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1. Introdu
tion to Shell sort

R = 3 2 6 5 9 8 1 4 7 n= 9

Linear insertion sort:

3 2 2 2 2 2 1 1 1

3 3 3 3 3 2 2 2

6 5 5 5 3 3 3

6 6 6 5 4 4

9 8 6 5 5

9 8 6 6

9 8 7

9 8

9

# of inversions in R = 15 � I(R)

# of inversions needed to sort R:

n+ I(R) = 9+ 15 = 24
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(2,1) - Shell sort:

R = 3 2 6 5 9 8 1 4 7

2-Stage:

3 6 9 1 7

2 5 8 4

1 3 6 7 9

2 4 5 8

1 2 3 4 6 5 7 8 9

a two-sorted list

1-Stage: Linear insertion sort:

1 2 3 4 5 6 7 8 9
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(3,1) - Shell sort:

R = 3 2 6 5 9 8 1 4 7

3 5 1

2 9 4

6 8 7

1 3 5

2 4 9

6 7 8

1 2 6 3 4 7 5 9 8

a three-sorted list

1-Stage: Linear insertion sort:

1 2 3 4 5 6 7 8 9
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(3,2,1) - Shell sort:

R = 3 2 6 5 9 8 1 4 7

3-Stage:

As in (3,1) - Shell sort, �rst make the

3 - sorted list:

1 2 6 3 4 7 5 9 8

2-Stage: Now 2 - sort this list:

1 4 5 6 8

2 3 7 9

1 2 4 3 5 7 6 9 8

1-Stage: Linear insertion sort:

1 2 3 4 5 6 7 8 9
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2. History

Shell (1959), Comm. of ACM, 3pp.

Basi
 ingredient: Linear Insertion Sort

C

n

= total number of 
omparisons needed

=

n

X

i=1

(1 + V

i

)

where

V

i

= #of inversions 
aused by X

i

in X

1

; : : : ; X

n

= i� SeqRank(R

i

); R

i

= rank of X

i

� Uniff0; : : : ; i� 1g

and V

1

; : : : ; V

n

are independent.

E(C

n

) =

n(n+3)

4

�

n

2

4

;

V ar(C

n

) =

n(n� 1)(2n+5)

72

�

n

3

36

;
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and, by the Lindeberg-Feller CLT,

C

n

� n

2

=4

n

3=2

!

d

N

�

0;

1

36

�

:

(2,1) - Shell Sort:

S

n

= total # of 
omparisons

Knuth (1973):

E(S

n

) =

1

8

n

2

+

p

�128n

3=2

+ o(n

3=2

)

V ar(S

n

) =

�

13

360

�

�

128

�

n

3

+ o(n

3

)
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Lou
hard (1986):

S

n

� n

2

=8

n

3=2

!

d

N

�

0;

1

144

�

+

1

2

Z

1

0

jB

0

(t)jdt

� N

�

0;

1

144

�

+

1

2

A

where B

0

� standard Brownian bridge,

independent of the normal random variable

Shepp (1982); Ri
e (1982); Johnson and

Killeen (1983):

P(A � x) =

r

�

2

1

X

j=1

Æ

�3=2

j

 (x=Æ

3=2

j

)

where Æ

j

= �a

0

j

=2

1=3

, a

0

j

= j-th zero of Ai

0

,

 (t) =

 

3

2

t

!

1=3

exp

�

�

2

27

t

2

�

Ai((3t)

�4=3

) :
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(h,1) - Shell Sort:

S

n

= total # of 
omparisons

Knuth (1973):

E(S

n

) =

n

2

4h

+

p

�

4

�

h

2

�

�

n

h

�

3=2

+ o(n

3=2

)

Minimize by 
hoosing h = h

n

= O(n

1=3

) to get

E(S

n

) = O(n

5=3

)

(t

k

n

; t

k

n

�1

; : : : ;1) - Shell Sort � t�Shell sort:

Take t

k

j

from 2

a

� 3

b

, a; b 2 f0;1;2; : : : g

Theorem (Pratt, 1971). For t� Shell sort

with in
rements from 2

a

� 3

b

,

E(S

n

) � O(n(logn)

2

)

(h; k;1) - Shell Sort:

Yao (1980); Janson and Knuth (1997)
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3. New Limit Theory

� (2,1) - Shell Sort ( n even)

Data : X

1

; Y

1

; X

2

; Y

2

; : : : ; X

n=2

; Y

n=2

2 - Stage:

order the X

i

's - requiring C

n=2


omparisons

order the Y

j

's - requiring

~

C

n=2


omparisons

S

n

= C

n=2

+

~

C

n=2

+ n+ I

n

where

I

n

= the remaining number of inversions

=

n=2

X

j=1

V

j

+

n=2

X

j=1

W

j

where

V

j

= 1

[X

(1)

>Y

(j)

℄

+ � � � + 1

[X

(j)

>Y

(j)

℄

W

j

= 1

[Y

(1)

>X

(j)

℄

+ � � � + 1

[Y

(j�1)

>Y

(j)

℄
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By elementary algebra

I

n

=

n=2

X

j=1

�

�

�

�

n=2

X

i=1

1

[Y

i

<X

j

℄

� 1

[X

i

<X

j

℄

�

�

�

�

=

n

2

n=2

X

j=1

�

�

�

^

F

n

(X

j

)�

~

F

n

(X

j

)

�

�

�

+ o

p

(n)

=

�

n

2

�

2

Z

1

0

�

�

�

^

F

n

(t)�

~

F

n

(t)

�

�

�

d

~

F

n=2

(t) + o

p

(n)

where

^

F

n=2

(t) =

1

n=2

n=2

X

i=1

1

[Y

i

�t℄

~

F

n=2

(t) =

1

n=2

n=2

X

i=1

1

[X

i

�t℄

and

r

n

2

(

~

F

n=2

(t)� t)) B

1

(t)

r

n

2

(

^

F

n=2

(t)� t)) B

2

(t)

with B

1

, B

2

independent standard Brownian

bridges.
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Hen
e

I

n

n

3=2

=

r

n

2

Z

1

0

j

^

F

n=2

(t)� t� (

~

F

n

(t)� t)j d

~

F

n=2

(t)

+ o

p

(1)

!

d

Z

1

0

jB

1

(t)�B

2

(t)j dt

=

d

p

2

Z

1

0

jB

0

(t)j dt

Equivalently,

I

n

n

3=2

!

d

1

2

Z

1

0

jB

0

(t)j dt �

1

2

A

Upshot: Lou
hard's theorem for (2,1) - Shell

sort:

S

n

� n

2

=8

n

3=2

=

C

n=2

� n

2

=16

n

3=2

+

~

C

n=2

� n

2

=16

n

3=2

+

I

n

n

3=2

+ o(1)

!

d

N(0;

1

8 � 36

) +

~

N(0;

1

8 � 36

) +

1

2

A

= N(0;

1

144

) +

1

2

A
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� (3,1) - Shell sort?

� (h,1) - Shell sort?

Theorem. (Smythe and Wellner, 2001). For

(h;1)�Shell sort:

S

n

� n

2

=4h

n

3=2

!

d

N(0;

1

36h

2

) +

W

h

h

3=2

where

W

h

=

X

1�r<s�h

Z

1

0

jB

r

(t)�B

s

(t)jdt ;

B

1

; : : : ; B

h

independent Brownian bridge

pro
esses

Corollary. For (h,1) - Shell sort:

(a) Mean # of 
omparisons (Knuth):

E(S

n

) =

n

2

4h

+

p

�

4

�

h

2

�

�

n

h

�

3=2

+ o(n

3=2

)

(b) Var of # of 
omparisons:

V ar(S

n

) =

�

1

36h

2

+

1

h

3

�

h

2

�

�

7

30

�

�

16

�

+ h(h� 1)(h� 2)(C �

�

16

)

�

n

3

+ o(n

3

)
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where

C = E

 

Z

1

0

jB

1

(t)�B

2

(t)jdt

Z

1

0

jB

1

(t)�B

3

(t)jdt

!

= :2051:::

(see Statisti
a Neerlandi
a (2002))

Distribution of W

h

, h � 3, is unknown

W

3

=

Z

1

0

jB

1

(t)�B

2

(t)jdt+

Z

1

0

jB

1

(t)�B

3

(t)jdt

+

Z

1

0

jB

2

(t)�B

3

(t)jdt

Possible via Feynman - Ka
?
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� (3,2,1) - Shell Sort ( n ! 3n )

Data : X

1

; Y

1

; Z

1

; X

2

; Y

2

; Z

2

; : : : ; X

n

; Y

n

; Z

n

X

i

's i.i.d. U(0;1); Y

i

's i.i.d. U(0;1);

Z

i

's i.i.d. U(0;1)

3 - Stage 
ontributes:

C

1

n

+ C

2

n

+ C

3

n


omparisons

2 - Stage 
ontributes:

~

C

1

d3n=2e

+

~

C

2

b3n=2



omparisons

where

~

C

j

m

=

d

I

m

from (3,1) - Shell sort

1 - Stage 
ontributes?

How many inversions remaining

in the resulting 3-sorted and

2-sorted list?
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for ea
h point X

i

, Y

i

, or Z

i

, asso
iate a triple

giviing the parity of the numbers of X's, Y 's,

and Z's that pre
ede the point; e.g. \EOE"

means:

# of X-prede
essors is Even

# of Y -prede
essors is Odd

# of Z-prede
essors is Even

Proposition. An inersion in the 3-sorted and

2-sorted list o
urs when the point 
ausing the

inversion is of type EOE or OEO. That is,

I

3n

= N

4

�# of points of type EOE or OEO

Also let

N

1

= # of points of types OOE or EEO

N

2

= # of points of types OEE or EOO

N

3

= # of points of types OOO or EEE
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N

1

+N

2

+N

3

+N

4

= 3n

Symmetry yields E(N

j

) = 3n=4, j = 1; : : : ;4,

0 = Cov(N

1

; N

1

+N

2

+N

3

+N

4

)

= V ar(N

1

) + 3Cov(N

1

; N

2

)

Example:

R = 3 2 6 5 9 8 1 4 7

E O O O O O O E O

O O E E O E E E E

E O O E O O E E E

so N

4

= 3

3 - sorted and 2 - sorted:

R

0

= 1 2 4 3 5 7 6 9 8
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Theorem (Smythe and Wellner, 2002).

I

n

� 3n=4

p

n

=

N

4

� 3n=4

p

n

!

d

N(0;

9

32

)

Proof:

� Poissonize!

� Prove CLT via Markov 
hain.

� De-Poissonize - this is the hard part.

Let

~

N

4

�# of EOE's and OEO's in

Poissonized pro
ess.

~

N

4

� 3n=4

p

n

!

d

N(0;9=32)

fairly easily, but we need a 
onditional CLT:

 

~

N

4

� 3n=4

p

n

�

�

�

�

M

3n

= (n; n; n)

!

!

d

N(0;9=32)

with

M

3n

= (M

X

3n

;M

Y

3n

;M

Z

3n

)

= (# of X

i

's; Y

i

's; Z

i

's in 3n steps)

19



To prove the 
onditional CLT, 
onsider a

12-state Markov 
hain re
ording X;Y; Z state

and e

1

; e

2

; e

3

; e

4

where

e

1

= fOOE;EEOg; e

2

= fOEE;EOOg;

e

3

= fOOO;EEEg; e

4

= fEOE;OEOg

Let

C

3n

= (C

3n;1

; : : : ; C

3n;12

)

= (# of visits to e

1

\X; (1)

# of visits to e

1

\ Y; (2)

# of visits to e

1

\ Z; (3)

:

:

:

# of visits to e

4

\X; (10)

# of visits to e

4

\ Y; (11)

# of visits to e

4

\ Z) (12)

Proposition:

C

3n

� (3n=12)1

p

n

!

d

N(0;�)

where
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� =

1

96

�

0

and

�

0

=

19 -5 -5 -5 1 -5 -5 -5 1 7 1 1

-5 19 -5 1 7 1 -5 -5 1 1 -5 -5

-5 -5 19 -5 1 -5 1 1 7 1 -5 -5

-5 1 -5 19 -5 -5 7 1 1 -5 -5 1

1 7 1 -5 19 -5 1 -5 -5 -5 -5 1

-5 1 -5 -5 -5 19 1 -5 -5 1 1 7

-5 -5 1 7 1 1 19 -5 -5 -5 1 -5

-5 -5 1 1 -5 -5 -5 19 -5 1 7 1

1 1 7 1 -5 -5 -5 -5 19 -5 1 -5

7 1 1 -5 -5 1 -5 1 -5 19 -5 -5

1 -5 -5 -5 -5 1 1 7 1 -5 19 -5

1 -5 -5 1 1 7 -5 1 -5 -5 -5 19
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Proof of the 
onditional CLT:

� lo
al limit theorem for Markov 
hains

Kolmogorov (1949)

Upshot for (3,2,1) - Shell sort:

S

n

= C

1

n

+ C

2

n

+ C

3

n

(stage 3)

+

~

C

1

3n=2

+

~

C

2

3n=2

(stage 2)

+ 3n+ I

3n

where

C

j

n

� n

2

=4

n

3=2

!

d

T

j

� N(0;1=36); j = 1;2;3

~

C

j

3n=2

(3n=2)

3=2

!

d

W

3;j

3

3=2

; j = 1;2 ;

I

3n

� 3n=4

p

n

!

d

N(0;9=32)

Hen
e

S

3n

� 3n

2

=4

n

3=2

!

d

N(0;1=12)+2

3=2

(W

3;1

+W

3;2

)

Thus I

3n

doesn't 
ontribute to the limit

distribution!
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4. Problems

A. Limit distribution for (h,2,1) - Shell sort

for h = 5 or h = 7?

B. Distribution of W

h

for h � 3?

C. Limit distributions for (h

n

;1)�Shell sort

with h

n

= O(n

1=3

)?

D. Choi
e of h, k for (h,k,1) - Shell sort to

minimize 
ombinations of E(S

n

) and V ar(S

n

).

E. Relationship of sorting to shu�ing? In the

RSK 
orresponden
e, we 
an go from sorting

to shu�ing and vi
e-versa via the bije
tive


orresponden
e of permutations with pairs of

Young tableaux. What additional knowledge

is needed to turn a sorting method into a

method of shu�ing? What additional

knowledge is needed to turn a method of

shu�ing into a method of sorting?
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