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OUTLINE: I

1. Introduction: interval censored data
2. Estimation of F

e The (unconstrained) Nonparametric MLE F),
3. The likelihood ratio test of H : F(ty) = 6

e The likelihood ratio statistic
e The constrained Nonparametric MLE ﬁ?

4. How big is “too big”?

e The Limit Gaussian problem.
e Limit distributions for £, and F\g

e Limit distributions for the likelihood ratio statistic
5. Confidence intervals for F'(t)

e Wald-type intervals

e Intervals from inversion of the LR test

6. Further Problems
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1. Introduction: interval censored data

Example: Current status data
X ~ F. Y ~G X, Y independent
We observe (Y, 1{X <Y}) = (Y,A) with density

pr(y,0) = F(y)' (1= F(y)g(y).
Suppose that (Y;, A;) are i.i.d. as (Y, A).

Ln(F) = ﬁ F(Y;)%(1 - F(Y)'
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2. Estimation of F: Nonparametric MLE
F,(t) = argmaxpLn(F) .
Define

1 < 1 <
Gol(t) == lyeg,  Valt) ==Y  Aily<y.
" 1=1 n 1=1

Note that
Gn<t> —a.s. G<t>7

Valt) s | Fy)dGly) = V(D).

Thus
dV

—=(t) = F(t).

Let Y1) < Yoy < -+ < Y.
The partial sum diagram P = {P,} is given by

P, = (Gu(Yyy), Va(Yiy)), i=1,...,m.

AN

The Nonparametric MLE F,, of F'is:

F\n(nz)) = left derivative of the Greatest
Convex Minorant of P at Y(; .
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Figure 1: Cumulative sum diagram and Greatest Convex Minorant.
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Figure 2: The unconstrained estimator (red).
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3. The likelihood ratio test of H : F'(ty) = 6,

e The likelihood ratio statistic:
supp Ly, (F) B L.(Fy,)

Ay = -
SupF:F(to):00 Ln<F> LTL(FT[L)>

e The constrained MLE FU:
Recipe:

A. Break P into P; and Pr where
Pr=A{F: Yu <to}, Pr={F: Y >to}.
B. Form the GCM’s of Pf, and Pg, say VX and VE.

C. If the slope of \Nfé exceeds 6y, replace it by 0y
if the slope of V& drops below 6, replace it by 6.

D. The resulting (truncated or constrained) slope
process yields the constrained MLE F°.
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Figure 3: Cumulative sum diagram with left and right Greatest Convex Minorants.




yaxis

1.0

0.6 0.7 0.8 0.9

0.5

0.4

I
0.5 1.0 1.5 2.0 2.5
xXaxis

Figure 4: The constrained estimator (green).




A\ = Supp LTL(F) _ Ln( n)

SupF:F(to):90 Ln(F> LTL(F7’[L)> |

When H : F(ty) = 6y holds, does
2log A, —4 something?
Answer: Yes! Banerjee and Wellner (2001)
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4. How big is “too big”?

e The limiting Gaussian problem

Suppose that we observe { X () : t € R} where
X(t)=F(t)+cW(t)

where F(t) = ffoo f(s)ds, f monotone non-decreasing,
and W is standard Browian motion. Suppose that we
want to estimate the monotone function f. Equivalently

dX(t) = f(t) +odW(t).

The “canonical monotone function” is a linear one, and
we can change o to 1 by virtue of scaling arguments so
the “canonical” version of the problem is as follows: if

dX(t) =2t +dW(t),
“estimate” 2t when {X(¢): t € R}, is observed. Thus
X(t)=t*+W(t).
“Estimator”: Slope of GCM of X (¢)! Call it S.
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Figure 5: Two-sided Brownian Motion + parabola and GCM
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What is the ‘“canonical constrained problem”?

Estimate the monontone function f(¢) = 2t subject to

the constraint that f(0) = 0" when {X(¢) : t € R} is

observed.

What is the “constrained estimator”?

Recipe:

A. Break {X(t) : t € R} into
Xl={X({#):t<0}and X# = {X(t):t >0}

B. Form the GCM’s of X% and X% say Y* and Y.

C. If the slope of Y exceeds 0, replace it by 0:
if the slope of Y drops below 0, replace it by 0.

D. The resulting (truncated or constrained) slope process

SY is the constrained MLE of f(¢) = 2t in the
(Gaussian problem.
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Figure 6: Left and Right GCM’s of W + parabola
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Figure 7: Global, Left, and Right GCM’s: a close-up view
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Figure 8: Slope processes, constrained and unconstrained

Slope processes, S and S°
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e Limit distributions for F, and F%  Set

Gle(t,h) = n'*(Gu(t +nY3h) — G, (¢))

Viee(t, h) = nl/3 {n1/3<vn(t 4 V3R) — V(1))

— G (t,h)F(t)} .

Theorem 1. If g(ty) = G'(ty) and f(tyg) = F'(tg) exist,
then:
A. Giloc(to, h) —7p g(to)h
B. Vi(tg,h) = aW(h) + bh®> where a =
V F(to)(1 = F(to))g(to), b = f(to)g(to)/2, and W is a

two-sided Brownian motion starting from 0.

Now define

Zn(h) = 03 (Fy(to + hn~ %) — F(ty)),
70 (h) = n*(FO(to + hn~'?) = F(ty)).

Theorem 2. If the hypotheses of Theorem 1 hold with
f(to) >0, g(ty) > 0, and F'(ty) = 6, then

(Zn(h), Zy(R)) = (Sap(h), Sy (h))/g(to)

0

a,

slope processes corresponding to X, y(h) = aW (h)+bh?.

where S, 5 and S, , are the constrained and unconstrained

/
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e Limit distributions for 2log A,

Theorem 3. (Banerjee and Wellner, 2001). Suppose
that F' and G have densities f and g which are
strictly positive and continuous in a neighborhood in a
neighborhood of ¢y. Suppose that F'(ty) = 6. Then

/ (Sus(2)? — (82,(2))?) d=
- / {(S(2))? - (8°())*}d= = D,

and the distribution of D is wuniversal (free of
parameters).

T T T T T
0 1 2 3 4

Figure 9: Empirical Asymptotic Distribution, 10000 replications
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5. Confidence intervals for F'(t))
e Wald-type intervals

Zn(0) = n"*(E(to) — Fl(to)
—a Sap(0)/9(to)
_ {F<t0)(1 — F(to))f (%) }1/3 S(0)

29(to)
= C(F, f,9)S(0)

where

S(0) =4 27 = 2argmin(W (h) + h*) .

-1.5 -1 -0.5 0.5 1 1.5

Figure 10: Density function of slope of GCM at 0.
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Wald - interval:
F\n<t0> + n_1/30<ﬁn7 ]/C;La L/q\n> toz

where ]?n and g, are estimates of f and g (at tp), and ¢,/
satisfies

P(QZ > ta/2> = CY/Q

Problem: this involves smoothing to get ﬁl, 7!

e Confidence Intervals from the LR test
Invert the test:

{6 :2log M\, (0) < dy} -

Advantage: No smoothing needed!

Tradeoff: Need to compute constrained estimator ﬁg of
F' for many different values of the constraint 6.
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Figure 11: The true survival distribution and pointwise confidence sets obtained via different
methods.
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6. Further Problems.

A. Can we find the distribution of D analytically?

B. How can we prove that the same limit ID arises as
the limit distribution for the likelihood ratio test for
a large class of such problems involving monotone
functions? (Yes!)

C. What is the appropriate contiguity theory? What is
the limit distribution of the likelihood ratio statistic
under local alternatives?

Done! Banerjee and Wellner (2001, 2002).

D. What happens if we constrain at £ > 1 points?

E. Can we use a union-intersection test to obtain
confidence bands for the whole monotone function F'?

F. Related problems for estimating a convex function?

G. Related problems for interval censoring in R??
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