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1. Introdu
tion: interval 
ensored

data

Example: Current status data

X � F; Y � G X; Y independent

We observe (Y;1fX � Y g) � (Y;�) with

density

p

F

(y; Æ) = F(y)

Æ

(1� F(y))

Æ

g(y) :

Suppose that (Y

i

;�

i

) are i.i.d. as (Y;�).

L

n

(F) =

n

Y

i=1

F(Y

i

)

�

i

(1� F(Y

i

))

1��

i

:



2. Estimation of F :

Nonparametri
 MLE

b

F

n

(t) = argmax

F

L

n

(F) :

Another des
ription: de�ne

G

n

(t) =

1

n

n

X

i=1

1

[Y

i

�t℄

; V

n

(t) =

1

n

n

X

i=1

�

i

1

[Y

i

�t℄

:

Note that

G

n

(t)!

a:s:

G(t);

V

n

(t)!

a:s:

Z

t

0

F(y)dG(y) � V (t) :

Thus

dV

dG

(t) = F(t) :



Let Y

(1)

� Y

(2)

� � � � � Y

(n)

.

The partial sum diagram P = fP

i

g is given by

P

i

= (G

n

(Y

(i)

); V

n

(Y

(i)

)); i= 1; : : : ; n :

The Nonparametri
 MLE

b

F

n

of F is:

b

F

n

(Y

(i)

) = left derivative of the Greatest

Convex Minorant of P at Y

(i)

:

From here on:

Greatest Convex Minorant = GCM



3. The likelihood ratio test of

H : F (t

0

) = �

0

� The likelihood ratio statisti
:

�

n

=

sup

F

L

n

(F)

sup

F :F(t

0

)=�

0

L

n

(F)

=

L

n

(

b

F

n

)

L

n

(

b

F

0

n

)

:

� The 
onstrained MLE

b

F

0

n

. Re
ipe:

A. Break P into P

L

and P

R

where

P

L

= fP

i

: Y

(i)

� t

0

g; P

R

= fP

i

: Y

(i)

> t

0

g :

B. Form the GCM's of P

L

and P

R

, say

~

V

L

n

and

~

V

R

n

.

C. If the slope of

~

V

L

n

ex
eeds �

0

, repla
e it by

�

0

; if the slope of

~

V

R

n

drops below �

0

, repla
e

it by �

0

.

D. The resulting (trun
ated or 
onstrained)

slope pro
ess yields the 
onstrained MLE

b

F

0

n

.



�

n

=

sup

F

L

n

(F)

sup

F :F(t

0

)=�

0

L

n

(F)

=

L

n

(

b

F

n

)

L

n

(

b

F

0

n

)

:

When H : F(t

0

) = �

0

holds, does

2 log�

n

!

d

something?

Answer: Yes! Banerjee and Wellner (2001)



4. How big is \too big"?

� The limiting Gaussian problem

Suppose that we observe fX(t) : t 2 Rg where

X(t) = F(t) + �W(t)

where F(t) =

R

t

�1

f(s)ds, f monotone

non-de
reasing, and W is standard Browian

motion. Suppose that we want to estimate

the monotone fun
tion f . Equivalently

dX(t) = f(t) + �dW(t) :

The \
anoni
al monotone fun
tion" is a

linear one, and we 
an 
hange � to 1 by virtue

of s
aling arguments so the \
anoni
al"

version of the problem is as follows: if

dX(t) = 2t+ dW(t) ;



\estimate" 2t when fX(t) : t 2 Rg, is

observed. Thus

X(t) = t

2

+W(t) :

\Estimator": Slope of GCM of X(t). Call

this pro
ess of slopes of the GCM S.



What is the \
anoni
al 
onstrained

problem"?

Estimate the monontone fun
tion f(t) = 2t

subje
t to the 
onstraint that f(0) = 0" when

fX(t) : t 2 Rg is observed.

What is the \
onstrained estimator"?

Re
ipe:

A. Break fX(t) : t 2 Rg into

X

L

� fX(t) : t < 0g and

X

R

� fX(t) : t � 0g.

B. Form the GCM's of X

L

and X

R

say Y

L

and Y

R

.

C. If the slope of Y

L

ex
eeds 0, repla
e it by

0; if the slope of Y

R

drops below 0, repla
e it

by 0.

D. The resulting (trun
ated or 
onstrained)

slope pro
ess S

0

is the 
onstrained MLE of

f(t) = 2t in the Gaussian problem.



� Limit distributions for

b

F

n

and

b

F

0

n

: Set

G

lo


n

(t; h) = n

1=3

(G

n

(t+ n

�1=3

h)� G

n

(t))

V

lo


n

(t; h) = n

1=3

n

n

1=3

(V

n

(t+ n

�1=3

h)� V

n

(t))

� G

lo


n

(t; h)F(t)

o

:

Theorem 1. If g(t

0

) = G

0

(t

0

) and

f(t

0

) = F

0

(t

0

) exist, then:

A. G

lo


n

(t

0

; h)!

p

g(t

0

)h.

B. V

lo


n

(t

0

; h)) aW(h) + bh

2

where

a =

q

F(t

0

)(1� F (t

0

))g(t

0

), b = f(t

0

)g(t

0

)=2,

and W is a two-sided Brownian motion

starting from 0.

Now de�ne

Z

n

(h) = n

1=3

(

b

F

n

(t

0

+ hn

�1=3

)� F(t

0

)) ;

Z

0

n

(h) = n

1=3

(

b

F

0

n

(t

0

+ hn

�1=3

)� F(t

0

)) :



Theorem 2. If the hypotheses of Theorem 1

hold with f(t

0

) > 0, g(t

0

) > 0, and F(t

0

) = �

0

,

then

(Z

n

(h);Z

0

n

(h))) (S

a;b

(h); S

0

a;b

(h))=g(t

0

)

where S

a;b

and S

0

a;b

are the 
onstrained and

un
onstrained slope pro
esses 
orresponding

to X

a;b

(h) = aW(h) + bh

2

.

� Limit distributions for 2 log�

n

Theorem 3. (Banerjee and Wellner, 2001).

Suppose that F and G have densities f and g

whi
h are stri
tly positive and 
ontinuous in a

neighborhood in a neighborhood of t

0

.

Suppose that F (t

0

) = �

0

. Then

2 log�

n

!

d

1

g(t

0

)a

2

Z

((S

a;b

(z))

2

� (S

0

a;b

(z))

2

) dz

=

d

Z

f(S(z))

2

� (S

0

(z))

2

gdz � D ;

and the distribution of D is universal (free of

parameters).



5. Con�den
e intervals for F (t

0

)

� Wald-type intervals

Z

n

(0) = n

1=3

(

b

F

n

(t

0

)� F(t

0

))

!

d

S

a;b

(0)=g(t

0

)

=

d

(

F(t

0

)(1� F(t

0

))f(t

0

)

2g(t

0

)

)

1=3

S(0)

� C(F; f; g) S(0)

where

S(0) =

d

2Z � 2argmin(W(h) + h

2

) :

Wald - interval:

b

F

n

(t

0

)� n

�1=3

C(

b

F

n

;

b

f

n

;

b

g

n

) t

�

where

b

f

n

and

b

g

n

are estimates of f and g (at

t

0

), and t

�=2

satis�es

P(2Z > t

�=2

) = �=2 :

Problem: this involves smoothing to get

b

f

n

,

b

g

n

!



� Con�den
e Intervals from the LR test

Invert the test:

f� : 2 log�

n

(�) � d

�

g :

Advantage: No smoothing needed!

Tradeo�: Need to 
ompute 
onstrained

estimator(s)

b

F

0

n

of F for many di�erent

values of the 
onstraint �.



6. Further Problems

A. Can we �nd the distribution of D

analyti
ally?

B. How 
an we prove that the same limit D

arises as the limit distribution for the

likelihood ratio test for a large 
lass of su
h

problems involving monotone fun
tions?

(Yes!)

C. What is the appropriate 
ontiguity theory?

What is the limit distribution of the likelihood

ratio statisti
 under lo
al alternatives?

Done! Banerjee and Wellner (2001, 2002).

D. What happens if we 
onstrain at k > 1

points?

E. Can we use a union-interse
tion test to

obtain 
on�den
e bands for the whole

monotone fun
tion F?

F. Related problems for estimating a 
onvex

fun
tion?

G. Related problems for interval 
ensoring in

R

2

?
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