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We investigate the reflection of highly nonlinear solitary waves in one-dimensional granular crystals
interacting with large plates. We observe significant changes in the reflected waves’ properties in terms
of wave amplitude and time of flight in association with the intrinsic inelasticity of large plates, which are
governed by the plate thickness and the size of the granular constituents. We also study the effects of
fixed plate boundaries in the formation of reflected waves, and find the existence of a critical distance,
within which the interaction between the granular chain and plate is strongly modified. We explain
the effects of intrinsic inelasticity and of boundaries in the large plates by using plate theory and the con-
tact mechanics between a plate and a spherical striker. We find that experimental results are in excellent
agreement with the analytical predictions and numerical simulations based on the combined discrete
element and spectral element models. The findings in this study can be useful for the nondestructive
evaluation of plate structures using granular crystals, which can improve the resolution of in-situ, porta-
ble measurement instruments leveraging high acoustic energy and sensitivity of solitary waves.

� 2012 Elsevier Ltd. All rights reserved.
1. Introduction

Granular crystals are aggregates of tightly packed elements
whose macroscopic properties are strongly determined by their
underlying architecture. For example, ordered arrays of discrete,
elastic particles can exhibit remarkable versatility in their wave
dynamics depending on their materials, geometry, and boundary
conditions (Nesterenko, 1983; Sinkovits and Sen, 1995; Hladky-
Hennion and de Billy, 2007; Tournat and Gusev, 2010). One-dimen-
sional (1D) granular crystals composed of spherical particles under
zero or weak static compression have been shown to support the
generation and propagation of compactly-supported nonlinear
waves, called solitary waves (Nesterenko, 1983, 2001). Compared
to linear elastic waves in continuous media, these nonlinear soli-
tary waves present unique physical properties: they can support
a high level of acoustic energy within a constant spatial wave-
length, and their speed can be tuned by varying the system’s
parameters (static precompression, materials properties, and
geometry) (Coste et al., 1997; Nesterenko, 2001; Daraio et al.,
2006b). The propagation speed of solitary waves is an order-of-
magnitude slower than the dilational waves within the spheres
that compose the granular crystals and shows a strong dependence
on their amplitudes (Nesterenko, 2001; Daraio et al., 2006b). By
exploiting these characteristics, previous studies have reported po-
tential applications of granular crystals in shock mitigation (Sen
ll rights reserved.

: +1 626 449 6359.
et al., 2001; Hong, 2005; Daraio et al., 2006; Melo et al., 2006),
acoustic imaging (Sen et al., 1998, 2005; Spadoni and Daraio,
2010), and nondestructive evaluation devices (Khatri et al., 2008;
Ni et al., 2011; Yang et al., 2012).

To design engineering tools based upon the distinctive wave
dynamics in granular crystals, we need to have an understanding
of the interaction of granular crystals with neighboring structures.
This is particularly crucial for developing granular crystal-based
sensor devices which employ solitary waves to inspect structural
systems nondestructively. Previous work has been limited to
one-dimensional studies, exploring the interaction of the solitary
waves in granular crystals with an adjacent simple, linear elastic
medium (Job et al., 2005; Yang et al., 2011). These works, based
on discrete particle dynamics and elastic contact theory, reported
that the reflected solitary waves can be disintegrated into a series
of secondary solitary waves whose propagation speed and attenu-
ation are significantly affected by the bounding medium’s mechan-
ical properties. However, no rigorous work has been done on the
interaction of 1D granular crystals with adjacent plate structures.
This three-dimensional interaction exhibits a complex coupling
stemming from the dispersive wave dynamics and strong depen-
dence upon boundary effects in plates.

The purpose of the present study is to provide experimental,
numerical, and analytical groundwork on the interaction of nonlin-
ear granular crystals with large plates. We perform an experimen-
tal parametric study, varying the size of granular crystals and
the thickness of large plates to investigate how incident solitary
waves in granular crystals are reflected at the plate interface in
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association with their geometric configurations. We also numeri-
cally simulate the wave dynamics between the nonlinear granular
crystals and the linear elastic plates by combining a discrete ele-
ment model (DEM) for the granular crystal, with a spectral element
model (SEM) for the large plates. We report that the response of
solitary waves is highly sensitive to the thickness of the plate rel-
ative to the sphere size of granular crystals. In particular, we
numerically verify that the reflected solitary waves can exhibit a
significant amount of wave attenuation and time delay without
the inclusion of plasticity and/or viscoelastic effects. To explain this
intrinsic inelasticity in the combined granular crystal and plate
system, we use the classical theory of contact mechanics for solid
sphere impacts and wave dynamics for stress propagation in plates
(Zener, 1941; Sondergaard et al., 1990). We report that the solitary
waves reflected in the granular chains are significantly affected by
the proximity of the chains to the plate’s fixed support, within
some critical distance. We derive this critical distance, by calculat-
ing the travelling distance of the waves generated in the plate dur-
ing the interaction time between the granular chain and the plate.

The sensitive response of the solitary waves to the geometrical
configurations and boundary conditions of the plates implies that
1D granular crystals can be employed in inspecting structural sys-
tems in a fast and nondestructive manner. The sensing scheme
based on solitary waves can provide unique advantages over con-
ventional nondestructive evaluation techniques that use ultra-
sounds. For example, solitary waves formed in granular crystals
can easily achieve higher intensity than ultrasonic waves excited
by conventional piezoelectric actuators, because they rely on
mechanical impacts for excitation rather than piezoelectric conver-
sion efficiencies (Spadoni and Daraio, 2010). This may lead to im-
proved signal-to-noise ratios and reliability of granular crystal-
based sensors. In addition, the 1D granular crystals are compact
and do not rely on external power amplifiers for generating excita-
tion waves. Thus, it is possible to enhance the portability and
accessibility of a sensing instrument.

This paper is organized as follows: first, we describe the exper-
imental setup of the combined granular chain and large plate in
Section 2. We then introduce a numerical model that simulates
the interaction of the solitary waves in granular chains with the
large plate in Section 3. In Section 4, we explain the coupling mech-
anism using an analytical approach based on classical contact
mechanics and wave dynamics in plates, and we compare the ana-
lytical results with the numerical and experimental results. In Sec-
tion 5, we conclude the manuscript with a summary and the
implications of our work.

2. Experimental setup

The overall configuration of the experimental setup is shown in
Fig. 1. The test setup consists of a horizontal thin plate rigidly
clamped at two opposing edges and a 1D vertical granular chain
positioned on the top of the plate. The last particle of the granular
chain rests on the plate. In this study, we assemble three different
uniform chains with spheres of diameter D = [4.76,9.53,19.1] mm.
Each granular chain is composed of 20 stainless steel particles
(type-440C, elastic modulus Es = 200 GPa, Poisson’s ratio vs = 0.28,
and density qs = 7800 kg/m3) guided by four steel rods. We gener-
ate a single solitary wave in the granular impacting the chain with
a spherical striker identical to the other particles (Nesterenko,
2001). For repeatability of the impact, the striker is released from
a drop height of 5 mm using a solenoid (Yang et al., 2011). We as-
sume negligible effect of air drag on the striker during the drop,
obtaining an impact speed of timp = 0.31 m/s with only a 0.45%
standard deviation in the velocity distribution. The propagation
of solitary waves is measured by a sensor particle positioned on
the 7th particle location from the top of the granular crystal, which
has an embedded calibrated piezoelectric transducer [inset of
Fig. 1]. A detailed procedure for the assembly and calibration of
this sensor particle can be found in (Daraio et al., 2005). The sensor
particle’s total mass is approximately equal to that of the other
beads in the chain and does not affect the propagation of the soli-
tary waves (Nesterenko, 2001; Job et al., 2007; Sokolow et al.,
2007).

We use three aluminum plates (Alloy 6061, 914 � 914 mm)
with thicknesses t = [2.29,3.18,4.83] mm. The elastic modulus,
Poisson’s ratio, and density of the aluminum plates are Ep = 68.9 G-
Pa, vp = 0.33, and qp = 2360 kg/m3 respectively. To investigate the
coupling behavior between the granular chain and the plate, we
vary the position of the granular chain along the centerline of the
plate in the direction of the fixed support (Fig. 1). The distance be-
tween the granular chain and the support is incremented 10 mm
up to 200 mm distance from the support and 20 mm afterwards
up to the center of the panel. Measured signals of incident and re-
flected solitary waves are digitized and transferred to a computer
using a data acquisition device. Testing is repeated five times at
every location to obtain a statistical distribution of measurement
results.

3. Numerical approach

In this study, we employ a discrete element model (DEM) for
describing the nonlinear wave dynamics in the granular crystal,
and a spectral element model (SEM) for simulating wave propaga-
tion in a thin plate. These two models are integrated together at
the contact interface to describe the coupling behavior between
the nonlinear granular chain and the linear elastic plate.

3.1. Discrete element model

The formation and propagation of solitary waves can be suc-
cessfully simulated using a DEM that approximates a 1D granular
crystal as a chain of point masses connected by nonlinear springs
(Nesterenko, 2001). In this model, the interaction between the par-
ticles is described by the Hertzian contact law F / d3/2, where F is
the compressive force and d is the displacement approach between
particles (Johnson, 1985). The equation of motion for the nth
spherical particle can be written as:

m €un ¼ An½un�1 � un�3=2
þ � Anþ1½un � unþ1�3=2

þ þmg; n 2 f1; . . . ;Ng;
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Here, m is the particle mass, un is the displacement of nth particle
from its equilibrium position (with no pre-load), and g is the accel-
eration of gravity applied to the particle. The bracket [s]+ denotes
max(s,0), implying no support of a tensile force between particles.
Combined with the nonlinear Hertzian contact force under com-
pression, this zero tensile force constitutes a double nonlinearity
in the system (Nesterenko, 2001). The total number of the particles
in the granular crystal is N = 20 in this study, and the striker is rep-
resented by n = 0 (Fig. 2(a)). The coefficients A|s and A|p are stiffness
values in the chain (i.e., between spheres) and at the interface (i.e.,
between the last sphere and the plate) respectively. According to
Eq. (1), the dynamics of the last particle in the chain (n = N) is af-
fected by the Hertzian contact force exerted by the plate:

f ext ¼ Ajp½uN � uNþ1�3=2
þ ; ð2Þ

where uN+1 denotes the plate’s displacement at the contact point
(Fig. 2(a)).



Fig. 1. Schematic diagram of the experimental setup. A one-dimensional granular chain composed of elastic spheres is positioned vertically along the dotted central line of an
aluminum plate. A single solitary wave (blue line) is transmitted into the plate by releasing a striker from a 5-mm drop height using a solenoid. The reflected solitary waves
(red line) are recorded by the instrumented bead (inset) positioned in the 7th particle from the top of the chain. The measured signals are transferred to a computer using a
data acquisition board. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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Fig. 2. Snapshot of guided wave propagation in the plate under the interaction with
the granular chain, obtained from the combined DEM and SEM approach. (a) 1D
chain of spheres in DEM for simulating nonlinear wave propagation. (b) Nodal
distribution in SEM using the 4th-order GLL points in the horizontal direction and
the 2nd-order GLL points in the vertical direction.
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3.2. Spectral element model

The spectral element model (SEM) is an advanced form of the
finite element model (FEM) for minimizing numerical errors and
reducing computation time (Patera, 1984). Previous studies have
reported a significantly faster convergence of solution using SEM
in both spatial and temporal domains compared to the classical
FEM (Kim et al., 2008). In particular, the SEM has proven to be
highly effective in simulating wave dynamics in thin plate struc-
tures, capturing Lamb wave propagation with minimal dispersive
error.

The displacement fields in SEM are characterized by higher-or-
der nodal basis functions defined at Gauss–Lobatto–Legendre (GLL)
points (Komatitsch et al., 2000). The GLL points are distributed
strategically in a local element space (Fig. 2(b)), which is in sharp
contrast to the evenly spaced nodes in FEM. Based on these non-
uniformly distributed nodal points, the displacement in the i-direc-
tion (wi) can be expressed mathematically as:

wiðn;g; fÞ ¼
PNp

p¼0

PNq

q¼0

PNr

r¼0
hpðnÞhqðgÞhrðfÞdpqr

i ; ð3Þ

where n, g and f are local coordinates in spectral elements, and dpqr
i

is the displacement at the GLL point with nodal coordinate index
(p,q, r). The polynomial hp(n) is an Npth-order Lagrange interpola-
tion function in the n-direction (Patera, 1984; Kim et al., 2008)
(Fig. 2(b) shows the 4th-order GLL points in the horizontal
direction).

Based on the spectral element method, we use a numerical inte-
gration rule called nodal quadrature, where integration points
coincide with the nodal (i.e., GLL) points (Ha, 2009). After the nodal
quadrature the equation of motion of the plate system can be ex-
pressed in the matrix form as:

Mij
€dj þ Kijdj ¼ Fext

i : ð4Þ

The matrices Mij and Kij are the global mass and stiffness matrices
and Fext

i is the external force vector. It is notable that in SEM we ob-
tain a diagonal form of mass matrix Mij even without the lumped-
mass approximation commonly used in FEM which often harms
solution accuracy. This is due to the strategic selection of nodes at
GLL points combined with nodal quadrature integration scheme
(Patera, 1984; Kim et al., 2008). In addition, the high-order Lagrange
polynomials enables us to achieve more accurate shape of element
deformation using a reduced number of nodes, compared to evenly
spaced nodal points in FEM.

The force vector Fext
i is composed of the force components re-

quired to keep the boundary conditions. At the chain-plate contact
point, this component corresponds to the compressive force ex-
erted to the plate by the granular chain (fext in Eq. (2)). As men-
tioned in Section 3.1, the Hertzian contact force here is
determined by the particle dynamics in the granular chain, and
in turn, the reaction of the granular chain is governed by the mo-
tion of the plate at the contact point. We numerically solve this
coupling mechanism of the granular and elastic system by using
a combined scheme of DEM and SEM. We use 256 elements in
the plate structure (16 � 16 in the lateral direction and a single ele-
ment in the thickness direction). For each element, the order of
interpolation function is Np = 4, Nq = 4, and Nr = 2 (i.e., 5 � 5 � 3
nodes per element, 12675 nodes for the whole plate). Note that
we use only a single element with the 2nd-order interpolation
function in the thickness-direction of the plate. This is based on re-
sults that both the first symmetric and asymmetric modes of the
Lamb wave propagation in plate structures can be successfully
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simulated using only 3 nodes in the thickness direction (Ha, 2009).
We solve the numerical model of the DEM and SEM by performing
the combined Newmark (Zienkiewicz et al., 2005) and Runge–
Kutta integration in Matlab�. Figure 2 shows a snapshot of the
simulated wave propagation in the plate structure excited by the
granular chain. In this study, we do not take any dissipation effect
into account and consequently, assure that the energy initially car-
ried by the striker is conserved throughout the interaction between
the granular chain and the plate; we will later show that the atten-
uation of the reflected solitary waves is primarily attributable to
the intrinsic inelasticity of the thin plate rather than any dissipa-
tive effects within the granular chain.
4. Results and discussion

In this section, we compare the experimental and numerical re-
sults with the analytical predictions of solitary wave reflection
behavior obtained from the classical plate theory and the contact
mechanics. First, we analyze the interaction of granular chains
with thin plates in various combinations of sphere size (D) and
plate thickness (t). The experiments are conducted with the gran-
ular chains positioned at the center of the plate to avoid the effect
of the plate boundary conditions. We then move the granular crys-
tals to various points near and away from the fixed plate support to
assess the boundary effect.

4.1. Effect of granular crystal and plate geometry

Fig. 3 shows the solitary wave profiles measured by the sensor
particle for two different plates (t = 2.29 and 4.83 mm) using a uni-
form granular chain with D = 9.53 mm. The first impulses around
�0.15 ms represent the incident solitary waves at traveling
through the sensor particle. The subsequent impulses are the re-
flected waves from the interface, propagating back through the
granular chain and arriving at the sensor site. We quantify the time
of flight (TOF) of solitary waves by measuring the elapsed time be-
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Fig. 3. Experimental and numerical profiles of solitary waves in the granular chain
(D = 9.52 mm) under the interaction with two different plates. (a) Force profiles for
a thin plate (t = 2.28 mm). (b) Force profiles for a thick plate (t = 9.52 mm). The
reflected solitary waves against the thick plate exhibit a stronger (larger Fref) and
faster (smaller TOF) waveform compared to that of the thin plate.
tween the incident and reflected waves. The magnitudes of the re-
flected waves are compared using the amplitude ratios of reflected
wave (ARR) to that of the incident solitary wave (Fref/Fin).

The reflected solitary waves in this study are formed by the
rebounding motion of granules against the plate. When the solitary
wave traveling through the granular chains reaches the interface
with the plate the last particle in the chain collides with the plate
and is pushed back towards the rest of the chain. As a result, the
thicker plate forms stronger and faster reflected waves, while the
thinner plate generates weaker and slower waves, as shown in
Fig. 3. The numerical results obtained by the combined DEM and
SEM closely resemble the experimental results (compare solid
and dotted lines in Fig. 3). Due to the exclusion of dissipative ef-
fects within the chain and in the plate in simulation, the magni-
tudes of simulated solitary waves are larger than those of the
experimental signals. However, we find that this does not affect
significantly the patterns of wave reflection, particularly in terms
of TOF.

The interfacial dynamics between the granular chain and the
plate is phenomenologically similar to the classical problem of a
single particle impact on a plate. This is due to the discreteness
and nonlinearity of granular crystals, in which the propagating en-
ergy is concentrated on the particles within the width of com-
pactly-supported solitary waves (approximately five particle
diameters for a monodispersed granular chain) (Nesterenko,
2001; Sokolow et al., 2007). In particular, when the solitary wave
reaches the interface, the majority of the energy carried by a single
pulse of solitary waves is converted to the potential energy be-
tween the last particle and the plate. Thus, the interaction between
the granular chain and the plate can be approximately modeled as
the last particle’s impact on the plate in the short duration of
contact.

4.1.1. Equation of motion
The normal impact of a single sphere with flat plates has been

analytically studied in the literature (Zener, 1941; Sondergaard
et al., 1990). Based on the theory of thin plates under the elastic
impact, the dynamic motion of the striker can be described in
terms of the dimensionless time (s) and the dimensionless ap-
proach (r) between the plate and the spherical striker (Zener,
1941):

d2r=ds2 þ ð1þ kd=dsÞr3=2 ¼ 0;

r ¼ 0
dr=ds ¼ 1

�
at s ¼ 0: ð5Þ

Zener found that the restitutional motion of the striker depends
on an inelasticity parameter k, which is determined by the material
properties and geometry of both the sphere and the plate:

k¼ p3=5

4
ffiffiffi
3
p D

t

� �2 qs

qp

 !3=5
t2

inqpð1�v2
pÞ

Ep

" #1=10

1þEpð1�v2
s Þ

Esð1�v2
pÞ

" #�2=5

: ð6Þ

Here D and t are the sphere diameter and the plate thickness, and
the subscripts s and p denote the properties of spherical striker
and the plate respectively. The impact velocity tin corresponds to
the incident speed of the striker particle at the moment of collision.
By solving Eq. (5) given the inelasticity parameter k, we can analyt-
ically calculate the repulsive motion of the striker and as a result,
obtain the coefficient of restitution e, which is the ratio of the re-
flected to incident velocity.

Fig. 4(a) shows the calculated restitution coefficient as a func-
tion of the inelasticity parameter. If k � 0 (i.e., D << t, correspond-
ing to the case that a sphere impacts a half-spaced wall), we
obtain perfect rebounding motion of the sphere, leading to e � 1.
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If k ?1 (i.e., the sphere diameter is much larger than the plate
thickness), the restitution coefficient approaches zero (e � 0) due
to the dominant inertia effect of the striker. Note that the imperfect
reflection of the sphere (e < 1) is attributed to the energy dispensed
to the plate during the impact, not due to any dissipative losses of
energy such as plasticity and viscoelasticity. Zener called this the
‘‘intrinsic inelasticity’’ of plates (Zener, 1941).

We also obtain the dimensionless contact time (sc) as a function
of inelasticity parameter by solving Eq. (5) (Fig. 4(b)). The dimen-
sionless time shown in Fig. 4(b) can be converted to the contact
time Tc between the sphere and the plate by:

Tc ¼ m2=5t�1=5
in Aj�2=5

p sc; ð7Þ

where m is the mass of the sphere and A|p is given in Eq. (1) (Zener,
1941). If the diameter of the sphere is much smaller than the plate
thickness (k � 0), Tc in Eq. (7) approaches the contact time of a
sphere against a semi-infinite wall (sc,0 � 3.22) (Tillett, 1954; Yang
et al., 2011). As the inelasticity parameter increases, the contact
time increases due to the weakened restitutional force exerted on
the sphere by the plate.

4.1.2. Amplitude ratio of reflected waves (ARR)
We investigate the amplitude ratio of reflected solitary waves

(ARR) in association with the granular particle size and the plate
thickness. One of the unique properties of nonlinear solitary waves
is the dependence of their propagating speed on the wave ampli-
tudes, given by V / F1/6 where V is the solitary wave velocity and
F is the maximum force magnitude of the propagating solitary
waves. The speed of solitary waves is, in turn, proportional to
t1/5 where t is the maximum particle velocity attained during
the propagation of solitary waves (Nesterenko, 2001; Yang et al.,
2011). Hence, the amplitude ratio of the reflected solitary waves
(ARR) can be expressed as:

ARR � Fref

Fin
¼ Vref

V in

� �6

¼ tref

tin

� �6=5

; ð8Þ

where subscript ‘in’ and ‘ref’ represent the incident and reflected
solitary waves. If we assume negligible energy dissipation along
the chain, the maximum particle velocities is preserved along the
chain during the propagation of solitary waves. Thus, the particle
velocity ratio can be replaced by the restitution coefficient of the
last particle:

ARR � e6=5: ð9Þ

The restitution coefficient e is governed by the inelasticity coef-
ficient k (see Fig. 4(a)), which is a function of the ratios between the
granular crystal diameter (D) and the plate thickness (t) according
to Eq. (6). Therefore, the ARR values can be determined as a func-
tion of D/t (solid black line in Fig. 5). We find that the smaller D/t
(i.e., a thicker plate or a smaller striker) results in the higher ARR
values. As D/t increases, we observe reduced ARR values due to
the increase of the inelastic effect. Above D/t � 5 the ARR values
approach zero, producing negligible magnitude of reflected solitary
waves. This corresponds to the case that a large-mass sphere im-
pacts a relatively thin plate, and as a result, we observe no signif-
icant restitution of the sphere against the plate because of the
dominance of sphere’s inertial effect. The simulation results are
plotted in solid grey marks in Fig. 5, under various combinations
of plates (t = [2.29, 3.18, 4.83] mm) and granular crystals
(D = [4.76, 9.53, 19.05] mm). We observe that the numerical results
corroborate the analytic predictions. The experimental results are
also depicted in Fig. 5 (hollow marks), in which the error bars de-
note the standard deviations from five measurements per test. We
observe that the experimental data qualitatively confirm the ana-
lytical and numerical results. The discrepancy between the mea-
sured ARR values and the analytical/numerical results is
attributed to the presence of dissipative effect in experiments,
which is ignored in the analytical and numerical approaches in this
study.

4.1.3. Time of flight (TOF)
We evaluate the time of flight (TOF) of reflected solitary waves

under various geometrical configurations of the granular chains
and the bounding plates. The TOF in this study consists of the sol-
itary wave travelling time in the chain (Tt) and the delay time of
wave reflection at the interface between the granular chain and
the plate (Tc):

TOF � Tt þ Tc: ð10Þ

The delay time Tc can be approximated to the contact time be-
tween the last particle and the plate, derived in Eq. (7). The travel-
ling time Tt can be calculated by summing the wave transit time of
incident (Tt,in) and reflected (Tt,ref) solitary waves, given a distance
between the instrumented sensor and the plate. For a 1D chain,
this distance is N � D, where N is the number of particles between
the sensor and the plate and D is the particle diameter (N = 14 in
this study). Consequently, the travelling time can be expressed as:

Tt ¼ Tt;in þ Tt;ref ¼
ND
Vin
þ ND

Vref
: ð11Þ

Using Nesterenko’s long-wave approximation, the solitary wave
speed in an uncompressed 1D monodispersed chain can be analyt-
ically expressed as (Nesterenko, 2001; Yang et al., 2011):

Vin ¼ ð16=25Þ1=5D ðtinAj2s =m2Þ1=5
: ð12Þ

According to Chatterjee’s numerical investigations, the maxi-
mum particle velocity under solitary wave propagation in a mono-
atomic chain can be expressed as tin � 0.682timp, where timp is the
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velocity of the striker identical to the particles in the chain (Chat-
terjee, 1999). Thus, the travelling time of the incident solitary wave
becomes:

Tt;in � 1:180N m2=5t�1=5
imp Aj�2=5

s : ð13Þ

From Eq. (11) and using Vin/Vref = (tin/tref)1/5 = e�1/5 (Eq. (8)), the to-
tal travelling time of solitary waves is:

Tt ¼
ND
Vin
þ ND

Vref
¼ Tt;in 1þ Vin

Vref

� �

� 1:180ð1þ e�1=5ÞN m2=5t�1=5
imp Aj�2=5

s : ð14Þ

Plugging Eqs. (7) and (14) into Eq. (10), the total time of flight
becomes:

TOF ¼ ½1:180 ð1þ e�1=5ÞN Aj�2=5
s þ 1:080sc Aj�2=5

p �m2=5t�1=5
imp : ð15Þ

The analytical results of TOF based on Eq. (15) are shown in
Fig. 6(a) for three different plate thicknesses. Unlike the ARR curve
in Fig. 5, the TOF results are not solely a function of D/t but exhibit
distinctive values for different plate thicknesses. The reduction of
the plate thickness contributes to the elongation of the contact
time (Tc) due to the inelasticity effect from the plate. On the con-
trary, a larger particle size results in the increase of both the wave
travelling time (Tt) by lengthening the wave travel distance and the
contact time (Tc) by enhancing the inertia effect. This becomes
more evident if we normalize TOF with respect to the sphere diam-
eter D:

TOF=D ¼ 1:414 ð1þ e�1=5ÞN 1� v2
s

Es

� �2=5
"

þ0:853sc
1� v2

s

Es
þ

1� v2
p

Ep

 !2=5
3
5 q2=5

s t�1=5
imp : ð16Þ

We find that the normalized TOF become a sole function of D/t be-
cause both e and sc in Eq. (16) are governed by k, which is in turn a
function of D/t.

The normalized TOF is plotted in Fig. 6(b) (solid black line). We
find that the three separate curves in Fig. 6(a) are now collapsed
seamlessly into a single curve and both numerical (filled marks)
and experimental (hollow marks) results are in excellent agree-
ment with the analytical results. The deviation of the rightmost
point, which corresponds to the heaviest sphere impact on a thin-
nest plate, is possibly due to the effect of guided waves in plate re-
flected from the fixed support during the relatively long contact
time between the large granular particles and the thin plate. This
boundary effect is discussed in the next section.

4.2. Effect of plate boundary

4.2.1. Amplitude ratio of wave reflection (ARR) and time of flight (TOF)
To evaluate the boundary effect, we position granular chains at

various distances L from the support (see Fig.1). Similar to the pre-
vious section, we transmit a single solitary wave and measure the
magnitudes and delay time of reflected waves in terms of ARR and
TOF in each experiment. The experimental and numerical values of
the ARR are reported in Figs. 7(a) and (b) for D = 9.53 and
19.05 mm respectively as a function of a distance from the support.
We observe that the reflected waves exhibit high ARR values
(strong reflection) if the granular crystal is positioned close to
the support. Particularly, in numerical simulations under no dissi-
pation, the ARR values approach one meaning a highly elastic
interaction between the granular crystal and the plate near the
support. As the distance from the support increases the ARR values
decrease and, after a critical distance, the ARR values become
approximately constant. Note that the distinction between three
curves corresponding to different plate thicknesses is not clear in
Fig. 7(b) [D = 19.1 mm] compared to Fig. 7(a) [D = 9.53 mm]. This
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is due to the dominant effect of granular particles’ inertia, as con-
firmed by the low ARR values measured after the critical distances
from the boundaries. The experimentally measured ARR values are
smaller than the ones obtained from the numerical simulations
[compare the filled and hollow marks in Figs. 7(a) and (b)]. This
is again attributed to the existence of dissipative effects in experi-
ments such as friction, viscoelasticity, and plasticity.

We can similarly plot the variation of TOF values as a function of
the distance from the support (Fig. 8). Again, we observe a clear ef-
fect of boundaries: within the critical distance, we observe that the
TOF values respond sensitively to the distance from the support.
For the chain positioned near the support (L � 0), the measured
TOF values are around �0.5 ms in Fig. 8(a) and �1 ms in
Fig. 8(b), regardless of the plate thickness. This is due to the rein-
forced plate stiffness near the fixed support. As the distance
increases the plate behaves more inelastically, leading to the
increase in the TOF values. This boundary effect becomes more
evident for the interaction with a larger granular chain
(D = 19.05 mm) [compare the y-axis scales of Figs. 8(a) and (b)].
We also observe that the critical distance is strongly influenced
by the plate thickness; the TOF values are stabilized around
0.05 m for the thickest plate (t = 4.83 mm), while the thinnest plate
(t = 2.29 mm) shows a much longer range of boundary effect with
the critical distance at �0.15 m.

4.2.2. Critical distance
The existence of critical distance can be explained by the prop-

agation and reflection of the guided waves in the plate. If the sup-
port is near the point of contact between the granular chain and
the plate, the guided waves generated by the granular chain will
return to their departing point during the contact time between
the plate and the last particle in the chain. This means that the ki-
netic energy imparted to the plate upon the incidence of the soli-
tary wave is partially retrieved, helping push the last sphere back
and thus strengthening the reflected solitary waves. In contrast,
if the plate support is far from the chain the guided waves in the
plate do not have time to return to the chain during the contact
period and the reflection of solitary waves becomes independent
of the distance from the support.

The analytical prediction of the critical distance is challenging
due to the dispersive nature of the propagating waves in the plate.
Sondergaard et al. analytically predicted the critical distance for a
single sphere impact on a plate based on the propagation of shear
and Rayleigh waves on a semi-infinite block (Sondergaard et al.,
1990). In reality, however, the guided waves in thin plates exhibit
numerous Lamb wave modes with different group velocities. Fig. 9
shows the first three Lamb wave modes in thin plates, with ‘S’ and
‘A’ denoting symmetric and asymmetric modes, respectively (Vik-
torov, 1967; VallenSysteme GmbH). We find that the thin plate
exhibits a wide range of group velocities, from below �1000 m/s
for A0 mode to �5000 m/s for S0 mode in low frequencies. To ac-
count for different modes of Lamb wave propagation, we represent
the propagation speed of dispersive waves by:

c ¼ k
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Ep=qp

q
; ð17Þ

where k is a parameter that depends on the modes and frequencies
of propagating Lamb waves. The contact time between the granular
crystal and the plate is approximated to the contact time of a sphere
against the half-spaced wall (Tc,0 in Eq. (7)) (Sondergaard et al.,
1990). Thus, the critical distance Lc can be obtained by calculating
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the half transit distance of the guided waves during the contact
time Tc,0:

Lc ¼
cTc;0

2
¼ 1:37kD qs

1� v2
s

Es
þ

1� v2
p

Ep

 !" #2=5 ffiffiffiffiffiffi
Ep

qp

s
t�1=5

imp : ð18Þ

As a result, Fig.10 shows the relationship between the critical
distances and the sphere diameters for different values of k based
on Eq. (18). The black solid line represents the critical distance cor-
responding to the Rayleigh waves (k = 0.57 or c � 2900 m/s), while
the black dashed line denotes the critical distance based on the A0-
mode Lamb wave propagation (k = 0.2 or c � 1000 m/s).

The experimental and numerical observations of the critical dis-
tances are also included in Fig. 10. We find that the analytical pre-
diction based on the Rayleigh wave propagation overestimates the
critical distance in comparison to the experimental or numerical
results. This suggests that the boundary effect is created by the
guided waves slower than the Rayleigh waves. On the other hand,
the critical distance based on the A0-mode Lamb waves forms the
upper boundary of the experimental and numerical results. We
therefore expect that dispersive guided waves, with propagating
speed between Rayleigh waves’ speed and �1000 m/s, are the pri-
mary guided waves that carry the majority of the kinetic energy
and affect the rebounding motion of the granular chain at the
interface. In Fig. 10, we find that the critical distance is not a sole
function of sphere diameter, but also affected by the plate thick-
ness. We observe that the thinner plate has longer critical distance,
compared to the thicker plate, when identical sphere sizes are used
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in the granular crystals. This is probably due to the elongated con-
tact time and thus, longer distance of wave propagation for a thin
plate, as discussed in Section 4.1.

5. Conclusion

In this work, we investigate the interaction of highly nonlinear
solitary waves with thin large plates. The solitary waves are
formed and propagated within a one-dimensional chain of spheri-
cal particles and interact with the plate structure via mechanical
contact orthogonal to the plane of the plate. In this process, the re-
flected solitary waves from the interface are significantly affected
by the geometry and the boundary conditions of the plate. We find
that the delay and attenuation of the reflected solitary waves result
from the inelasticity inherent to large plates, caused by the disper-
sion of elastic waves in the plate. We analytically investigate this
inelasticity effect in various geometrical configurations, using the
classical plate theory and the contact mechanics. We also find that
the coupling behavior between the granular chain and the plate is
strongly affected by boundary conditions within some critical dis-
tance from the fixed support. By calculating the travelling distance
of the dispersive guided waves in the plate during the estimated
interaction time between the granular chain and the plate, we de-
rive the critical distance in association with the granular chain and
plate geometry. The experimental results are confirmed by the
numerical approaches based on a combined discrete element and
finite element model.

By leveraging the sensitivity of highly nonlinear solitary waves,
one-dimensional granular crystals can be used as a nondestructive
evaluation tool to assess the mechanical properties of plate struc-
tures. This sensor instrument can provide unique advantages, such
as portability and energy efficiency, over conventional ultrasound-
based schemes. In particular, the ability to predict solitary wave re-
sponses based on analytical schemes can lead to the development
of an advanced diagnostic scheme without the need for baseline
data, which is a major roadblock in many nondestructive evalua-
tion applications.
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