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OUTLINE: I
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1. Introduction: the white-noise
(Gaussian) problems

Problem A. Monotone function in white noise:
estimation

e {W(t):te R} be two-sided Brownian motion
starting from O;
e dW(t)= “white noise” .
e Observe X(t),t € |—c,c|lort € (—o0,00) where
dX(t) = f(t)dt + adW (1)
= “monotone function” 4+ “white noise” ;

X(t) = F(t)+oW(t).

Problem: estimate f.
Likelihood: via Cameron-Martin

el 1 500)




-

The MLE ]?C of f maximizes
) [ swixe -5 [ Poa

over monotone functions f. Equivalently, f. minimizes

/f2 dt—2/ ft)dX(t
/ ((0) = a()dt - /ccx2(t)dt

where x(t) = dX (t)/dt doesn’t exist!
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Problem B. Monotone function in white noise,
testing:
e Observe
dX(t) = f(t)dt + ocdW(t)

= “monotone function” + “white noise”

as in Problem A.
e Problem: test Hy : f(tg) = 0y versus Hy : f(tgy) # 6.
Without loss, take tg =0, 8y = 0.

Step 1: The constrained MLE ]‘? of f maximizes (1)
subject to the constraint f(0) = 0.
Step 2: The likelihood ratio statistic is

Sup rer, AP0 /d P o _ dP; /AP,
SUPreF. £(0)=0 de,a/dPO,o dpﬁg,a/dpoﬂ

Ao =

Problem: Distribution of 2log A. .7
Distribution of limg,_,02log Az 57
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Problem C. Convex function in white noise:

estimation

{W(t) : t € R} be two-sided Brownian motion
starting from O;

dW (t) = “white noise” .

Observe X (), t € [—c,c] or t € (—o0, 00) where
dX(t) = f(t)dt + odW (t)

= “convex function” + “white noise” .

Problem: estimate f.
Likelihood: via Cameron-Martin

i ([ s [ i)

~
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2. Estimator; monotone case (Problem A)

Let [lgllc = suptef—c,q [9(1)].

F.={f:|—c,c]— R| fis monotone &, ||f|l. < K}.
For f € F., set

I ds t>0
Fie) = { [P f(s)ds, t<0.

Theorem 1. ]?C is the Maximum Likelihood Estimator

of f in F, (and the Least Squares Estimator) if and only
if:

(i) Ao+ ftcd{F u) — ( )} >0forallt e (—ccl
(ii) }(M+A2 f ﬁ ) Filu — (ﬂ:m
(i) A1 — Ao — [, d{Fuluw) — X (u)} =

In fact

AN

)\1 - d FC uw) — X(u
/{u:fc(U)K} tel) (u)}
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Question: R
lim f.(t) = 777

cC— 0
Special case: fo(t) = 2t, Fy(t) = t°.
Theorem 2. For X ~ Py on (—o00,00), there is a

uniquely defined random continuous function F' = F
satisfying the following conditions:

(i) F(t) < X(t) for each t € R.

(ii) F has a monotone (left) derivative f.

(i) F' satisfies

/ (X(t) — Fe)ydfit) = 0.

F = the greatest convex minorant of X (¢) = W (t) +t2.
J =S the slope process of the greatest convex minorant
F'.

Question(s):

1. What is the distribution of the process ]??
2. What is the distribution of f(0)?

Answers to 1 and 2:

Groeneboom (1985) and (1988)!
Groeneboom and Wellner (2000).

8
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3. Likelihood ratio test: the monotone case
(Problem B)

Theorem 3. There exists an almost surely uniquely
defined random continuous function F° on (—oo, 0) and
(0,00) (and one jump at 0) satisfying the following
conditions:

(i) EF°t) < X(t) for each t € R.

(11) FO has a monotone (left) derivative
f2(0) =
(

iif) F Satlsﬁes

/R{X(t) — FOW)YdfO(t) = 0.

]/”b satistying

In fact, FO is (are) the constrained greatest convex
minorant(s) of X(t) = t2+ W(t), and f° = S is the
corresponding slope process(es).

Recall that

SUp rez, APy /d P 5 dP; /ARy,
SUP e, £(0)=0 APf,0 /AP 5 B deCO,U/dPO,O’

>\c,a =
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Theorem 4. (Banerjee and Wellner, 2000). Suppose
that f satisfies f(0) = 0and f'(0) > 0. Under X ~ Ps,,

2log Aey —a D /{ ))Q}dz

as ¢ — 0.

10
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Proof sketch: By Brownian scaling and approximation
of f in a neighborhood of 0 by a linear function, the
problem reduces to finding the limit of 2log A, ; as ¢ — o0
under the canonical monotone function fy(t) = 2¢. Then
we have

2log A1 = {/ 7. X——/ Fdt
oo ea)
=2 [ (- Pax - [ (- Par
B o FoPuax- [ (P Py

where ]? and ]ﬁ) are characterized by Theorems 2 and 3
respectively. Thus

/(X—ﬁmf: 0 and /(X — FOdf°=0:

Thus via integration by parts,

[ Toax = [(F =,

11
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and using this in (3) shows that the limit equals

/ (P = Pydi = / {S(0)) — {8°(6)}2}dt =

Question 3: What is the distribution of D?

Only Monte-carlo evidence so far: Banerjee and Wellner
(2000).

12
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4. Estimator; convex case (Problem C)

Let |lgllc = SUPte[—c,d] lg(t)].

For f € F,., set

Ft) - I ds t>0
— [P f(s)ds, t<0,

and

For the canonical convex function fo(t) = 12¢%,
Fo(t) = 4t%, Hy(t) = t*.
We also define

_ /0 X (s)ds = /0 Wis)ds + H(1)
where now

dX(t) = f(t)+dW(t)

= “convex’ + “white noise” .

13

H(t) - {fof dS—fo [y f(w)duds, t >

dS——j;ff )duds, t <0,

.7:0 = {f : [—C, C] —> R| f 1S convex , f(—c) = /ﬁ, f(c) = /{2: .

0
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Theorem 5. ]?C is the Maximum Likelihood Estimor
(MLE) (and the Least Squares Estimator) over F. if and
only if:
(i) H()>Y()fort€[ ]
) [ () = Y)dfi) =
(i) F(—c) = k. Tlc) = ko
Question: R
lim f.(t) = 777

cC— 00

Special case:
folt) = 12t2, Fy(t) = 4t3, Ho(t) = t*.

Theorem 6. For X ~ Py on (—00,00), there is a

uniquely defined random continuous function H = H
satistying the following conditions:

(i) H( ) >Y(t) foreach t € R.

(ii) H has a convex second derivative f.

(iil) H satisfies

/{H (EYAE () = 0.

14
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he “invelope process” of Y, is piecewise cubic;
" 1s piecewise quadratic;
" is piecewise linear (and convex);

D)

)~ ) )
|

|
)

() is piecewise constant (and “estimates” fi(t) =

N

e~

N
N——

Questions: R
4. What is the distribution of the process f7
5. What is the distribution of f(0)?

AN

6. What is the joint distribution of (f(0), f(0))?

No answers to 4-6 yet.
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Figure 1: Greatest Convex Minorant and W (¢) + 2.

Figure 2: One-Sided Greatest Convex Minorants and W (t) + ¢2.

16




-0.2 0.0 0.2 0.4 0.6

-0.4

-0.6

Figure 3: Close-up view of G1,1, G g, GY;, and W (t) + 2.
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5. Further Problems.

Question 3. Can we find the distribution of DD
analytically? (Likelihood ratio statistic)

Question 4. What is the distribution of the process ]??
(convex function estimation)

AN

Queston 5. What is the distribution of f(0)? (convex
function estimation)

QueitionA(i. What is the joint distribution of
(f(0), f'(0))? (convex function estimation)

Question 7. What is the likelihood ratio test for testing
f(to) = 6y in the convex function case?

Question 8. How can we prove that the same limit
D arises as the limit distribution for the likelihood
ratio test for a large class of such problems involving
monotone functions?

Question 9. What is the appropriate contiguity
theory? ~ What is the limit distribution of the
likelihood ratio statistic under local alternatives?

Question 10. What about  further smoothness
restrictions? (Completely monotone?)

18
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