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1. Introduction to Shell sort

R=326598147

Linear insertion sort:
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# of inversions in R =15 =I(R)

# of inversions needed to sort R:

n+I(R) =9+ 15 =24
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(2,1) - Shell sort:

R=326598147
2-Stage:

36917
25384

13679
2458

1234657809

a two-sorted list

1-Stage: Linear insertion sort:

123456789



(3,1) - Shell sort:

R=326598147

351
29 4
6 37

1 35
2409
6 7 8

1263475 98
a three-sorted list

1-Stage: Linear insertion sort:

123456789



(3,2,1) - Shell sort:

R=326598147

3-Stage:
As in (3,1) - Shell sort, first make the
3 - sorted list:

126347598
2-Stage: Now 2 - sort this list:

14568
2379

124357698

1-Stage: Linear insertion sort:

123456789



2. History

Shell (1959), Comm. of ACM, 3pp.

Basic ingredient: Linear Insertion Sort

C, = total number of comparisons needed
n
= Y (1+V)
i=1
where
V; = Zof inversions caused by X; in Xq,...,X,

i — SeqRank(R;), R; =rank of X;
~ Unif{0,...,2—1}

and Vi,...,V, are independent.
n(n+3) n?
E(Cr) = ~—
(Cn) ==, .

n(n—1)(2n+5) n3
72 36°

Var(Cp) =



and, by the Lindeberg-Feller CLT,

(2,1) - Shell Sort:
S, = total # of comparisons

Knuth (1973):
E(S,) = énz + \/%128713/2 + 0(n3/2)

13 T
360 128

Var(Sp) = ( > n3 4 o(n3)



Louchard (1986):

Sp —n?/8 ( ) 0
.. N (o / 1BO(1)|dt
n3/2 d 144) 2 (®)

= N( 1i4>+_

where BO = standard Brownian bridge,
independent of the normal random variable

Shepp (1982); Rice (1982); Johnson and
Killeen (1983):

o
T ~3/2 3/2
PA<a) =23 Py (a/63?)
=1
where §; = —a’;/21/3, d/; = j-th zero of A¥,

2\ 1/3
b(t) = (37> exp (—22—7152) Ai((3t)~4/3).



(h,1) - Shell Sort:
S, = total # of comparisons
Knuth (1973):

n2 T hy /m\3/2
ESn) =5+ \2—<2> <ﬁ> + o(n?'?)

Minimize by choosing h = h, = O(nl/3) to get

E(Sn) = 0(n®/3)
(ty,,tk,—1,---,1) - Shell Sort = t—Shell sort:
Take t;,, from 20.30 a be{0,1,2,...}

Theorem (Pratt, 1971). For t— Shell sort
with increments from 2¢ . 3%

E(Sy) < O(n(logn)?)

(h,k,1) - Shell Sort:

Yao (1980); Janson and Knuth (1997)
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3. New Limit Theory

e (2,1) - Shell Sort ( n even)
Data : )(1,?1,)(2,?&,...,)Cn/Q,Y%/Q

2 - Stage:
order the X;'s - requiring Cn/Q comparisons

~

order the Y}-’s - requiring Cn/2 comparisons

Sn=Cphio+Cpiotn+In

where
I, = the remaining number of inversions
n/2 n/2
= > Vit > W
J=1 J=1
where
Vi = lxay» vl T x>y

Wi = vgy>xpl T T 1y >y)
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By elementary algebra

n/2 n/2
In = Z Zl[Yi<Xj]_1[Xz'<Xj]
j=1"i=1
nn/2 ~ ~
— 5 Z ‘Fn(XJ) —Fn(Xj)‘ + op(n)
j=1
N2 1 3 _
— (§> [ Fu®) = Fu(®)] dFy o (8) + 0p(n)
where
n/2
_ 1
Fo(t) = ﬁzzllmsﬂ
n/2
Fup® = ==Y 1oy
/ n/2i:1 t=
and

Vo (Fapa®) =) = B1(®)
Vo (B2 =) = Bo(®)

with By, B> independent standard Brownian
bridges.
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Hence

Iy n (1 _ .. _
= [ [ 1Bua(®) — = (Fa®) — )] dF (0
+ o0p(1)
1
~a [ 1B1(t) = Ba(D)] dt
1
=4 V2 |BO(t)]dt
Equivalently,
In 1 1 5 1
3/2 _>d§/0 B (t)|dt=§A

Upshot: Louchard’s theorem for (2,1) - Shell
sort:

Sp—n2/8  Cppp—n?/16
3/2 o n3/2 +

In
—7s 1
T 3/2 +o(1)

Cp o —n?/16
3/2

n n

1

1 - 1
—7 N(O,——— N (O, “A
a N( 8-36)+ ( 8-36)+2

1

= N(O,
144

1
)+ 54
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e (3,1) - Shell sort?
e (h,1) - Shell sort?

Theorem. (Smythe and Wellner, 2001). For
(h, 1)—Shell sort:

3/2

»a IV (O, )+ =5

36h2 h3/2

n
where

W= /|Br(t>—Bs<t>|dt

1<r<s<h

B1,...,B; independent Brownian bridge
processes

Corollary. For (h,1) - Shell sort:
(a) Mean # of comparisons (Knuth):

n? 7 thy )\ 3/2
Bon) = \2—<2) <E> +o(n¥%)

(b) Var of # of comparisons:

Var(Sp) = {361h2 + %(Z) <370 B 17T6>

T 3
4+ h(h—1)(h - 2)(C — 1—6)}n

+ o(n?)
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where

1 1
¢ = E(/O B1(t) - Ba(b)ldt | |Bl<t>—33<t>|dt>
= .2051...
(see Statistica Neerlandica (2002))

Distribution of W}, h > 3, is unknown

1 1
Ws = ["1Bu(t) = Ba)ldt + [ [B1() = Ba(b)ldt

1
+ | 1B2(t) = Ba(®)lat

Possible via Feynman - Kac?
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e (3,2,1) - Shell Sort (n — 3n)
Data: Xq,Y1,Z21,Xo5,Y>, Zo,... , Xn,Yn, Zn

X;'si.i.d. U(0,1); V;'si.i.d. U(0,1);
Z:'s i.i.d. U(0,1)

3 - Stage contributes:
O,,% + a,% + C’g comparisons
2 - Stage contributes:
C"|-13n/21 + GL23n/2J comparisons
where

Gl =4 Im from (3,1) - Shell sort

1 - Stage contributes?

How many inversions remaining
in the resulting 3-sorted and
2-sorted list?
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for each point X;, Y;, or Z;, associate a triple
giviing the parity of the numbers of X's, Y's,
and Z's that precede the point; e.g. “EOE"
means:

# of X-predecessors is Even

# of Y-predecessors is Odd

# of Z-predecessors is Even

Proposition. An inersion in the 3-sorted and
2-sorted list ocurs when the point causing the
inversion is of type EOE or OEQO. That is,

I3,, = Na = # of points of type EOE or OEO
Also let

=
|

# of points of types OOF or FEEO
N> = £ of points of types OFEE or EOO
# of points of types OOO or EEFE

&
|
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N1+ No + N3+ Ng = 3n
Symmetry yields E(N;) = 3n/4, j =1,...,4,

0 = Cov(Ny, N1+ No+ N3+ Ng)
= Var(N1) + 3Cov(N1,N>)
Example:
R = 3 2 6 5 9 8 1 4 7
E O O O O O O E O
O O E E O E E E E
E O O E O O E E E
SO Ny =3

3 - sorted and 2 - sorted:

R = 1 2 4 3 5 7 6 9 8
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Theorem (Smythe and Wellner, 2002).

In—3n/4  Ng—3n/4
N - Jn
9

—4 N(O,—

@ N(0,25)

Proof:
e Poissonize!
e Prove CLT via Markov chain.
e De-Poissonize - this is the hard part.

Let Ny = # of EOE’s and OEQO's in
Poissonized process.

N4 - 3n/4
—7 N(0,9/32
NG a4 N(0,9/32)
fairly easily, but we need a conditional CLT:
Ns — 3n/4
( 4—3n/ ‘_% — (n.n n)> ., N(0,9/32)
\/_
with
M?)n — (Méx;baME%/;LaM:SZn)

(# of X;'s,Y;'s, Z;’s in 3n steps)
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To prove the conditional CLT, consider a
12-state Markov chain recording X,Y, Z state
and eq,eo,e3,eq4 Where

e1 = {OOE,EEO}, ey = {OEE,EOO},
e3 = {000, EEE}, e4, = {EOE,OEO)}

Let
C3n, = (Czp,1,---,C3p,12)
= (# of visits to e; N X, (1)

# of visits to e; NY, (2)
# of visits to e1 N Z, (3)
# of visits to e4 N X, (10)
# of visits to es NY, (11)
# of visits to es N Z2) (12)

Proposition:
C3p — (3n/12)l
Vvn

—q N(0,X)

where
20



and
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Proof of the conditional CLT:
e |ocal limit theorem for Markov chains

Kolmogorov (1949)

Upshot for (3,2,1) - Shell sort:

Sn = CL+02+¢C3 (stage 3)
+ C’%n/z + é%n/Q (stage 2)
-|- 3n —I— I3n
where
cl — n?/4 :
’”’n3/2 »q Tj ~ N(0,1/36), j=1,2,3
v

3n/2 - W3
(3n/2)3/2 rd 33/2”
I3, —3n/4
»7 IN(0,9/32
NG 4 N(0,9/32)
Hence
S3, — 3n2/4
n3/2
Thus I3, doesn’t contribute to the limit
distribution!

vg N(0,1/12)+23/2(W3 1 +W35)
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4. Problems

A. Limit distribution for (h,2,1) - Shell sort
forh=5o0or h=77

B. Distribution of W, for h > 37

C. Limit distributions for (hy,1)—Shell sort
with hy, = O(nl/3)7?

D. Choice of h, k for (h,k,1) - Shell sort to
minimize combinations of E(Sy) and Var(Sy).

E. Relationship of sorting to shuffling? In the
RSK correspondence, we can go from sorting
to shuffling and vice-versa via the bijective
correspondence of permutations with pairs of
Young tableaux. What additional knowledge
IS needed to turn a sorting method into a
method of shuffling? What additional
knowledge is needed to turn a method of
shuffling into a method of sorting?
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