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Multiple Equation Linear GMM

Notation
YiM, ¢ = individual; M = equation
There are M linear equations,

/

Yim = Ziyy, Om +€im, ¢t=1,...,m m=1,...

(1x L) (Lmx1)

In matrix notation

Yym = Zm 5m + Em

nx1 nX Ly Ly X1 nx1



Remarks:

1. Balanced (square) system. Same number of observations, n, in each equa-

tion

2. No a priori assumptions about cross equation error correlation or ho-

moskedasticity
3. No cross equation parameter restrictions on 8, (m =1,..., M)

4. There could be variables in common across equations



Giant Regression Representation
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Main Issues and Questions:

1. Why not just estimate each equation separately?
(a) Joint estimation may improve efficiency, but...

(b) Joint estimation is sensitive to misspecification of individual equations

2. Theory may provide cross equation restrictions
(a) Improve efficiency if restriction are imposed during estimation

(b) test restrictions imposed by theory



Example (Hayashi): 2 equation wage equation

LW; = ¢1+ 615 +711Q; + mEXPR; +¢€;1, L1 =4
z;101 + €41

¢2 + 025; +7v21Q; + €52, Lo =3

Zin02 + €2

zi1 = (1,5;,1Q;, EXPR;), 61 = (¢1,81,71,71)
zip = (1,5;,1Q;), 02 = (¢2,62,72)

KWW,

Note, €;1 and g;5 may be correlated (eg. due to common omitted variable
ability); i.e.,

Elgi1€42] # 0



Example (Hayashi): Panel data for wage equation

LW69;, = ¢1+81S; +711Q; + mMEXPR,; + €1,
LWSOZ' = (/52 + 5282' + ’}’2[@7; + 7T2EXPR7L + €42,

If all coefficients do not change over time then

$1 = ¢2,81 = 02,71 =72, 71 = T2
Eim = Qi+ MNim
«; = unobserved individual fixed effect

If «; is uncorrelated with S;, IQ); and EX P R; then we have the random effects
set-up

If «; is correlated with S;, IQ); and EX PR; then we have the fixed effects
set-up



Instruments

Xim = Instruments for mth equation
(Kmx1)
E[Ximgim] — O, m — 1, . .,M
M
= K = ) Kpy orthogonality conditions
m=1

Note: We are not assuming cross-equation orthogonality conditions. That is,
we may have

Elximeir] # 0 for m # k

unless x;,, and x;,. have variables in common.



Example (Hayashi): 2 equation wage equation
Assume
1. IQ is endogenous in both equations

2. EXP,MED and S are exogenous in both equations (M E D is the excluded

exog variable)

Then both equations have the same set of instruments

E[MEDi&‘il] — 0, E[MEDi&‘iQ] =0
x; = xj1=%Xp2=(1,8;, EXPR;, MED;)’



GMM Moment Conditions and ldentification

Define

o
(Lx1)

gi(9)
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| XiMEIM |
Then there are K linear moment equations such that

x;1(vi1 — 2.101)

X (Vi — 2 00r) |

Elgi(d0)] = 0 (Here 9 is true value)

Elgi(0)] # 0ford #6



Now,

Elx;19:1] Elx;12.1]01
Elg;(d)] = 5 — 5
 Elxivyiv] || Elxamzipglonr
Elx;19:1] Elxjz] -+ 0 41
CEximyim]l | | O o Elxipziag] || O
= Ogy — Xzz O

(K x1) (K xL)(Lx1)

Note: The above moment conditions for each equation are the same as the
moment conditions we derived for the single equation linear GMM model.



If K;, = L form =1,..., M then ¢ is exactly identified and

-1
51 2:61210-33191
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i 5M ] i ZZL‘MZMO.CUMyM i

If Ky, > L., for some m then to solve

Elg;(8)] = 0oy — ez & =0
(@) = ooy = e 6

we require the rank condition

rank Yy > . =Lpmform=1....M
(KmXLm)

That is, the single equation rank condition must hold for each equation.



Asymptotics

1. Let w; denote the unique and nonconstant elements of y;1,...

Zily -+ 9 R Ms Lgly -y LyM -
2. Assume {w;} is jointly ergodic-stationary such that

1 mn
=" w; & E[w]
"i=1

3. Assume {g;, I;} is an ergodic-stationary MDS satisfying

% ; g:(8) % N(0,S)

Ko = Elgi(0)gi()']

s Yi M »



Note: g;(8) = (x}1€41,- .-, X, €i0s) and so

S = Elgi(6)gi(6)]

E[x;1x}1e] E[Xi1X§;g€i12€z'2] o Blxixgi8iMm]
_ | Elxix}yeineil ElxppXien] 0 Blxpx)yeinciv]
| Elxjuxjieiveinl ElivXpsivein]l - Elvxipen]
i 3/11 S12 -+ Sim |
_ | 812 S22 -+ Sy
/ / . |
| Siv Som 0 Sm

Note: The single equation S matrices are along the diagonal. Potential cross-
equation correlations imply that the off diagonal S matrices may be non-zero.



GMM Sample Moment
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GMM Estimator Defined

If K;p = Ly form =1,..., M then X/ Z, is a square matrix and so
8m — S;J;stl’mm, m = 1, ceey M
Therefore,

solves

Sazy — Q2 0 =0
(Kx1) (K><L)(L><1)

If each equation is identified and K, > Ly, for some m then we cannot find
some O that solves

~

(Kx1) (K x L)(Lx1)



For the overidentified model, let W bea K X K pd symmetric matrix with

elements
Wi Wip oo Wiy
!/
wol| Wi Wao - Way
W W
_W].M W2M e WMM_

such that W 5 W pd.

Then, the GMM estimator solves

(W) = argminJ(6, W) = ngn(6) Wg,(9)
)
= argminn <§xy — SxZS)IW (Swy — sz5)
)



Straightforward but tedious algebra gives

A A ~ —1 -~
o(W) = <5;32W§:Uz> Sgczngy —

( lezl ZM 1 Wlmsxmym \
% S!ISQZQ Zm 1 W2mSJ3mym

\ S:cMzM :1 WMmemym /

Note: Eviews handles this type of model very easily.

/ A / A
/ / /
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\ SxMZMWIMlezl SCUMZMW MS$2Z2 e SZUMZMWMMSxMzM )



Remark

If W is block diagonal, W =diag(W11, ..., Waspns), then system GMM re-
duces to single-equation GMM:

~ A ~ -1 ~
§(W) = (7 WS,.) ~ Sh WS,y =

~ —1
( S;clzlvvllsﬂi‘lzl AO T 0 \
0 S, WarSap, - 0
\ 0 0 S e W Sayzy )
( S£E121W1lsx1y1 \
X Sgc222w228$1y2

K S;:MZMWMMSJJM?JM )



So that

~ —1 ~

( (Sgclzlwllsiﬂlzl) nglzlwllsxlyl \
" 1 N

S(W) = (8;222W22S$2Z2) Sip2 W22S2195

. —1 <
\ (S;MZMWMMSQ;M,Z@ SZ;MzMWMMSxMyM)

[ 01(W11) )
52(W22)

\ 5M(WMM) )



Efficient GMM

The efficient GMM estimator uses

W = S
S5S = Blgi(0)gi(6)]
and solves
5871 = argminJ(3,87") = ngn(3)'S 1gn(3)
0
= argminn (533?/ — smé)’ S—1 (Sxy — SxZS)

0

giving



As with single equation GMM, one can compute

1. 2-step efficient estimator

2. lterated efficient estimator

3. Continuous updating estimator



Estimation of S
Si1 Si2 -+ Siy
/
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Here,

Potential initial consistent estimators of J:

L. 5(I[() — (Sl(IKl)/7 R 5M(1Km)/)/

2. Single equation efficient GMM estimators:

om(S; L), m=1,...,M



Single Equation vs. Multiple Equation GMM
Result: Single equation GMM is a special case of multiple equation GMM

Single equation GMM estimation: Do GMM on each equation individually with
equation specific weight matrix W

sm(wmm) — (S/ Wmmswmzm)_lsl

ImiZm I'miZm

m = 1,...,. M

This is multiple equation GMM with a block diagonal weight matrix

W = diag(W11, ..., Wasar)



Q: When is multiple equation efficient GMM equivalent to single equation ef-
ficient GMM?

1. Obvious case: Each equation is just identified (so weight matrix does not
matter)

2. Not so obvious case: At least one equation is overidentified but S =
E[gi(6)g;(8)'] is block diagonal

S = diag(S11,---,Spar)
= diag(E[xaXj1e51), - - -, E[XinXjpreiasl)
That is, if

E[Ximxghgimgih] =O0forallm#h



Multiple Equation GMM Can be Hazardous

1. Except for the two cases listed above, multiple equation GMM is asymptot-
ically more efficient than single equation GMM

2. Finite sample properties of multiple equation GMM may be worse than single
equation GMM

3. Multiple Equation GMM assumes that all equations are correctly speci-
fled. Misspecification of one equation can lead to rejection of jointly estimated
equations (J-statistic is sensitive to any violation of orthogonality conditions)



Special Case of Multiple Equation GMM: 3SLS
Assumptions:

1. Conditional homoskedasticity

E[gimgz’h|xim: Xz’h] — Omh

= S = E[Ximxgjhsimgih] — Jth[XimX{ih]

2. Use the same instruments across all equations

Xi1:Xi2:"':Xz'M:kXi1
X

3SLS moment conditions
Xi€41 €11
: —€;®X;, & = : =
Mx1 EiMf

gi(0) =
MEkx1

| XiEiM |

/
Yil — ZZ‘151

/
| YiM — ZiOM



3SLS Efficient Weight matrix

[ 011E[X¢X§;] 012E[X7;X§;] UlME[XiX;] ]
Sigrq = crBlxx]  onkxix] o2n Elxixj]
Mkx Mk : , : , i : ,
o1 Elxix] oo Elxix] - oy Elxixg]
—Z Flx:x
M><M® ,EXZkZ]
011 012 -+ O1M
S = Bl | 012 o2 0 ow
O1M O2M *°* OMM

Then

s;l =3 E
35LS = 2 M® /Efka]




Estimation of S3gr,g

S3srs = ?2SLS ® Szz,
S;]jgj — EX/X
R 1 A "
Fmh2SLS = ;(Ym — Zm0,2518) (Yh — ZnOp 25LS)

A

Omosrs = (ZnPxZm) *Z,,Pxym



Analytic Formula for 3SLS Estimator

5(S351.5) = (8= (Z2515 ® Sux) 5wz>_1 Stz (22515 ® Szz ) Say

Now

1 1
5:132; — _>_</Z1 Sxy__z(,y
n mn -
X = diag(X,...,.X)= Iy ® X
nM x Mk MxM nXxk
Z = diag(Zy,...,Zy)
nM X L
o / !\
y = (Y1, - Y M)
nM x1

Then

1 1
Oz, = g(IM ® X)/Z' Saﬁy = -1 ® X)/}_/

n



Rewriting the 3SLS estimator

5(8349) = (20 ©X)(E5ds @ (XX) )Ly ©X)'Z]
x Z'(Iy @ X)(X091,6 ® (X'X) " H)(Iyy @ X)'y
= 2 s e X)Xz
x Z'(33415 ® X(X'X) 1 X)y
= |Z'(333.5 ® Px)Z| i Z'(255,5 ®Px)y
where

Py = X(X'X) X’



3SLS Overidentification

Parameters to be estimated

Total Moment conditions

MK, K = # of common instruments per equation

Number of overidentifying restrictions
MK — L
Distribution of 3SLS J-statistic
Y| a—1
J(0(S351,5):S3515) =
~ra—1 la—1 &1 2
n (Say — $2:0(53515)) S3515 (Sey — 220(83515)) ~ XP(MEK — L)



Special Case of Multiple Equation GMM: Seemingly Unrelated Regressions
(SUR)

Assumptions:

1. Conditional homoskedasticity

E[Eimgih|xim: Xih] — Omh
= Spp = E[Ximxghgimeih] — O'th[XimX;jh]

2. Use the same instruments across all equations

Xil = X2 = = XM = X4
kx1
3. x; = union of (z;1,...,%Z;)f) = Z; = Z; is not endogenous

E[Zimgih] = 0, m,h — 1,...,M



SUR Efficient Weight Matrix

[ 011E[ZiZ§;] 012E[Zz‘Z§;] UlME[Zz'Z;-] ]
S — o12Blziz]  022Flziz] o2n Elziz;)
M Mk - N -
o1 Elziz; ooy Elzizy]l - oy Elzz)] |
= ¥ ® Ezz]
kxk

Estimating Sgiyp
A N 1
Ssur = 2015 ® Szz, Szz = ;Z’Z

R 1 A "
Gmh,OLS = 5(}’m — Zmdm.0L8) (Yh — Znon.0LS)

Om.OLS = (Z! 7)1 Zomym



Analytic Formula for SUR Estimator

S(Sg(ljR) — <52Uz (2(_)},5 & Sz_zl) SCCZ>_1 ngz (25},5 ® Sz_z1> Sazy

Now

1 1
sz — _>_</Z1 Sxy:_xly
n n -
X = diag(Z,...,2) =1, Q7
nM x Mk
Z = diag(Zy,...,Zp)
nM x L
. / I\
y = - ¥Ym)

n]\4_><1



Using the same algebraic tricks to derive the 3SLS estimator gives

o . 1,
5Ssir) = [2Eols®PRZ|  Z(E51s ® P2y



SUR Overidentification

Parameters to be estimated

Total Moment conditions

MK, K = # of common instruments per equation

Number of overidentifying restrictions
MK — L
Distribution of SUR J-statistic
sa—1 y a—1
J(0(S5Rr): Ssur)
~ra—1 / A—1 S/&—1
=1 (Say — S2:0(S50R)) Sstrr (Sey — S2:0(S50R)) ~ X (MK — L)



Simplifying the 3SLS Estimator

Z'(3555 ® Px)Z

4 11 6¥Px --- 6™MPx [ Z

i Z?W_ _6‘1MPX 6'MMPX_ ] ZM

(PxZ;) 11 111, ... &WM1, ]

_ (PxZy)' | | 6MI, - 6MMI, |
P71 1

X (use PXPX:PXa PX:PfX)
I PxZ),




Here
 PxZ, /A

NP>
|
|

PxZ) |

Therefore, the 3SLS estimator may be rewritten as

fra—1 5 &—1 517151 &1
0(S3515) = [Z (Y2515 ® In)z] 2 (X515 ® In)y



Simplifying the SUR Estimator

Since

[ (PZ71) BCA ™

(PzZy)' | | 1M1,

I PzZ),
(3576 ®In)Z

PZZm:Zm, m:].,...,M

6’1M1n 7

6‘MMIn




Therefore, the SUR estimator can be rewritten as

2ra—1 &—1 -1 a-1
5Sstr) = [ZCors®)Z]  Z'(E51s® In)y
Remarks

1. Compare SUR with 3SLS
oAl N s1—1 s, a
8(S3415) = [Z (32515 ® In)z] 2 (35915 @ Tn)y
3 steps of 3SLS

1) regress Zim on X to get Zm

2-3) compute 2-step SUR estimator of transformed system where 7 is data
matrix.



Traditional Derivation of SUR Estimator

Yim = Zo.  Om +&m, m=1,...,M;i=1,...
(1X Ly )(Lmx1)
Elz;me;n] = 0 (no endogeneity)
EleimEin|Zim, 2Z;n] = omp (homoskedasticity)

Giant Regression Representation

Y1 7 11 61 ] [ e |
nx1 n><L1 L1><1 nx1
. — . . _I_ .
YM Z O M EM
| nXx1 | i nxLpr | [ LpXx1 | | nXx1 |

M
y = Z 6 + e ,L=) Ln



Error Covariance in Giant

Elee'] =
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GLS and FGLS Estimation
. —1
dgrs = |[Z(Zel)'Z] "Z(Eel)ly
—1
= [ZE e L)z TZ(E o)y

The feasible GLS (FGLS) estimator is

A ~A —1 ~
5FGLS — [Z/(zo}jg X In)Z} ZI(ZolLS X In)X
where

Emh.0LS = (Ym — Zm0m 0r8) (Yn — Znon.orns)/n



SUR Model with Common Regressors

Yim

Z;1

Elz;e;p]
Eleimein|z;]

/ .
Z; Om “+éejm, m=1,...,M;1=1,...,n

(1 Ly, )(Lmx1)

Zip = -+ = Z;\;y = Z; (common regressors)
0 (no endogeneity)

omp (homoskedasticity)



Giant Regression Representation
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The efficient GMM estimator is the feasible GLS estimator
Srars = [Z(SoLs®1n) 12| z’(iais ®1n) "y
= (M ®2)(Sots @I ©2)] (I ®ZY (S5t ® In)y
= [ZC_JLS ® Z/Z} - Eons®2Z)y
— [fom ®(2'2) ] ($57¢®Z)y

= (I ® (z’z)_ Z')y



Now

A 1
braLs = (Iu® (Z'Z) 2y
[ (Z'Z) 17 y1
\ (Z2'2)'27 | \ ym
[ (2'Z) ' 2y, 01,019
\ (Z'Z) " Zy d01.0LS

Result: When there are common regressors across equations, efficient GMM s
numerically equivalent to OLS equation by equation!



