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ase.

� Problem B: Likelihood ratio test; monotone 
ase.

� Problem C: Estimator; 
onvex 
ase.
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1. Introdu
tion: the white-noise

(Gaussian) problems

Problem A. Monotone fun
tion in white noise:

estimation

� fW (t) : t 2 Rg be two-sided Brownian motion

starting from 0;

� dW (t) = \white noise" .

� Observe X(t), t 2 [�
; 
℄ or t 2 (�1;1) where

dX(t) = f(t)dt + �dW (t)

= \monotone fun
tion" + \white noise" ;

X(t) = F (t) + �W (t) :

� Problem: estimate f .

� Likelihood: via Cameron-Martin

dP

f;�

dP

0;�

= exp

�

Z




�


f(t)dX(t)�

1

2

Z




�


f

2

(t)dt

�

:
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The MLE

b

f




of f maximizes

Z




�


f(t)dX(t)�

1

2

Z




�


f

2

(t)dt(1)

over monotone fun
tions f . Equivalently,

b

f




minimizes

Z




�


f

2

(t)dt� 2

Z




�


f(t)dX(t)(2)

\ = "

Z




�


(f(t)� x(t))

2

dt�

Z




�


x

2

(t)dt

where x(t) = dX(t)=dt doesn't exist!
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Problem B. Monotone fun
tion in white noise,

testing:

� Observe

dX(t) = f(t)dt + �dW (t)

= \monotone fun
tion" + \white noise"

as in Problem A.

� Problem: testH

0

: f(t

0

) = �

0

versusH

1

: f(t

0

) 6= �

0

.

Without loss, take t

0

= 0, �

0

= 0.

Step 1: The 
onstrained MLE

b

f

0




of f maximizes (1)

subje
t to the 
onstraint f(0) = 0.

Step 2: The likelihood ratio statisti
 is

�


;�

�

sup

f2F




dP

f;�

=dP

0;�

sup

f2F




;f(0)=0

dP

f;�

=dP

0;�

=

dP

b

f




;�

=dP

0;�

dP

b

f

0




;�

=dP

0;�

Problem: Distribution of 2 log �


;�

?

Distribution of lim

�!0

2 log �


;�

?
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Problem C. Convex fun
tion in white noise:

estimation

� fW (t) : t 2 Rg be two-sided Brownian motion

starting from 0;

� dW (t) = \white noise" .

� Observe X(t), t 2 [�
; 
℄ or t 2 (�1;1) where

dX(t) = f(t)dt + �dW (t)

= \
onvex fun
tion" + \white noise" :

� Problem: estimate f .

� Likelihood: via Cameron-Martin

dP

f;�

dP

0;�

= exp

�

Z




�


f(t)dX(t)�

1

2

Z




�


f

2

(t)dt

�

:
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2. Estimator; monotone 
ase (Problem A)

Let kgk




� sup

t2[�
;
℄

jg(t)j.

F




= ff : [�
; 
℄ 7! Rj f is monotone %; kfk




� Kg :

For f 2 F




, set

F (t) =

(

R

t

0

f(s)ds; t � 0

�

R

0

t

f(s)ds; t � 0 :

Theorem 1.

b

f




is the Maximum Likelihood Estimator

of f in F




(and the Least Squares Estimator) if and only

if:

(i) �

2

+

R




t

df

b

F




(u)�X(u)g � 0 for all t 2 (�
; 
℄;

(ii) �K(�

1

+ �

2

)�

R




�


b

f




(u)df

b

F




(u�X(u)g = 0;

(iii) �

1

� �

2

�

R




�


df

b

F




(u)�X(u)g = 0.

In fa
t

�

1

=

Z

fu:

b

f




(u)=�Kg

df

b

F




(u)�X(u)g

�

2

=

Z

fu:

b

f




(u)=Kg

df

b

F




(u)�X(u)g :
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Question:

lim


!1

b

f




(t) = ???

Spe
ial 
ase: f

0

(t) = 2t, F

0

(t) = t

2

.

Theorem 2. For X � P

f

0

on (�1;1), there is a

uniquely de�ned random 
ontinuous fun
tion

b

F =

b

F

1

satisfying the following 
onditions:

(i)

b

F (t) � X(t) for ea
h t 2 R.

(ii)

b

F has a monotone (left) derivative

b

f .

(iii)

b

F satis�es

Z

R

fX(t)�

b

F (t)gd

b

f(t) = 0 :

b

F = the greatest 
onvex minorant of X(t) = W (t)+ t

2

.

b

f � S the slope pro
ess of the greatest 
onvex minorant

b

F .

Question(s):

1. What is the distribution of the pro
ess

b

f?

2. What is the distribution of

b

f(0)?

Answers to 1 and 2:

Groeneboom (1985) and (1988)!

Groeneboom and Wellner (2000).
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3. Likelihood ratio test: the monotone 
ase

(Problem B)

Theorem 3. There exists an almost surely uniquely

de�ned random 
ontinuous fun
tion

b

F

0

on (�1; 0) and

(0;1) (and one jump at 0) satisfying the following


onditions:

(i)

b

F

0

(t) � X(t) for ea
h t 2 R.

(ii)

b

F

0

has a monotone (left) derivative

b

f

0

satisfying

b

f

0

(0) = 0.

(iii)

b

F

0

satis�es

Z

R

fX(t)�

b

F

0

(t)gd

b

f

0

(t) = 0 :

In fa
t,

b

F

0

is (are) the 
onstrained greatest 
onvex

minorant(s) of X(t) = t

2

+ W (t), and

b

f

0

� S

0

is the


orresponding slope pro
ess(es).

Re
all that

�


;�

�

sup

f2F




dP

f;�

=dP

0;�

sup

f2F




;f(0)=0

dP

f;�

=dP

0;�

=

dP

b

f




;�

=dP

0;�

dP

b

f

0




;�

=dP

0;�
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Theorem 4. (Banerjee and Wellner, 2000). Suppose

that f satis�es f(0) = 0 and f

0

(0) > 0. UnderX � P

f;�

,

2 log �


;�

!

d

D =

Z

f(S(z))

2

� (S

0

(z))

2

gdz

as � ! 0.
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Proof sket
h: By Brownian s
aling and approximation

of f in a neighborhood of 0 by a linear fun
tion, the

problem redu
es to �nding the limit of 2 log �


;1

as 
!1

under the 
anoni
al monotone fun
tion f

0

(t) = 2t. Then

we have

2 log �


;1

= 2

�

Z




�


b

f




dX �

1

2

Z




�


b

f

2




dt

�

Z




�


b

f

0




dX �

1

2

Z




�


(

b

f

0




)

2

dt

�

= 2

Z




�


(

b

f




�

b

f

0




)dX �

Z




�


f

b

f

2




�

b

f

02




gdt

! 2

Z

1

�1

(

b

f �

b

f

0

)dX �

Z

1

�1

f

b

f

2

�

b

f

02

gdt(3)

where

b

f and

b

f

0

are 
hara
terized by Theorems 2 and 3

respe
tively. Thus

Z

(X �

b

F )d

b

f = 0 and

Z

(X �

b

F

0

)d

b

f

0

= 0 ;

Thus via integration by parts,

Z

(

b

f �

b

f

0

)dX =

Z

f

b

f

2

�

b

f

02

gdt ;
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and using this in (3) shows that the limit equals

Z

1

�1

f

b

f

2

�

b

f

02

gdt =

Z

ffS(t)g

2

� fS

0

(t)g

2

gdt � D :

Question 3: What is the distribution of D ?

Only Monte-
arlo eviden
e so far: Banerjee and Wellner

(2000).
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4. Estimator; 
onvex 
ase (Problem C)

Let kgk




� sup

t2[�
;
℄

jg(t)j.

F




= ff : [�
; 
℄ 7! Rj f is 
onvex ; f(�
) = k

1

; f(
) = k

2

g :

For f 2 F




, set

F (t) =

(

R

t

0

f(s)ds; t � 0

�

R

0

t

f(s)ds; t � 0 ;

and

H(t) =

(

R

t

0

F (s)ds =

R

t

0

R

s

0

f(u)duds; t � 0

�

R

0

t

F (s)ds = �

R

0

t

R

0

s

f(u)duds; t � 0 ;

For the 
anoni
al 
onvex fun
tion f

0

(t) = 12t

2

,

F

0

(t) = 4t

3

, H

0

(t) = t

4

.

We also de�ne

Y (t) �

Z

t

0

X(s)ds =

Z

t

0

W (s)ds +H(t)

where now

dX(t) = f(t) + dW (t)

= \
onvex" + \white noise" :
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Theorem 5.

b

f




is the Maximum Likelihood Estimor

(MLE) (and the Least Squares Estimator) over F




if and

only if:

(i)

b

H




(t) � Y (t) for t 2 [�
; 
℄;

(ii)

R

(�
;
)

(

b

H(t)� Y (t))d

b

f

0




(t) = 0;

(iii)

b

f(�
) = k

1

,

b

f(
) = k

2

.

Question:

lim


!1

b

f




(t) = ???

Spe
ial 
ase:

f

0

(t) = 12t

2

, F

0

(t) = 4t

3

, H

0

(t) = t

4

.

Theorem 6. For X � P

f

0

on (�1;1), there is a

uniquely de�ned random 
ontinuous fun
tion

b

H =

b

H

1

satisfying the following 
onditions:

(i)

b

H(t) � Y (t) for ea
h t 2 R.

(ii)

b

H has a 
onvex se
ond derivative

b

f .

(iii)

b

H satis�es

Z

R

f

b

H(t)� Y (t)gd

b

H

(3)

(t) = 0 :
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b

H = the \invelope pro
ess" of Y , is pie
ewise 
ubi
;

b

F =

b

H

0

is pie
ewise quadrati
;

b

f =

b

H

00

is pie
ewise linear (and 
onvex);

b

f

0

=

b

H

(3)

is pie
ewise 
onstant (and \estimates" f

0

0

(t) =

24t).

Questions:

4. What is the distribution of the pro
ess

b

f?

5. What is the distribution of

b

f(0)?

6. What is the joint distribution of (

b

f(0);

b

f

0

(0))?

No answers to 4-6 yet.
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t

-2 -1 0 1 2

0
1

2
3

4
5

Figure 1: Greatest Convex Minorant and W (t) + t

2

.

t

-2 -1 0 1 2

0
1

2
3

4
5

Figure 2: One-Sided Greatest Convex Minorants and W (t) + t

2

.
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-0
.6

-0
.4

-0
.2

0
.0

0
.2

0
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0
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Unconstrained.
One-sided 
Constrained.

Figure 3: Close-up view of G

1;1

,

~

G

L;R

, G

0

1;1

, and W (t) + t

2

.
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5. Further Problems.

Question 3. Can we �nd the distribution of D

analyti
ally? (Likelihood ratio statisti
)

Question 4. What is the distribution of the pro
ess

b

f?

(
onvex fun
tion estimation)

Queston 5. What is the distribution of

b

f (0)? (
onvex

fun
tion estimation)

Question 6. What is the joint distribution of

(

b

f(0);

b

f

0

(0))? (
onvex fun
tion estimation)

Question 7. What is the likelihood ratio test for testing

f(t

0

) = �

0

in the 
onvex fun
tion 
ase?

Question 8. How 
an we prove that the same limit

D arises as the limit distribution for the likelihood

ratio test for a large 
lass of su
h problems involving

monotone fun
tions?

Question 9. What is the appropriate 
ontiguity

theory? What is the limit distribution of the

likelihood ratio statisti
 under lo
al alternatives?

Question 10. What about further smoothness

restri
tions? (Completely monotone?)
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