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1. Introduction and Motivation

® Setting: semiparametric model, X ~ Py € P
0= (w,n)eVxH

e parametric part: v eV c R?
®* nonparametric part: n € H C B, a Banach space.

* Scores for v and 7:

° Scores I, and I,h = By h, h € H C B
iIn @ Donsker class F, with (efficient) information matrix
for v positive definite.

° Information operator for n: L', = B By.
* Possible additional nuisance parameters o € A

e.g. for estimating probabilities of selection at second phase
of two phase design.
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* Nuisance parameter n in model?

° No: Use finite-dimensional score equations for v
classical Huber Z— theorem.

° Yes: Information operator BB, invertible?

* Yes: Use infinite-dimensional score equations for v, n
jointly: BKRW - van der Vaart infinite-dimensional Z—
theorem.

* No: Use finite dimensional score equations for v:
with 1 estimated by 7 (nonparametric or ad-hoc).
Newey (1994); Chen-Linton-van Keilegom (2003)
estimated nuisance Z—theorems

* What if additional nuisance parameter o in model?

New Z— theorem: Breslow and Wellner (2008)
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2. Review: Z — theorems

* Setting for classical Huber (1967) Z—theorem:
e cOCR?
e U :0 — R% random:
e U :0 — R? deterministic; ¥(0y) = 0.
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2. Review: Z — theorems

* Setting for classical Huber (1967) Z—theorem:

e cOCR?
e U :0 — R% random:
e U :0 — R? deterministic; ¥(0y) = 0.

A

® Theorem A: Suppose that 0,, —, 0y, and that:
Al. U, (0,) = op(n1/?)
A2. /n(V,(60y) — Y (0y)) —aZ
A3. VU is differentiable at 6, with non-singular derivative

o = ¥ ().
A4.
V(P — ) (0,) — Vr(P, — ) (0o)| = 0p(1 + Vn|fn — o))
Then

\/ﬁ(én — (90) — —\i/alz
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* Setting for BKRW (1993), van der Vaart (1995)
infinite-dimensional Z—theorem:
see van der Vaart and Wellner (1996)
e ) € ©® C B, aBanach space
oV, :0 — (*°(H), random;
o U:0 — (*°(H), deterministic; ¥ (6y) = 0.
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* Setting for BKRW (1993), van der Vaart (1995)
infinite-dimensional Z—theorem:
see van der Vaart and Wellner (1996)
e ) € ©® C B, aBanach space
oV, :0 — (*°(H), random;
o U:0 — (*°(H), deterministic; ¥ (6y) = 0.

A

® Theorem B: Suppose that: 6,, —, 0y in B, and that:
B1. U,,(6,) = 0,(n"1/2) in £*(H)
B2. /n(V,(0y) — ¥ (6y)) = Z in {>°(H)
B3. W is Fréchet differentiable at 6, with (continuously)
invertible derivative Ty = ¥(6y).
B4.

V(=) (0r) —vR(T—T) (00) 1 = 0p(1+/1]|0—00 ).

Then
Vn(l, —0) = —V;'Z in B.
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* Setting for Newey '94; Chen-Linton-van Keilegom
finite-dimensional Z—theorem with estimated parameters:
0= (v,n),veVcR?nc H (infinite-dimensional)
oV, :V x H— RP, p>drandom;

e U:V x H — RP, deterministic; W (1, n9) = 0.
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* Setting for Newey '94; Chen-Linton-van Keilegom
finite-dimensional Z—theorem with estimated parameters:
0= (v,n),veVcR?nc H (infinite-dimensional)
oV, :V x H— RP, p>drandom;

e U:V x H — RP, deterministic; W (1, n9) = 0.

* Conditions:
Suppose that: 2, —, 1 in RY, and that:
CO. 7, is an estimator of 7y with P(), € H) — 1,

|71 = o]l = op(n=1%).
C1. (|90 (D, )| = ik [ n (v, i) || + 0p(n~"/2).

C2 (¥, — W) (vo,m0)) + Ya(vo, 10)[Ain — 10) —a Z in RP
3. (i) vm— \I/(V, no) is continuously differentiable wrt v in a

neighborhood of vy with non-singular

derivative \111 — \ifl(Vo, 770);

(i) For some open neighborhood of 14, the maps
n — Y(v,n) satisfy

[¥(v,n) — (v, 10) — Ca(v,m0)[n — mo]ll < clln —noll
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* for a derivative map ¥, (v, 19) satisfying

192 (v, m0) [ — 0] — P2 (v0, m0) [7 — o]l = o(1)[v — wo.
C4.

IV (¥n = ) (D, 1) — /(¥ = ¥) (10, 10)]]
= 0op(1 + Vr{l[Vn@n, ) || + ([ (D, 1) 1)
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* for a derivative map ¥, (v, 19) satisfying
1¥2 (v, m0)[n — m0] — Ya(vo,m0)[n — moll| = o(1)|lv — wo].
C4.

IV (¥n = ) (D, 1) — /(¥ = ¥) (10, 10)]]
= 0op(1 + Vr{l[Vn@n, ) || + ([ (D, 1) 1)

* Theorem C: (Pakes and Pollard, 1989; Newey, 1994;
Chen-Linton-van Keilegom, 2004).
Suppose that CO - C4 hold. Then

\/ﬁ(/y\n — V0> —d (\If,{\lfl)_l\lf,{z
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3. Infinite-dimensional Z theorem

with nuisance parameters

* Setting for new theorem:
el cO®CB,ac AC B/, B, B’ Banach spaces
oV, :0 x A— (*°(H), random;
eV : O xA— (*°(H), deterministic; ¥ (6, ag) = 0.
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3. Infinite-dimensional Z theorem

with nuisance parameters

* Setting for new theorem:
el cO®CB,ac AC B/, B, B’ Banach spaces
oV, :0 x A— (*°(H), random;
oV : O x A— (*(H), deterministic; ¥(6y, ag) = 0.

* Conditions:

Suppose that: 6,, —, 6 in B, and that:

DO. &, is an estimator of oy with P(a, € A) — 1,

D1. suppers |V (0, G )h| = 0p(n~1/2)

D2. Ly = \/ﬁ(\I/n — \If)((go, Oé()) = 2y N EOO(H)

D3. (i) 8 — {¥(0,a)h : h € H} is uniformly Fréchet
differentiable wrt 6 in a neighborhood of oy with
derivative maps ¥, (g, ) satisfying

\111(90, Oz) — \111(90, Ozo) as a — «ag With \111(90, Ozo)

continuously invertible.
|
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* D4.

V(T — ) (0, a0) — V(T — ©)(60, a0)] |,
= 05(1+ V)|, — 6ol)).
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* D4.

[VA(¥s = )(6a, a0) = V(= 0) (60, a0) |,
= o3(1+ v/l — o).

* Theorem D. Suppose that DO - D4 hold.
(i) If ||v/n(®n(bo, n) — (0o, ao))llre = Op(1), then

V|l —6oll = O5(1),  and
Viln —00) = — U7'Vn(P, —¥)(0, ao)
— U V(W (80, an) — (6o, ao))] + 0p(1).

Furthermore, if 0 satisfies

sup ey | Un (02, ap)h| = 02”;(71_1/2), then

V0, — ) = Vn(6)) — 6o)
— U /(W (00, ) — ¥ (6o, 0))] + 0p(1).
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° (ii) Ifthe map a— {¥(0y,a)h: h € H} is Fréchet
differentiable at o with derivative map ¥, and
Vn(é, —ag) = G + o5(1) satisfies

(Zn, V(& — a0)) = (Zo, Gep),
then,
V0, — ) = —U71(Zo + T2Gop).
Furthermore,

Vb, —6) = Vn(6)) — 6o)
— \111_1\112\/5((34“ — Ck()) - 0;;(1)
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4. Semiparametric Models with Missing Data

Horovitz - Thompson (IPW) estimators

* Missing data — by design! X not observed for all items /
Individuals
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4. Semiparametric Models with Missing Data

Horovitz - Thompson (IPW) estimators

* Missing data — by design! X not observed for all items /
Individuals

—~ —~

°* X = X(X) observable part of X in phase 1

* Auxiliary U helps predict inclusion in subsample

° W = (X,U) € W observable only in validation (phase 2)
sample

° V = (X,U) €V observable in phase 1 (for all)

* Phase 1: {Wl, e ,WN} ..d. P = Py
° but observe only {V1,...,Vn}

* Phase 2: Sampling indicators {&1,...,¢n}
© observe W, (all of X;) if& =1
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Many choices for the (phase 2) sampling indicators ¢&;! Here:
* Bernoulli (Manski-Lerman) sampling

Pr(& = 1|W;) = Pr(& = 1|V;) = mo(V3)

iIndependent
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iIndependent
* Finite population stratified sampling
° Partition Vinto J strataV =V, U... V.
° Phase 1: Observe N; = >V | 1{V; € V;} subjects in
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© Result: sampling indicators &; ; for subject 7 in stratum ;
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Many choices for the (phase 2) sampling indicators ¢&;! Here:
* Bernoulli (Manski-Lerman) sampling

Pr(& = 1|W;) = Pr(& = 1|V;) = mo(V3)

iIndependent
* Finite population stratified sampling
° Partition Vinto J strataV =V, U... V.
° Phase 1: Observe N; = >V | 1{V; € V;} subjects in
stratum y
° Phase 2: Sample n; of N; without replacement:

© Result: sampling indicators &; ; for subject 7 in stratum ;
° (&.1,---,& N,) exchangeable with

P?"(sz' — 1“/1, .. .,VN) =S nj/Nj.

° The vectors (¢;1,...,¢n,), 7 =1,...,J are independent
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Horovitz-Thompson (or IPW Likelihood) Estimators

* Define Inverse Probability Weighted (IPW) empirical
measure:

S 5
E - 0, = Dirac measure at x
o Ty

) mo (Vi) if Bernoulli sampling
e %1{% c V;} if finite pop’ln stratified sampling
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Horovitz-Thompson (or IPW Likelihood) Estimators

* Define Inverse Probability Weighted (IPW) empirical

measure:
1 & éi 5
P7, = ~ Z —Z 6, = Dirac measure at x
) mo (Vi) if Bernoulli sampling
i Z—il{% c V;} if finite pop’ln stratified sampling

* Jointly solve the finite - (for v) and infinite (for ») dimensional
equations

™, = 0 in R

mah = 0 VYheH
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Horovitz-Thompson (or IPW Likelihood) Estimators

* Define Inverse Probability Weighted (IPW) empirical

measure:
1 & éi 5
P7, = ~ Z —Z 6, = Dirac measure at x
) mo (Vi) if Bernoulli sampling
i Z—il{% c V;} if finite pop’ln stratified sampling

* Jointly solve the finite - (for v) and infinite (for ») dimensional
equations

™, = 0 in R
myh = 0 VYheH

* MLE for complete data solves same equations with Py
instead of P%;.

7, —theorems with Estimated Nuisance Parameters — p. 15/27



First Main Result:

* Oy solving the IPW estimating equations is asymptotically
linear

N
VN(@oy — ) = %Zji— )+ 0p(1)

= GR(l,) +0p(1)

where ﬁ(x) IS the semparametric efficient influence function
for v (complete data)

N =VN(PF - P).
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~

\/N(ﬁN —1vp) = G (Lyyn,) + 0p(1)—aN (0, %)

* Asymptotic variances under stratified sampling

Pj

.- I+ 3 ;=L E;(0%%),  Bernoulli sampling
| T+ =2 Vary (), finite popi'n sampling
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\/N@N —1vp) = G (Lyyn,) + 0p(1)—aN (0, %)

* Asymptotic variances under stratified sampling
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.- I+ 3 ;=L E;(0%%),  Bernoulli sampling
| T+ =2 Vary (), finite popi'n sampling

* Gain from stratified sampling without replacement is
centering of efficient scores

© Can reduce variance (considerably) via finite popl’n
sampling.

o Select strata via covariates so that ¢ has small
conditional variances on the strata
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~

VN (o — v0) = G (b n) + 0p(1)—=aN (0, %)

* Asymptotic variances under stratified sampling

= J 1—p; . .
s_J1 Y Yo v By (£9%),  Bernoulli sampling
I+ Zj (12 1p3 LV ar; (¢), finite popl’n sampling
* Gain from stratified sampling without replacement is
centering of efficient scores

© Can reduce variance (considerably) via finite popl’n
sampling.

o Select strata via covariates so that ¢ has small
conditional variances on the strata

° Alternatively: Bernoulli sampling, but model the
selection probabilities 7, (V') and estimate the a’s
Need to apply the new Z—theorem!
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Suppose that
Pr(& =11X;,Vi;a) = Pr(§ = 1|Vi;a) = ma(V;)

where o € R? is a parameter to be estimated by maximum
likelihood from the phase 1 observations {V;,s=1,..., N}. We
suppose that the model for 7, is sufficiently regular so that the

MLE & is consistent and asymptotically normal with influence

function
1

. . - ®2 - B
Ea:(Po 10 ) oo M0

) mo(1 — o)
If () denotes the IPW likelihood estimator under two-phase
Bernoulli sampling with ‘known’ sampling function =, (V"), then
let on (@), Ny (&) solve

", =0, PRe,h=0forall h € H.

where ﬁiEW@(%),i: 1,...,N.
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Theorem: Breslow and W (2007,2008)

Suppose the semiparametric model P satisfies A1* and A3* (of
BW 2008), and A2, A4, A5 of BW 2007, and that the model
(V') satisfies the hypotheses of theorem 5.39 of van der Vaart
(1998). Suppose, moreover, that n, satisfy

1 1 _—ﬁg(v)&_a N — 146
) mlV) | mR) @ o) < y)le—aol T

for o in a neighborhood of ag for some ¢ > 0 and Ev?(V) < oo.
Then

VN (0N (&) — vg) —q Z ~ Ng(0,%)

where
> =Var (égy> —A'B71A
o

and where ...
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) Zy. . . 2
A=P20 B=—pH—0
70 7T0(1—7T0)

o When 7 (V) =327, ajly, (V), the resulting asymptotic

variance of the IPW estimator with &; = n,;/N; is exactly the
same as the finite population sampling variance with

pj = ij,() lim(nj/Nj).

e Further efficiency gains possible by modeling 7, (V') as a
function of V: see e.g. Robins, Rotnitzky, and Zhao (1994)
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5. Summary; problems and open questions

* Z-theorem review
° classical Huber Z—theorem
° Pakes-Pollard (1989) further restrictions Z—theorem

° infinite dimensional Z—theorem: BKRW (1993), van der
Vaart (1995), vdV-W (1996)

° Newey (1994), Chen-Linton-van Keilegom (2004)
finite-dimensional Z —theorem with infinite-dimensional
nuisance parameter.

© Breslow - Wellner (2008) infinite dimensional
Z —theorem with (possibly) infinite-dimensional nuisance
parameter
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* Application to semiparametric missing data models

© Basic idea: separate calculations for sampling design
and for model.

© Sampling assumptions give properties of IPW empirical
process G7;

° Likelihood calculations for complete data problem give
efficient influence function ¢, for v.

© Estimating the 7’s can lead to increased efficiency.
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© Can we handle problems with nuisance parameter

estimators not converging at rate v/ N together with
finite-sampling or more complex designs?
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* Further problems:

° Infinite-dimensional version of Pakes-Pollard
/Z —theorem?

° Other, more complex sampling designs?
* Hajek (1964), Rosen (1972a,b), Isaki and Fuller
(1982)
* Lin (2000)
© Can we handle problems with nuisance parameter

estimators not converging at rate v/ N together with

finite-sampling or more complex designs?

* Z - theorems of Huang (1995), Wellner and Zhang
(2006), Newey (1994).

© Can we handle both estimating the 7’s and and finite
popl’n sampling?
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