ON THE CONVERGENCE RATE OF DGMRES

ANNE GREENBAUM*, FARANGES KYANFAR!, AND ABBAS SALEMI!

Abstract. The DGMRES algorithm was designed to compute the Drazin inverse solution of
consistent or inconsistent linear systems Ax = b, where A is a square singular matrix with arbitrary
index. In this paper we compare the convergence rate of DGMRES with that of GMRES applied to
the nonsingular part of A.

1. Introduction. Let A be an n by n matrix with index «. The index is the
size of the largest Jordan block of A corresponding to the zero eigenvalue. The Drazin

inverse AP of A is the unique n by n matrix that satisfies
AAP = AP A, AtIAP — A, AP AAP = AP,

Since AP can be written as a polynomial in A [7, p. 186], there is a possibility of
using Krylov subspace methods to find the Drazin inverse solution APb to a possibly
inconsistent linear system Axz = b.

Such an algorithm, called DGMRES, was developed by Sidi in [12, 13]. More
recently, various restarted versions of the algorithm have been studied; see, for ex-
ample, [10, 16]. In this paper, we deal only with the full (unrestarted) version of the
algorithm and compare its performance to that of the full GMRES algorithm applied
to the nonsingular part of the matrix.

The DGMRES algorithm works as follows. Given an initial guess zy, compute
the initial residual rg = b — Az, and form A%ry. Note that while the original linear
system Az = b may have no solution, if we multiply each side by A%, then the linear
system A®Tly = A% is consistent and has = APb as a solution.

Let v; = B71(A%), where B = | A%||. (Here, and throughout this paper, || - ||
denotes the 2-norm for vectors and the corresponding operator norm for matrices.) We
will choose approximate solutions zy_., k = a+1,a+2, ..., to be of the form z( plus a
linear combination of vectors from the Krylov subspace span{v, Avy, ..., A¥= 1y},
where the linear combination is chosen to minimize ||A%(b — Azk_o)||.

To do this, first use the Arnoldi algorithm to construct an orthonormal basis for
the Krylov space span{vy, Avy, ..., A¥=ty;}. If the Arnoldi vectors vy, ...,v) form

the columns of an n by k& matrix Vi, then V) satisfies

(1.1) AV = Vi1 Hi 41k,
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where Hy 11 1 is a k+1 by k upper Hessenberg matrix. Take the approximate solution

Tr—_qo to be of the form
Th—o = To+ Vkrfaéy

for some (k — «)-vector £ to be determined. Then the residual ry_, := b — Azg_,

satisfies ri_o = 19 — AVip_o& and
A%y = A% — ATV &
Using (1.1), this can be written as

A% p_q = A% — A Vi_ar1 Hi—at1 k-0

—1
=A% — A" Vi—aroHy— a2 k—at1Hi—a+1,k—a

= A% — Vir1 Hi1, 10—,

where Hk—i—l,k—a = Hk+1,ka,k—1 "'Hk—a+1,k—a~ Since Aa’l"o = Vk+1(ﬂel), where

er = (1,0,...,0)T is the first unit vector, we can write
(1.2) A%Ty_a = Vi1 (Ber — His5—a),

and £ can be chosen to minimize ||A%r;_,|| by solving the k+1 by k — « least squares

problem

Hy 11— = Ber.

Note that while z;_, — xg is a linear combination of just the first £ — a Arnoldi
vectors, determination of the appropriate linear combination through the vector &
requires computation of the first £+ 1 Arnoldi vectors and the associated Hessenberg
matrices Hyy1 x, Hyk—1,.... Once a complete set of linearly independent Krylov
space vectors has been constructed so that, say, hxi1,xk =0 and AVx = Vg Hg, the
formula for A%k _4, 0 < £ < min{K — 1, a}, becomes

A%y = A%¢ — A" Wi Hpe re €
=A%y — VKH%JHHK,K—K

= Vi (Ber — HE PP Hye i 46),

and a K by K —/ least squares problem with coefficient matrix HIO‘(_Z‘HI:[ K,K—¢ must

be solved to determine &.



This algorithm is very similar to the GMRES algorithm for solving nonsingular

linear systems, and it can be written as follows:

DGMRES for the Drazin inverse solution of Az = b, index of A is a. [13]

Initialization:

Given an initial guess g, compute ro = b — Azg and A%rq. Set 8 = ||[A%]|| and v; = B~LA%r.

Main loop:
For k=1,2,...

Construct the next Arnoldi vector: Set vg41 = Avg. For j =1,... k:
Compute hj, = vjvg41.
Replace V41 < Vk+1 — hjkvj.

Compute hgt1k = ||vg41]]-

If hjy1,6 = 0 (or within roundoff of 0), set a flag; otherwise set vi+1 = Vgt1/Pk+1 k-

If £ > o and flag not set,
Form Hyi1 -0 = H?:o Hyp1jg—j-
Solve the least squares problem Hj 1 ;—o§ ~ Bey for &.
Set zp_q = 29 + Vi_o&. Compute ri_o =b— Axp_, and A% _.

If [|A%r_ o || sufficiently small, then terminate; otherwise, continue.

2 _ rra—¢+1 7741
Form Hk,kfz = Hk' Hj:O Hk,jyk,jfl.

Solve the least squares problem ﬁk.,k_@g ~ fe;y for &.

Set x_p = xg + Vi—¢&. Compute ry_p =b— Azxp_y and A%rp_y.

If flag is set, form the final iterates and terminate: Let k= min{k — 1,a}. For £ = kk—1,...

Note from (1.2) that one can monitor ||A%r_o| = |[Hii1x-af — Bei], without
actually computing zr_,, so one need only evaluate zp_, when this norm drops
below a desired tolerance. [In this algorithm, we have used different indexing than
has been used in most previous papers (e.g., [12, 13, 10, 16]), letting zx_o = 2o +
Vi—a€, even though the columns of Vj_, span the same space as { A%, ..., Akro}.
In previous papers, this would have been referred to as xj, with the consequence that
T1,...,Tq were undefined or just equal to xyp. We find this indexing more convenient
for comparisons with GMRES.]

Note also that if « in the above algorithm is greater than the index of A, then
the procedure still finds a solution of A%ty = A%b, while if « is less than the index
of A, then it attempts to solve the linear system A“t!'z = A®b, which may have no

solution.




In the following sections, we compare the convergence rate of the DGMRES algo-
rithm to that of GMRES applied to the nonsingular part of the matrix. It is shown
that while the GMRES algorithm produces a residual at step k that is equal to the ini-
tial residual 7o minus its orthogonal projection onto span{ B7y, B??y, ..., B}, where
B is the nonsingular part of the matrix, the convergence of DGMRES is governed by
the size of 7o minus its orthogonal projection onto span{ BT 17y, B4 27, ... B k).
Thus, the problem is to estimate the importance of the missing terms By, ..., B*7.
Good a priori estimates can be given when o = 1. The same techniques can be used

for larger values of «, but the bounds become more complicated and less tight.

2. Expression for the Drazin Inverse Using a Block Upper Triangular

Form. Every n by n matrix A can be written in the form

B ol __,
(2.1) A:S[O N]S :

where S is a nonsingular n by n matrix, B is a nonsingular m by m matrix, 0 < m < n,
and A is a nilpotent n —m by n — m matrix [7, p. 185]. This could, for example, be
the Jordan canonical form of A, where B is a direct sum of all the nonsingular Jordan
blocks and A is a direct sum of all the singular Jordan blocks. The Drazin inverse of

A is then given by

—1
(2.2) AP =g [ 500 ] St
0 0

Note that while the decomposition (2.1) is not unique, the Drazin inverse (2.2) is.

We prefer to work with unitary similarity transformations, so factoring the non-
singular matrix S in the form S = QR where @ is unitary and R is upper triangular

of the form

Ry Ry
0 R

R =

)

where Rj; is a nonsingular m by m matrix and Rgs is a nonsingular n —m by n —m

matrix, we can write

(2.3) A=Q

where

B =RuBR', N =RnpNRy,
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and the asterisk represents a matrix block that will not play a role in the analysis.
Note that if the index of A is «, then the first m columns of @ form an orthonormal
basis for the range of A* and the remaining n — m columns of ) form an orthonormal

basis for the orthogonal complement of the range of A“.

While the decompositions (2.1) or (2.3) are not easy to compute numerically (see,
for example, [6] for a method to compute (2.3)), in the next section we will use the
form (2.3) to compare the performance of DGMRES applied to A to that of GMRES
applied to B.

3. Comparison with GMRES. Assume that A has index . The DGMRES

algorithm described in Section 1 generates vectors kafa, k=a+1,a+2,... of the
form
k—a
LL‘kDia = X9+ Z CjAa+j_17’0.
j=1

(Here we have added a superscript D to emphasize that these are quantities gener-
ated by the DGMRES algorithm.) The residual r,’?_a = b — Ax,?_a is then rq —
Zf;f‘ cjA%Tirg, and AP satisfies

k—«
a,.D _ S potg o
A%, =T — E c; AT A%rg.
j=1
The coefficients cq, ..., ci_o are chosen to minimize the 2-norm of A“r,?fa:

k—a
(31) A2 = min (1= 3 A ) A% .
e Ch—a =

1

From (2.3) and (3.1),

(3.2) |A%r Q* A%rg

min
oo Ch—a

a” - .
Cc1

0 1

0 [ I-Y 020 eBet «

The vector Q* A%ry has norm equal to ||A%rg|| and it has nonzeros only in its first m
positions since columns m + 1,...,n of @ are orthogonal to the range of A%*. If 7

denotes the first m entries of this vector, then

(3.3) HAO‘T,ZQH = min
Clye0sC

k—a
17 =D e B )i,
a =
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and, for any initial residual o, we can write

(3.4) 1A% oI/ A%ro]l < [max | min (L — 2_: ¢ B )io|
k—a
(3.5) < min [[I-) B
Clyenny Ck—a j:l

The bound in (3.4) is the worst-case residual norm bound for DGMRES while the one
in (3.5) is the ideal DGMRES residual norm bound [5]. It follows from results in [§]
that the coefficients ¢, ..., ¢y, that minimize the matrix norm in (3.5) are uniquely

determined, assuming that this minimal matrix norm is positive.

When the GMRES algorithm is applied to a problem with the nonsingular coef-

ficient matrix B and initial residual 7, the residual 7‘,? at step k satisfies

(3.6) & = oin, Zd B

The worst-case and ideal GMRES residual norm bounds are:

k

(3.7) I 1/11r§ < max  min [[(1 = d;B7)o|
lFoll=1d1,...dx =
. < I - B’
(3.8) Jin, | Zd I

The terms dy B, ..., d,B® that are present in the GMRES minimization problems (3.6
- 3.8) are not present in the DGMRES minimization problems (3.3 - 3.5), and we wish

to estimate how important these extra terms are.

We first note that it is immediate from (3.3) that

L/ (a+1)]

3.9 A%rP < min I-— d: (BTH) 7],
(3.9) lArZal <, min Q= 3 4Bl

where || denotes the integer part. The quantity on the right is the norm of the
GMRES residual at step |k/(a + 1)] for a problem with coefficient matrix Bo*+!
and initial residual 7. We wish, however, to relate the behavior of DGMRES for a
problem with coefficient matrix A to that of GMRES for a problem with coefficient

matrix B rather than BYT1.



3.1. Matrices of Index One. Consider first the case o« = 1. Let cil, . ,Jk be

the coefficients that achieve the minimum in (3.6). Then we can write

k k
fo = ZJijfo +rf, By = Zciij“fo + Br¢.
=1 j=1

Combining these two equalities,

k k—1
o = Cil ZdeBj-HfU +BT;§ +ZCZj+1Bj+1720—|—’F]§
j=1 j=1
k
(3.10) = (did; + dj1) B g + dy Bri + (. dggr = 0.

j=1
It follows from (3.3) that

k
(3.11) [[Ar] = min |7 =D B i|| < (I +diB)r || < (L |da] | BN

Lyeens

Jj=1

A slightly stronger bound can be obtained as follows. Comparing (3.3) and (3.6),

we can write

k—1
. B 1+j < d BJ
o =D Bl < i, | Z il
(3.12) |d~1| mln HB I — Ze] 7"0”

where Jl is the value of d; that minimizes the first term on the right-hand side. The
first term on the right-hand side is the norm of the GMRES residual r{, and the
second measures how well d; B#, can be approximated by a linear combination of
B2fy,...,B*7. It is |a7/1| times the norm of the GMRES residual at step & — 1 when
the initial residual is By, and it is bounded above by |d;| || B|| times the norm of the
GMRES residual at step k — 1 for initial residual #o. Thus, letting 72 | denote the
DGMRES residual at step k — 1, we can write

(3.13) 1ALy | < @Il + 1l B gy .

Similar comparisons can be derived for worst-case and ideal GMRES and DGMRES.

For instance, if PP | (A) represents the ideal DGMRES polynomial in (3.5) (of degree

k but involving only the k — 1 powers A% ..., AF) and PE(B) represents the ideal
7



GMRES polynomial in (3.8), then
(3.14) IP2 (A < I1PE(B)I| + |du] 1B 1PE (B)II,

where c?l is the coefficient of B in PF(B).

The only remaining question is the size of dy or 51, which are the coefficients of
B in the actual and ideal GMRES polynomials, respectively. It is well-known that
the reciprocals of the roots of the GMRES polynomial corresponding to any initial
residual 7 all lie in the field of values of B~1: W(B™!) := {¢*B~1q : ||q|| = 1}.
[See, e.g., [14, 4].] It is shown in [15] that this holds for the reciprocals of the roots
of the ideal GMRES polynomial as well. If w(B~!) denotes the numerical radius
of B™', w(B™!') := max,cw (p-1) |2], then the reciprocal of each root has absolute
value less than or equal to w(B~1). If 6y,...,60) are the roots of the actual or ideal
GMRES polynomial, then this polynomial can be written as H?Zl(I - Gj_lB), and
the coefficient of B is the negative of the sum of the reciprocals of the roots, which
satisfies |—Zf:1 9;1| < kw(B~1). Tt follows that the bounds (3.13) and (3.14), which
depend on coefficients generated by the GMRES algorithm or its ideal counterpart,

can be replaced by the a priori estimates
(3.15) [ArZ |l < I+ & w(B=Y) B Izl < Il + & w(B) (il
and

1P (A < 1P (B)I| + k w(B~Y) |B]| | PE1(B)]
(3.16) < 1PE(B)I| + & w(B) [P (B,

respectively, where x(B) := ||B~!|| ||B||. The second bound in (3.15) and (3.16) is
just a slightly weaker (but possibly more convenient) estimate using the fact that
w(B~Y) < |B7Y.

Unfortunately, the bounds in (3.15) and (3.16) involve a factor k in the estimates
of |dy| and |d;|. We need a bound on the absolute value of the sum of the reciprocals
of the roots of the actual or ideal GMRES polynomial. Could all k£ of these values
actually be equal to w(B~1)? It seems unlikely, but in the case of the ideal GM-
RES polynomial we know of no further published results on the distribution of the

reciprocal roots.

In the case of actual GMRES polynomials, however, there is some analysis [3, 9].
The coefficient estimates in [9] depend on the initial residual, but to analyze worst-case
GMRES we need bounds that are independent of the starting vector. Such a priori
bounds can be found in [3], which deals with sums of real parts and with absolute
values of Ritz values, but the same arguments can be used to obtain bounds on sums
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of imaginary parts and hence on the absolute value of the sum of Ritz values.

The roots of the GMRES polynomial p{/ corresponding to the nonsingular matrix
B and some initial residual 7 are known as harmonic Ritz values. It is shown [4]
that the reciprocals of these roots are standard Ritz values obtained from the Arnoldi
process applied to the matrix B~! with starting vector Bry. Write B! in the form
B~ = H +iS, where H := (B~' + B™*)/2 and S := (B~} — B™*)/(2i) are both
Hermitian. Let u; < ... < p,, denote the eigenvalues of H and let 11 < ... < vy,
denote the eigenvalues of S. Let 67 Lo 9,;1 denote the Ritz values obtained at step
k of the Arnoldi algorithm applied to B~! with initial vector B#y (i.e., the reciprocals
of the roots of the GMRES polynomial p$).

THEOREM 3.1. (See [3].) Using the above notation, if dy is the coefficient of
B in the GMRES polynomial p,?(B) corresponding to the nonsingular matric B and

initial residual 7y (i.e., the polynomial for which r$ = p$(B)fy), then

k

3 -1
(3.17) di| =107 <

Jj=1

2 97 1/2

k k k k
max{| > pm—jials Dl | A | max{]d vl Dyl
Jj=1 Jj=1 J=1 J=1

Proof. Let the columns of an m by k matrix V form an orthonormal basis for the
Krylov space generated by the Arnoldi algorithm applied to B~! with initial vector
B#y. Then V can be chosen in such a way that V*B~'V is upper triangular, with the
Ritz values 01_1, . ,9,;1 on its main diagonal. Let the columns of V e Cmx(m=k) form
an orthonormal basis for the orthogonal complement of the range of V', and choose this
basis so that V*B~1V is upper triangular, with diagonal entries labeled 9,;&1, N
Order the values 67 ',...,6,1 in increasing order of real part: Re(0;') < ... <

Re(6 1), or in increasing order of imaginary part: Im(@i_ll) <...< Im(@i_ml).

m

By a result of Schur [1, p. 35], the vector [Re(6, YJ5L, of ordered diagonal entries
of [V, V]*H|V, V] majorizes the vector [115]72 1 of eigenvalues; that is,

L 4
(3.18) > i <Y Re(0 ), €=1,...,m.
j=1 j=1

Since the values H,Tj L j=1,...,k are ordered by increasing real part, it follows that
9



Re(0,1) < Re(6; 1), and (3.18) can be replaced by

k k
(3.19) > i <> Re(0;h).
j=1 j=1

Similarly, the vector [Im(6; 1)];-”:1 of ordered diagonal entries of [V, V]*S[V, V]

majorizes the vector [v;]7L; of eigenvalues; that is,

14 4
(3.20) Doy <y Im(0;h), £=1,...,m.
j=1 j=1

Since the values 9;7_ 1 j=1,...,k are ordered by increasing imaginary part, it follows
that Im(@;l) < Im(&;l) and so we have

k k
(3.21) > v < Y Im(0;h).
j=1 j=1

Applying the same analysis to —B~! yields

k k k k
(3.22) ZMm—jH > 236(93-_1)7 Z Vim—j+1 2 Zlm(%—_fl)-
j=1 j=1 j=1 j=1

Finally, combining (3.19), (3.21), and (3.22), we obtain the bounds,

k k k
ZRe(ej_l) < max |Zﬂm—j+1|7 ‘ZMj' )
Jj=1 j=1 j=1

k k k
Zlm(e;l) < max |Zl/m,j+1|, |ZV]'| N
Jj=1 j=1 j=1

from which (3.17) follows. O

If many eigenvalues of H and S have magnitude significantly less than w(B~1!)
or if their signs cause cancellation in the sums on the right-hand side of (3.17), then
the bound (3.17) may be significantly less than kw(B~1).

For worst-case DGMRES, if ||Arf || is the maximum, over all initial residuals 7o
with ||Arg|| = 1, of the norm of A times the residual at step k — 1, and if ||r{|| and
7¢I are the GMRES residual norms at steps k and k— 1 for the associated problem
with coefficient matrix B and initial residual 7y consisting of the first m entries of
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Q* Arg, then, in analogy to (3.13), we can write

(323) Jmac AP < I+ W 1B
To||=—

where now d, is the coefficient of B in the GMRES polynomial p{(B) for initial

residual 7y corresponding to the worst-case DGMRES initial residual. The bound

|d1| < kw(B~1) holds in this case as well, but we also have the sharper estimate in
(3.17).

Note also that if A has index 0 (i.e., it is nonsingular), but the DGMRES algorithm
is run with o = 1, then these same comparisons hold. In this case B = A, but because
we treat the matrix as if it had index 1 in the DGMRES algorithm the first degree term
is still missing from the DGMRES polynomial. The following theorem summarizes

these results:

THEOREM 3.2. Let A be an n by n matriz with index 0 or 1 and assume that A
can be written in the form (2.3), where B is a nonsingular m by m matriz, m < n.
Let 7“,?71 denote the residual at step k — 1 of the DGMRES algorithm applied to the
linear system Ax = b with initial residual ro := b — Axg and with « set to 1. Let r,?
and 7'/?—1 denote the residuals at steps k and k — 1 of the GMRES algorithm applied
to a linear system with coefficient matriz B and initial residual 7y consisting of the
first m entries of Q* Ary. Then

(3.24) lArZ I < 1l + Ll 1B s

where dy is the coefficient of B in the GMRES polynomial pkc(B), where 7”,? =
pS (B)io. The coefficient dy satisfies |di| < kw(B~'), where w(-) denotes the nu-

merical radius, and it also satisfies the inequality in (3.17).

If PP [ (A) is the ideal DGMRES polynomial defined by (3.5) and PS¢ and PE |
are ideal GMRES polynomials defined by (3.8), then

(3.25) IR (A < IBEB) + |di] 1 B]| 1P (B)I)

where 51 is the coefficient of B in the ideal GMRES polynomial Pk,G(B) and satisfies
|dy| < kw(B™1).

3.2. Matrices with Higher Index. While the same procedure can be applied
to matrices of higher index, its usefulness becomes questionable. Suppose, for instance,
that @ = 2. Returning, for simplicity, to the type of argument that led to (3.10), let

P, denote any element in the span of { B3, ..., B¥"2¢5}. Then we can write

Po = dyBfo + dy B> + 1) + Pa, Big = diB* + Br] + Py, B*f = B’} + P.
11



Combining these equalities,

o = Jl (JlBQfO + B’I‘E) + d2B2T]§ + ’/‘g + Po
(3.26) = ([ +diB+ (&2 + dy) BHrS + Py.

Since ||A%rP|| is the minimum over all elements P in span{B#, ..., B¥"2fq} of the
norm of the difference between 7y and P», it follows that
(3.27)

1422 < (L + B + (& + d) B2l < (14 1] 1B+ 15 + o] B7]) 1)

Writing the GMRES polynomial in the form H§:1(I — 9;13), it can be seen
that the coefficient dy of B? is the sum of products of all pairs of reciprocal roots:
dy = Zi:ll Zf:z b 19;1. There are k(kT_l) such pairs, each of which could be
as large as w(B~1)? (although the results of Theorem 3.1 might preclude all of the
reciprocal roots from being equal to w(B™1)), so it is difficult to rule out the possibility
that the term |d2 + da| || B2|| in (3.27) could be quite large.

One thing that can be said about DGMRES convergence is that if GMRES applied
to a problem with coefficient matrix B and initial residual 7y obtains the exact solution
after K steps, then DGMRES applied to the corresponding index « linear system
Ax = b obtains an exact solution to A®Ttx = A%b after K steps. |This is the Drazin
inverse solution APb if the projection of xy onto the null space of A% is 0, which is
certainly the case if 2o = 0. See [12, 13].]

THEOREM 3.3. Let A be an n by n matriz with index less than or equal to «
and assume that A can be written in the form (2.8), where B is a nonsingular m by
m matriz, m < n. Suppose the GMRES algorithm applied to a linear system with
coefficient matriz B and initial residual 7o consisting of the first m entries of Q*A%rq
obtains the exact solution after K steps. Then DGMRES applied to the linear system

Az = b obtains an exact solution to A®Tlx = A%b after K steps.

Proof. Since GMRES obtains the exact solution after K steps, it follows from
(3.6) that

(3.28) 7o € span{Big, B*fy, ..., BX#}.

To show that DGMRES finds an exact solution to A®*lz = A%b after K steps, we

must show, based on (3.3), that 7 lies in
(3.29) span{ B 7y, ... B K¢},
For a = 0, this is immediate. Otherwise, multiplying (3.28) by B*, then B®~1 | etc.,

we find that B%# is in the subspace defined in (3.29), as is B 17, ... , as is Bfy.
12



Therefore 7 lies in this subspace. O

Note that the converse of Theorem 3.3 is not true. If DGMRES obtains the exact
solution after K steps (that is, if 7 lies in the space (3.29)), it does not follow that
GMRES finds the exact solution after K steps (i.e., that (3.28) holds). A simple

example is the companion matrix

010
B=]10 0 1],
1 0 1
whose minimal polynomial is z* — 22 — 1. Since I = —B? + B3, it follows that

DGMRES with o = 1 obtains the exact Drazin inverse solution to any linear system
with coefficient matrix equal to the direct sum of B and a nilpotent matrix of index
1 in two steps. Yet, if 7g = e, for instance, then the GMRES algorithm makes no
progress in the first two steps. Of course, if DGMRES finds the exact solution after
K steps, then GMRES always finds the exact solution after K + « steps.

4. Numerical Results.

4.1. Neumann Problem for Poisson’s Equation. Figure 1 shows the con-

vergence of DGMRES applied to a 5-point difference approximation to the problem
—Au = fin [0,1] x [0, 1],

with homogeneous Neumann boundary conditions: u, = 0 when z = 0 or x = 1,
uy = 0 when y = 0 or y = 1. The finite difference matrix has zero row sums; that is,
the vector of all 1’s lies in its null space, corresponding to the fact that the soution
is determined only up to an additive constant. A grid with h = 1/32 was used,
resulting in a 312 by 312 matrix equation for the solution at the interior nodes, using
the approximation that solution values at boundary nodes are equal to those one line
in. A random right-hand side f was used, with a zero initial guess. The DGMRES
convergence curve is marked with o’s, and the convergence curve for GMRES applied
to the nonsingular part (B in (2.3)) is plotted with a solid line. Also plotted, with a
dash-dot line, is the upper bound (3.13) using the computed value of |J1 |. The dashed
line in the figure is the rightmost upper bound in (3.15). The condition number of
B is 777.6, and it can be seen from the figure that the factor k¥ x(B) in (3.15) is a
significant overestimate of |d;| || B| in (3.13). Still, all curves show the same general
convergence pattern.

Like GMRES, the DGMRES algorithm can be used with a nonsingular precondi-
tioner to improve convergence. Preconditioning can be done on the left or the right
or on both sides, resulting effectively in the DGMRES algorithm being applied to the
linear system L7 ALy (Lox) = Li'b. Based on the analysis of the previous section,
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Fic. 1. Convergence of DGMRES for a matriz of index 1 arising from a Neumann problem for
Poisson’s equation (o’s) and GMRES applied to the nonsingular part (solid). Upper bounds (3.13)
(dash-dot) and (3.15) (dashed).

one might expect faster convergence from DGMRES applied to the preconditioned
system if the nonsingular part of the preconditioned matrix is better suited for fast
GMRES convergence.

Although the matrix for the Neumann problem is singular, it has a nonsingular
incomplete Cholesky decomposition. That is, there is a nonsingular lower triangular
matrix L with the same sparsity pattern as the lower triangle of A such that LLT
matches A in places where A has nonzeros but has some nonzero entries in places where
A has zeros. Applying DGMRES to the linear system L= 'AL~7(LTx) = L~'b, again
with a random right-hand side b and a zero initial guess resulted in the convergence
curve marked with o’s in Figure 2. The solid curve shows the convergence of GMRES
applied to the nonsingular part of L=' AL~ and the dash-dot and dashed lines in the
figure show the upper bounds (3.13) and (3.15), respectively. The condition number of
B is now 67.4, resulting in less of a difference between the computed value of |d; | || B||
on which the dash-dot curve is based, and the upper bound |d| || B|| < kx(B), on
which the dashed curve is based.

4.2. Computing the Drazin Inverse. Although one frequently wishes to com-
pute the product APb of the Drazin inverse with a given vector b, one sometimes needs
to know the entire matrix A”. One way to compute AP is to apply DGMRES (with
a 0 initial guess) to linear systems whose right-hand sides are each of the n unit vec-
tors. The resulting solution vectors will form the columns of the Drazin inverse. As
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Fic. 2. Convergence of DGMRES for the matrixz of Figure 1 with an incomplete Cholesky

preconditioner (o’s) and GMRES applied to the nonsingular part (solid). Upper bounds (3.13)
(dash-dot) and (3.15) (dashed).

a simple example, consider the matrix

1 -1 0 0o 0 0]
1 1 0 0 0 0
DU I T B S B
1 -1 -1 1 0 0
1 -1 -1 0 2 -1
1 -1 0 -1 -1 2

which was studied in [2]. The index of this matrix is 2 and its exact Drazin inverse is

1/4 —1/4 0 0 0o 0 |

~1/4 1/4 0 0 0 0

o | 0 0 1/4 —1/4 0 0
0 0 -—1/4 1/4 0 0

0 0 —5/12 —7/12 2/3 1/3

0 0 712 —5/12 1/3 2/3 |

Using DGMRES with the unit vectors as right-hand sides, we were able to com-
pute AP with a relative error in Frobenius norm of 1.3e—15, which is near the machine
precision. For each right-hand side, at most 4 iterations were required, since this is
the maximum number of iterations required by the GMRES algorithm applied to the
4 by 4 nonsingular part (Theorem 3.3). [In fact, for these specific right-hand side
vectors, even fewer iterations were required. |
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5. Summary and Related Problems. We have shown that the convergence
of DGMRES to the Drazin inverse solution of a possibly inconsistent linear system
Az = b (i.e., to a solution of A“*ly = A%, where « is greater than or equal to the
index of A) is closely related to that of GMRES applied to the nonsingular matrix B in
(2.3). The difference is that the terms Bfo, ..., B*fy (or B,..., B®) that are present
in the GMRES minimization problems (3.6 - 3.8) are not present in the DGMRES
minimization problems (3.3 - 3.5). An interesting question, independent of the study
of DGMRES, is how important are these first terms in the GMRES approximation
problem.

Suppose, for instance, that B is Hermitian and positive definite (as it is for the
Neumann problem of Section 4.1) with eigenvalues densely distributed in an interval
[a, b], so that the worst-case or ideal GMRES polynomial is essentially the polynomial
with value one at the origin that minimizes the maximum deviation from 0 on [a, b].
This polynomial has the equioscillation property, taking on its maximum absolute
value with alternate signs at each of k£ 4+ 1 points in the interval if the degree of the

polynomial is k. The first degree polynomial is the one that satisfies p{(a) = —p{ (b);

ie, pfi(z) =1— fjb. The worst-case or ideal GMRES residual norm reduction at
step one is
b—a k-1 b
G
ma z)| = =—, K=—.
ze[aﬁ] Py (2)] b+a rk+1 a

When the DGMRES algorithm is applied to a problem with index a and nonsingular
part B, it also constructs a polynomial that equioscillates on the interval [a,b]. The
first polynomial is determined by requiring that p?(a) = —pP (b); that is, pP(z) =
1—

at step one is

wzf;:bi“' The worst-case or ideal DGMRES reduction in A% times the residual

ba+1 o aa+1 Hoe-&-l -1

D
max 2)| = = )
z€[a,b] P (2)] botl 4 gotl  gatl ]
For « large, this means much slower convergence for DGMRES at the first step. |This
is not seen in Figures 1 and 2 of Section 4.1 because the random initial residual is not

close to the worst-case initial residual.]

When B is Hermitian, the ideal GMRES or DGMRES polynomials (i.e., the
minimax polynomials on the set of eigenvalues of B) can be computed using the
Remez algorithm [11]. For an interval [a, b], the GMRES polynomials are shifted and
scaled Chebyshev polynomials, leading to the familiar bound

k
[l Vi1
b <2 .
7'l VE+1
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Beyond k = 1, however, we know of no analytic estimates for the size of the polynomial

a+k

of the form py(2) =1 — cap12°T — ... — Canr whose maximum deviation from

zero on [a, b] is as small as possible. This could be an interesting question, independent
of its connection to DGMRES. Of course, in certain cases the GMRES and DGMRES
polynomials are the same. For example, if the matrix B is Hermitian indefinite and
has eigenvalues densely distributed throughout two intervals [—b, —a]U[a, b] symmetric
about the origin, then the ideal GMRES polynomial involves only even powers of B.
Hence if @ < 1 in the DGMRES algorithm, then the DGMRES polynomial will be
the same as that of GMRES.

Throughout this paper, we have estimated the importance of the terms By, ..., B*7
(or B,..., B%) by first finding the linear combination of all the terms By, . .., B®#, B*T 17, ..., B*fy
(or B,...,B% BTl ... BF) that best approximates 7y (or I) and then asking how
well the first a terms in that linear combination can be approximated by a linear
combination of the remaining terms. A problem with this is that those first o terms
may have large norm. For example, in the Neumann problem of Section 4.1, we were
surprised to see that the two upper bounds (3.13) and (3.15) depicted in Figures 1
and 2 got closer together rather than further apart as k increased, since the larger
bound depended explicitly on k while the smaller one depended only on the coeffi-
cient |d;| of B in the GMRES polynomial. This coefficient (times || B||) increased with
k at a faster rate than k x(B). Another approach is to first construct the optimal
linear combination of the terms B®*17y, ..., B¥# (or B®*! ... B¥) and then ask
how much better one can do by adding in the lower degree terms. This leads to an

estimate in the other direction:

[e3

Irll < min (=0 B A2

=1

If B is Hermitian and positive definite, for instance, with condition number x, then

we have the bound

—1\“
<2 (YET) 142l
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