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Abstract. We give a randomized algorithm using O(n7log2 n) separation calls to
approximate the volume of a convex body with a fixed relative error. The bound is
O(n® log* n) for centrally symmetric bodies and for polytopes with a polynomial number
of facets, and O(n’ log* n) for centrally symmetric polytopes with a polynomial number of
facets. We also give an O(n®logn) algorithm to sample a point from the uniform distribu-
tion over a convex body.

Several tools are developed that may be interesting on their own. We extend results of
Sinclair—Jerrum (1988) and the authors (1990) on the mixing rate of Markov chains from
finite to arbitrary Markov chains. We also analyze the mixing rate of various random walks
on convex bodies, in particular the random walk with steps from the uniform distribution
over a unit ball.

0. Introduction.

a. Survey of results.

Computing the volume of a (high-dimensional) convex body is an ancient, basic, but
extremely difficult task. In fact, there are negative results in this direction: Barany—
Fiiredi (1986), improving a result of Elekes (1986) proved that if the convex body is given
by a separation oracle (a natural framework which allows the polynomial-time solution
of many algorithmic problems), then any algorithm that approximates the volume within
a factor of n°(™ necessarily takes exponential time. Dyer-Frieze (1988) and Khachiyan
(1988, 1989) showed that the problem of computing the volume exactly (deterministically)
is # P-hard, even for explicitely described polytopes. (A strong improvement of this is

1



due to Brightwell and Winkler (1990), who proved that the exact determination of the
number of linear extensions of a poset — which is the volume of a related polytope — is also
# P-hard.)

A breakthrough in the opposite direction is due to Dyer, Frieze and Kannan (1989)
[DFK], who designed a polynomial time randomized algorithm to approximate the volume
of a convex body K in IR". Their algorithm has two input parameters ,0>0, and computes
a random variable ( such that with probability at least 1—4, the volume of K is between
(1—e)C and (14¢)(. Several improvements of the original algorithm have been given. The
following list describes these improvements. Our main interest is the dependence of the
running time on the dimension n, and we include a column to indicate this. (The * after
the O means that we suppress factors of logn, as well as factors depending on the error
bounds ¢, and the “badness” of the original data.)
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It is interesting to give a short survey of those ideas whose various combinations lead
to these improvements. The Dyer—Frieze-Kannan algorithm consists of two main phases:
the first, preliminary phase makes the body “reasonable round” by applying an affine
transformation to the given body K so that the image contains the unit ball B and is
contained in the concentrical ball with radius n3/2; this is achieved by a known application
of the ellipsoid method (see Grotschel, Lovasz and Schrijver (1988) [GLS]). Then a sequence
of bodies Ko =B C K; C...C K, = K is constructed so that the ratio of the volumes of
consecutive bodies is at most 2; these ratios are then estimated by a Monte-Carlo method,
sampling from K, and counting how often K is hit.

The most important ingredient is an algorithm to generate a random point from the
uniform distribution over a convex body. This is achieved by taking a random walk on the
lattice points inside the body, and stopping after an appropriately large (but polynomial)
number of steps. The analysis of the algorithm depends on two factors: a theorem of
Sinclair and Jerrum (1988) [SJ] on the mixing rate of time-reversible Markov chains and
on an isoperimetric inequality for subsets of a convex body.

The arguments are complicated by singularities on the surface of the body in two ways:
first, they mean “corners ” that the random walk will reach too slowly and second, they
weaken the isoperimetric inequality, whose proof by Dyer, Frieze and Kannan depends on
methods from differential geometry. Dyer, Frieze and Kannan get around this difficulty by
approximating the body by another convex body with a smooth surface, at the cost of a
substantial increase in the running time, which amounts to the solution of O*(n??) convex
programs, or (using ellipsoid-type methods for the solution of these programs), to O*(n2")
membership tests in K.

Khachiyan-Karzanov [KK] and Lovasz—Simonovits [LS] proved the isoperimetric in-
equality in a best possible form (up to a constant). [LS] gives a new, more elementary proof
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method, which facilitates further generalizations. [LS] also contains a generalization of the
Sinclair-Jerrum result, by allowing small exceptional sets, and by using information about
the initial distribution in estimating the convergence speed to the uniform distribution.
These ideas improve the running time to O*(n'%) membership tests.

Applegate and Kannan [AK] suggest another way to handle some of the difficulties
caused by non-smoothness: consider volume computation as the integration of the char-
acteristic function of the body, and approximate this characteristic function by a smooth
function. This requires the extension of the method of sampling from a uniform distribution
over a convex body to sampling from a distribution with a log-concave density function.
They show that the random walk technique, combined with the so-called “Metropolis rule”,
gives a fast sampling procedure. The proof involves an extension of the isoperimetric in-
equality from the usual volume (Lebesgue measure) to measures with a log-concave density
function.

A further improvement comes from the simple but elegant observation that by “sand-
wiching” the body between two concentrical cubes instead of two concentrical balls, a ratio
of O(n) can be achieved instead of the ratio of O(n3/2). (The running time includes the
square of this ratio.) They give an O*(n'?) implemetation of these ideas.

Dyer and Frieze [DF] show that the Applegate-Kannan method can be further im-
proved by two further ideas: using the improvement of the Sinclair-Jerrum estimate as
mentioned above, and by showing that the errors being almost independent, they accumu-
late in a slower rate. They improve the running time to O*(n®) membership tests. They
also obtain the best possible constant in the isoperimetric inequality.

All the previously mentioned methods are based on random walks on lattice points.
Lovasz [L| sketches the analysis of a random walk where each step is chosen from the
uniform distribution over the unit ball centered at the current position. Somewhat sur-
prisingly, the analysis depends on the same isoperimetric inequality. Replacing the random
walk on lattice points by this, but leaving the other ingredients of the algorithm in [LS]
essentially intact, improves the running time to O(n'?).

In this paper we describe a randomized volume algorithm which requires O*(n”) mem-
bership tests. Our algorithm builds on virtually all of the ideas mentioned above; yet we
feel that the combination is very natural and leads to an algorithm which is conceptually
quite simple.

A first observation is that once we replace the volume computation by integration, the
integrand need not approximate the characteristic function of the body: only its integral
has to approximate the volume. This enables us to use much smoother functions, and a
large ball as the domain of integration, which eliminates most of the errors due to boundary
effects.

Another, unexpected but important benefit is that in the first phase, only “approxi-
mate sandwiching” is needed: it suffices to achieve by an affine transformation that 2/3 of
the volume of the unit ball B is contained in K and 2/3 of the volume of K is contained
in the “almost circumscribed” ball mB. We show that this can be achieved in randomized
polynomial time with m=n, and in special cases even better (e.g. for centrally symmetric
polyhedra, m=0O(logn)). Since m? is a factor in the running time, this leads to substantial
improvements: O*(n%) for centrally symmetric bodies or for polyhedra with polynomially
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many facets, and O*(n°) for centrally symmetric polyhedra with polynomially many facets.
We suspect that the ratio m =n is not optimal even for general convex bodies; as far as
we can tell, even m = O(logn) is possible. This could lead to substantial improvement in
the running time.

While our volume algorithm is basically simple, we have to do some more extensive
preparations. One of these consists of extending the Sinclair-Jerrum result and its gen-
eralizations to Markov chains whose state space is an arbitrary measure space (Section
1). These extensions are basically rather straightforward from the discrete case, especially
having found the right formulation (see Feller (1968) for treatment of general Markov
chains).

Section 2 introduces log-concave functions and gives the proof of an even more general
version of the isoperimetric inequality. While the Applegate-Kannan form would suffice
to prove the error estimates for our main algorithm (with a little worse bound), the more
general form is more convenient to apply and has some corollaries that are interesting also
from a geometric point of view.

Section 3 discusses the issue of generating a random point from a distribution with a
log-concave density function. While the volume algorithm involves very “nice” functions
only, we derive general bounds on the mixing rates of various random walks on general
convex bodies. These bounds depend on isoperimetric inequalities; while these inequalities
use the basic isoperimetric inequality mentioned above, they may be of interest on their
own right. Our sampling algorithm is “truely” polynomial, i.e., polynomial in both n and
in log(1/e), where ¢ is the error bound.

Section 4 contains the volume algorithm and its analysis.

To conclude this introduction we have to remark that we do not take the shortest
route to obtain an O*(n”) volume algorithm. Substantial parts of our preparations aim
at gaining factors of logn or log(1/e), or simply mathematical beauty. Thus, we could
restrict ourselves to finite Markov chains; s-conductance could be left out; the central
limit theorem and its treatment in the Hilbert space could be replaced by the results of
1.c, at the cost of a factor of logn; it would suffice to use the isoperimetric inequality of
Applegate and Kannan instead of the results in 2.b, at the cost of a factor of 1/¢; and we
could restrict ourselves to stepping in a unit ball in Section 3.

b. Computational model.

There is no standard finite encoding of a general convex body; various subclasses may
be encoded as solution sets of systems of linear inequalities (polyhedra), convex hulls of
lists of vectors (polytopes), level sets of concave functions (e.g., unit balls of norms) etc.
A general approach is to consider an oracle, i.e., a black box that answers certain queries
about the body. The most natural oracle is a membership oracle, which returns, for every
query z € IR", the answer “YES” or “NO” to the question “Is x € K7”. This is, however,
sometimes too strong, sometimes too weak. For algorithmic purposes, the most usual way
to describe a convex body K as an input is a well-guaranteed weak separation oracle. We
refer to Grotschel, Lovasz and Schrijver (1988) for a discussion of the relative strengths of
these oracles; under rather reasonable technical assumptions, these are equivalent.

Definition (Weak separation oracle). For any y € Q™ and error tolerance § >0, the
oracle returns either “YES” or “NO”. The “YES” answer means that the distance of y
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from K is at most 0; the “NO” answer means that the distance of y from IR™\ K is less
than d. In this case, it also returns a “proof” of this fact, in the form a hyperplane ¢’z <~
through y which almost separates y from K in the sense that

max{c z:zc K} <vy+d|c|.

(So if y is near the boundary of K, then either answer is legal.)

In addition, we assume that we know the radius r of some ball contained in K (but we
do not necessarily know the center of the ball) and the radius R of another ball, with center
0, containing K. (In [GLS] this assumption is phrased as “the oracle is well guaranteed”.)
The number of bits needed to describe both of these balls is part of the input size. Without
loss of generality, we may assume that this contributes |log R|+ |logr| bits to the input
size.

We remark that for the main part of our algorithm, a weak membership oracle (defined
by relaxing the weak separation oracle in the obvious way) suffices.

Notation and preliminaries.

B denotes the euclidean unit ball, vol(K) is the volume (Lebesgue measure) of the set
K, and conv(X) denotes the convex hull of the set X € IR".
We shall repeatedly use the following fact.

0.1. Lemma. Let H be a halfspace in IR" and B, a unit ball whose center is at a
distance t from H. (So we speak of the halfspace not containing the center.) Then

(a) if t <1/+/n, then

vol(HNB) > (% - #) vol(B);

(b) if t>1//n then

1 1
1— )t/ 2401(B (HNB (1= D/201(B).
lﬂtﬁ( ) v0<)<v0(ﬂ)<tﬁ( ) vol(B)

1. Conductance of Markov chains.

a. Markov schemes and Markov chains.

We extend the theory of conductance and rapid mixing from the finite case to arbitrary
Markov chains. See Halmos (1974) for fundamentals of measure theory, and [LS] for the
discrete versions of some of these results.

Let (2,.A) be a o-algebra. For every u€, let P, be a probability measure on 2, and
assume that for every A € A, the value P,(A) is measurable as a function of u. We call
the triple M =(Q, A,{P,:u€Q}) a Markov scheme. A Markov scheme, together with an
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wmatial distribution Qo on 2, defines a Markov chain, i.e. a sequence of random variables
wo, W1, Ws, ... with values from €2 such that wy is chosen from distribution @y and w;;1 is
chosen from distribution P, (independently of the value of wy,...,w;—1). So we have

Prob(w;41 € A | w1 =uq,...,w; =u;) =Prob(w;41 € A | w; =u;) = P,,(A)

for every uq,...,u; €Q and A€ A.

Let (22, A, 1) be a measure space and let f:QxQ— IR be an integrable function (with
respect to the product measure px ) such that [, f(u,v)du(v) =1 for all ue€ Q. Then f
defines a Markov scheme by

PU(A):/Af(u,v)du(v).

If such a function f exists, then we call it the transition function of the Markov scheme
(with respect to the measure p). The transition function is symmetric if f(z,y)= f(y,x).
We could describe (somewhat artificially) our volume algorithm using Markov chains hav-
ing transition functions, but some related Markov chains — which could conceivably replace
them — do not have. We give the proofs for the general case, but the reader may find them
easier to follow in terms of transition functions.

A probability measure @ on (£2,.4) is a stationary distribution for the Markov scheme
if choosing wy from this distribution, wy will have the same distribution (then, of course,
so does every w;). This is equivalent to saying that for all A€ A,

/Q Pu(A)dQ(u) = Q(A).

From now on we shall fix one stationary distribution . (We are not concerned here with
the existence of such a distribution; this will exist and in fact be explicitly given in the
applications we consider. In all cases relevant for us, the uniqueness of the stationary
distribution will be implied e.g. by Theorem 1.4 below.)

In the theory of finite Markov chains, matrices and their eigenvalues play a central
role. To extend some results from finite to general Markov chains, we consider the Hilbert
space L? =L?(, A,Q) with the inner product

(f.9) =/ fgdQ.
Q
Every Markov scheme defines a positive linear operator M : L? — L? by
(MO = [ Fw)aP.).

So (M f)(u) is the expected value of f(w;y1), given that w; =u. More generally, (M¥ f)(u)
is the expected value of f(w;tk), given that w; =wu.
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Consider a Markov chain where the first element (and hence the other elements as
well) are from the stationary distribution. In terms of the Hilbert space, we have for any

function f € L?,
E(f(w;)) =E(f(wo)) = (f,1),
E(f(w)?) =E(f(wo)?) = (f, f),
E(f (w;) f(witr)) = B(f (wo) f (wr)) = {f, M* f).

A Markov scheme is time-reversible if (roughly speaking) for any two sets A, B € A, it
steps from A to B as often as from B to A. Formally, this means that

| PuayiQu)= [ PuB)dQ) (1.1)
B A

It is easy to see that it suffices to require this relation for disjoint sets A and B. Condition
(1.1) can be written as

//ldP )dQ(u //1dP )dQ(u),

implying that for any function F': ) x ) — IR for which the integrals exist, we have

// (u,v) APy (v) dQ(u // (v,1) AP, (v) dQ(u). (1.2)

Another equivalent formulation is that the operator M is self-adjoint. If the Markov scheme
can be described by a transition function f with respect to (), then time-reversibility is
equivalent to the symmetry of the transition function.

If the Markov scheme is time-reversible, then for any function f € L? we have (using

(1.2))

o f)— (M f) = / / 24P, (x) dQ(y) >0, (1.3)

Equality holds here for a constant function. Thus the spectral radius of M is exactly 1.
b. Laziness of Markov chains.

We call a Markov scheme lazy if P,(u)>1/2 at each node. This condition is technical;
its main adventage is that (in the time-reversible case) it implies that the operator M
associated with the Markov scheme is positive semidefinite. In the discrete case this
follows from the fact that if the diagonal elements of a symmetric matrix majorize the
sum of absolute values of the rest of their row, then the matrix is positive semidefinite. To
see the positive definiteness in general, observe that 2M — I is also a self-adjoint operator
associated with a Markov scheme, and hence for any function f € L?, we have

(FMS) =5 (.= 5 @M=D f) 20

Every Markov scheme can be made lazy by simply tossing a coin at each step and making
a move only if it is tails. So (at the cost of a little slow-down) we can assume that M is
positive semidefinite, which will be very convenient. One nice consequence of laziness is
that if the chain is time-reversible and we generate a Markov chain from the stationary
distribution, then the elements of the chain are “positively correlated” in the following
sense:



1.1. Lemma. Let wy,ws,... be a time-reversible Markov chain generated by a lazy
Markov scheme M with wy from the stationary distribution ). Then for any function
fer?

E(f(w;) f(w;)) > B(f (w:))E(f (w;)) =E(f(wo))*.

Proof. Let, say j>1. Since all the w; have the same distribution @ by the definition of
stationary distribution, we have here

E(f(w;) f(w;)) =E(f(wo) f(wj—i)) = (f, M7~ f) >0,

since M is positive semidefinite. Applying this inequality to the function f—E(f(wg)), we
obtain the lemma. [

c. Conductance and rapid mixing.

We define the ergodic flow ®: A— [0,1] of the Markov scheme by

B(4) = /A P(Q\ 4)dQ(u).

This value is the probability of the event that choosing wg from the stationary distribution,
we have wg € A but w; ¢ A. From the assumption that @ is stationary, we get

B(A)— B2\ A) = /A P, (0 4)dQ(u) - / P, (4)dQ(u)

O\A

:/(1—Pu(A))dQ(u)—/ Py (A)dQ(u)
A Q\A
—Q()~ [ P(4)dQ() - /Q\A P.(4)dQ(u)

/P )dQ(u

Note that this computation also works backward: if @’ is any probability distribution on
2 such that the set-function

P (4)= /A P(Q\ 4)dQ/(u)

is invariant under complementation, then @’ is stationary. This observation provides a
sometimes convenient way to verify that a given distribution is stationary.
The conductance of the Markov scheme is

) D(A)
b= —
0<Qg£)<1/2 Q(A)’

for every 0 < s <1, the s-conductance is defined by

QI>(A)
d, = f
s<@<13)<1/2 Q(A) -
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We call the value 1— P,(u) the local conductance of the Markov scheme at element
u. If w is an atom (i.e., @Q(u) > 0), then this is just ®(u)/Q(u). So in this case the local
conductance is an upper bound on the conductance. More generally, let

Hi={ueQ: P,(u)>1-t},

and let s=Q(H;). Then
B(H,) = /H P(Q\ Hy) dQ(u) < tQ(H,).

As a consequence, the (s/2)-conductance of the scheme is at most 2¢.
Let @ denote the distribution of wy, i.e., let

Qr(A) =Prob(wy € A)

for A€ A. By definition, we have the recurrence

Qu(A) = /Q Po(A) dQy— ().

It is well-known (and will also follow from our results below) that if ®(A) > 0 for all
A€ A with Q(A) >0, then Qx — @ in the ¢; distance. Our main point will be to give a
bound on the rate of convergence.

To measure the speed of convergence, we consider all measurable functions

g: Q—10,1] with /ng(u):x,
Q
and define the distance function of @ and Q. by

hk<x>:supAngk—x:/glg[d@k—dQ],

g

where the supremum is extended over all these functions. (We shall see below that this
supremum is always attained.) In the case of a finite Markov scheme with N atoms and
with uniform stationary distribution, hy(j/N) can be obtained by adding up the j largest
“errors” Qp(w)—(1/N).

It follows easily from the definition that hy(z) is a concave function of z. Since
0<h(0)<1and hi(1)=0, we have 0 < hy(z) <1—=x.

This somewhat artificial definition will be clearer from the following lemma.

1.2. Lemma. (i) For every set A€ A with Q(A)=x, we have

—hi(1—2) < Qr(A) = Q(A) < hy(x).
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(ii) If Q is atom-free, then
hi(z)= sup [Qk(A) — Q(A)}.

AcA
Q(A)==
(iii) For every 0 <x <1, there exists a function G that is 0-1 valued except possibly
on a QQ-atom, attaining the supremum in the definition of hy(x).

Proof. The upper bound in (i) is immediate if we notice that the incidence function
of A is one of the functions g considered in the definition of hx(Q(A)). The lower bound
follows by complementation. Assertion (ii) follows from assertion (iii) immediately, so it
suffices to prove (iii).

Let g: ©—10,1] be any measurable function with fQ gd@Q) =x. Let U be a measurable
subset of 2 with Q(U)=0 and Q(U) maximum (such a subset clearly exists). Let Q' and
@}, be the restriction of @ and Q@ to Q\U. Then @), is absolutely continuous with respect
to @', so the Radon-Nikodym derivative ¢ =d@Q}./dQ’ of Q). with respect to @’ exists.

Let, for t >0, Ay =UU{u e Q\U:¢(u) >t} and s=inf{t: Q(A;) <z}. Note that
As=n{A;: t<s}. Let A =U{A;: t>s}, then A’ C A; and ¢(u)=s for every u e Ag\ A’.
Moreover, Q(A") <x < Q(As). Choose a measurable set B with A’ C BC A, Q(B) <=,
and Q(B) maximum (such a set clearly exists).

Assume first that Q(B) =xz. Then

/Q 4dQy = /U gd Qi+ /Q 90ia

_ / 0w+ [ 6dQ+ / (9—1)pdQ+ / 96dQ
U B\U B\U Q\B

<g—1>d@+s/ ng:Qk<B>—sQ(B>+sAng

Q\B

SQk(B)+S/

B\U
=Qk(B) — sz + sz =Qk(B).

So the incidence function of B achieves the supremum in the definition of hx(x).

Second, assume that Q(B) < z. Then for every W C A, \ B, we have either Q(W)=0
or Q(W)>xz—Q(B). Hence the measure @, restricted to As\ B, is concentrated on atoms;
let V' be any of these. So Q(V) >z —Q(B) and for every subset of V! C V', we have either
QV"Y=Q(V)or Q(V')=0. Let B'=BUV.

Now we have, similarly as above,

Jsaai= [ gaeur [ gdqir [ gaqus [ gaar

= [piaur [ oaar [ (@noiqrs [ gaor | goiQ

SQk(U)+Qk(B\U)+S/ U(g_1>dQ+S/ngQ+S/f2\B/ng

B\

— Qu(B) - sQ(B) +s /Q 9dQ =Qx(B)+slz—Q(B)].
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Let f be the incidence function of B and f’, the incidence function of B’. Let A = (x —

Q(B))/Q(V). Then
/Q (L= N+ Af]dQ = Q(B) 4+ Q(V) =1,

and

/Q (=N A f1dQi = Qu(B) +AQw(V) = Qu(B) + sl — Q(B)],

So the function (1—\)f+Af’ achieves the supremum in the definition of hy(z). ]

Below we shall call x an extreme point of a convex [concave] function, if it is not on
(in case of a discontinous function above [below]) a chord of the function.

It follows from this lemma that the extreme points of the concave function hy(z) are
those where the supremum is attained by the incidence function of a measurable set. It
also follows that

sgp hi(x) = Sljp |Qr(A4) —Q(A)]

is half of the ¢;-distance of ) and Q). The Markov chain is called rapidly mixing if for
some 0 < 1, this distance is O(0%).

The main lemma we need is a natural extension of Lemma 1.4 of Lovéasz and Si-
monovits (1990):

1.3. Lemma. Letk>1. Ifs<x<1/2, then

hi(z) < (hk:—l (x— 2<I>S(x—s)) +he_1 (x+2q>s(x—s))).

N | =

If1/2<x<1-s, then

hi(z) < %(hk_l(x—%bs(l—x—s)) +hk_1(:1:+2<1>8(1—:1:—s))>.

Proof. We prove the first inequality; the second is analogous. Since both sides of the
inequality are concave functions of z, it suffices to verify the inequality for the extreme
points of the function on the left hand side. So by Lemma 1.2, we may assume that there
exists a set A with Q(A)=x and hi(z) =Qr(A) — Q(A). Define, for u e,

()= [2Pu(A)~ 1, ifue A,
gt = 0, ifudgA,

1, ifueA,
92(W=99p,(A), ifugA

Also set x; = fQ g;dQ. Then — by the laziness of the walk — 0<¢g; <1 and 0 <z; <1.
Moreover, since @ is stationary,

:c1+x2:/Q<gl+gz>dQ=2/QPu<A>dQ=2x.
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Now we have

1

Qk(A):/QPu(A>ko—1:é/ﬂglko—l‘i‘%/QQQko—l-

hi () :Qk(A)—a::% </991ko1—331) +% (/ngde1—$2)

1
< hk-1($1)+§hk—1($2)-

1
2
Moreover, we have
xg—x:2/ PU(A)dQ—I-Q(A)—:L‘:Q/ P,(A)dQ(u) >2®4(x—s),
o\A o\A

and so
To—x=x—121>2P(x—3).

Hence, by the concavity of hy_1,

1 1 1 1
hi(z) < §hk_1(x1)+ §hk_1(x2) < §hk_1(x—2<1)s(a:—s)) + §hk_1(a:+2<1>s(x—s)).

The following theorem is a slight extension of Theorem 1.2 of [LS].

1.4. Theorem. Let 0<s<1/2 and assume that c;, cy are chosen so that for every
s<x<1-s we have

ho(z) < c1+comin{v/z —s,v/1—s—x}.
Then for every k>0 and s <x <1—s we have

k
1
hi(z) <ci+comin{yv/z —s,v/1—s—z} (1—§<I>§> )

Proof. By induction on k. If £=0, then the assertion is obvious. Assume that k>1, let
s<x<1/2, and apply Lemma 1.3:

hi(z) < %(hk_l (m— 20, (x — s)) +hp_1 (:U—|—2<I>5(ac—s))>

k-1 k—1
1 1
S01‘1'0_22(\/w—2‘1’s($— )—3(1—§‘P§> + /420, (z — )—s(l—?ﬁ) >

k—1
1
§01+%\/:1:—s<\/1—2(138+\/1+2¢)s> (1—§¢§)

k
1
<ci+eavr—s <1—§<I>§) .

For 1/2<x <1-—s the bound follows similarly. [
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1.5. Corollary. (a) Let M =sup,Qo(A)/Q(A). Then for every A,

k
Qu(A)—Q(A)| < VM (1_%@2) |

(b) Let 0<s<1/2 and Hs=sup{|Qo(A)—Q(A)|: Q(A)<s}. Then for every AC,

H, 1.,\"
Proof. (a) The definition of M implies that for all 0 <x <1, we have ho(z) < Mz. Also
trivially ho(z) <1—z. Hence ho(z) <+ Mmin{\/z,v/1—2z}. Thus by Theorem 1.4,

hk(x)é\/Mmin{\/},m],(1_%®2)k<m<1_%¢2)k’

from where the assertion follows.
(b) First we show that for every 0 <x <1,

ho(:t:)gHS—l—%\/x—s. (1.4)

It is enough to prove this for the case when z is an extreme point of hg. For 0 <x <s we
have

ho() = sup (Qo(4)—Q(A)) < H..

AcA
Q(A)=zx

Similarly, for 1 —s <x <1 we have

ho(e) = sup (Qu(4)=Q(A)= sup (Qo(2\B)~Q(Q\B))
QM) =z Q(B)=1-z

= sup (Q(B)—-Qu(B)) < Hs.

BecA
Q(B)=1—=z

By the concavity of ho(x), we have for every s <z <1 that

h HS Hs HS
O(S)mg —r<Hs+—(r—s)<Hg+—+\x—s.
s s s s

h()(l‘) S

This last upper bound also holds for z < s by the definition of H,, and hence (1.4) follows.
Similarly, we have for 0 <x <1

H;
ho(x)gHs%—?\/l—s—x.

So by Theorem 1.4,

HS 2 K . HS 1 2 :
hi(x) <Hs+— (1— -2 mln{\/x—s,\/l—s—x}<Hs—l—? 1_5@3 :

13



d. A Central Limit Theorem.

We prove a simple “Central Limit Theorem” for time-reversible Markov chains. It is
quite possible that this can be extended to all Markov chains by methods similar to those
in the previous chapter; but currently our proof makes use of time reversibility, mainly
through Lemma 1.1.

We need a lemma which may be viewed as a “spectral” result about the operator M.
For finite Markov chains, several of the first results establishing the rapid mixing property
used the spectrum of the matrix M. Some of these techniques extend to the infinite case
without any difficulty.

1.6. Lemma. Let M be a time-reversible Markov scheme with conductance ®. Then
for every function f € L? with E(f)=0, we have

< (1= ) 1912
Proof. We adapt the proof in [SJ]. We use the identity (1.3). Choose a real number r

such that Q({z: f(z)>r})<1/2 and Q({z: f(x)<r})<1/2. Let g(x)=max{f(x)—r,0}.
Replacing f by —f if necessary, we may assume that

| #@daw@ =3 [ (1@ -nPaae = 51117+ 51 = 511

Let A(t)={z€Q: g*(x)>t}. Then we have

| [1#@-dwlaprwaam=2 ] | (gQ(y))(QQ(w)—gQ(y))dPy(w)dQ(y)
s / /W D=2 [~ [ oy PolAE) Q)

>2<1>/ Q(A dt—2<1>/ 2 () da = 20 g2,

since by the choice of 7, Q(A(t)) <1/2 if t > 0. On the other hand, we have by Cauchy-
Schwarz,

| 1@ =g wlap @ aaw)
<([ / <g<x>—g<y>>2dPy<w>dQ<y>)l/2 ([ [ w)+at2are d@<y>)m.

Here the second factor is easily estimated:

(/Q/Q(g(flr)+g(y))2dPy(:v)dQ(y))1/2S (/9/92(92(:6)+g2(y))dPy(:z:)dQ(y)>l/2
~2( [ #eria) =2l

14



So

| [ (o) =92 ap, () Qe

(//|9 y)|dPy( )dQ(y))2//Q/Q(g(x)+g(y))2dPy(x)dQ(y)

> 49| g|I* /2] g]I* =2‘I>2H9H2 > 2| f|*.

Hence

/Q / (F(x) — f()*dP,(x) dQ(y) > / / (9(x) — 9(y))>dP, (x) dQ(y) > B2 f||*.

which proves the lemma by (1.3). ]

1.7. Corollary. Let M be a time-reversible Markov scheme with conductance ®. Then
for every function f € L? with E(f)=0, we have

(FMAf) < (1—‘32) 171

Proof. Let M denote the restriction of M to the invariant subspace E(f)=0. From
Lemma 1.6 we get (see Riesz—Sz.-Nagy 19xx, VI, §1) that ||M|| <1—®2/2, and hence

. . P2\ "
Iy < e < (1-5)

1.8. Theorem. Let M be a time-reversible Markov scheme with stationary distribution
Q, let wi,ws, ... be a Markov chain generated by M with initial distribution Q. Let F € L?
and € ="' F(w;). Then

AT
D(¢) < 5| FIP.

Proof. We may assume that E(£) = [, FdQ=0. Then we have, by Lemmas 1.1 and 1.6,

D*(€)=E()= ) EFw)Fw)= Y  EF(w)F(w;-y)

0<i,j<T-1 0<s,j<T—-1
T—1 T—-1
=T(F,F)+ Y 2(T—k){F, M"*F)<2T'> (F, M*F)
k=1 k=0

<oy (parry <oy (1- 2 = L
a k=0 , a k=0 2 (1)2
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e. The Metropolis Filter.

We conclude this section with describing a version of the Metropolis algorithm (1953),
which can be used to modify a given time-reversible Markov scheme so as to achieve a given
stationary distribution. The use of this method in volume computations was initiated by
Applegate and Kannan.

Consider a time-reversible Markov scheme M on the o-algebra (2,.A), and let F': Q—IR
be a non-negative measurable function. Assume that the integral

F:/QFdQ

is finite. Recall that we denote by pupr the measure with density function F) i.e.,
pr(S)= [ Fa)dQ()
S

for every measurable set S. Clearly Qr = (1/F)ur is a probability distribution on (£,.A4).

We generate a Markov chain (wg,wn,...) of elements of Q as follows. Given wy, we
generate a random element u from the distribution P, . If F(u) > F(wy), we let wiy1 =1u.
If F(u)<F(wy), then we “flip a biased coin” with heads probability F'(u)/F(wy). If we see
head, we move to w1 =u. Else, we let wi,1 =wg. Note the simple but very important
property of this method that we do not use the density function F/F of the desired limit
distribution, but only the ratios F'(u)/F(v).

The transition probabilities of this new Markov scheme are given by

min< 1, F(v) dP,(v), ifud A,
A F(u)
/Amin{l, ?gg } AP, () +0(u), if u€ A,

() = /Q ma,X{O,l— ?EZ; } 4P, (u)

is the probability that we had to stay because the coin tossing came out wrong. We call
this new Markov scheme M /F' the filtering of M by F.

PFA)=

where

1.9. Lemma. If M is time-reversible, then the Markov scheme M/F is also time-
reversible with stationary distribution Qp.

Proof. By our remark after the definition of ergodic flow, it suffices to verify that for
any two disjoint measurable sets A and B, we have

/A PF(B)dQp(u) = /B PF(A)dQr (u).
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Substituting for P! and Qp, this is equivalent to

/A/Bmin{l,iég}dP( )—= //mln{ Z }dP( )%d@(u),

= [ [ win{P(). Fo)aP.wa@u) == [ [ min{F(), P@)}dP.0)dQ(w.

This equality follows from the assumption that M is time-reversible. ]

Remark. For us, the important property of M /F will be that Qp is stationary. This
is only true if the original Markov scheme M is time-reversible (the time-reversibility of
M/ F is a convenient, but not crucial side benefit). There are many other ways to generate
a Markov chain with given stationary distribution Qr (from the known Markov chain M),
but the Metropolis filter is in a sense optimal.

2. Log-concave functions and isoperimetric inequalities

a. Log-concave functions.
We collect some known facts about convex bodies and log-concave functions.

Definition. (Log-concave function.) A function f: IR" — IR, is log-concave if it satisfies,
for all z,y €IR" and 0 < A< 1,

FOz+(1=Ny) < f(@) fy) Y.

Equivalently, a (non-negative) function is log-concave if its support K ={z€R": f(x)>0}
is convex, and log f is a concave function on K.

Every non-negative function that is concave over a convex domain is log-concave (we
define its value to be 0 outside the original domain). In particular, the characteristic
function of a convex body is log-concave. Log-concave functions include many density
functions important in statistics, e.g. e~ and e lo.

It is obvious that the product and the minimum of two log-concave functions is log-
concave (not their sum!). The following fact (Dinghas 1957, Prékopa 1971, 1973) is much
less obvious:

2.1. Lemma. The convolution h(z)= [|g~ g(u)f(z —u)du of two log-concave functions
(assuming that it is well-defined) is ]og—concave ]

If F is a non-negative integrable function on IR", then we denote by ur the measure
with density function F, i.e.,

pr(A)= /F(:c) dx.

Applying Lemma 2.1 with g chosen to be the characteristic function of the convex body
— K, we obtain the following Brunn-Minkowski type theorem:

17



2.2. Corollary. Let K CIR" be a convex body and F: R" — IR, a log-concave function.
Then pp(x+ K) is a log-concave function of x. ]

Specializing further, we obtain

2.3. Corollary. Let K and K' be two convex bodies and t > 0. If the set {x € IR" :
vol((K'+z)NK) >t} has an interior point, then it is a convex body. In particular, the set
Ks={zeK:vol((z+K)NK) > (1—s)vol(K)} is a convex body for any 0 < s < 1. ]

Another consequence of Lemma 2.1 we shall need is the following, which we obtain
by choosing K in Corollary 2.2 a rectangle aligned with the axes having edges of length ¢
in k directions and 1/¢ in the remaining directions, and then letting & — 0.

2.4. Corollary. If F: IR" — IRy is a log-concave function with finite integral, then for
any subset {x1,...,z;} of variables, [|g... [|gr F'dz1...dz is a log-concave function of the
remaining variables. [

b. Isoperimetric inequalities for log-concave functions.

The following general lemma is a refinement of the bisection method introduced in
[LS].

2.5. Lemma. [Localization Lemma.] Let g and h be upper semi-continuous Lebesgue
integrable functions on IR"™ such that

/g(m)dx>0 and /h(gc) dx > 0.
IR™ IR"

Then there exist two points a,b € IR"™ and a linear function ¢: [0,1] — IRy such that
1 1
/E(t)”—lg((l—t)athb) dt>0 and /E(t)”_lg((l—t)a—l—tb)dt>O.
0 0

(We may formulate the conclusion informally, in a more transparent way, as follows: if
both g and h have positive integrals, then there exists an infinitesimally narrow truncated
cone such that the restrictions of g and h to this “body” have positive integrals. It is
easy to show that we could not further restrict the family of these “test bodies”: cones, or
cylinders would not be enough.)

Proof. We may assume that g and h are continuous: in fact, they arise as limits of
monotone (strictly) increasing sequences of integrable continuous functions gp — ¢g and

hi — h, and we have
klim /gk: /g>0,
R™ R™

18



so for k large enough, we have fIR" gr >0, and similarly fIR" hi > 0. If we know the validity
of the lemma for continuous functions, then it follows that there exist two points a,be R"
and a non-negative linear function ¢ such that

1 1
/E (1—t)a+tb)dt>0 and /E )" hi((1—t)a+tb) dt >0,
0 0

and then

/E(t)”_lg((l —t)atth)dt>0 and /w)n—lh(u —t)a+tb)dt > 0.

Note also that it is enough to know that the conclusion holds with > 0 instead of > 0.
Indeed, if we know the result with >0, then we can apply it to g—a and h—a in place of g
and h, where a is an everywhere positive continuous function with a small integral, which
implies strict inequality for the original functions.

Claim 1. There exists a sequence of convex bodies Ky C K1 C K,... such that

/g(:z:)da:>0 and /h(:z:)da:>0, (2.1)

and K =N;K; is a point or a segment.

For Ky we may choose any sufficiently large ball. Given K;, we choose a halfspace H
such that

Let us call the boundary hyperplane of such a halfspace bisecting. Replacing H by the
complementary halfspace if necessary, we may assume that

/ h(z)dz > 0.

K;NH

Thus K;+1=K;NH will satisfy (2.1). What we have to show is that we can choose H so that
the K; shrink to a 0-dimensional or 1-dimensional body. To this end, let us remark that
given any (n—2)-dimensional affine subspace A, there is at least one bisecting hyperplane
containing it. This follows by a trivial continuity argument, obtained by rotating the
hyperplane about A.

Let Ag, Aq,... be all the (n—2)-dimensional affine subspaces with rational coordinates,
ordered in a single sequence. Let K;i; be obtained from K; by cutting it into two by a
bisecting hyperplane P; through A;, and choosing the appropriate half.
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We show that K =N, K; is at most 1-dimensional. Assume that it is 2-dimensional,
then its projection onto one of the planes spanned by two coordinate axes (say, axes 1 and
2) is still 2-dimensional, and so has a rational interior point (r1,72). The affine subspace
defined by x1 =11, x5 =79 is one of the A;; but then P; properly bisects K, and so also
K1, which contradicts the construction.

If K is a single point a, then it follows from the continuity of g and h that g(a) >0
and h(a) >0, and so the conclusion holds for b=a and /=1. So assume that K is a proper
segment, and let a and b denote the endpoints of K.

Claim 2. There exists a concave function v : [0,1] — IR, not identically zero, such that

D) g((1—t)a+tb)dt >0,

0
1

/w(t)”‘lh((l —t)a-+tb)dt > 0.

0

(2.2)

Without loss of generality, a =0, b=e¢;. Consider an 7 > iy. Set
Zy={x€RR": z; =t}

and

Pi(t) = (VOln;g(f;)ﬂ Z) ) 1/(n—1)

Let a; and ; denote the minimum and maximum of x; over K;. Clearly «; <0 and 3; > 1;
moreover, o; — 0 and 3; — 1 as i — 0o. The function ; is concave on the interval [a;, 3]
by the Brunn-Minkowski Theorem.

We can select a subsequence of the indices i for which ;(t) converges to a limit ¢ (t)
for every 0<t<1. (This is a version of the Blaschke Principle; alternatively, we can notice
that the functions v; are uniformly equicontinuous in every interval [s,t] with 0 <s<t <1,
and hence the Arzela—Ascoli Lemma implies that the sequence has a pointwise convergent
subsequence.) Obviously, the limit function % is also non-negative, concave, and

1

/¢(t)"1dt:1.

0

Now we have (with z=(t,y), t€R, y € R"™1)

Bi Bi
1 n—1
Jowiz= [ [ spayit= [ | s [ sty vollr sty
K; o, KiNZy Qg K;,NZ;
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and hence

B
1 1
dx = toy)dy | ¥ ()" dt.
Vol(K)) 9(z)dx / oL S (KinZ) / g(t,y)dy | ¥i(t)
K; o K;,NZ;

The left hand side is non-negative, while the right hand side tends to folg(t,O)Qﬂ(t)'”_1 dt.
So this integral is non-negative. The same argument applies to h. This proves the claim.

To conclude the proof, we choose a,b € K so that for an appropriate not identically
zero concave function ¢ >0, (2.2) is satisfied, and

(i) |a—b| is minimal.

We may assume again that a=0 and b=e;. We may also assume that 1 is continuous
(it could only have discontinuities at 0 or 1). If 4 is linear, we are done, so suppose that
1 is not linear. Let 0 <a <3 <1 be chosen so that

(ii) 4 is linear on the interval [o, §] and [ — « is maximum (subject to (i)).
(It follows by a standard compactness argument that such a pair of points and function
exist.) Define

§(@)=g(p(x)) and  h(z)=h(p(x)),

where p(x) is the first coordinate of x. For every convex body L, let
Y (t) =vol(LN Zy)Y (=1,
Also consider the convex body K’ defined by
0<z <1, T, ..., Ty >0,

To+-+x, <P(xq).

(In other words, we consider for every 0<t¢<1 the (n—1)-dimensional simplex S; spanned
by the points tej,te; +1(t)es,...,te1 +1(t)e,. The union of these simplices is a convex

body K’.) Then
1

g(z)dz=— [ ¢(t)" g(ter)dt >0,
Jron=s]

and similarly

/ h(z) da > 0.

K/

By (i), one of these integrals is 0; we may assume without loss of generality that
/ g(z)dx=0.
K/

Consider two real numbers 0 < o <1 and 7 >0, and the (n—2)-dimensional affine
subspace A defined by the equations x1 =0 and xo+---+x, =7. Assume that A intersects
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the interior of K’. Then there is a hyperplane H through A that splits K’ into two convex

bodies L4 and L'y such that
/g(az) dx = /g(x) dx =0.

La L,

We may assume that the notation is chosen so that

/ h(x)dz > 0.

Ly

Then (%) L4 must intersect both Zy and Z7; else, 11, , satisfies (2.2) and violates (i). There
will be two different possibilities: either L “faces down” (it contains the point (1/2)e;)
or it “faces up”. Condition (*) implies that H cannot be orthogonal to the z;-axis, and
hence (using that it contains an (n — 2)-dimensional subspace A of a special form) it can
be defined by an equation zo+---+x, =¥f(x1) where ¢ is a linear function. If L “faces
down”, then (x) implies that £(0),¢(1) >0 and

Yra(t) =min{e(t), £(2)}. (2.3)

We are going to show that chosing A appropriately, we get a contradiction at either
(i) or (ii).
Case 1. 9(0)=1(1) =0. Consider the affine subspace A defined by z1 =1/2 and x4+
++4x,=7. Then L4 cannot “face up” by (x). It follows from ¢(0),¢(1)>0 and ¢(1/2)=7
that £(t) tends to 0 uniformly on [0,1] if 7 — 0, and so (2.3) implies that ¢y, is linear on
an interval whose length tends to 1, contradicting (ii).
Case 2. 9(0)=0 and (1) >0 (say). Consider the affine subspace A defined by z; =0 and
o+ +x, =17, where T=1(1)o. If L4 “faces up”, then () implies that ¢(¢) =1(1)t and
so considering 15, we get a contradiction by case 1. So assume that L, “faces down”.
Then (*) implies that 0 < /(1) < (1) and so (2.3) implies that 1y is linear in the interval
[0, 1], which is longer than §— « if ¢ is small enough.
Case 3. 1(0),%(1) >0. Consider all continuous convex (!) functions 7:[0,1] — IR} such
that 0 <n(0) <(0) and 0 <n(1) < (1), and the convex body K, defined by

0<z, <1, T2y ..., Ty >0,

n<xo+---+mx, <tp(x)

satisfies

/Q(x)dx:o, and /fl(x)dxzo.

K, Ky,
1

Choose an 7 for which [7(t)dt is maximal. If n(0) =1(0) or n(1) = (1), then considering
0

Vi, =v—n
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we get a contradiction by either Case 1 or Case 2. So assume that 7(0) < (0) and
(1) <(1).

Let (o,7) denote the intersection point of the segments connecting (0,7(0)) to (1,1(0))
and (0,1(0)) to (1,7(0)), and consider a hyperplane H through the affine subspace defined
by 1 =0, xo+-- -+, =7, which cuts K, into two parts M and M’ for which

/Q(m) dz = /g@;) dz = 0.

M M’

Note that by the choice of (o,7), either both M and M’ intersect Zy and Z; or none of
them does; but the latter case is ruled out by (x). Let M “face up” and M’ “face down”.
Then M = K, and so by the maximality of n, we must have

/ﬁ(w) dx <0.

M

But the K’\ M is a truncated cone and we have

| s@do= [ @y~ [ gw)ds=0,

K'\M K’ M
and
/ h(m)dﬂc:/h(m) dm—/h(a:) dx >0,
K\M K’ M
which contradicts (ii). ]

As an application, we derive the following isoperimetric inequality, which is a slight
extension of the inequality by Dyer and Frieze [DF] (which, in turn, is a slight extension
of the inequality by Applegate and Kannan [AK]).

2.6. Theorem. Let K CIR" be a convex body, 0<t<1, and K1 UK;UK3 be a partition
of K into three measurable sets such that for any two points a,b € K, the distance of

KiN[a,b] and K2Na,b] is at least t|a—b|. Then for any log-concave function with support
K,

2t .
pr(Ks) 2 7 min{pr (K1), pr(K2)}.
(This theorem is tight when F'=1 and K is a cylinder.)

Proof. Assume, by way of contradiction, that

pr(Ks) < 12—_ttmin{MF(K1), pr(K2)}.

We may assume that K7 and K5 are open (we can delete the boundary of K and enlarge
K7 and K> slightly to open sets so that both the assumptions and the indirect hypothesis
remain true).
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Let

( F(x), if re Ky,
g(z) =S —12—_ttF<CL’), if x € K3,
L 0, otherwise,
and ) )
F(x), if v € Ko,
h(z) = —Q—_ttF(x), if v € K,
L0, otherwise,

Then, by the indirect hypothesis,
/ g(x)dxr >0, and / h(z)dz > 0.
IR™ IR™

Thus by Lemma 2.5, there exist two points a,b € IR™ and a linear function £: [0,1] — IR},
such that

1 1
/6 (1-u)a+ub)du>0 and /E ((1—u)a+ub)du>0. (2.4)
0 0
Let
Hi={u: (1—u)at+ube K;},
and

G(u)=L(u)" " F((1-u)a+ub).
Then (2.4) can be written as

Let pug be the measure on [0,1] with density function G.
Claim. For 0<s<s+t<1 we have

pe(fs,s 1) > o min{ug((0.5]), wa(ls+1,1]))

(Note that if we were content with the coefficient ¢ instead of 2¢/(1—t), then the claim
would be trivial, and in fact at this point we would only have to use that the function G
is unimodal.)

We may assume that G(u)=e for some constant ¢ > 0. To see this, note that there
are constants ¢y >0 and ¢ such that G(s) = cpe® and G(s+1t) = coe®*+t). By the log-
concavity of G, we have G(u) > cpe® for s<u<s+t and G(u) <cpe™ else. Thus it suffices
to prove the claim for G(u) = cpe. Obviously, we may assume that co=1. If ¢=0 then
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the assertion is obvious, so we may assume that ¢#0 and (without loss of generality) that
c¢>0. Thus we want to show that

e > 12—tt min{ecs —1, € —ec(5+t)} .

(st _

One can easily see that the worst case is when e —1=e¢—eC) ie., when
oes 14e°
1+ect’
in which case we want to show that

1+e€ 2t 1+e€
(e —1)— > ( re 1).

14+ect = 1—t \1+ect

Introducing x = e and A\=1/t we get
A=DzM M — A+ Dz +(A+1)z—(A—1)>0.
We have z > 1 and A > 1. Moreover, the function f(z) on the right hand side satisfies
F(1)= (1) = (1) =0 and
@) =A+1D)AA-1) (@ =272 >0

for > 1, and therefore f(x)>0 for all x> 1. This proves the claim.

The claim proves the assertion for the (intuitively worst) case when Hjs consists of a
single interval. In the general case, one could easily simplify H3 until it consists of one or
two intervals, and treat this case directly. To give an argument that is easier to describe,
for each maximal interval I = (a,b) contained in H3 and of length at least ¢ we color the
interval [0,a] red if ug([0,a]) < pa([b,1]); else, color the interval [b,1] red. By the claim,
each interval I introduces a red set with pug-measure at most (1—t)/(2t)uc([Z]). So the
whole red set will have measure at most (1—t)/(2t)uc(Hs).

It suffices to show that either H; or Hs is totally red. Suppose not, then the uncolored
set U intersects both H; and Hs. By our construction, U is an open interval. By the
assumption that the distance of H; and Hs is at least ¢, U N H3 contains an interval of
length at least ¢. But then there is an adjacent red interval, a contradiction. [

2.7. Corollary. Let K CIR" be a convex set, 0<t<1, and K;UK,UK3, a partition of K
into three measurable sets such that for any two points a,b € K, the distance of K1Nla,b]
and KoN[a,b] is at least t|a—b|. Then

2t
vol(K3) > 1 min{vol(K),vol(K3)}.

In particular, if (in any norm) K has diameter d and the distance of Ky and K is at least
1, then

2
vol(K3) > 1 min{vol(K),vol(Ks)}.
The Localization Lemma has several applications in convex geometry; for example, it
gives a simple proof of Lemma 2.1, and implies Brunn-Minkowski type results for balls and

other bodies. These will be treated in detail elsewhere; here we formulate one consequence,
which will be handy in our volume algorithm.

25



2.8. Theorem. Let F be a log-concave function on IR", and let

/IRW F(x) dx:(;/I Flz)da.

Then for every u>1,

/ F(x)dx < 9(”+1)/2/ F(x)dx.
R™"\uB

I n
Proof. Assume that

/ F(x) d:c>9(“+1)/2/ F(x)dx.
|Rn\uB

I n

Similarly as in the proof of Theorem 2.6, it follows from Lemma 2.5 that there exist two
points a,b € IR™ and a linear function ¢:[0,1] — IR} such that, setting

G(t)=L()" F((1—t)a+tb),

Hy={t: 0<t<1, 1—t)a+tbhe B}, Hy={t: 0<t<1, (1—t)a+tbcuB\B},
Hs=[0,1]\ H, \ Ho,

we have )
/ G(t)dtge/ G(t)dt, (2.5)
HsUH3 0
and .
/ G(t)dt >gt/2 / G(t)dt. (2.6)
Hs 0

Clearly G is log-concave, H; is an interval, and Hs and Hgs consist of one or two intervals.
We may assume that 0 € H; (i.e., a € B); else, we may choose a point s € H; such that

f[g,s]mHl G(t)dt _ fos G(t)dt
S GO At [T G(t)dt

Then we can replace [a,b] by either [a,(1—s)a+sb] or [(1—s)a+sb,b]. So let Hy =0, ],
Hy=la,] and Hy =[3,1]. It follows easily that 8> “tla.
We can choose cg,c> 0 so that

/G(t)dt:/ coe”“tdt, (2.7)
0 0

and

/;G(t) dt:/: coe” ' dt. (2.8)
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Then we have G(t) > coe™ for all a <t < g; else, it would follow from the log-concavity of
G that G(t) < cge™° either for all 0 <t <« or for all 3<t<1, contradicting the choice of
¢o and c¢. So, by (2.7) and (2.8),

oo

/1G(t) dtz/coe—ct dt. (2.9)
0

0

But then by (2.5) we have

e = 7 S ~
Jo coeetdt T [ G(t)dt

Y

and so, by (2.9),

1 o0 —ct
fﬁ G(t) dt < fio coc " —e B < emcalut)/2 < 9(u+1)/27
Jy Gydt = JoTeoe™etdt = )

contradicting (2.6). ]

As a special case we obtain

2.9. Corollary. Let K be a convex body in IR" and let § =vol(K \ B)/vol(K). Then
vol(K \uB) < §(+1)/2yol(K). 1

For this special case, the bound in Corollary 2.9 could be improved to (1—(1—91/") (u+

1)/2)" if (1—-6Y/")(u+1)/2<1 and 0 otherwise. We shall only need a simpler version of
the last assertion, to which we give a simple proof.

2.10. Lemma. Let K be a convex body in IR" and let § =vol(K \ B)/vol(K). Then
2n
KC—B.
1-46
Proof. Let z be a point in K farthest from the origin, and let R = |z|. Replacing K by
conv((KNB)U{z}) we decrese #, and therefore decrease 2n/(1—#0). So we may assume
that K =conv((KNB)U{z}). Blowing up K\ B from z by a factor of (R+1)/(R—1), we

get a set containing K. Thus

WMK)S(%i%>%mMK\B)§0(%i%)%mKK)

Hence
2n

< < —.
Rsq—gim —1<175

We conclude this section with one more lemma of similar type.
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2.11. Lemma. Let0<t<1. Ifvol(K\(z+K))<(1/2)vol(K), then vol(K\ (tx+K)) <
(2t/3)vol(K).

Proof. Consider the function defined for u € [0,1] by

_ vol(KN(ur+K))
() = =5

By Corollary 2.2, 1 is log-concave. Moreover, ¥(0) =1 and (1) > 1/2. Hence we have

Y(t) =27,

and so

vol(K \ (tz+ K)) < (1—27") vol(K) < %VOI(K).

3. Random walks and sampling in convex bodies

a. Random walks with G-steps.

In Section 1 we analyzed general Markov chains, i.e., random walks in abstract measure
spaces. Now we turn to the special case when the underlying domain is IR" (or a convex
body), and the step is chosen uniformly from the unit ball about the current point. For
the time being, we allow an arbitrary norm, but for the algorithmic applications we only
need the case of a euclidean ball.

Let G be a centrally symmetric convex body in IR", with its center at the origin, and
K, any convex body. We generate a Markov chain of points in K as follows. Let vy be
drawn from some initial distribution on K. Given vy, we flip a coin and if it is heads, we let
vk+1 = Vg. Else, we generate a vector u from the uniform distribution on G, and consider
vp+u. If vp+ue K, we let v =vi+u. Else, we let vg41 =vi. We call this the lazy
random walk in K with G-steps. 1t is straightforward to see that this is a time-reversible
Markov scheme M (K, G) and the uniform distribution on K is stationary.

We shall analyze, more generally, a filtered version of this random walk. Let F' be
a non-negative log-concave function on K, and let F = i) xF(x)dx. Let pr denote the
measure with density function F and Qr = (1/F)ur. Specializing the definition of the
Metropolis F-filtering for this case, we have, for any measurable set A with z ¢ A,

Fo(4)= QVOT(G)(‘T+ G/) B min{l’ ?Ei; } 2

@ | E e
(@+G)NA

(3.1)
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and

P.(z)= %4— 2V01(G) / maX{O,l— %} dy. (3.2)

z+G
By Lemma 1.9, the measure @ is stationary for our Markov scheme. Also note that this
Markov scheme is lazy.

Our main goal is to estimate the mixing rate of the F-filtered lazy random walk with
G-steps. By the results of Section 1, it suffices to estimate its conductance. Our main
result in this section asserts that the conductance of this Markov scheme is determined in
a sense by its local conductance.

Recall that we denote by H; the set of points x € IR™ such that we have a chance of
less than ¢ of making a step from x (where 0 <t <1/2), i.e.,

/ min{ F'(z), F(y)} dy < tF(x)vol(G).

We have noticed that setting s =Qr(H;)/2, the s-conductance is at most 2¢.

The main theorem of this section asserts that if the local conductance is large and the
“diameter” of K is small, then the (global) conductance is large. Here the “diameter” of
K is measured by 1/6, where 6 is the largest number such that for all z,y € K,

1
vol(GN(#(z—y)+G)) > §V01(G).

Then 1/6 is indeed the diameter in the norm whose unit ball is {z: vol(GN(z+G)) >
vol(G)/2}. If G=B is the euclidean ball, then Lemma 0.1 implies that 6 is asymptotically
¢/(y/nd), where d is the euclidean diameter of K and ¢=1.4825....

3.2. Theorem. Let0<t<1/2,0<0<1 and s=Qp(H;). Assume that for all z,y € K,
1
vol(GN(#(z—y)+G)) > §V01(G).
Then the (7s/t)-conductance of the Markov scheme M(K,G)/F is at least (1/6)t%6.

Proof. Translating into more elementary terms, we want to prove the following. Consider
a splitting of K into two measurable sets S; and S5. Then

2
[ [ wintr@. @ 0 wines) -2 @r(s) -2,
S1 S2N(z+G)

Of course, we may assume that pp(S;)>7s/t for i=1,2, else the assertion is obvious. Note
that vol(G)min{up(S1), pr(S2)} is a trivial upper bound on left hand side.
Let, for i =1,2,

si={eesi nr(@t6)nsi) 2 plGF @)},

S’ =S8;\ Si\ H,
and
S3=S1US,UH;.

The key observation in the proof is the following.
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t
Claim. If x; €SY and z2 € S5 then vol((x1+G)\ (z2+G)) > §VOI(G>.

Assume (by way of contradiction) that
t
vol((z1+G)\ (z2+G)) < gVOl(G). (3.3)

Note that (3.3) is symmetric in z; and z3. So we may assume that F(x1) < F(z2). Let
G;=xz;+G. Since x5 ¢ H;, we have

/mm{F x2), F(y)}dy > tF(z2)vol(G). (3.4)

Moreover, (3.3) implies that

/ min{ F(zs), F(y)} dy < %F(xg)vol(G). (3.5)

and hence

t
/ min{ F'(z3), F(y)} dy < gF(l’Q)VO](G). (3.7)
G1NGaNSy
Subtracting (3.7) from (3.6), we obtain

/ min{F(z), F(y)} dy > %F(xz)vol(G).

G1NG2NS2

Using the trivial inequality

F(x2)

min{F(22), F(y)} < 5505

(1), F(y)},

we derive that

/ min{ F (1), F(y)} dy > %F(wl)vol(G),

G1NG2NSs
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and hence

/ min{ F'(x1), F(y)} dy > %F(ml)VOI(G).
G1NS2

But this inequality says that z; € S, a contradiction. This proves the claim.
We can rephrase the claim as follows: If x1 € S7 and x5 € S§ then vol(G\ ((x2 —x1)+

t
G)) > gvol(G). Hence Lemma 2.11 implies that for all z; € SY and z5 € S5,

vol(G\ (%(:@ _21)+G)) > %VOI(G).

Consider any a,be€ K such that S{N|a,b] and SYN[a,b] are non-empty, and let p|b—al
be the distance of these sets. Then by the above, vol(G\ ((2/t)p(b—a)+G) > (1/2)vol(G).
On the other hand, by the definition of 6, vol(G'\ (#(b—a)+G)) < (1/2)vol(G). Hence
p>1t6/2.

So we can apply Theorem 2.6 to get that

1 !
pr (3) > Stomin{pp (S7), pr(S7) -
Here
pr(Sy) > pr(Si) —pur(S;) — pr(He) > pp(Si) — pr(Ss) — s,
and so

<1+ %t@) pur(Ss) > %t@min{,up(Sl) -8, pr(S2)—s}.

Since t0 < 1, this implies that

1p(Ss) > %t@min{uF(Sl)—s, 1p(Ss) — ).

To complete the proof, we estimate the conductance as follows.

/ / min{F(z), F(y)} dydz > / / min{ F(z), F(y)} dyda

S S s
yex+G yex+G

> / L F()vol(G)dr = £vol(@)pr ().
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Similarly,

/ / mm{F(g;),F(y)}dydxzgvol(G)uF(Sé%
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and hence

/ / min{ F(x), F(y)}dydx > éVOl(G),uF(Si USs)

= %VOl(G)MF(S3\Ht)

> éVOl(G)(,uF(SQ,) —8)> %VOI(G)miH{MF(Sl) —5, pup(S2)—s}— éS

t20 . 7 7
> = vol(@)min{ur (S1) — ==, up(S2)— =}

3.3. Corollary. If the local conductance of M(K,G)/F is at least t at each point, then
its conductance is at least t20/18.

The following “Lipschitz type” condition gives an easy way to handle the local con-
ductance of the filtered Markov scheme:

3.4. Corollary. If F(u)>t1F(v) whenever u—v € G, and the local conductance of
M(K,G) is at least ty at each point, then the conductance of M(K,G)/F is at least
(t1t2)%0/18.

b. Sampling from a convex body.

Generating an approximately uniformly distributed point in a convex body K is not
only the crucial step in the algorithm of Dyer, Frieze and Kannan, but an important
algorithmic question in statistics, optimization, simulation and other fields; cf. Smith
(1984), Berbie at al (1987), McGeoch and Hoogs (1990). In this paper we need a modified
version, sampling from a non-uniform distribution on a ball. But we shall also make use of
the uniform case, to test whether a convex body is (approximately) contained in another.
In fact, uniform sampling from a general convex body can be reduced to non-uniform
sampling from a ball, as we are going to show now.

We generate this random point by using a random walk with B-steps. One could of
course use any other centrally symmetric convex body G, provided one has an easy way of
generating a random point from the uniform distribution over GG. This would allow cubes,
cross-polytopes, and others (and in fact the cube would perhaps be the most attractive
from the programming point of view). The only reason why we choose the euclidean ball
is that it is this case in which we can guarantee the best value of # in Theorem 3.2.

A random point in the euclidean ball can be generated e.g. as follows. Let &1,...,&,
be independent random variables from a standardized normal distribution, and let n be
uniformly distributed in [0,1]. Let u; = nY/"&/\/&+---+€2, then vo = (pu1,...,pn) is
uniformly distributed over G.

The idea is contained in the following lemmas. Let K be a convex body containing
the origin in the interior and z € IR". We denote by ¢(z) = ¢ (x) the least non-negative
number ¢ for which x € tK. (If K is centrally symmetric, this is just the norm determined
by K.) We set F(z)=Fg(z)=e ?®) then 0 < F(z) <1.
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3.5. Lemma. .

vol(K) = — / F(x)dx.
R™

Proof. Let h: Ry — R be any function such that [~ h(t)t"~*dt exists. To evaluate

[ o) da

we partition the space into layers Sy ={z : t <¢(z) <t+dt}. The measure of such a layer

1S
(t+dt)"vol(K) —t"vol(K) = nt"~ 'vol(K) dt.

Hence

/ h(é(x)) dz = n-vol(K)- / h(#)n L. (3.8)
R 0

In particular, we have

/F(w)daz:n-vol(K)-/t”_le_tdt:nlvol(K).
R™ 0

(The fact that we obtain the factor 1/n! is nice but irrelevant: the point is that if g is
any function of ¢, then the integral of g over the space is the volume of K times a constant
that depends on n only. It would be perfectly sufficient to use a good approximation of
this constant.)

Put

s 1/n

)\(S) = g ﬁ/e_ttn_ldt

0

3.6. Lemma. Ifv is a random vector in IR" with density function e=?(*) /(n—1)!, then

is uniformly distributed over K.

Proof. Set h(s)= ﬁe‘s. The set sK is mapped by H~! onto the set sA(s)K. The
probability of sA(s)K in the uniform distribution is (sA(s))™; the probability of sK in the

distribution @y, is
S

/h(x) dx:/h(s)sn_lds.

sK 0

33



These two numbers are equal (that’s how A was chosen). Similar assertion holds for the
intersection of these sets with any fixed cone. This implies that H(v) is uniform.
Alternatively, the lemma can be verified directly by calculating the Jacobian of H. g

Let K be a convex body and assume the following;:
(A1) More than 2/3 of the volume of B is contained in K.

3/2

(A2) For some parameter 1<m<n>/? more than 2/3 of the volume of K is contained

in the convex body mB.

Let an “error bound” € >0 be also given.
The following algorithm generates a random point in K.

Sampling Algorithm. Set

q=2mnlog(4/e),
t=10"n¢*(nlogn +log(2/¢)).

Starting from the uniform distribution over B, do a lazy random walk (vg,...,v;) in ¢B,
with B-steps, filtered by F'. Compute

w=H(vy).

3.7. Theorem. For every Lebesgue measurable set ACK , the random point w computed
by the Sampling Algorithm satisfies

vol(A)
vol(K)

Prob(H (v;) € A) — <e.

Moreover, it needs O(n*m?log®(1/e)(nlogn+1log(1/€))) membership tests and
O(n*m?2log®(1/¢)(nlogn+log(1/e))) arithmetic operations using numbers of O(logn) bits.

We need some lemmas. Note that it follows from assumption (Al) and Lemma 0.1

1
that the ball —n~1/2B is contained in K, and from assumption (A2) and Lemma 2.10 that
the ball 3nmB contains all of K. Hence

|z]/(3nm) < ¢(x) < 3v/nlz|. (3.9)
The first lemma enables us to restrict our attention to ¢B.

3.8. Lemma. )
€
(1 — é_l) vol(K) < - /F(x)da:
qB
Proof. Let K=KN2mB, ¢(z)=¢%(z) and F(z) = e=%@) . Then clearly F(x) < F(x).
Applying (3.8) with
_Jemt, if0<t<2n,
ht) = {0, otherwise,
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we obtain

2n
/ F(x)dx > / F(x)dx > / F(z)dx =nvol(K) /e_tt”_l dt > %n!vol(f)
2nmB 2nK 2nK 0

13
> —nlvol(K).
20

So -
/ F(x)dx < 2—0n!vol(K),
IR™\ 2nmB
and hence by Theorem 2.8,
log(4/¢) c
/ F(z)dx < (2—0) n!vol(K) < Zn!vol(K).

IR™ —4log(1/e)nmB

We shall also need an estimate on the conductance of the random walk used in the
algorithm.

3.9. Lemma. If K satisfies (A1) and p>10+/n, then the conductance of M(pB,B)/Fk
is at least 1/(20000p+/n).

Proof. First we show that the local conductance of M(pB,B)/Fk is at least 1/25. Let
x €pB. If y is a point chosen randomly from the uniform distribution over x+ B, then
the probability that y ¢ pB is less than 5/9, by the assumption that p >10y/n. By (A1),
the probability that y ¢ x+ K is at most 1/3; thus with probability at least 1/9, we have
y€pBN(x+ K). Now for each such y, we have

yer+KCop(x) K+ K=(¢(z)+1)K,

and hence ¢(y) < ¢(z)+1 and thus Fg(y) > (1/e)Fx(x). So the local conductance is at
least 1/(9e) > 1/25.
Second, Lemma 0.1 shows that

2

0>W.

Thus the lemma follows by Corollary 3.3. ]
Proof of Theorem 3.7. Let, for ACIR",

QF(A)z/F(u)du//F(u)du,
A IR™
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Q)= [ Pl / [ Pei,

Q:(A)=Prob(v; € A).

and

Then for every AC K,
Prob(H (v;) € A) =Prob(v, € H1(A)) =Q,(H ' (A))
and by Lemmas 3.5 and 3.6,

vol(A)

o) = Qe )

Thus it suffices to show that for every Lebesque measurable U C IR", we have

1Q:(U)—Qr(U)| <e.

By Lemma 3.8, we have

v beU)  prp(UngB) _ prU)  pr(UNgB)
QrU)=QrU)=" R ™ pr(@B) = ur (R (RY)

_pr(U\gB) _e
pr(R") — 4

and similarly

On(U)— Qp(U) = MW N4B) _ pr(U) _ pr(UNgB)  pur(UNgB)

pr(aB) pr(R™) = pr(gB) nr(R™)
_ me(UNgB)pr(R"\¢B) _ e
pr(gB)pr(R™)  — 4

On the other hand, we can estimate Q) — Q) by Corollary 1.5:

@)~ ()] < VAT (1 50 )

where, by (3.9),

M = sup Qo(A) _ Qo(B) _ pr(¢B) _ _nlvol(K) <nom,

a Qp(A)  Qr(B)  pr(B) = e 3Vrvol(B) ~

and by Lemma 3.9,
1

o>
= 20000¢+/n
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Hence

1 ¢ €
Qu(U) — Qp(U)] <n /D (1 _ §q>2) <t
The running time estimate is straightforward, except perhaps for the precision, whose
discussion we omit here since it will be discussed in Section 3 in connection with the volume
algorithm. [

Remark. The following algorithm to generate a random point in K is perhaps more
natural: Let vy be uniformly distributed over B. We do a lazy random walk (vg,v1,...) in
K with G-steps, where G = 155 B (no filtering!), and stop after t =O* (n*m?) steps. This
algorithm achieves the same result, but the analysis is more complicated since we have to

use s-conductance instead of conductance.

4. A volume algorithm

a. Outline.

Let K be a convex body in IR", given by a separation oracle, together with two
numbers r, R >0 such that K is contained in the ball RB and it contains some ball with
radius r. In addition to K, the input to the algorithm consists of two numbers 0 <d,e <1,
bounds on the error probability and relative error.

Our algorithm computes a (random) real number ¢ such that with probability at least
1-9,

(1—e)vol(K) << (1+4¢)vol(K).

We may assume that ¢, § < 1. The algorithm will be polynomial in log(R/r), n, 1/¢, and
log(1/96).

The algorithm consists of a preliminary part and a main part. The preliminary part
transforms K by an affine transformation to a convex body A(K) so that the following
two conditions (also formulated in Section 2) are met:

(A1) More than 2/3 of the volume of B is contained in A(K).

(A2) For some parameter m € [1,n%/?], more than 2/3 of the volume of A(K) is
contained in the convex body mB.

The smaller m we can achieve, the faster the main part of our algorithm. We can
always achieve m =n3/? deterministically, and m = n randomized, but for special cases
like centrally symmetric bodies, or polyhedra with a polynomial number of facets, smaller
values of m can be chosen, thereby reducing the running time of the main part.

The second, main part computes the volume, based on the identity in Lemma 3.5. In
this part we only need a membership oracle for the body.

We describe the algorithm in exact real arithmetic; we then show that rounding does
not introduce substantial errors.
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b. A statistical trick.

It will be convenient not to have to worry about the error probability . The following
well-known trick [see e.g. Jerrum, Valiant and Vazirani (1986)] shows that it suffices to
solve the problem with §=1/3. Assume that we have an algorithm that computes a random
variable ¢ that falls in the interval I =[(1—¢)vol(K), (1+4¢)vol(K)], with probability at
least 2/3. Let s=10log(1/d), and let us compute 2s+ 1 independent values of (, say
C1y.--,Cast1. Let (;, be the median of them, i.e. the (s+1)-st of them when ordered
increasingly. We claim that

PI“Ob(CiO S I) >1-9.

In fact, if the median is not in the interval I, then at least s+ 1 of these 2s+1 values
are outside I. But by Chernoff’s inequality (1952) [see also e.g. Bollobas (1987)], the
probability that out of 2s+1 independent events, all having probability at most 1/3, more
than half occur is at most e~ (/10 < §.

c. Preliminary part.

We describe a deterministic and a randomized algorithm to achieve (A1) and (A2) in
the general case, and randomized algorithms for special classes of convex bodies.

(1) A standard application of the ellipsoid method (see [GLS]|) gives that we can find
an affine transformation A such that BC A(K)Cn3/2B; such an affine tranformation A can
be computed using O(n*log(R/r)) operations with numbers with O (n?(|log R|+ |logr|))
digits. This way we have achieved m=n3/2. This “rounding” was used in [DFK] and [LS].
For polyhedra given by explicit linear inequalities, m = O(n) can be achieved by the same
method.

To improve this result, we have to examine why we loose a factor of n'/“ for general
convex bodies. Recall that the ellipsoid method maintains an ellipsoid E that contains
the body K. An ellipsoid step replaces E by another ellipsoid containing K with smaller
volume. For this, we use a cutting plane: a halfspace H also containing K. If H does not
contain the ellipsoid E/(2n) obtained from E by shrinking it from its center by a factor of
2n, then one computes an ellipsoid £/ D ENH O K with smaller volume than E.

The crucial step in implementing this scheme is testing whether K contains E/(2n)
or, equivalently, whether an appropriate affine image A(K) contains the unit ball B. Un-
fortunately, there is no polynomial-time test available for this (in fact, the problem is
exponentially hard, by the results of [BF]). In [GLS] the following approximation method
was used: we test if the vectors +e; (i=1,...,n) belong to A(K). If the answer is no, we
know A(K) does not contain B, and have a vector in B\ A(K). If the answer is yes, we
know that the ball n=1/2B belongs to A(K) (loosing the factor of n'/2).

(2) We could stop here having achieved (A1) and (A2) with m =n3/2; but this would
cost a factor of n in the running time of the main part. Instead, we go on using a randomized
test for B C A(K) by selecting T'= [3logn| independent random points in B, and testing
if they belong to A(K). If one of them does not, we have a point in B\ A(K) needed to
carry out the ellipsoid step. If all of them belong to A(K'), we conclude that at least 2/3
of the volume of B must be in A(K). If less than 2/3 of the volume of B is contained
in A(K), then the probability that we do not find a point in the difference is less than

1/2
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(2/3)T <1/(100n%logn). The procedure lasts at most 25n2logn ellipsoid steps, so the
probability that it halts with A(K') containing less than 2/3 of B is less than 1/4.

This gives a randomized algorithm that achieves (Al) and (A2), with m=0(n), with
error probability less than 1/4. Note that (A2) is achieved in a much stronger sense: the
ball mB in fact contains A(K). (Independently, a similar randomized rounding algorithm
was worked out by U. Faigle )

(3) In the case of centrally symmetric bodies, exactly the same improvement over the
ratio n in [GLS] works and one achieves (A1) and (strong) (A2) with m =O(n'/2).

(4) We can also turn things around and find an affine transformation that achieves
(A1) in the strong sense that B is contained in A(K), while achieving (A2) in the original
sense. For this, we can apply a “polar” form of the ellipsoid method, used by Lenstra
(1983). In this, we maintain that the body A(K) contains the unit ball, and apply affine
transformations to reduce the radius of the circumscribed ball. If A(K) contains a vector
x with |z| > 6n, then we can apply the following affine transformation: we expand the
body K by a factor of 14 (1/n) in all directions orthogonal to z, shrink it by a factor of
3 in the direction of z, and translate it by —(2/3)z/|z|. The resulting body still contains
B, and this operation reduces the volume of A(K) by a factor of (1+1/n)""1/3<e/3. If
we start with the result of (1), then after at most O(nlogn) applications of this step, the
circumscribed ball can be reduced to 6nB.

Of course, we need to test whether A(K) C 6nB and if not then find a point in
6nB\ A(K). We can do this by generating T'= [logsz»(10nlogn)| independent random
points in A(K) and testing if they belong to 6nB. If one of them does not, we have a
point in A(K)\6nB needed to carry out the ellipsoid step. If all of them belong to 6nB,
we conclude that at least 2/3 of the volume of A(K) must be in 6nB. If less than 2/3 of
the volume of B is contained in A(K), then the probability that we do not find a point in
the difference is less than (2/3)T <1/(10nlogn).

The cost of generating random points in A(K) is substantial: if we use the Sampling
Algorithm from the previous section (with e a small constant), we need O(n*m?logn)
membership tests and O(n®m?2logn) arithmetic operations. With a little trick, we can
take m = O(n) here: we can apply the Sampling Algorithm to K’ = A(K)N(18n)B, since
it follows from Theorem 2.7(b) that if vol(A(K)\ (6nB)) = 0vol(A(K)) where 6 > 1/3,
then vol(A(K)\ (18nB)) < 6*vol(A(K)) and hence vol(K’\ (6n)B) > 6/(1+6)vol(K') >
(1/4)vol(K").

We need to generate O(nlog2 n) random points altogether, which makes the cost of
this phase O(n” log3 n), at most a log factor more than the cost of the main part.

At this point, it is not clear that we have won anything since the ratio m = O(n)
can be achieved in a much simpler fashion following (2). But for the special case (which
is perhaps the most important) when A(K) is a polytope with a polynomial number of
facets, we do gain more. If A(K) has n® facets, then we can shrink A(K) by a factor of
Q(y/n/logn) and still have 2/3 of the volume of B in A(K). In fact, each facet of A(K)
cuts off a fraction of less that 1/(3n°) of the volume of B by Lemma 2.1. So for polytopes
with a polynomial number of facets, (A1) and (A2) can be achieved with m=0(y/nlogn).

(5) Similarly, if K is a centrally symmetric polytope with a polynomial number of
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facets, then m=0(logn) can be achieved in time not exceeding the time of the main part.
d. The main volume algorithm.

Let us assume that K is a convex body such that vol(KNB) > (2/3)vol(B) and
vol(KN(mB)) > (2/3)vol(K). Let ¢ and F' be defined as in Section 2. For i=0,1,..., we
define the function

Fi(z) =min{F(z),exp(—|z|n*/227/™)}.

Instead of computing the volume, we shall integrate the function F', using the formula
of Lemma 3.5:

vol(K):% /l F(x)d,

and the approximation provided by Lemma 3.8. Our algorithm follows the same general
pattern as the algorithms in [DFK], [LS], [AK] and [DF], but details are different (and in
fact somewhat simpler).
Volume Algorithm. (a) Set

g=4mnlog(1/e),

k=4nlogn,

t=10"nkg?c 2.

(b) For i=1,...,k, we do a lazy random walk (v}, ...,v%,) in ¢B, with B-steps, filtered

by F;. We use the notation of Section 2, but with ¢B playing the role of K. Thus

QFi(A):AFi(u)du//qBF(u)du

The first walk starts at a point generated from the distribution @ g,. The i-th walk starts
where the (i —1)-st ended. We compute

2t 7,

3

(The first ¢ steps of each phase serve to get close to the stationary distribution of the
given phase. So the points v’ (j=t+1,...,2t) will have a distribution over ¢B that is very

close to Qp,. Also note that F; = F,, where K; = KN2"/"B. Therefore, o; will be a good

estimate on
Fi—l VOl(f{Z 1)
dQr. = F,_1(z)d .
/qB F; Or. = i .r// vol(K;)

The last t steps ensure independence from the next phase. The first ¢ steps of each phase
could be replaced by a shorter walk and the last ¢ steps could be omitted, at the cost of a
more complicated analysis.)

(c) Estimate vol(K) by

¢=(ay---ap) tvol(B).
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e. Analysis of the algorithm.

4.1. Theorem. If K is a convex body such that vol(K NB) > (2/3)vol(B) and vol(K N
(mB)) > (2/3)vol(K), and ( is the estimate on vol(K) given by the Volume Algorithm,
then

Prob((1—¢)¢ <vol(K) < (1+¢)¢) > 3/4.

Moreover, the algorithm uses
kt =O(n*m?c~2(logm+loglog(1/e))*(n+log(1/¢))?log(1/¢)?)
membership oracle calls and
ktO(n) = O(n*m?*e%(logm+loglog(1/¢))?(n+1log(1/))?*log(1/£)?)

arithmetic operations on numbers with O(logn+log(1/¢)) bits.

(Ordinarily, a membership test takes at least n arithmetic operations (it has to look
at the coordinates), so the running time will be dominated by the membership tests.)

Combining this theorem with our discussions in the Preliminary part, we obtain several
corollaries. For sake of simplicity, we assume here that ¢ >27" and R/r <n™. We only
give the number of oracle calls; each oracle call goes with O(n) arithmetic operations on
numbers with O(logn) bits.

4.2. Corollary. (a) If K is a convex body given by a well-guaranteed separation oracle,
then we can compute a random value ¢ using O(n7e~2log? nlog?(1/¢)log(1/6)) oracle calls,
so that

Prob((1—¢)¢ <vol(K) < (1+4¢)vol(K))>1—0.

(b) If K is centrally symmetric, or K is a polytope with a polynomial (in n) number
of facets, then we need only O(nS¢=2log" nlog?(1/¢)log(1/8)) membership tests.

(¢) If K is a centrally symmetric polytope with a polynomial (in n) number of
facets, then we need only O(n°s=2log* nlog?(1/¢)log(1/8)) oracle calls. ]

Proof of Theorem 4.1. We need some preliminary observations. Since F; = Fg,, the
functions F; are log-concave. Note that each K; also satisfies conditions (Al) and (A2),
and we have

Fo=exp(—|z|n*/?) < <...<F,=F.

Let W; = qu F;dy. Then Lemma 3.8 implies that
<1 - Z) nlvol(K;) < W; < nlvol(K;).
For the case i =0, the value
/I . exp(—v/n|z|) dz =n"""?nlvol(B)
is easily computed, and Wy is within a factor of (1— %) of this value.
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Claim 1.
Wi—1

W;
Up to an error of ¢, this follows immediately from the observation that it is essentially
the ratio of the volumes of K;_; and K;. Precisely, we have

Wz‘1=/ F¢1(y)dy2/ Fi_1(y)dy
qB 2-1/ngB

1 1
:—/ Fi1(2_1/”x)dx2—/ Fz(ac)dx:—WZ
2 )48 2 J4B

< <1. (4.1)

N =

Let Pg denote the distribution of the p-th point in the i-th random walk, and consider,
as in Section 1, the distance function h; of P; and Q) r,. Since the latter measure is atom-
free, we have by Lemma 1.2(ii),

h, (z) =sup Py(A) — =,
(i=1,...,k), where A ranges over all measurable subsets of ¢B with Q,(A)=xz. For i=0
we define h)(z) =0. Let ® =min; ®;, and 7= (1—@2/2)t. By Lemma 3.9,

1
S —
= 200009y/n

2 2
Hence n < e~ t®7/2 <y =128n/e7,

Claim 2. Forevery 0<x<1,7>1 and t <p < 3t, we have

b () < 2nmin{/z,/1—z}, ift<p<3t,
dmin{/z,/1—x}, otherwise.

Proof. By induction on ¢. For i=0 and p=23t the assertion may be considered true. Let
i>0. Note that we have, for a suitable measurable set A C ¢B with Qp,(A) ==,

hi (@) = Pi(A) —x = Py (4) — .

<
/ du_Wz 1/

%/ w)du=2Qp, (A) =

Let y=Qp, ,(A). Then

Hence y —x <z. Similarly 1—y <2(1—xz). Therefore, by the induction hypothesis,
B (@) = Pir (A) —a = Pir (A) —y+ (y—2) < Wiy (y) + min{e,1 - o}
<2nmin{\/y, /1—y}+min{\/z,v1—z}
< (1+4n)min{y/z,v1—x}.
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Hence by Theorem 1.4, we have for p > ¢,
. 1 p
hy,(x) < (1+4n) min{y/z, V1 -z} <1 — 5@3)
< (1+4n)min{y/z,v1—x}n < 2nmin{y/z,v1—x}.

The case p <t follows trivially. ]

Remark. This claim remains valid if we start our random walk from any other distri-
bution P satisfying

|P(A) = Qp, (A)] <4min{y/Qr, (4), V1-Qr (4)},

and it is enough to assume that for each j <14, we walk at least ¢ steps filtered by Fj.

Consider two vertices u=v’ and w =vi where ¢ <7 and t <a,b<2t. The next lemma
estimates the correlation between f(u)=F;_1(u)/F;(u) and g(w) = Fj_1(w)/Fj(w).

Claim 3. [E(f(u)g(w)) —E(f(u))E(g(w))| < 61,

Proof. Let us start another (inhomogeneous) random walk o°, 7", +1,...,Eg, where the
transition probabilities from a v to the next are the same as from the v with the same
indices, but the distribution of the starting point vy, is “filtered” by the function f in the

following sense. Put
1 W;

cr = - — ,
T [ pfdPi~ Wiy

then 1 <cy <2. Further, put

_,i ‘ dp: .
P,(A)=Prob(v, € A) = % :cf-/AfdP;.
qB a

Let ﬁ]: denote the distribution of 7% (i <k <j, 0<r<2t), and let

—k —k
hy(x)= sup  P.(A)=Qp(A).
QFk (A):(E

Then we have

E(f (u)g(w)) = / EB(f(@)g(w) | u=)dFi(a) = / E(g(w) | u=2)f(x)dPi ()

qB
— [ Blotw) | u=a)dP,@) [ fdPi=B(g(o})E(f(w).
qB qB
Hence, using that 0 < f,g <1,
B (w)g(w)) ~ B(f () Elg(w))| = [E(f(w) (E(9(#) - E(g(v]) )|
~E(G@)| [ o) <dﬁi<y>—dpg<y>>'s|?i—P£|
qB

< |ﬁi - QFi

—HPg_QFi :
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Here the second term is at most 21 by Claim 2. To estimate the first, we use that
—i

ho(z)= sup  [Po(A)—Qr(A)].
Qr; (A)=2

Let AC¢B, QF,(A)=~z. Then
PLd)=Qn(A)= [ erfl@)apife) -
< [ erlPi-dQnl+ [ ¢f(@)dQn (x)—= < cohiw)+ ey
A A
where y = [, f(2)dQF,(x) < z. Hence by Claim 2,

() €5,
On the other hand, trivially _
he(2)<1—2z<5V1—2z.

Thus we may apply the argument of Claim 2 to the other Markov chain to get
By (2) <2,

and so .
1P} —Qr,| <21

|
Now we can turn to estimating the error of the algorithm. The error of our estimate
¢ comes from three main sources:
I. W, #vol(K), Wy #vol(B). This is taken care of by Lemma 3.8.
I1. The probabilistic error of our estimate ¢ has itself three possible sources:
(E1) The distribution of the points v}, generated in step (c) is not exactly (1/W;)Qp, .
(E2) The points v, are not independent.

(E3) The sum used to estimate W‘j;l has a standard deviation.

Claims 2 and 3 will be used to handle (E1) and (E2), and Theorem 1.8, to handle
(E3).
We want to show that

Prob (1— g <[Je: /[ E() <1+ %) > 3/4. (4.2)

=1 =1

Set a;/E(a;) =14 ;, then (4.2) becomes

Prob (1 —

DO ™M

k
<J[a+8)< 1+§> >3/4.
=1
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We split those outcomes when the event fails into three cases, each having probability less
that 1/8.

Case 1. There exists an ¢ such that |3;| > 1/2. For a given i, we can estimate the
probability of this by Chebyshev’s inequality. Since E(f;) =0, and 1/2 <E(a;) <1, we
have

Prob <|ﬁ¢| > %) <4D?*(5;).

By Theorem 1.8 applied with F'=F;_1/F; (which satisfies 0 < F' <1), we get

D (10y) < 4o P < 5.
and hence A )
D?(a;) < 57 S 387
Thus ) )
E(52) = D*(8;) = gzga@ <S (4.3)

Hence the probability that there exists an i with |3;| >1/2 is at most 1/8.

Case 2. A similar argument settles the case when Zle (% >¢/8. In fact, by Markov’s
inequality and (4.3),

Prob(ZﬂQ ><E<252>/§ é

Case 3. So assume that || <1/2 for all i and 2% | 82 <e/4. Then

[log(1+48;) — Bi| < 537

If
k
€
H(l—f—ﬂi) — 1> =
, 2
=1
then
k
Zlog(l—f—ﬂi) > —,
i=1
and hence

k
€ 9. €
>4 ;:1@.>8.
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Since E(8;) =0, the probability of this can be estimated by Chebyshev’s inequality:
il >
DB >3 =

k
Prob (
i=1

g) _ G4D* (X, 8:)

Now here
k 2 k
D*(}_p)=E (Z@-) =D _E@)+2 ) E@S).

The first term is at most £2/8 by (4.3). To estimate the second, write

1

E(8,8;) = Ela)E(a;) [E(ao) —E(oy)E(ay)].

Here, with the notation of Claim 3,

2t
Qi = 2 Z Z flv
p=t+1qg=t+1
and hence by Claim 3,
2t 2t .
E(aia) = > > EEDY S BB+
p t+1qg=t+1 p=t+1qg=t+1

=E(a;)E(a;)+4n.

Thus

and so

whence by (4.4),

III. Numerical errors come from two sources: first, we can compute ¢(x) only
approximately and second, we have desribed the algorithm assuming that arithmetic op-
erations with real numbers can be carried out exactly. We compute ¢(x) with absolute
error at most £/n?; this means a relative error of £/n? in Fj(x), and hence a relative error

of e/n? in ;. Thus this adds up to a relative error of ke/n? <¢e/10 in (.

Next we estimate the error coming from the fact that we calculate with finite pre-
cision, in fact to 100logn bits after the point. The run of the algorithm is determined
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by three random sequences: b1, b5,...,b}, ..., independent random bits (to secure the lazy-

ness), u%,u%,...,u;,... independent uniformly distributed vectors in B (the jumps), and
T4, Tgs-- T, ... independent uniformly distributed number in [0,1] (the Metropolis filter-

ing). We have

(4.5)

(2

; {v;—f—ué), if b, =1, v}, +u, € ¢B and 7, < Fy(v}, +u})/Fi(v}),
p7

— ;
p+l v otherwise.

In the actual computation, we get the vectors u; the numbers 7'; and the values of F; with

some error: let 4, 7, and F; be these rounded values. Then we determine the process
~i

~1 1
01,03,...,0p ... Dy

{@;’,+@;’,, if bl =1, 0% +af € ¢B and 7} < Fj(vi +ul)/F;(vl), (4.6)

A )
p+l v otherwise.

(O
We claim that with large probability, the same alternative is chosen in (4.5) and (4.6) at
each step; this implies then that ]v;—ﬁﬂ <n~19 for all 7 and p, and hence the ¢ we compute
is within a factor of 1+¢/2 to the true value.

Assume that not always the same choice is made in (4.5) and (4.6), and consider the
first occurance of this. Then either (a) v} +u} € ¢B but 0}, + 1l ¢ ¢B (or vice versa), or
(b) 75 < Fy (vl +ul)/Fi(v),) but 7 > Fz(v;—l—u;)/ﬁ’l(%) (or vice versa). If (b) occurs, then
|70 — Fi(v), +ub) /F;(v})| <n~'%, and the probability that this occurs is less than 2/n!%.
Assume that (a) occurs. Since we consider the first occurance, we have |vzi,—1§1i,| <n~% and
hence the distance of v; from the boundary of ¢B must be less than n=89. Let S denote
that n~8%-neighborhood of the boundary of ¢B. It is easy to compute that Qf, (S) <n=%8,
and therefore by Claim 2,

Prob(v} € 5) < n~4,

So the probability that either (a) or (b) ever occurs is less than 2kt/n* < 1/50.

The running time of the Volume Algorithm is clearly dominated by the time needed
to carry out the random walk. This takes kt moves, where each move takes the updating
of n coordinates, one test of membership in ¢B, the evaluation of ¢(x), and a constant
number of arithmetic operations (where the evaluation of e” is considered as a single
arithmetic operation; else, we need O(logn) arithmetic operations). To evaluate ¢(x), we
find the largest t with tz€ K by binary search with error £/n?; this takes O(logn+log(1/¢))
membership tests. Thus the algorithm takes O(t(logn+1log(1/e))) membership tests and
O(tn(logn+log(1/e))) arithmetic operations. Ordinarily, a membership test takes at least
n arithmetic operations (it has to look at the coordinates), so the running time will be
dominated by the membership tests. [

If we combine the preliminary part and the main part to a single algorithm, we face
an additional difficulty: we have assumed that membership test can be carried out not
only for K but also in its affine image A(K') produced by the preliminary part in a single
step. This is not justified if we only have an oracle for the original K, since then we have
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to apply each time the inverse of the affine transformation to get the point to be queried
from the oracle. If the membership test takes n? or more operations, this is majorized by
that. However, for most sensible encodings of K (say, by linear or algebraic inequalities),
we can compute a new encoding for the affine image and work with this.

We may also leave K invariant and generate the random steps from an appropriate
ellipsoid instead of the unit ball. This would solve the problem with the membership test
but would increase the cost of generating the random step to O(n?), and hence would lead
to essentially the same analysis.
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