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OUTLINE:

0. Introdu
tion: Lu
ien Le Cam

1. Poisson approximations

2. Contiguity, Le Cam's three lemmas

3. Hellinger distan
e and Independen
e

4. Quadrati
 mean di�erentiability (QMD)

and asymptoti
 normality of the MLE

5. Lo
al asymptoti
 minimax and


onvolution theorems

6. Preservation of LAN under information loss

7. Dimensionality and Estimation:

Rates of 
onvergen
e

8. Convergen
e of Experiments
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Lu
ien Le Cam: a few fa
ts

� 77 published papers, 4-6 books.

� 38 PhD students (Stigler, Ferguson, Yang , ... )

� Chair of Statisti
s Dept., Berkeley, 1961-1965.

� President of the IMS, 1973

� Editor, Pro
eedings of the 5th and 6th Berkeley

Symposia

Further Reading:

� Lu
ien Le Cam. In More Mathemati
al People,

161-180, D. J. Albers, G. L. Alexanderson, and C.

Reid, editors. Har
ourt Bra
e Jovanovi
h,

Boston.

� Lehmann, E. L. (1997). Le Cam at Berkeley. In

Fests
hrift for Lu
ien Le Cam, 297 - 304. D. Pollard,

E. Torgersen, G. Yang, editors. Springer-Verlag, New

York.

� Le Cam, L. (1998). Re
olle
tions on my 
onta
ts

with Jaroslav H�ajek. In Colle
ted Works of Jaroslav

H�ajek - With Commentary, 21 - 28. Compiled by

M. Huskova, R. Beran, and V. Dupa
. Wiley,

New York.
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1. Poisson approximation

X

i

� Bernoulli(p

i

), i = 1; 2; : : :.

S

n

= X

1

+ � � � +X

n

, n = 1; 2; : : :.

� =

P

n

1

p

i

.

Let Y � Poisson(�): thus

P (Y = y) = e

��

�

k

k!

; k = 0; 1; : : :

Theorem 1. (Le Cam, 1960).

1

X

k=0

jP (S

n

= k)� P (Y = k)j �

n

X

i=1

p

2

i

:

Theorem 2. (Le Cam, 1960). If max

1�i�n

p

i

� 1=4,

then

1

X

k=0

jP (S

n

= k)� P (Y = k)j �

8

�

n

X

i=1

p

2

i

:

Referen
es:

� Le Cam (1960a),

� Le Cam (1960b),

� Ser
ing (1975),

� Barbour, Holst and Janson (1992).
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2. Contiguity and Le Cam's three Lemmas

(X

1

; : : : ;X

n

) � P

n

(= P

n

�

0

)

or

(X

1

; : : : ;X

n

) � Q

n

(= P

n

�

n

)

Q

n

� P

n

(in words, fQ

n

g is 
ontiguous w.r.t. fP

n

g if,

P

n

(A

n

)! 0 implies Q

n

(A

n

)! 0.

Le Cam's �rst lemma. (Le Cam, 1960).

If L

n

� dQ

n

=dP

n

satis�es

L

n

!

d

L under P

n

with E(L) = 1, then fQ

n

g� fP

n

g.
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Suppose:

P

n

= P

n1

� � � � � P

nn

with densities p

n1

; : : : ; p

nn

;

Q

n

= Q

n1

� � � � �Q

nn

with densities q

n1

; : : : ; q

nn

.

Set

W

n

= 2

n

X

i=1

(

q

1=2

ni

p

1=2

ni

(X

ni

)� 1

)

:

Le Cam's se
ond lemma. (Le Cam, 1960).

If W

n

!

d

N(��

2

=4; �

2

) and

P

n

�

max

1�i�n

j

q

ni

p

ni

(X

ni

)� 1j > �

�

! 0

for every � > 0, then

log

dQ

n

dP

n

(X)!

d

N(��

2

=2; �

2

) under P

n

:
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Suppose:

T

n

is a (real-valued) statisti
 for ea
h n.

Le Cam's third lemma. (Le Cam, 1960).

Suppose that

�

T

n

log

dQ

n

dP

n

�

!

d

N

2

��

0

��

2

=2

�

;

�

�

2





 �

2

��

under fP

n

g. Then

�

T

n

log

dQ

n

dP

n

�

!

d

N

2

��




+�

2

=2

�

;

�

�

2





 �

2

��

under fQ

n

g.

Corollary: asymptoti
 power of test based on T

n

under

the alternative(s) Q

n

.

Referen
es:

� Le Cam (1960
),

� Hajek and Sidak (1967),

� Hall and Loynes (1977),

� Pollard (1997).
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3. Hellinger distan
e of produ
t laws -

Independen
e

H

2

(P;Q) =

1

2

Z

(

p

p�

p

q)

2

d�

= 1�

Z

p

pqd�

= squared Hellinger distan
e from P to Q

= 1� �(P;Q)

where p = dP=d�, q = dQ=d�, � = P+Q always works.

�(P;Q) = the aÆnity between P and Q.

(X

n;1

; : : : ; X

n;n

) � P

n

, X

n;i

� P

ni

indep.

or

(X

n;1

; : : : ; X

n;n

) � Q

n

X

n;i

� Q

ni

indep.
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Theorem. (Le Cam, 1970)

H

2

(P

n

; Q

n

) = 1� �(P

n

; Q

n

) = 1�

n

Y

i=1

�(P

ni

; Q

ni

)

= 1�

n

Y

i=1

�

1�H

2

(P

ni

; Q

ni

)

	

Corollary. If P

n

= P

n

�

0

, Q

n

= P

n

�

0

+
=

p

n

, and

nH

2

(P

�

0

+
=

p

n

; P

�

0

) ! 


T

I(�

0

)
 ;

then

H

2

(P

n

; Q

n

) = 1� (1�H

2

(P

�

0

; P

�

0

+
=

p

n

))

n

! 1� exp(�


T

I(�

0

)
) :

Referen
es:

� Kakutani (1948),

� Le Cam (1969),

� Le Cam (1970),

� Le Cam and Yang (1990).
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4. Quadrati
 mean di�erentiability (QDM)

and asymptoti
 normality of the MLE

The model fP

�

: � 2 � � R

k

g is

di�erentiable in quadrati
 mean at �

0

if there exist

a ve
tor-valued fun
tion

_

l

�

0

su
h that the densities p

�

=

dP

�

=d� satisfy

Z

�

p

p

�

�

p

p

�

0

�

1

2

(� � �

0

)

T

_

l

�

0

p

p

�

0

�

2

d� = o(j���

0

j

2

) :

Note that

�

��

p

p

�

=

1

2

p

p

�

�

��

p

�

=

1

2

�

�

��

log p

�

�

p

p

�

;

so the fun
tion

_

l

�

0

is really the s
ore fun
tion of the model,

and

I(�

0

) = P

�

0

(

_

l

�

0

_

l

T

�

0

)

is the Fisher information matrix. However QDM does

not require existen
e of (�=��) log p

�

(x) for every x.
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Theorem.

Le Cam (1970) + van der Vaart (1998).

Suppose that fP

�

: � 2 � � R

k

g is di�erentiable in

quadrati
 mean at an interior point �

0

of �. Furthermore,

suppose that there exists a measurable fun
tion

_

l with

P

�

0

(

_

l

2

) < 1 su
h that, for every �

1

and �

2

in a

neighborhood of �

0

,

j log p

�

1

(x)� log p

�

2

(x)j �

_

l(x)j�

1

� �

2

j :

If I(�

0

) is non-singular and the MLE

b

�

n

is 
onsistent,

then

p

n(

b

�

n

� �

0

) = I(�

0

)

�1

1

p

n

n

X

i=1

_

l

�

0

(X

i

) + o

P

�

0

(1)

and hen
e

p

n(

b

�

n

� �

0

)!

d

N

k

�

0; I

�1

(�

0

)

�

:

11



'

&

$

%

Theorem. (Le Cam, 1970).

Suppose that fP

�

: � 2 � � R

1

g is di�erentiable in

quadrati
 mean at an interior point �

0

of �. Furthermore,

suppose that for � in a neighborhood of �

0

lim sup

Æ!0

1

jÆj

H(P

�

; P

�+Æ

) � �(�) <1 ;

�(�

0

) > 0, and

lim

Æ&0

Æ

�1

Z

�

0

+Æ

�

0

�Æ

j�(�)� �(�

0

)jd� = 0 :

Then with probability tending to 1 the MLE

b

�

n

of � exists

and satis�es

p

n(

b

�

n

� �

0

)!

d

N

k

(0; V (�

0

))

where

V (�

0

) = (I(�

0

)=4)=(�

2

(�

0

) + I(�

0

)=4)

2

� I

�1

(�

0

) :

Referen
es:

� Le Cam (1970);

� van der Vaart and Wellner (1996), page 306;

� van der Vaart (1998), page 65.
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5. Lo
al asymptoti
 minimax and 
onvolution

theorems

Lo
al asymptoti
 normality or LAN:

X � P

n;�

, � 2 � � R

k

.

The family fP

n;�

g is LAN at �

0

if there exist matri
es

r

n

, I(�

0

), and random ve
tors S

n

(�

0

) with S

n

(�

0

) !

d

N(0; I(�

0

)) su
h that for every h

n

! h

log

dP

n;�

0

+h

n

=r

n

dP

n;�

0

= h

T

S

n

(�

0

)�

1

2

h

T

I(�

0

)h + o

p

(1)

Theorem. (Minimax theorem;

H�ajek (1970), (1972);

Le Cam (1972), (1979)).

Suppose that q : � 7! R is di�erentiable with derivative

_q(�

0

) at �

0

. For any estimators fT

n

g of q(�) and any

bowl-shaped loss fun
tion l

lim inf

n!1

supfE

�

(l(r

n

(T

n

� q(�))) : r

n

j� � �

0

j �Mg

� El(Z

0

) ;

where

Z

0

� N

�

0; _q

T

(�

0

)I(�

0

)

�1

_q(�

0

)

�

:

13
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Lo
ally regular estimators:

fT

n

g is lo
ally regular at �

0

if: for every h, with �

n

=

�

0

+ h=r

n

,

r

n

(T

n

� q(�

n

))!

d

E

0

under P

n;�

n

where the distribution of E

0

does not depend

on h.

Theorem. (Convolution theorem;

H�ajek (1970), (1972);

Le Cam (1972), (1979)).

If fT

n

g is a sequen
e of regular estimators of q(�) with

limiting distribution given by L(E

0

), and fP

n;�

g satis�es

LAN at �

0

, then

E

0

=

d

Z

0

+W

0

where W

0

is independent of

Z

0

� N

�

0; _q

T

(�

0

)I(�

0

)

�1

_q(�

0

)

�

:

Referen
es:

� Le Cam (1972),

� Le Cam (1979),

� Haj�ek (1970), Inagaki (1970)

� Haj�ek (1972) .
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6. Preservation of LAN

Suppose that Q = fQ

�

: � 2 �g is di�erentiable in

quadrati
 mean at �

0

with derivative

_

l

0

(�;Q) and Fisher

information matrix

I(�

0

;Q) = Q

�

0

(

_

l

0

(�;Q)

_

l

0

(�;Q)

T

) :

Suppose that X � Q

�

2 Q and Y � T (X) � P

�

for a

(measurable) fun
tion T .

Let P � fP

�

: � 2 �g.

Theorem. (Le Cam and Yang, 1988).

If Q is di�erentiable in QM at �

0

, then P is di�erentiable

in quadrati
 mean at �

0

with s
ore fun
tion

_

l(Y;P) = Ef

_

l

�

0

(X ;Q)jY g

and

I(�

0

;P) � I(�

0

;Q) :

Referen
es:

� Le Cam and Yang (1988),

� Ibragimov and Has'minskii (1979), page 70,

� Bi
kel, Klaassen, Ritov and Wellner (1993), page 461.
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7. Dimensionality and Estimation:

Rates of 
onvergen
e

� : P ! �, (�; d) a metri
 spa
e

b

� an estimator of �(P ).

Theorem. (Le Cam, 1973). Suppose there are subsets

�

1

;�

2

� � that are 2Æ� separated. Suppose that P

1

,

P

2

are subsets of P with �(P ) 2 �

i

for P 2 P

i

, i = 1; 2.

Then

sup

P2P

E

P

d(

b

�; �(P )) � Æ � sup

P

i

2
o(P

i

)

kP

1

^ P

2

k

where

kP

1

^ P

2

k =

Z

p

1

^ p

2

d�

for any 
ommon dominating measure � of P

1

, P

2

, and


o(P

i

) = the 
onvex hull of P

i

. Here

d

TV

(P;Q) =

1

2

Z

jp� qjd�

= 1� kP ^Qk ;

so kP ^Qk is the \aÆnity" for total variation distan
e.
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Let D(�;�) be the �� pa
king number of � for the

metri
 d; i.e. the maximal number of �� separated

points in �.

Corollary. Suppose that X

1

; : : : ; X

n

are i.i.d. P

�

, � 2

�. Suppose that �

n

satis�es

D(�

n

) = 4n�

2

n

+ 2 log 2 :

Then

min

b

�

max

�2�

E

�

d

2

(

b

�; �) � (A

2

=8)�

2

n

:

Referen
es:

� Le Cam (1973),

� Yu (1997),

� Birg�e (1983), (1986)

� Yang and Barron (1999).

17



'

&

$

%

8. Approximation of Experiments

.

Another talk!

.

Referen
es:

� Le Cam (1972),

� Le Cam (1986),

� van der Vaart (1998, Chapter 9, pp. 125 - 137,

� van der Vaart (200?).
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Referen
es:

� Bi
kel, P. J., Klaassen, C. A. J., Ritov, Y. and Wellner,

J. A. (1993). EÆ
ient and Adaptive Estimation for

Semiparametri
 Models. Johns Hopkins University Press.

� Birg�e, L. (1983). Approximation dans les espa
es m�etriques et

th�eorie de l'estimation. Z. Wahrs
hein. verw. Gebiete 65, 181

- 237.

� Hodges, J. L. and Le Cam, L. (1960). The Poisson

approximation to the Poisson binomial distribution. Ann.

Math. Statist. 31, 737- 740.

� Inagaki, N. On the limiting distribution of a sequen
e of

estimators with uniformity properties. Ann. Inst. Statist.

Math. 22, 1 - 13.

� Le Cam, L. (1960). Poisson approximation for the Poisson

binomial distribution. Pa
i�
 Journal of Mathemati
s 10,

1181-1197.

� Le Cam, L. (1960). Lo
ally asymptoti
ally normal families of

distributions. Univ. of California Publ. in Statisti
s 3, 37 -

98.

� Le Cam, L. (1970). On the assumptions used to prove

asymptoti
 normality of maximum likelihood estimates. Ann.

Math. Statist. 41, 802-828.
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� Le Cam, L. (1972). Limits of experiments. Pro
. Sixth

Berkeley Symp. Math. Statist. Prob., Vol. 1, University

of California Press, Berkeley, 245 - 261.

� Le Cam, L. (1973). Convergen
e of estimates under

dimensionality restri
tions. Ann. Statist. 1, 38 - 53.

� Le Cam, L. (1986). Asymptoti
 Methods in Statisti
al

De
ision Theory. Springer-Verlag, New York.

� Le Cam, L. and Yang, G. L. (1988). On the preservation of lo
al

asymptoti
 normality under information loss. Ann. Statist. 16,

483 - 520.

� Le Cam, L. (1990). Maximum likelihood: an introdu
tion.

International Statisti
al Review 58, 153 - 172.

� Pollard, D. (1997). Another look at di�erentiability in quadrati


mean, In Fests
hrift for Lu
ien Le Cam, D. Pollard, E.

Torgersen, and G. L. Yang, editors, pp. 205 - 214. Springer-

Verlag, Berlin.

� Ser
ing, R. J. (1975). A general Poisson approximation theorem.

Ann. Probability 3, 726 - 731.

� van der Vaart, A. W. (1998). Asymptoti
 Statisti
s.

Cambridge University Press.

� Yang, Y. and Barron, A. (1999). Information -theoreti


determination of minimax rates of 
onvergen
e. Ann. Statist.

27, 1564 - 1599.
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� Yu, Bin (1997). Assouad, Fano, and Le Cam, In Fests
hrift

for Lu
ien Le Cam, D. Pollard, E. Torgersen, and G. L. Yang,

editors, pp. 423 - 435. Springer-Verlag, Berlin.
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Fund Raising for a Permanent IMS Le Cam Le
ture.

Visit

www:stat:berkeley:edu=le
am

for the IMS Coun
il resolution and more

information. Please send donations, payable to

IMS-Le Cam Endowment Fund

to:

IMS-Le Cam Endowment Fund

PO Box 22718

Bea
hwood OH 44122
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