) Ep?  E(ya)
+02/2 )\ E(pa) o

where 0% = Fa?(X).

* This implies that

limninf Eq, {vn(w, — V(Po))}2 > Ey’ 4+ {E(¥a)}’
= AMSE;(a).

where AM SEr(a) stands for the “Asymptotic Mean
Squared Error of the estimator T in the direction a”.
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* Repeating this argument for the efficient estimator 7€ with
efficient influence function 1,, yields

va@et — v (py))
log 75

where 0% = Fa*(X).
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Repeating this argument for the efficient estimator 2™ with
efficient influence function 1,, yields

va@et — v (py))
log 3%:

where 0% = Fa*(X).
This implies that

EL +{E(,a)}?
AMSEAeff (CL)

2
limint Eg, {\/ﬁ(ﬁsff - V(PO))}

IV
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3. Estimation theory off a model P: two questions

* Question 1: When does it hold that

E@?) + {E(ya)}?
< EQ)+{E@,a)}?
AMSE gt (a)?

AMSEQ(G)
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3. Estimation theory off a model P: two questions

* Question 1: When does it hold that

E@?) + {E(ya)}?
< EQ)+{E@,a)}?
AMSE gt (a)?

AMSEQ(CL)

* Question 2: How large can the difference

AMSE,’)n (a) — AMSE,\eff ((l)
be, subject to a bound on Ea*? That is, can we bound

sup {E¢2 + {E(pa)}? — (EE + {E(La)}2) . a¢ P, Ba® < KP} ?
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* Question 3: How large can the difference

AMSE,’/\eff (CL) — AMSE’,)n (a)
be, subject to a bound on Eq?? That is, can we bound

sup {E’fg +{EQ,a)}? — (By? + {E@a)}?) : a¢ P, Ea® < &2} ?
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4. An answer to question 1

® Proposition1. Let
a/ - (

AMSE,(a) = E(@?) + {E(va)}?
< E@)+{E@1a)}’ (1)

Y —1 L,
[w’ D E(w—TI/)QJFdE(TQ)'

Then

if i2 > E(y —1,)2 = B2 and

d— VA2 -—B2<c< —d+/d?—
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® Proof: Since
E(y?) = B(y —1,)* + E(I}),
the inequality (1) is equivalent to
E(p —1)* + {E(ya)}’ <{E(La)}". ()
But since

~ ~

E(l,a) = E(l,a) =d, and

E(wa)zE(wa)zE(w—Lﬁ,,) <CE¢_£” +d— )
=c+d,

we can rewrite (2) as:
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B =E(—-1) <d®—(d+¢)? = —2cd — &,

or, equivalently
¢® 4+ 2dc+ B* < 0.

This holds only if d* > B?, and

—d—d2—B2<c< —d++/d?— B2, O

What does this mean geometrically?
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d3=B%=E(y-1,)?
Gp = —do—t—— + do—=

E(y—1,)?
ao L

E(1,)?
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)
S
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¥ Gy, c=—d+VdE — B
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ary, c=—d++/d? — B2
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5. An answer to question 2

° “Proposition 2.F” (F for false! or first attempt)

sup {E¢2 + {BE(pa))? — (E’fg + {E(f,,a)}2> a¢ P, Ea® < Fﬂ}

<L i1+
—7T K
— I, r+1

<B*1+2x%, r=EW-1)*/E?=1,B
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5. An answer to question 2

° “Proposition 2.F” (F for false! or first attempt)

sup {E¢2 + {BE(pa))? — (EE + {E(f,,a)}2> a¢ P, Ea® < Fﬂ}

<L i1+
—7T K
— I, r+1

<B*1+2x%, r=EW-1)*/E?=1,B

—~

* “Proof” Since Ey? = FE12 + E(¢ —1,)?,

Ey? + {B(pa)} - (EE +{E(a)}*)

= E(y — 1) + {E(¢a)}* — {E(l,a)}?
<E(—1)°+EW*E(a?) — {E1a)}?

where the inequality follows by Cauchy-Schwarz, |
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* “Proof”, cont’d: and equality holds if « = Cy) for some C.
Taking a = C, the right side in the last display becomes

—~

E(y — 1> +E<w )E(a?) — {E<1Va>}2
+c2{{E< 9} — (B0} )
+C2{{E 212 (p( 12)}}

since ¢ — lV L lV

~ K2

< B~ 1) + o LB — {(BE)F
since Ea* = C*Evy? < k?if C* < k% /Ey?

L {EBw) - B®)} (B + E®))

= E(¢ _TV)Q T &
= E(¢p —1,)? {1 + K2 {1 + ];E((;’;)) }} .
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® Proposition 2. An answer to question 2

sup {Ew2 + {E(ha))? — (E’f,% + {E(T,,a)}2) . ad P, Ea® < HP}

1 14 (2
= —r<1+ k> + (24 7)s4
P | A A

I 22+r}

~ —r<l
hr -+K1+r

where
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® Proposition 3. An answer to question 3
sup {ET,Q/ +{E(La)}? - (B +{E(®a)}?) : a ¢ P, Ea® < /4,2}

_—1
— IL{K2(2+T>S —1}>0

2—1rs_
If ,
— TrS_
K2>(2+7“)3_—1>O
where
I 1 1
s_.=s_(r) = 14—;—5.
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¢ Sketch of Proofs for Propositions 2 and 3.
First consider the case that

~

w_Z; ll/

a=a=2= + d——=

E($-1)2  B(&)

In this case we seek to maximize (Proposition 2) or
minimize (Proposition 3)

c? 4+ 2¢d

subject to the constraint

2 d?
— -+ —
E@p—1,)* E(l2)

C2

1
— ﬁ —+ ]VdQ — E(C2 -+ ’rd2).
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Carry this out by maximizing (or minimizing)

2
fle,d,\) = c* + 2dc + A (/{2 — % —Iyd2> .

Then show that the solution for general a = a + (a — a) is
achieved when a = a € [, 1,)]. [

Geometric view?
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Negative part of —(1 + ¢ + 2cd)
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Negative part of —(1 + ¢ + 2cd) restricted to k2 > (c? + rd?)/B?;r = 3, k> = 6
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6. Examples

Example 1. Symmetric location model
® Model:

P, ¢
dA

P=A{P,r: (z) = f(z—v), v € R, fsymmetricat 0,/; < oo}.
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6. Examples

Example 1. Symmetric location model
® Model:

P, ¢
dA

P=A{P,r: (z) = f(z—v), v € R, fsymmetricat 0,/; < oo}.

° Tangent space: At /) = Fp ¢, the tangent space is

P = {[~ £}/ fo] + all even functions h € Ly(Py)}.
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6. Examples

Example 1. Symmetric location model
® Model:

GiIEy, &

7 () = f(x—v), v € R, fsymmetric at 0,1; < co}.

P={P,s:
° Tangent space: At /) = Fp ¢, the tangent space is

P = {[—f}/fo] + all even functions h € Ly(Pp)}.

* Inefficient estimator: Let 7, be the M-estimator corresponding
to the logistic density; i.e. the solution of

Pn&(X_V> :Oa

where g is the logistic density, g(z) = e /(1 + e %)?, and

1/ \ 1 T |

- g {T) I—=e .
h(z) = -2 =

N\ T 1 | P ° On and Off Semiparametric Models — p. 40/50




* Influence function v: 7, is asymptotically linear with influence
function

e e
7~p(37) _ \TJ/(O)’ where \Ij( )—PO¢(X )7
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* Influence function v: 7, is asymptotically linear with influence
function

_ @) e
Y(x) = T(0) where ¥ (v) = Pyy(X —v),

® Efficient influence function:

where Iy = [(f'(z)/f(2))*f(z)dz.
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* For example, suppose fy = ¢, the standard Normal density
given by ¢(z) = (21) /2 exp(—x2/2). Then

o E(I2) =1
o E(p —1,)2 = B2 = .01609...
°© ¢=—dy =—B = —+/.01609... = —.126846 yields ag given
by
E(p —1,)° E(17)

= —(¢(x) —x) + dpx.

AMSE;(ag) = E(¥?) + {E(ag)}? = Ev? = 1.01609...
AMSE ggt(ao) = EQ2) 4+ {E1,a0)}> =1 + d2 = 1.01609....
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10

—-10

aop, symmetric location model, fy = ¢
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* For example, suppose fy = ¢, the standard Normal density
given by ¢(z) = (21) /2 exp(—x2/2). Then
° L(z) ==z, E12)=1, E(¥—1,)%= B2 =.01609...
° If d* > d3 = B?, and ¢ = —d, then a_4 4 is given by

~

V(@) L) L)

~

E@-1)2  E(B)

v

P

_d’d(CL‘) — —d

—((x) — x) + dpx.

AMSE,;(a_d,d) — E(¢2) + {0}2
— By =1+ d5 = 1.01609...
AMSE ggt(a—ga) = EQ) + {d}?

=1+d* > 1+d;5 =1.01609....
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ag (red), a_q4 (blue), d* = 2B*, symmetric location model, fo = ¢
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Example 2. Paired exponential mixture model
® Model:

dxOxe)
A\

P = {PI/,G : = Pw,G) -V >0, Ga df},

where

P, (T, y) = / Aexp(—Az) - vAexp(—vAy)dG(N)
0
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Example 2. Paired exponential mixture model
® Model:

dxOxe)
A\

P = {PI/,G : = Pw,G) -V >0, Ga df},

where
Pw,c)(T,y) = / Aexp(—Az) - vAexp(—vAy)dG(N)
0

* Inefficient estimator: Let 7,, to be the MLE based on the
(pairwise) maximal invariants, (X;/Y;),t=1,...,n.
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Example 2. Paired exponential mixture model
® Model:

dP(I/,G)

P={P,c: )

=Puw,G) - V> 0, G a df},

where
Pw,c)(T,y) = / Aexp(—Az) - vAexp(—vAy)dG(N)
0

* Inefficient estimator: Let 7,, to be the MLE based on the
(pairwise) maximal invariants, (X;/Y;),t=1,...,n.

* Influence function v: 7, IS asymptotically linear with influence
function v given by

L — VY

T+ ry

O e A L AL
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o EY2(X.,Y) = 312
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o EY%(X,Y) = 312

® Efficient score function for v:

1 o /
L) = 5 (S ) {2-1-20)
2V \x + vy ps

where pg is the density of S = (X + vY) given by

ps(s,G) = s/ AemMAG(N).
0
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o EY%(X,Y) = 312

® Efficient score function for v:

Y

where pg is the density of S = (X + vY) given by

ps(s,G) = s / AMemMdG()N).

0

® Information for v in P:

1 1

E(X,Y)%) =
(V(? )) 3V2_|_122

Iscale (pS)
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E2(X,Y) = 312

Efficient score function for :

Y

where pg is the density of S = (X + vY) given by

ps(s,G) = s / AMemMdG()N).

0

Information for v in P:

1 1

E(X,Y)%) =
(V(? )) 3V2_|_122

Iscale (pS)

Variance bound:

- 1 1 ! 1 !
E(ly>2 — (3V2 + 19, QIscale(pS>) — 3V2 (1 + lecale(p5>) .
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* Inefficiency of :

B2

~

E(y —1,)* = Ey® - EL,
3v° <(1 — ! }
N 1 +Iscale(p5)/4

312

312

( Iscale<p5>/4 }
Q 1+ Iscale(pS)/4
(b

\1+b}'
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* Inefficiency of :

B2

E(4

30°¢1

312

312

~

—1,)% = Ey? - EI?

( 1

N 1+ Iscale(pS)/4}
( Isca,le(p5>/4 }

Q 1+ Iscale(pS)/4

(b

\1+b}'

* 7 is asymptotically more efficient than 7€' along {Q,,} when
d>dyp=Band a = A—d.d-

a—d,d(xa y) —

d

2V

1+b6(xz—vy) .
b ( y) lscale(s)-

T+ ry
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