Testing for Assumptions (listed in 6.2) of the Disturbance 

of the Population Regression

	Assumption


	Plot

(look for key patterns)
	Statistic

(summarize key patterns)

	a. Linearity

      E( e | Xs) = 0


	Residual vs. Predicted


	NA

	b. Constant Variance


           Var(e | Xs) = 

	Residual vs. Predicted
	Breusch - Pagan

	c. Normality


	Histogram

Normal plot (Q-Q or P-P)

(See Appendix I)


	Skewness

Kurtosis

Jarque – Bera

(See Appendix II)



	d. Independence


	Line plot of the residual


	Durbin - Watson


Appendix I: Testing for Normality By Using a Q-Q Plot


A natural question in applying a normal distribution is:  how can we test whether the the data actually come from a normal distribution?  A simple method is to construct a histogram, and compare the shape with the normal distribution that has the same mean and the standard deviation as the sample mean and the sample standard deviation of the data, respectively.  Fortunately, several convenient statistical packages are available for drawing both the histogram with the normal curve superimposed.   As an example, the figure below shows a histogram with a normal curve for recent 61 observations of the monthly stock rate of return of Exxon.  
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The histogram uses only 61 observations, whereas the normal curve superimposed depicts the histogram using infinitely many observations.  Therefore, sampling errors should show up as gaps between the two curves.  The graph shows that the distribution of the rate of return of Exxon appears not markedly different from a normal distribution at least in the middle part.


The procedure described above is easy to understand, but is not effective for revealing a subtle but systematic departure of the histogram from normality.  A better graphical check of normality is a normal probability plot.  The plot can be easily developed using Excel and we describe the process in below.


The first step is to sort the data from the lowest to the highest.  Let n be the number of observations.  Then, the lowest observation, denoted as x(1) is the (1/n) th quantile of the data.  A quantile times 100 is the percentile, so x(1)  is also the (1/n) x 100 th percentile of the data. With this convention, however, the largest observation becomes the 100 percentile of the data, which presents a problem as the 100 percentile of a normal distribution is infinity, the value that can never be assumed in observation.  A suggested choice is to define the i-th largest observation, x(i) as the (i/(n+1))th quantile, or the (i/(n+1)) x 100 percentile of the data.  In the Excel worksheet on the next page both choices are computed for comparison.  The next step is to determine for each observation the corresponding quantile of the normal distribution that has the same mean and the standard deviation as the data.  The following Excel function is a convenient way to determine the normal (i/(n+1)) th quantile, denoted as x’(i).  

x’(i) = NORMINV(i/(n+1), sample mean, sample standard deviation).




i/(n+1)

x’(i)                                              

This value is the expected quantile if the data come from a normal distribution.  x(i)
should be close to x’(i) if the normality of the distribution is true.  The quantile of the normal distribution  -- with the mean and the standard deviation equaling the sample mean and the sample standard deviation, respectively  --  are computed in the column with the heading “Expected.”


A normal probability plot is a scatterplot of the data vs. the expected quantiles.  the plot is shown below.  If the data indeed come from a normal distribution, then the scatterplot should deviate in a random fashion from the reference line.  Note that the 45 degree line serves as a convenient reference line for detecting a systematic departure from normality.




We show below two normal probability plots, one for a sample of 60 independent  observations from a uniform distribution over the interval (0, 1) and the other for a sample of 60 independent observations from an exponential distribution with mean 0.5.  Probabilities at both tails of a uniform distribution is significantly larger than a normal distribution.  On the other hand, an exponential distribution is skewed.  These departures from the normality are quite common and the two plots show how each departure can be detected by using the normal probability plots.
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Normal Probability Plot of Data From a Uniform Distribution
The plot on the right is a normal probability plot of observations from a uniform distribution.  The plot has an elongated S shape. 

Normal Probability Plot of Data From an Exponential Distribution

[image: image3.wmf]2

1

0

2

1

0

e

x

p

e

x

p

o

n

o

p

x

E


The plot on the right is a normal probability plot of observations from an exponential distribution.  The plot is convex.

Appendix II: Testing for Normality By Using a Jarque-Bera Statistic


A normal probability plot test can be inconclusive when the plot pattern is not clear.   In such case it is useful to compute a few numbers that measure non-normality.  The asymmetry of the distribution is measured by the skewness which is the third central moment of the distribution:







The sample skewness is evaluated as follows:







where:







The skewness 

is 0 for a symmetric population, as can been seen from the formula.  Therefore, the sample skewness 

 is significantly different from 0, then one can infer that the population distribution is unlikely to be symmetric and hence not normal.  


Another number that can be used to check the normality of the distribution is the the fourth central moment of the distribution, called the kurtosis 

:







The sample kurtosis is computed as follows:







The kurtosis measures the amount of the tail probabilities of the distribution and equals 3 for a normal population distribution.  Therefore, if the sample kurtosis 

 is significantly different from 3, then one can infer that the population distribution is unlikelty to be not normal.


The Jarque-Bera Statistic combines the two measures 

 and

 as follows:








 EMBED Equation.2  

For a large number of observations, JB higher than 6 suggests that the population distribution is unlikely to be normal.


The worksheet below illustrates the computation of these statistics for the rate of return of the Weyerhaeuser stock for recent 60 months.

Computing the Skewness, the Kurtosis and the Jarque-Bera Statistc  for Recent 60 Monthly Return of the Weyerhaeuser Stock
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0.8667

0.6509

0.5641
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-0.02731

-0.3996

-0.0638

0.0255

5

-0.10706

-1.2699

-2.0478

2.6004

6

0.02551

0.1768

0.0055

0.0010

7

0.02139

0.1318

0.0023

0.0003

8

0.08088

0.7810

0.4764

0.3721

9

-0.05442

-0.6955

-0.3364
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-0.27098

-3.0586
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0.0898
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0.02051

0.1223
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0.01005
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0.0000

0.0000

25

0.08657

0.8431

0.5992
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-0.04167

-0.5563

-0.1721

0.0957
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0.02899

0.2147

0.0099
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0.10986

1.0973

1.3211
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0.01709

0.0850
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0.0001
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-0.07143

-0.8810

-0.6839
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31

0.16018

1.6464

4.4625
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32

-0.01181

-0.2305

-0.0122

0.0028

33

-0.05976

-0.7537

-0.4282

0.3227

34

-0.06610

-0.8229

-0.5572

0.4586

35

0.00459

-0.0515

-0.0001

0.0000

36

0.00913

-0.0019

0.0000

0.0000

37

-0.10679

-1.2669

-2.0333
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38

0.00000

-0.1016

-0.0010

0.0001
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0.06154

0.5699

0.1851

0.1055
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-0.5550

-0.1709
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1.6386

1.9318
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-0.06849

-0.8490

-0.6120

0.5196

43

-0.04216

-0.5617

-0.1772

0.0995

44

-0.15026

-1.7413

-5.2795
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-0.02439

-0.3677

-0.0497
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-0.07875

-0.9609

-0.8873

0.8526

47

0.07586

0.7262

0.3830

0.2782
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0.12179

1.2275

1.8495
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Devloping Worksheet for Normal Probability Plot

Sorted Data

Rank

(i/n)*100

(i/(n+1))*100

Expected

-0.1261

1.0

1.639344262295082

1.6129032258064515

-0.09037239745205201

-0.1261

-0.09037239745205201

-0.12339

2.0

3.278688524590164

3.225806451612903

-0.07604685100265508

-0.12339

-0.07604685100265508

4.918032786885246

4.838709677419355

-0.06684758994113214

-0.06

-0.06684758994113214

-0.04205

4.0

6.557377049180328

6.451612903225806

-0.05985780797577692

-0.04205

-0.05985780797577692

-0.04199

5.0

8.19672131147541

8.064516129032258

-0.054120598500852934

-0.04199

-0.054120598500852934

-0.03763

6.0

9.836065573770492

9.67741935483871

-0.04919580228891926

-0.03763

-0.04919580228891926

-0.0306

7.0

11.475409836065573

11.29032258064516

-0.044842300248767765

-0.0306

-0.044842300248767765

-0.02795

8.0

13.114754098360656

12.903225806451612

-0.04091303867795803

-0.02795

-0.04091303867795803

-0.02458

9.0

14.754098360655737

14.516129032258066

-0.03731150314801476

-0.02458

-0.03731150314801476

-0.02384

10.0

16.39344262295082

16.129032258064516

-0.03397023374699331

-0.02384

-0.03397023374699331

-0.02123

11.0

18.0327868852459

17.741935483870968

-0.030840583640702544

-0.02123

-0.030840583640702544

19.672131147540984

19.35483870967742

-0.027885872893522408

-0.02

-0.027885872893522408

-0.01897

13.0

21.311475409836063

20.967741935483872

-0.025077881888822567

-0.01897

-0.025077881888822567

-0.01862

14.0

22.950819672131146

22.58064516129032

-0.022394346629261555

-0.01862

-0.022394346629261555

-0.01709

15.0

24.59016393442623

24.193548387096776

-0.019817233276992786

-0.01709

-0.019817233276992786

-0.01466

16.0

26.229508196721312

25.806451612903224

-0.01733173627378417

-0.01466

-0.01733173627378417

-0.00975

17.0

27.86885245901639

27.419354838709676

-0.014925610421097907

-0.00975

-0.014925610421097907

-0.00766

18.0

29.508196721311474

29.03225806451613

-0.01258855862016356

-0.00766

-0.01258855862016356

-0.00686

19.0

31.147540983606557

30.64516129032258

-0.010311508292064479

-0.00686

-0.010311508292064479

-0.0026

20.0

32.78688524590164

32.25806451612903

-0.008086889677704568

-0.0026

-0.008086889677704568

-0.00242

21.0

34.42622950819672

33.87096774193548

-0.0059078009379079695

-0.00242

-0.0059078009379079695

-0.00215

22.0

36.0655737704918

35.483870967741936

-0.003768453433365895

-0.00215

-0.003768453433365895

37.704918032786885

37.096774193548384

-0.001663281164742984

0.0

-0.001663281164742984

39.34426229508197

38.70967741935484

4.124469673958322E-4

0.0

4.124469673958322E-4

40.98360655737705

40.32258064516129

0.0024632394225121996

0.0

0.0024632394225121996

0.00833

26.0

42.62295081967213

41.935483870967744

0.004493159380120935

0.00833

0.004493159380120935

0.00938

27.0

44.26229508196721

43.54838709677419

0.006506158699750153

0.00938

0.006506158699750153

0.0102

28.0

45.90163934426229

45.16129032258064

0.008505743960981133

0.0102

0.008505743960981133

0.01264

29.0

47.540983606557376

46.774193548387096

0.01049542174339516

0.01264

0.01049542174339516

0.01275

30.0

49.18032786885246

48.38709677419355

0.012478587306586802

0.01275

0.012478587306586802

0.01277

31.0

50.81967213114754

50.0

0.014458524590163934

0.01277

0.014458524590163934

0.01472

32.0

52.459016393442624

51.61290322580645

0.016438461873741064

0.01472

0.016438461873741064

0.01504

33.0

54.09836065573771

53.2258064516129

0.018421627436932708

0.01504

0.018421627436932708

0.01709

34.0

55.73770491803278

54.83870967741935

0.020411305219346733

0.01709

0.020411305219346733

0.01734

35.0

57.377049180327866

56.451612903225815

0.022410890480577712

0.01734

0.022410890480577712

0.02029

36.0

59.01639344262295

58.06451612903226

0.024423889800206933

0.02029

0.024423889800206933

0.02146

37.0

60.65573770491803

59.67741935483871

0.026453809757815666

0.02146

0.026453809757815666

0.02151

38.0

62.295081967213115

61.29032258064516

0.028504602212932037

0.02151

0.028504602212932037

0.02222

39.0

63.934426229508205

62.903225806451616

0.03058033034507085

0.02222

0.03058033034507085

0.02286

40.0

65.57377049180327

64.51612903225806

0.03268550261369376

0.02286

0.03268550261369376

0.02521

41.0

67.21311475409836

66.12903225806451

0.034824850118235835

0.02521

0.034824850118235835

0.02679

42.0

68.85245901639344

67.74193548387096

0.03700393885803244

0.02679

0.03700393885803244

0.02793

43.0

70.49180327868852

69.35483870967742

0.039228557472392345

0.02793

0.039228557472392345

0.03741

44.0

72.1311475409836

70.96774193548387

0.04150560780049143

0.03741

0.04150560780049143

0.03838

45.0

73.77049180327869

72.58064516129032

0.043842659601425776

0.03838

0.043842659601425776

0.03977

46.0

75.40983606557377

74.19354838709677

0.04624878545411203

0.03977

0.04624878545411203

0.04022

47.0

77.04918032786885

75.80645161290323

0.04873428245732065

0.04022

0.04873428245732065

0.04408

48.0

78.68852459016394

77.41935483870968

0.05131139580958942

0.04408

0.05131139580958942

0.04684

49.0

80.32786885245902

79.03225806451613

0.05399493106915043

0.04684

0.05399493106915043

0.05398

50.0

81.9672131147541

80.64516129032258

0.05680292207385027

0.05398

0.05680292207385027

0.0582

51.0

83.60655737704919

82.25806451612904

0.05975763282103041

0.0582

0.05975763282103041

0.06122

52.0

85.24590163934425

83.87096774193549

0.06288728292732118

0.06122

0.06288728292732118

0.06845

53.0

86.88524590163934

85.48387096774194

0.06622855232834263

0.06845

0.06622855232834263

0.06906

54.0

88.52459016393442

87.09677419354838

0.0698300878582859

0.06906

0.0698300878582859

0.07184

55.0

90.1639344262295

88.70967741935483

0.07375934942909564

0.07184

0.07375934942909564

0.07403

56.0

91.80327868852459

90.32258064516128

0.07811285146924712

0.07403

0.07811285146924712

0.08077

57.0

93.44262295081968

91.93548387096774

0.0830376476811808

0.08077

0.0830376476811808

0.08355

58.0

95.08196721311475

93.54838709677419

0.08877485715610478

0.08355

0.08877485715610478

0.0941

59.0

96.72131147540983

95.16129032258065

0.09576463912146001

0.0941

0.09576463912146001

0.10164

60.0

98.36065573770492

96.7741935483871

0.10496390018298295

0.10164

0.10496390018298295

0.18004

61.0

100.0

98.38709677419355

0.11928944663237988

0.18004

0.11928944663237988

0.014458524590163934

SampleMean

0.048959047915445475

Sample Std.


